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In this paper, we study the well-posedness and asymptotics of a one-dimensional ther-
moelastic laminated beam system either with or without structural damping, where
the heat conduction is given by Fourier’s law effective in the rotation angle displace-
ments. We show that the system is well-posed by using Lumer-Philips theorem, and
prove that the system is exponentially stable if and only if the wave speeds are equal,
by using the perturbed energy method and Gearhart-Herbst-Priiss-Huang theorem.
Furthermore, we show that the system with structural damping is polynomially stable
provided that the wave speeds are not equal, by using the second-order energy method.

Keywords: laminated beam, Fourier’s law, exponential stability, lack of exponential
stability, polynomial stability.

AMS Subject Classification (2000): 35B40, 74F05, 93D20.

1 Introduction

With the increasing demand of advanced performance, the vibration suppression of the laminated
beams has been one of the main research topics in smart materials and structures. These composite
laminates usually have superior structural properties such as adaptability. The design of their
piezoelectric materials can be used as both actuators and sensