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GLOBAL EXISTENCE, EXPONENTIAL DECAY AND FINITE TIME BLOW-UP
OF SOLUTIONS FOR A CLASS OF SEMILINEAR PSEUDO-PARABOLIC
EQUATIONS WITH CONICAL DEGENERATION

GANG LI, JIANGYONG YU, AND WENJUN LIU

ABSTRACT. In this paper, we study the semilinear pseudo-parabolic equations u; — Agu — Aguy =
[ulP ~1 4 on a manifold with conical singularity, where Ag is Fuchsian type Laplace operator investigated
with totally characteristic degeneracy on the boundary z; = 0. Firstly, we discuss the invariant sets
and the vacuum isolating behavior of solutions with the help of a family of potential wells. Then, we
derive a threshold result of existence and nonexistence of global weak solution: for the low initial energy
J(up) < d, the solution is global in time with I(ug) > 0 or HVEUO”L% ® = 0 and blows up in finite time

2
with I(ug) < 0; for the critical initial energy J(ug) = d, the solution is global in time with I(ug) > 0
and blows up in finite time with I(up) < 0. The decay estimate of the energy functional for the global
solution and the estimates of the lifespan of local solution are also given.

1. INTRODUCTION

In this paper, we consider the following initial-boundary value problem for a class of semilinear pseudo-

parabolic equation with conical degeneration

up — Apuy — Agu = |u|p_1 u, v € ntB, t > 0,
(1.1) u(0) = wo, x € intB,
u =0, x €IB, t >0,

where 2 <p+1< 27712 = 2%, and 2* is the critical cone Sobolev exponents. Here B = [0,1) x X, X is
an (n — 1)—dimensicﬁ1;l closed compact manifold, which is regarded as the local model near the conical
points, and 9B = {0} x X. Moreover, the operator Ag in (1.1) is defined by (210,,)? + 02, +--- + 02 ,
which is an elliptic operator with conical degeneration on the boundary z; = 0 (we also called it Fuchsian
type Laplace operator), and corresponding gradient operator is denoted by Vg = (2104, 0uy, .-+, 0x, ).
Near OB we will use coordinates (z1,2') = (z1,22,...,2,) for 0 <z < 1,2’ € X.

The equation in (1.1) is a important physical model, appears in many applications to natural sci-
ences, such as the unidirectional propagation of nonlinear, dispersive, long waves [2], the aggregation of
population [19] and the nonstationary processes in crystalline semiconductors [11].

In the classical case, we have

wp — Ay — Au = |ul’ " u, 2 € Qt >0,
(1.2) u(0) = uo, x €,
'U,ZO, xE@Q,tZO,
where € is an open bounded domain of R™ with smooth boundary 92 and A is the standard Laplace

operator. It’s well known that problem (1.2) has been studied by many authors. A powerful technique for
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treating problem (1.2) is the so called “potential well method”, which was established by Sattinger [21],
Payne and Sattinger [20], and then improved by Liu and Zhao [16] by introducing a family of potential
wells. Recently, there are some interesting results about the global existence and blow-up of solutions
for problem (1.2) in [24], in which Xu and Su proved the invariance of some sets, global existence,
nonexistence and asymptotic behavior of solutions with initial energy J(ug) < d and obtained finite time
blow-up with high initial energy J(ug) > d by comparison principle. In [18], the author obtained a lower
bound for blow-up time if p and the initial value satisfy some conditions. For other related works, we
refer the readers to [3, 4, 9, 22, 23] and the references therein.

In the conical degeneration case, Chen et al. established the corresponding Sobolev inequality and
Poincaré inequality on the cone Sobolev spaces in [6]. Then in [5], Chen and Liu proved the existence
theorem of global solutions with exponential decay and show the blow-up in finite time of solutions to

the parabolic problem

U — Agu = |u\p_1 u, v € ntB, t > 0,
(1.3) u(0) = wo, x € intB,
'LL:(), anBatzoa

where B is the same as above. In [8], Chen and Liu studied the initial boundary value problem for
a class of semilinear edge-degenerate parabolic equations with singular potential term, and derived a
threshold of the existence of global solutions with exponential decay, and the blow-up in finite time by
introducing a family of potential wells. More works on equations with conical degeneration can be seen
in the monograph [1, 10] and references therein.

In this paper, we aim to use the improved potential well theory to prove the invariant sets, the vacuum
isolating behavior, and the global existence, decay and finite time blow-up of solutions for problem (1.1)
in weighted Sobolev space. For our purpose, we introduce a family of potential wells and its corresponding
sets, and construct the relation between the existence of solution and the initial data ug via the method of
the potential wells. Then, by the usage of Faedo-Galerkin method, the concavity argument and properties
of a family of potential wells, we derive a threshold result of existence and nonexistence of global weak
solution: for the low initial energy case (i.e., J(ug) < d), the solution is global in time with I(ug) > 0

or ”VBUOHL% = 0 and blows up in finite time with I(ug) < 0; for the critical initial energy case (i.e.,

J(uo) = d), 2;‘J}S?solution is global in time with I(up) > 0 and blows up in finite time with I(ug) < 0. The
decay estimate of the energy functional for the global solution and the estimates of the lifespan of local
solution and lower bound on blow-up time are given by making use of a differential inequality technique.

The outline of this paper are as follows. In Section 2, we recall the cone Sobolev spaces and the
corresponding properties. In Section 3, we give some preliminaries about the family of potential wells,
after which we discuss the invariant sets and the vacuum isolating behavior of solutions for problem
(1.1). In Section 4, we show the global existence, decay and finite time blow-up for problem (1.1) with
low initial energy J(up) < d. In Section 5, we obtain the global existence, decay and finite time blow-up

for problem (1.1) with critical initial energy J(ug) = d.
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2. CONE SOBOLEV SPACES

In this section, we recall the manifold with conical singularities and the corresponding cone Sobolev
spaces which are introduced in [6, 7).

Let X be a closed, compact, C* manifold. We set X = R, x X/({0} x X) as a local model interpreted
as a cone with the base X. Next, we denote X" = R, x X as the corresponding open stretched cone
with the base X.

An n—dimensional manifold B with conical singularities is a topological space with a finite subset
By = {b1, - ,bar} C B of conical singularities, with the following two properties.

(1) B\ By is a C* manifold.

(2) Every b € By has an open neighbourhood U in B, such that there is a homeomorphism ¢ :
U — X for some closed compact C* manifold X = X (b), and ¢ restricts to a diffeomorphism
o U\ {b} — XN

For simplicity, we assume that the manifold B has only one conical point on the boundary. Thus, near
the conical point, we have a stretched manifold B, associated with B. Here B =[0,1) x X, 9B = {0} x X
and X is a closed compact manifold of dimension n—1. Also, near the conical point, we use the coordinates

(x1,2") = (x1,22,...,2,) for 0 <y < 1,2 € X.

Definition 1. Let B = [0,1) x X be the stretched manifold of the manifold B with conical singularity.
Then the cone Sobolev space ’H;””(B), formeN, yeR and 1 < p < +00, is defined as

Hy ' (B) = {u € WP (intB)|wu € Hp (X))

loc

for any cut-off function w, supported by a collar neighborhood of (0,1) x OB. Moreover, the subspace

I (B) of HI1(B) is defined by

H (B) = [w] M (X°) + [1 — w] WP (intB),

where WP (intB) denotes the closure of C§°(intB) in Sobolev spaces W™P(X) when X is a closed

compact C°° manifold of dimension n that containing B as a submanifold with boundary.
Definition 2. Let B =[0,1) x X. We say u(x) € L}(B) with 1 <p < +oc and v € R if

dx
p _ n -y p 1 7
Il = [ at e u(@) e’ < +oc.

Observe that if u(z) € Lp% (B), v(x) € Lq% (B) with p,¢q € (1,00) and % + % = 1, then we have the
following Hoélder’s inequality

1) [ 2z < ([ o g;lldx/); ([ ptor cf;dxf); |

In the sequel, for convenience we denote

(o) = [l = [ fu@r T
B T LP (B) B T
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Proposition 1 ([6], Poincaré inequality). Let B = [0,1) x X be a bounded subspace in R} with X C R"™1,
and 1 <p < +oo, v € R. Ifu(x) € ’H;:B’(B), then

(2.2) lu(@)lzy@) < cllVeu(@)lL; @),
where Vg = (2104, ,0s,, . . ., 0, ), and the constant ¢ depends only on B.
Proposition 2 ([7], Proposition 3.3). For 1 < p < 2*, the embedding H;O% (B) — HZ:O% (B) is continuous.

Similar to the classical case, we introduced the following functionals on cone Sobolev space ’H;Of (B):

1 2d.’171 ’ 1 / p+1 d$1 ’
(2.3) (W =5 [ Vo e’ = [l T

. u) = gul” —da' — [ |u —dz’.
9.4 I V 2d331d/ p+1d331d/
X1 X1

Then J(u) and I(u) are well-defined and belong to C' (H, O% (B)). We introduce the potential well
W= {u € Hyd (B)I(w) > 0,J(u) < d} U {0}
and the outside sets of the corresponding potential well
V= {u € Hy ¢ (B)|I(w) < 0, (u) < d} .

We define the potential well depth d as

d = inf {supJ()\u) u€H2 / |Vul? %d 750}

A>0

and the Nehari manifold
d
NZ{@LEH;: B)|I(u) =0, /\VB |2ﬂd ;éo}

Similar to the results in [24], one has 0 < d = mf J(u)
ueN

3. INVARIANT SETS AND VACUUM ISOLATING

In this section, we shall introduce a family of Nehari functionals I5(u) in cone Sobolev spaces, the
family of potential wells sets and give the corresponding lemmas, which will help us to demonstrate the

invariant sets and the vacuum isolating behavior of solutions for problem (1.1).

3.1. Properties of potential wells. In this subsection, we shall introduce a family of potential wells
Ws, its corresponding sets Vs and give a series of their properties which are useful in the proof of our

main results.

Lemma 3.1. Let u € ’H;O% (B), and ||Vgu||3 # 0. Then:
1) I = li = —00.
(1) lim J(Au) =0, yJm J(Au) 00
d
(2) On the interval 0 < A < oo, there exists a unique \* = X\*(u), such that J(Au)|a=rr = 0.

(3) J(Au) is increasing on 0 < X < X*, decreasing on \* < X < oo and takes the mazimum at A = \*.
(4) I(Au) >0 for 0 < XA < X%, I(Au) <0 for A* < X < o0, and I(\*u) =0.
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Proof. (1) From the definition of J(u), we know

A2 d pran d
J(Au) = —/ Vel g — / ufP g
2 Je T p+1Jp 3l

which gives
lim J(Au) =0
A—0

and

lim J(Au) = —oc.

A—+o00
(2) An easy calculation shows that
d d d
(3.1) 2 J(w) = A (/ Vaul? ""“df) - Ap/ P S gy
dA B T B x1
1
IVeull? r
dJ (A
Let \* = p+—1322B , then () =0.
Jg "™ Sda’ A aoa-
(3) From
82J(>\u) 2 1 dxl
= W —pAPT! P22 gy
ol = IVsuly = o3 [t S,
we have
02 J(A\u) 5 5
o | . IIVBUIILZ?(E) *pHVBUIILQg(B) <0, asp>1
So, the conclusion of (3) holds.
(4) The conclusion follows from
dxy 1 dxq d
I(hu) = \? 2—d'—v“/ PH 2 da’ = A J ().
() = 22 [ Vs o [t St = Ao ()
Hence, when 0 < A < A*, I(Au) > 0; when A* < A < 0o, I(Au) < 0; when A = X*, I(Au) = 0. O
-~ fall, 7t
Assume that u € Hy' g (B), HVBUHL%(B) # 0, we denote C, = sup ﬁ , which can be
’ 2 BU n
L3 (B)

obtained from Proposition 1 and Proposition 2.

For § > 0, we define in cone Sobolev spaces a set of Nehari functionals

d d
Is(u) = 5/ Vel ZLdy’ —/|u|P+1 ez
B 1 B T1

< v(9), then Is(u) > 0. In particular, if 0 < ||Vpull

and denote

Lemma 3.2. Let ug € 7—[;0% (B):
(1) 10 < |Vaul,
I(u) > 0.
(2) If Is(u) <0, then ||Vpul| = > ~(8). In particular, if I(u) <0, then |[Vpul = > ~(1).
L3 (B) L3 (B)

(3) I/ Is(u) = 0, then |Vaull 5 . > () or [Veu] 5 . =0

< (1), then

2@ LZ ®)

L2 (®


http://dx.doi.org/10.20944/preprints201703.0067.v1
https://doi.org/10.1007/s11868-017-0216-x

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 13 March 2017 d0i:10.20944/preprints201703.0067.v1

6 G. LI, J. Y. YU, AND W. J. LIU

(4) If Is(u) = 0 and HVBUHL%(E) # 0, then J(u) > 0 for 0 < & < 2, J(u) = 0 for § = 2HL,
J(u) >0 for § > 2EL.

Proof. (1) From 0 < [|[Vu|| = < ~(d), we have

L3 (B)
[ = [yl = g,
LYH (B)
< CPHY|Vpu|Pt! = Cff’+1 Vel
< OPIVaulPy = Or VAl Vel
<alVauly
then
d
Is = 6| Vaul?s  — / P g0 5 o,
L3 (B) B 1
(2) Notice that Is5(u) < 0, then we have ||VBu||2L%(B) # 0. And we have
2
dx -
olIVeull 5 4 < / uPt ==da’ < CPHY|VeulPR! = CPP [ VaulPy ([Vaul?
2 B 1 L3 (B) L3 (B) L; (]B)
then
Vsl 5 ) > 710)

(3) From Is(u) =0, we have
d
S| Veul?s = / gty
L3 (B) B T

If ||V]BUHL2% = 0, then from

dx
[t S < ot v
B Ty L;

d
/ |u|p+1 Y = o0.
B L1

7é 0 and Is(u) = 0, then

we have

So when ||V1Bu|| t ) =
2

dzr
5||V1BU||2% /I P xld <CZ’“IIV UII”+1 CrHY| Ve ullp "1 IIV u||2% -

So, we have

G
IVeull, 3 5 2 (Cf“) =7(9).

(4) By I5(u) = 0 and ||V1B;u||2 %) > 0, we have

/|V del z 1 /|u|p+1 dﬂdm’
x1 p+1l/s 1
1) 9 1
== — I
<2 p+1)| Ul b e T o

16
(Lo 0 N w2, .
(2 p+1)| sl g

So, the conclusion of (4) holds. O
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Now, for § > 0, we define the depth of a family of potential wells as follows

d(d) = ugnj\f/é J(u),

where
n d
(3.2) Ns = {u € Hy'd (B)|T5(u) = 0,/ V| ﬂd ” 0}
B
Then, the depth d(d) and its expression can be estimated. Addltlonally, we show that how d(d) behaves

with respect to § in the following lemma.

Lemma 3.3. d(0) satisfies the following properties:

(1) d(8) > a(6)¥2(8) for a(d) = % — —(|S—1 and 0 < & < ZH. Moreover, we have
p

. 2 (1 4] 2(p+1) p+ 1
d (S = f = 5;0— - d 6
%) ulenNéJ(u) 1(2 p+1> b1 0<d<——
1
(2) lim d(8) =0, d (’” ) — 0, and d(6) < 0 for & > 222,
5§—0 2
(3) d(0) is increasing on 0 < 6 < 1, decreasing on 1 < § < p—;l and takes the mazimum d = d(1) at

d=1.
Proof. (1) Let u € Ny, then Is(u) = 0. By Lemma 3.2 (3), we have HVBUHL%(B) > ~(4). Hence from
2
1 ) 1
(-2 I
90 = (5= =57 ) IVsullg  + 1)
= a(8)[|Veul®

> a(0)*(9),

L ®)

we have
d(0) = inf J(u) > a(8)¥*(6).
If § > 0, @ € Ny is a minimizer of d(§) = 1Enf J(u), i.e., J(@) = d(d). In this case, we define A = A\(J)
uENs

dz
by [|[Ve(A )||2 /\ AP 2L ga! . Then for each § > 0,
(]B) I

1
2 p—1
\ H BU ” 2® _ (1>pi1
- W —\s :
Js lal” Shda! 4

Thus for A\i € Ns, we get from the definition of d that

dw
d < J(Xi) = —||VB Py g - p+1/‘ et 4 gy

2
11\ 2 p+1d:v1 o
2 <5) HVBUHL?(B p+1( > /' |
2
1 p=1 2 1 ~p+1d.'1;]_ ’
== - —d
() (b1t - g ™

2
1\*=1 p—1 2
—(2)" 2 vl
(5> 2+ Bu”LE(B)
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1 § i
(3= 70) 19238 o
1N7T p—1 (1 & \
d< (= S d(s),
_(5> 2@+¢)<2 p+1> ©)
which implies

2 (1 § N\ 20p+1) p+1
. >9)pr1 | — — ——— —_—
(3.3) d(d) > ¢ (2 p+1) b1 d, 0<d< 5

If 6 >0, and @ € NV is a minimizer of d = injf\/ J(u), i.e., J(u) = d. In this case, we define A = A(J) by
ue

Note that d(d§) = J(@)

d.
IV = / X" Sy Then for each 5 > 0,
B 1

S|Vsal?, 7T
) — e _ 55
Jo Lt 4t

Thus, for A € N, we get from the definition of d(d) that

1 ) 9
< = 71 R
(6) < 700) = 577 (5 - 0 ) IVl
= (Y1 12
Note that d = J(u) = (2 Py 1) ||V]Bu||L2%(B), we get
o /1§ \2p+1) p+1
. <or 1T |- — — - .
(3.4) d(0) <9 <2 p+1) P d, 0<d< 5
By (3.3) and (3.4), we have
2 (16 \20p+1) p+1
(3.5) d(0) =10 (2 p+1) b1 d, 0<d< 5
(2) and (3) follow from (3.5). O

Lemma 3.4. Let ug € H;O% (B) and 0 < & < 2. Assume that J(u) < d(5):
d(9) 1 §

(1) If Is(u) > 0, then ||V]B;u||2 T < a(0)’ where a(d) = e In particular, if J(u) < d and
2 2(p+1)
I(u) > 0, then HVIBUHL?(IB) b1 d.
d(5) . . 2(p+1)
2) If |[Veul|? = > —=, then Is(u) < 0. In particular, if J(u) < d and ||Vgul|* » d,
@) FI¥oully > S then () < 0. Inp ) < d and [Vl > 225

then I(u) <0
(3) If Is(u) = 0, then Hv]Bu”iﬂ < @ In particular, if J(u) < d and I(u) = 0, then

7@~ a(d)
1
” ||2 < (p+ )d
L:®) p—1

1
Proof. (1) For 0 < < &, we have

2
2
n = < .
(3.6) a(5)||V]Bu||L2§(B) + P 1Ls(u) J(u) < d(0)
2 40
Then a(é )”VBUHL2 ® < d(9), i.e., ||Vu ||L2( s < a(0)” If J(u) < dand I(u) >0, we can get

1 1 1 1 )
- ; - ——J d.
(2 p+1>H1wH2®)<<2 p+1)nvmn + o I(w) <
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Therefore, we obtain
2(p+1)
p—1
(2) I ||V]Bu\|i%(m) > 43, then from (3.6), we get Iy(u) < 0. Tf J(u) < d, we have I(u) < (p+ 1)d —
2
2(p+1)
5 (B) p _d15
(3) From (3.6), we have ||VBu||2L < Q If J(u) < d and I(u) =0, then from

2
Vsl < d.

p—1 2
—||VBul| »
3 IVeully

. By ||VBu||2L d, we get I(u) < (p+1)d— (p+1)d = 0.

F® = alo)

11 , 1

- — n 71 <d
(5 557) IVaully , + T <

2 1
we have | Vpu[?s < 2p+1)

n < d. ]
L3 (B) p—1

Lemma 3.5. Assume 0 < J(u) < d for some u € ’H;O% (B), and 01 < 2 are two roots of equation
d(0) = J(u). Then the sign of Is(u) doesn’t change for 61 < § < ds.

Proof. J(u) > 0 implies ”VBUHL%(B) # 0. If the sign of Is(u) is changeable for §; < & < d2, then we can
_ 2 _
choose 0 € (61,d2) and I5(u) = 0. Therefore, we can have J(u) > d(d). From Lemma 3.3 (3), we have

J(u) = d(d1) = d(d2) < d(0), which is contradict with J(u) > d(9). O
Now, we are in a position to introduce a series of potential wells. For 0 < ¢ < %, we define
Wy = {u e Hyd B)lIs(w) > 0,J(u) < d(9) } U {0},
Vs = {u € Hy & (B)|T5(u) < 0,7 (u) < d(é)} .
From the definition of W, V5 and Lemma 3.3, we can obtain the following lemmas:

Lemma 3.6. (1) If0 < ¥ < 8" <1, then Wy C Wi,
(2) If1<8" <§ < BEL then Vi C Vi

In addition, we define
Bs = {we HF ®IVul, 1 ) <)}
Bs = B5U0Bs = {u e Hf B)I¥ul, 1, <)}
55 = {u e ML IVl 3 ) >0}

Lemma 3.7. Let 0 < 6 < p%l. Then
By (5) ©Ws C By,ys), Vs C B

where

Ls .
By = {“ SN (B)HWBU”Zg @ {72(5),73(5)}} ,

_ 1,5 2 @
B = {u e WiE ®IIVaul?y | < 201,
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where vo(0) is the unique real root of equation

L o
—v* =d(9).
57 = d(9)
Proof. First HVBUHL%(B) ~v(9) gives ||Vpul| T B) =0 or Is(u) > 0. On the other hand,
2
< —
I < 5 IVaul?y

and ||V]Bu|| @) < 73(0) yield J(u) < d(6). Hence we have B, (5 C Ws. The remainder of this lemma

follows from Lemma 3.2 and Lemma 3.4. O

3.2. Invariant sets and Vacuum isolating. In this subsection, we prove the invariance of some sets

under the flow of (1.1) and the vacuum isolating behavior of problem (1.1).

Definition 3 (Maximal existence time). Let u(t) be a weak solution of problem (1.1). We define the
mazimal existence time Tyar of u(t) as follows:

(1) If u(t) exists for 0 <t < oo, then Tpap = +00.

(2) If there exists a to € (0,00) such that u(t) exists for 0 <t < to, but doesn’t exist at t = to, then

Tinaz = to-

Definition 4 (Weak solution). Function u = u(x,t) is called a weak solution of problem (1.1) on intB x
[0, Thhaz), with 0 < Tiae < +00 being the mazimal existence time, if uw € L™ (O,Tmaz;H;:O% (B)) with
ug € L? (0 Tmaz;H;’%(IBD and satisfies problem (1.1) in the distribution sense, i.e.,
1) Vove 7-[2 ( ), t € (0, Thaz),
(3.7 (ut,v)y + (VBu, Vo), + (Veue, Vev), = (JulP " u,v)

o
2) u(x,0) = uo(z) in Hy g (B).
3) For 0 <t < Thae,

9"

(
)
(
(

t
3.8 urll?n  dr+ 2.0 dr 4 Ju(®) < J(ug).
(35) [tz i+ [ gy 07+ Ju(t) < J(wo)

Now, we discuss the invariance of some sets corresponding to problem (1.1) inspired by the ideas in
[17].

Theorem 3.1. Let ug € 'H;’O% (B), 0 <e<d, ;1 < bz be the two roots of equation d(0) = e. Then:
(1) All weak solutions u of problem (1.1) with 0 < J(ug) < e belong to Ws for 51 < § < da,
0 <t < Tpas, provided I(ug) >0 or HVBUOHL§ ® =
(2) All weak solutions u of problem (1.1) with 0 < J(ug) < e belong to Vs for 1 < d < dy, 0 <t <
Trnax, provided I(ug) < 0,

where Tyqy is the mazimal existence time of u.

Proof. (1) Let u(t) be any weak solution of problem (1.1) with J(ug) < e, I(ug) > 0 or ”VBUHL%(B) =0.
2

= =0, then ug(xz) € Ws. If I(ug) > 0, then from Lemma
3.5, it follows Is5(ug) > 0 and J(ug) < d(é). Then ug(x) € Ws for 61 < § < da3. Next, we should

T is the existence time of u(t). If ||Vpuol| L
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prove u(t) € Ws for 61 < § < 02 and 0 < ¢t < Typae- Arguing by contradiction, by the continuity of
I(u) we suppose that there must exist a dg € (d1,d2) and tg € (0, Tynaz) such that u(ty) € OWs,, and
Is, (u(to)) =0, HVBUHL%(E) # 0 or J(u(tg)) = d(dp). From

/HTWg # [ Vsl dr  T0) < T0) <A, <0< 6 01 T

we can see that J(u(to)) # d(do). If Is, (u(to)) = 0, HVBUHQLZ% - # 0, then by the definition of d(J), we
have J(u(tg)) > d(do), which contradicts (3.9).

(2) Let u(t) be a weak solution of problem (1.1) with 0 < J(ug) < e < d, I(up) < 0. From J(ug) <e
I(up) < 0 and Lemma 3.5, it follows I5(ug) < 0 and J(ug) < d(d). Then ug(x) € V5 for §1 < § < Js.
We prove u(t) € Vs for §; < § < d2 and 0 < t < Typae- Arguing by contradiction, by time continuity
of I(u) we suppose that there must exist a g € (d1,d2) and tg € (0, Tynay) such that u(ty) € 9Vs,, and
I, (u(to)) = 0 or J(u(to)) = d(do). By (3.9) we can see that J(u(tg)) # d(dp). Assume Is,(u(ty)) = 0
and tg is the first time such that I5, (u(t)) = 0, then Is, (u(t)) < 0 for 0 < ¢ < tg. By Lemma 3.2 (2) we

have ||[Vpu| » > v(do) for 0 <t < to. Hence ||[Vgul| » > 7(dp), then |lu(to)|| 1,2  # 0. From
L2 (B) L2 (B) Hy' 2 (B)
u(to) € N, and J(u(to)) # d(do), we have J(u(to)) > d(dp), which contradicts to (3.9). O

To discuss about the invariant of the solutions with negative level energy, we introduce the following

results.
Proposition 3. All nontrivial solutions of problem (1.1) with J(ug) = 0 belong to

c 1,3
B, = {“ €Mty (B)|||VJBUHL2%(B) > ’Yo}a

where yg is the unique real root of equation

crtt 1
3.10 2 apml = 2
( ) P+ 17 2

Proof. Let u(t) be any solution of problem (1.1) with J(up) = 0, Tnax be the maximal existence time of
u(t). From (3.8), we get J(u) <0 for 0 < ¢ < T}q,. Hence by

dx
Vel y < — [ Thae
L3 (B) p+1

—C’p“ VeulP% |Veul?2 0 <t < Thas.
LCr Vsl Vsl 0 <

we must have either ||VBu\|L2(B) =0 or HVIBUHH(IB) > 0. If ||V]Buo|| 3 m) = 0, then HVBUHLf(B) =
for 0 < t < Tyaz- Otherwise there exists a tg € (0, Tyqe) such that O < ||VBu(t0)||L5(B) < 7. By a

similar argument we can prove that if HVBUOHL%(B) > 70, then HVBUHL%(]BS) > for 0 <t <Thpes. 0O
2 2
Theorem 3.2. Let ug € H;o% (B). Assume that J(ug) < 0 or J(ug) =0 and ||Vpuo| = # 0. Then

L3 (B)
1
all solutions of problem (1.1) belong to Vs for 0 < § < —— ptl
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Proof. Let u(t) be any solution of problem (1.1) with J(ug) < 0 or J(up) = 0 and ||Vpuo|| # 0,

Lf (®)
Tnae be the maximal existence time of u(t). The energy inequality gives

2 _ -
(3.11) a(5)||VBu||L§(B) + oy 1]5(u) = J(u) < J(ug), 0<d< .

1
From (3.11) it follows that if J(ug) < 0, then I5(u) < 0 and J(u) < 0 < d(§) for 0 < § < ]%; if

J(upg) = 0 and ||V]Bu0||L2%(B) # 0, then by Proposition 3 we have ||V]B“HL2% > for 0 <t < Thas-

(B)
1
Again by (3.11) we get Is(u) < 0 and J(u) <0 < d(d) for 0 < § < ]% Hence for above two cases we

1
always have u(t) € Vs f0r0<5<%, 0<t<Tmas- O

Corollary 3.1. Let ug € H;O% (B). Assume that J(ug) < 0 or J(ug) =0 and ||Vuol| #0. Then

. Li®)
all weak solutions of problem (1.1) belong to B$.1 .
2

Proof. Let u(t) be any weak solution of problem (1.1) with J(ug) < 0 or J(up) = 0 and || Vuo|| #0,

L ®)
Tinaz be the maximal existence time of u(t). Then Theorem 3.2 gives

1
u(t)e%f0r0<6<l%,0§t<Tmm.

1
From this and Lemma 3.2 we get HVBU”L%(B) > v(d) for 0 < § < ]%, 0 <t < Thas- Letting
2
1 1
o — 1%, we obtain ”VBUHLf(B) >y (27;) for 0 <t < Thhaz- O

Now, we discuss the vacuum isolating to problem (1.1) with J(ug) < d.

Theorem 3.3. Let e € (0,d). Suppose 01,02 are the two of d(§) = e. Then for all weak solutions of

problem (1.1) with J(ug) < e, there is a vacuum region

U, = {u S H;:O%(B)Ng(u) =0, ||VIBU|| 7’5 0,01 << 62}

L:®)

such that there is no any weak solution of problem (1.1) in U,.

Proof. Let u(t) be any weak solution of problem (1.1) with J(ug) <
time of u(t). We only need to prove that if ||VIB;u||L2% ®) # 0 and J(ug) < e, then for all § € (d1,2),
u(t) ¢ Ns, ie. Is(u(t)) #0, for all t € [0, Tpnaz)-

At first, it is clear that Is5(ug) # 0. Since if I5(ug) = 0, then J(ug) > d(d) > d(d1) = d(d2), which
contradicts with J(ug) < e.

e, Timae be the maximal existence

Suppose there is t; > 0 s.t. u(t;) € U.. Namely, there must exist a §g € (d1,d2) such that u(t;) € Ny, .
From (3.8), we get J(up) > J(u(t1)) > d(§) > J(ug), which leads to a contradiction. O

4. LOwW INITIAL ENERGY J(ug) < d

In this section, we prove a threshold result of global existence and nonexistence of solutions for problem

(1.1) with the low initial energy J(ug) < d.


http://dx.doi.org/10.20944/preprints201703.0067.v1
https://doi.org/10.1007/s11868-017-0216-x

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 13 March 2017 d0i:10.20944/preprints201703.0067.v1

GLOBAL EXISTENCE, EXPONENTIAL DECAY AND FINITE TIME BLOW-UP 13

4.1. Global existence with exponential decay. In this subsection, we establish the global existence

of weak solutions for problem (1.1) when J(ug) < d and I(ug) > 0 or | Vpuo|| = 0 by using Galerkin

L (B)
approximation technique and potential well theory. Meanwhile, we obtain the asymptotic stability of

global solutions.

Theorem 4.1 (Global existence and decay for J(up) < d). Let ug € H;o% (B). Assume that J(ug) <

d and I(ug) > 0 or ||VBUOHL%(]B) = 0. Then problem (1.1) admits a global weak solution u(t) €
2

L (0, oo;’}-[;()%(B)) with uy € L? (O,oo;H;ZO%(IB%)). Moreover u(t) € W for 0 < t < oo, and there

exist constants C' > 0 such that

lal? s+ [ Veul? (n ol s+ [ Vauol? s )C

L2 (B) LZ®B) L2 (B) L2 (B)
Proof. We divide the proof into two steps.

Step 1 Proof of global existence.
Let {wj(z)} be a system of base functions in ’H;’Og (B). Now we construct the following ap-

proximate solutions w,, (¢, z) of problem (1.1):

m
:Zgjm(t)wj(ac), m=1,2,---,
which satisfies

(41) (umta wS)Q + (VIBumu VJBWS)Q + (VIBumt7 vas)g = (|um|p71um7 ws)Q ) s = 17 27 Ty

)

(42) Um Za]mw] — UO( ) m HZ(; ( )

Multiplying (4.1) by g’,,(t), summing for s, and integrating with respect to ¢ from 0 to ¢, we

have
t
/ ||um7|| %) dr +/ ”VB“’”T”i%(B)dTJF J () < J(um(0)), 0<t<o0.
2

y (4.2) we can get J(up(0)) = J(uo), then for sufficiently large m, we have

t
2
. Umr mT n m 9 S .
(4.3) / [ ||L2( d +/O [V5tmrll? 5 A+ T () < d, 0=t < 00

From (4.3) and the proof of Theorem 3.1, we can get u,,(t) € W for 0 < ¢t < oo and sufficiently
large m. Hence, by (4.3) and
p—1

1
J(tm) = s5—=VBUuml® s+ ——1I(un),
(tm) 2(p+1)H BU HLQ(B) P (tm)
we obtain
! 2 ! 2 p—1
4.4 Umnr||[“n  d +/ Veumr||"n dr+ —||VBum < d, 0<t<oo,
4 /oH log )ty IVBeml g )07+ 5y Ve HLZ(B)
for sufficiently large m, which yields
2 1
(45) IVaunl?y < 22504 g<icn,

L%m p—1
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(4.6) / Vatnrl2y dr<d,  0<t<ox,
_ 2L g d
Lol ] 7 = [ S = el
B L:D+11 (B)

+1

n <Cp+1 Md e
L} (B) p—1

Therefore, there exist a u and a subsequence {u,} such that

(4.7) < CPHY | VBum

Uy — u in L™ (O, oo;’H;:O% (]B%)) weakly star and a.e. in intB x [0, 00),
Uyt — Uy in L2 (O, 00; 7-[;0% (IB)) weakly star,
uf — uP in L ( 0, o0; Lgﬁ(B)) weakly star and a.e. in intB x [0, 00).
In (4.1), we fixed s, letting m p: v — 0o. Then, we get
(g, ws)y + (Veu, Viws)y + (Veur, Vws)y = (|u|p71u7ws)
and

(ug,v)y + (VBu, Vev), + (Veue, Vo), = (|u|p_1u,v> , Yv € H;:o% (),t e (0,7).

From (4.2) we obtain u(z,0) = wug(x) in 7—[;’0%( B), t € (0,T). By density we obtain u €

L (O7 00; H;:()% (B)) with u; € L? (O, 00; Hz,o (IB%)) is a global weak solution of problem (1.1). It
is obvious that u(t) € W for 0 < t < co.
Step 2 Proof of decay.
Taking v = w in (3.7), we get

2 2 2 p 1 —
n = — = I(u).
3% (|| ||L2(B)+||VJB ull L3 )) [VBu ||L2(B)+|| ull L7 ) (u)

From Theorem 3.1 we have that u(x,t) € W;s for 1 < 6 < d2 and 0 < t < oo under the condition
J(upg) < d and I(ug) > 0 or ||Vguol| = 0. Thus, by Lemma 3.5, we have I(d;) > 0 for
0 <t < co. Therefore,

2 2 _ (s 2 _
335 (1025 o)+ 198l 5 ) = =10 = G2 = DIVsul?y | = T (w

LZ (B)

1
< -1 2, 2
< G- (H2y  + I9auly ).
Consequently,
2 2 2 —Ct
Jull g g, + 19025 < (luollg , + 1980125, )
1-9
where C' = 203 +11'
The proof is complete. O

Corollary 4.1. In Theorem 4.1, if the assumptions “J(ug) < d, I(ug) > 07 is replaced by “0 <
J(uo) < d, Is,(ug) > 07, where (81,02) is the mazimal interval including § = 1 such that ds > J(ug)
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for 6§ € (61,62), then problem (1.1) admits a global weak solution u(t) € L™ (0,00;%;:?(3)) with
ug € L? (O,oo;’;’-[;zog (IB%)) and u(t) € Wy, for 0 <t < 0.

Proof. Making use of Lemma 3.5, we obtain from 0 < J(ug) < d, Is,(ug) > 0 that I5(ug) > 0 for all
0 € (01,02). Repeating the arguments of Theorem 4.1 for §; < § < d2, then the conclusion of Corollary
4.1 holds. U

Corollary 4.2. In Corollary 4.1, if the assumptions “Is,(ug) > 0 or | Veuo|| = 0" is replaced by

L ()
(IVEul LEm) < v(9), then problem (1.1) admits a global weak solution u(t) € L™ (O,oo;’r’-l;g (IB)) with

2
u € L? ( 00; 7—[; ) and satisfies

d(9) . p+1
4. 2 n s I < .
(4.8) HVEUHLE(B) < a(0)’ for 61 <5<m1n{52, 5 [ 0<t< o
In particular, we have
d(d1)
4.9 2 < or 0 <t < oo.
(19) IVauls , < 565 foros
Proof. ||Vpu| = < ~(6) gives Is,(ug) > 0 or || Vpugl| = 0. Hence, from Corollary 4.1, it follows

L3 (B) L3 (®)
that problem (1.1) admits a global weak solution u(t) € L> (O, 00; ’H;:g (IB%)) with u; € L2 (O, 00; H;:g (IB))
and u(t) € Ws, for 0 < ¢ < co. Moreover, from Lemma 3.4, we can deduce that (4.8) holds. Letting
d — &1, the conclusion (4.9) is also obtained. O

4.2. Finite time blow-up of solution. In this subsection, we establish finite time blow-up of solution
for problem (1.1) when J(ug) < d and I(ug) < 0 by using the concavity argument (see [13, 14, 15]) and
properties of a family of potential wells. Furthermore, by making use of a differential inequality technique
(see [18]) we determine a lower bound on blow-up time for certain solutions of problem (1.1) if blow-up
occurs.

We need the following lemmas to prove finite time blow-up with J(ug) < d.

Lemma 4.1. Let ug € H;O% (B). Suppose J(ug) < d and I(ug) <0, then we have

p—1
%p+lﬂ B”Lﬂm

for allt € [0, Tynaz), where Tpqy is the mazimal existence time.

(4.10) d<

Proof. We first prove I(u) < 0 for ¢ > 0. If it is false, we must be allowed to choose a ¢y > 0 such that

I(u(tp)) = 0 and I(u) < 0 for 0 < t < to. From Lemma 3.2 (2), we have ||VBu(t)||Lg(B) > (1) for
2

0<t<ty, |[Veu(to)| > (1) and J(u(ty)) > d, which contradicts to (3.8). Since

L2 (®

/\2 2 dxl ’ )\p+1 p+1 da:l ’

d
—JM /WWI —v/m”kﬂw
B T1

we get
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and
d? 2 dry p—1 p+1 dry
d)\2 J(Au) /|V3u| —dz’ — pA /| | . —dz'.

Let —J (Au) = 0, which implies

d\
PP 1L AN
’ fB |u|p+1 dzilldm/

d? - d? -
WJ()\W) >0 and WJ()\QU) < 0.
So we have
pt1l
2 dxq AR
- p—1 f]B‘VJBM Srdx
O =0 = 55 | T -
-
B <f13| P %dl’l)
By I(u) < 0, we have
(v 00)
- —1 (JelVBul” Frda’
dgsupJ()\u):J(Agu):2f+l) : : —
A>0 p (IIB; ‘u|p+l dTmlld:L‘/) p—1
p—1 2
4.11 < —7|V n o
1y 2+ e

O

Lemma 4.2 ([12]). Let L(t) be a positive, twice differentiable function, which satisfies, for t > 0,

inequality

L)L) — (1+a)L'(t)* >0

with some « > 0. If L(0) > 0 and L'(0) > 0, then there exists a time T" < [ L(’?()J)] such that
a
lim L(t) = o0
t—T*—

Theorem 4.2. Let uy € ”H;O% (B). Suppose J(ug) < d and I(ug) < 0. Then the existence time of the
weak solution for problem (1.1) is finite, i.e., the maximal existence time Tpq, 18 finite and
t
4.12 lim ul>s 4 || Veul® = )dT:+OO.
(112) i [ (g 9aly
Moreover, we have

bT2

(4.13) Tw < ,
b(p— 1Ty — 2 v 2,
=0T~ (ol +IVsul? )

where b and Ty to be chosen later.
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Proof. Let u(t) be any weak solution of problem (1.1) with J(ug) < d and I(ug) < 0. By contradiction,
we suppose that u(t) is global, then T},q, = 00. For any T > 0 and for all ¢ € [0, T, we define

(4.14)
0= [ W12y g+ [ 1952y i @0 (ol Vsl ) + b6+ 7o)
2
where b and Ty are pos1t1ve constants which Wlll be specified later. Furthermore,
1y 2 2 2 2
L0 =P g, + 19125, (Iuoll2g )+ Vool ) + 2500+ 7o)
t t
(4.15) = 2/ (u(T), ur(7))y dr + 2/ (Vu(r), Veu, (7)), dr 4 2b(t + Tp)
0 0

and, consequently,
d d
L(t) =2 / w(yun() L a4 2 / Vau(t) Vaus () L ! + 2b,
B L1 B 1
Therefore, we get

L") - L= 1L’( t)?
—2or @) +20+1) o0 - (201 @ =0 (k2 + 19y )| ([ 1oz o

/||VBuT . dT+b>
L3 (B)

where 7 : [0, T] — Ry is the function defined by

n—(/ (IR g, dr—l—/ IVau(r)I 5 d7'+b> (/ lur (I dT—i—/ Vs (]2 (B)dT

%
2
t t
+b(t —|—TO)2) — (/ (u(r),ur(7))y dr —|—/ (Veu(r), Veu- (1)), dr + b(t + Tp) )
0 0
As a consequence, we read the following differential inequality
" D+ 1 1(4\2 " 2 /t 2
_ > n
LOL0 - 250 2 L0270 20+ 020 ([ ety ar+ [ (Va2 ar+o
(4.16) = L(t)&(1),

for almost every ¢ € [0,T], where £ : [0,7] — Ry is the map defined by

£(t) =2/Bu(t)ut( )d—d +2/V1Bu Vet )de _o(p41) / un(7)||2

i ™
(4.17) —2p+ 1)/ IVeur(r)|2 5 dr — 2pb.
0 Li®

By (1.1) and (3.8), we have
dzx ¢
t) =2 P Vgu?) = da’ — 2 1/ SO d
€0 =2 [ (@ = |Vaul) P’ =20+ 1) [ furr)lEy  dr
2
2p+1) / IVau (D2, dr = 2pb

> 2/B (! — |Vl )d?’?dx' —2(p+ 1) (ug) + 2(p + 1) I (u(t)) — 2pb.

>(p—1D|IVeull?» —2(p+1)d — 2pb.
> (p )IIB\IL22(B) (p+1) P
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-1
By Lemma 4.1, we can get d < LHVBUHQ a» . Choosing b small enough such that
2(p+1) L3 (B)
(p = D[ Veul S e 2(p+1)d
b< Ls
— 2 b

we have
>(p—1 2, -2 1)d — 2pb >
£t) = (p )HVIBUHL?(B) (p+1)d—2pb >0,
which implies

(4.18) L(t)L"(t) -

1
]%L’(t)Q > 0.

By (4.14) and (4.15), we have L(0) > 0 and L’(0) > 0. We then choose Ty sufficiently large such that

b(p — )Ty — 2+ Veuol?® 4 )>0.
=0T~ (ol + Vw0l

Combining Lemma 4.2, we then obtain that L(¢) blows up in finite time
b1E

bp—lT—(u2 + Qn)
=0T~ (Il y _ + Vsl

In view of the arbitrariness of time 7', we may choose T such that
bT2

b= 1070 ~ (ol -+ Vw0l )
7 (B) L3 (B)
Thus, we see from (4.14) that there exists a time T™* € (0,T] such that

¢
i 2, 2, =
im ; <||u|L22 ® + HVBUHL; (B)> dr = +o0,

t—=T*—

T <

T>

which contradicts Ty, = c0. Hence, the solution of the problem (1.1) blows up in finite time. O

Theorem 4.3. Under the assumption of Theorem 4.2, then the solution u(x,t) of problem (1.1) blows

up at t = Thap in ’H;O% (B) with t_}gn ; ||u||2L2 ® + ||V1gu||i§ (B)dT = +o00. Moreover, we have
2 2 -
. (1ol , + 1720l ) |
(p—1)Crt

Proof. First, from Theorem 4.2, we know that the solution u(x,t) of problem (1.1) blows up in finite time
Tinaz- Now, we estimate the lower bound for blow-up time T},q.

‘We define
4.1 t) = [Jul|? « 2
(4.19) o(t) = Il 5 ) + 1950l

Multiplying u(x,t) on two sides of equation (1.1), and integrating by part, we have
dzy d d
(4.20) /uut—dx +/|V1But||VBu| A1 G — /|VB s +/| gy
B 1

Then by direct computation and (4.20), we have

d
(4.21) :—2/|V[Bu| A g +2/| L 4
x1
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which implies

p+1

(1) <207 (o(t) =

If there exists tg € [0, Tinaz) such that ¢(tg) = 0, then we can obtain ¢(Tj,4z) = 0, which contradicts
with the fact that u(z,t) blows up at Tree in Hglo% (B)-norm. So we see

p(t) >0
and
(4.22) w(t ) <207t
(p(t)™
Integrating the inequality (4.22) from 0 to ¢, we have
_p-1l —p-1 —
(4.23) (@(0)"7 = (p(t)” 2 <(p-1CI 't
So letting t — T4z in (4.23), we can conclude that
e
(1ol + 193l )
s Li® L ®) '
- (p—1)CP*
O
Remark 1. Noting that from
p—1

we see that if J(ug) < 0, then I(ug) > 0 is Zmposszble. If J(ug) = 0, then either I(ug) > 0 or I(ug) =0
with || Vgug||? I # 0 is tmpossible. If 0 < J(ug) < d, it follows from the definition of d that I(ug) =0
LZ @B
with HVBUOHi%(]B) # 0 is impossible. Thus, all possible cases already have been considered in Theorems
2

4.1 and 4.2.

From the discussion above, a threshold result of global existence and nonexistence of solutions for

problem (1.1) has been obtained as follows.

Corollary 4.3. Assume that ug € ’H;:O% (B) and J(ug) < d. Then problem (1.1) admits a global weak
solution provided I(ug) > 0 or

2% ;= 0; problem (1.1) dose not admit any global solution
B

provided I(ug) < 0.

5. CRITICAL INITIAL ENERGY J(ug) = d

In this section, we prove the global existence and finite time blow-up of solutions for problem (1.1)

with the critical initial condition J(ug) = d.

Theorem 5.1 (Global existence for J(ug) = d). Let ug € ’Hé:g (B). Suppose J(ug) = d and I(uo) > 0.
Then problem (1.1) has a global weak solution u € L™ (0,00 Hy 0%( )) with u; € L? (0, oo;?-lz )
and u(t) € W =W UOW for 0 <t < oo.


http://dx.doi.org/10.20944/preprints201703.0067.v1
https://doi.org/10.1007/s11868-017-0216-x

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 13 March 2017 d0i:10.20944/preprints201703.0067.v1

20 G.LIL J. Y. YU, AND W. J. LIU
1 . .
Proof. Let i, =1 — — and ugm = tmg, m = 2,3,---. We consider the following problem
m
— Apus — Apgu = |u|p_1 u, v € ntB, t > 0,
(5.1) u(0,2) = ugm (), x € intB,
u(t,z) =0, x € 0B, t>0.

From I(ug) > 0 and Lemma 3.1, we have A* = A*(ug) > 1. Thus, we get I(uom) = I(muo) > 0 and
J (uom) = J (pmuo) < J(ug) < d. So it follows from Theorem 4.1 that, for each m, problem (5.1) admits
a global weak solution u,,(t) € L™ (O, 00; ’H;:O% (]B%)) with w,,, € L? (0, 00; H;”O% (IB%)) and up, € W for
0 <t < o0, satisfying

(Umt, V)g + (VBUM, VBV)y + (VBUM:, VBV), = (ub,,v), for any v € 7—[;0% (B)
and

(5.2) / HumTH2 dT—|—/ | VBt || 3w )dT—|— J(Um) < J(uom) < J(ug) = d for t € (0,00).

By a direct computatlon we can see that

t
2 p—1 2 1
I, Vit ||? 2 I d.
/0 Hum ” Li® +/ ” BUm H L3¢ 2( ¥ 1)” B m||L2( )+ p+1 (um) <

Since I(u,,) > 0, we can deduce (4.5), (4.6), (4.7) for each m. Hence there exists a u and a subsequence

still denoted as {u,}, such that, as m — oo,
U, = w in L™ <O, oo;/H;’O% (IB%)) weakly star and a.e. in intB x [0, 00),
Ut — Uy in L2 (O, 0; H;g (IB%)) weakly star,
ub, — uP in L™ (0, 00; Lﬁpﬂ(B)) weakly star and a.e. in intB x [0, c0).

The proof of global existence for the solution is the same as that in the first part of the Theorem 4.1. O

Theorem 5.2. Let ug € ’H;:O% (B). Assume that J(ug) = d and I(ug) > 0. Then, for the global weak
solution u of problem (1.1), there exist constants C' > 0 and t1 > 0 such that

. 2 n 2 N < 2 n —C(t—t1) < .
63 My + IVl < (IR + Vsl )@, nst<o

Proof. First, Theorem 4.1 gives the existence of a global weak solution for problem (1.1). In addition,
from (3.8), Theorem 4.1, and Theorem 5.1, it follows that if u(¢) is a global weak solution of problem
(1.1) with J(ug) = d, I(up) > 0, we must have I(u) > 0 for 0 < ¢t < co. Next, we consider the following

two cases.
(i) Assume that I(u) > 0 for 0 <t < co. Then from (u, u), + (Veu, Veu)y = —I(u) < 0, it follows
t
2 . .
that ||ut||L2%(]B) > 0 and HVBW”L?(B) > 0 and /0 <||uT|L272L(B) + | VBu-||? 13 )dT is strictly
increasing for 0 <t < co. Taking any t; > 0 and letting
_ 2
= Il = o)~ [ el 95l

then by the energy inequality we get 0 < J(u) < dy < d for t; <t < oco. Similar to the proof of

Theorem 4.1, we can deduce the exponential decay (5.3) if we take ¢ = t; as the initial time.
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(ii) Assume that there exists a t; > 0 such that I'(u(f1)) = 0 and I(u) > 0 for 0 < ¢t < t;. We
¢
also have ||ut||L§(B) > 0, ||V]}gut||L2 ® 0 and /0 <||u7|2n + ||[Vsu T||2 )) dr is strictly
increasing for 0 < ¢ < t;. By (3.8), we have

t
< - 2 2
Tt)) < T) = [ urly |+ IVsurly dr <

and [|[Vu(ty)|)? L 0. That means J(u(t;)) = 0, then we get J(u) < 0 for t; <t < oo from

/ Jurl? g o + Vel dr < J(t),  t<t<oc
L3 (B)

Hence from

1 2 p+1 dl‘l ,
519suly < — [ S
< p+1 Ve p—1
o n2®n3n“m)
it follows that either ||Vgu|| = = 0 for t; < t < oo, hence (5.3) holds; or ||Vgul?»
L3 (B) Lim ~
_1

PELIN for 1y < hich is impossible since ||V = 0. Thereb
Yol , for t1 < t < oo, which is impossible since || Bu(tl)HLQ%(E) =0. ereby, we

conclude ||u||>»  + ||Vul?>» =0 for t; <t < oco. This completes the proof.
L3 (B) 3 (B)

]

Theorem 5.3 (Blow-up for J(ug) =d). Let ug € H;:O% (B). Suppose J(ug) = d and I(ug) < 0. Then the
existence time of the weak solution for problem (1.1) is finite, i.e., the mazimal existence time Tap 18
finite and

t
5.4 lim ul|? + | Vpul? » )dT=+OO.
6.9 i [ (g 9aly

Proof. Let u(t) be any weak solution of problem (1.1) with J(ug) = d, I(up) < 0. By contradiction, we
suppose that u(t) is global, then T}, = co. For any T > 0 and for all ¢t € [0, 7], we define

(5.5)
2 d+/Vu 2 5Tt t(uzn + | VBuol? » )+bt+T2
/n g g+ | IVsuI2 g dr (=) (ol + Vsl )+ b+ T0)
where b and Tj are positive constants Wthh will be specified later. Furthermore,
1y 2 2 2 2
L0 = @)y, + Vsl - (hmHLgam—%HVBUMbé(m)-+2b@-+16)
t t
(5.6) ) / (u(r), 1ty (7)) d + 2 / (Vau(r), Vaur (1)), dr + 20(¢ + Tv)
0 0

and, consequently,
d d
L) =2 / w(®us®) i’ + 2 / Vau(t) Vau (£) e’ + 20,
B 1 B 1
for almost every t € [0,T]. Therefore, we get

L) - Py
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—L"(0) + 26+ 1) [10) - (20~ @ =0 (Jual g, + 195015 )] ([ ()2
/||VBuT 2y )dT—H})

where 7 : [0, 7] — R is the function defined by

t
v= ([ 2y i+ [ 19ey i) ([l i+ [ 19anol2

+b(t + Tp)?) — (/O (w(1),ur(7))y dT+/ (Vu(r), Veu, (7)), dr + b(t + To )

0

(B)

As a consequence, we read the following differential inequality

(5.7) = L(t)&(t),
for almost every t € [0,T], where £ : [0,T] — Ry is the map defined by

t
£(t) :z/u(out(t)@dx’+2/vmu(t)vmut(t)%dx'—2(p+1)/ lur (P25 dr
B T B x1 0 L} (B)

t
5.8 -2 +1/ Veu,(T)||>2  dr — 2pb.
(5.8) (p+1) A Vs ()IIL22(B) D

By (1.1) and (3.8), we have
d.%‘l ¢
t) =2 wPtt — || Vgul|?) —=dz’ — 2 +1/ ur(M)? e dr
€ =2 [ (@ = |Vault) P’ —26+1) [ fu)iEy
t
p— 2TL p—
2(p+1)/0 V()2 5., dm 20

d
> 2/ (Pt — (| Vgu?) %dm’ —2(p+ 1) I (uo) + 2(p + 1) (u(t)) — 2pb.
B 1
From J(ug) = d, it follows
> (p— 2, - — 2pb.
()2 (0= 1) Vaul?y | —2p+ 1) —2pb

The reminder of the proof is the same as those of Theorem 4.2, therefore we omit it.
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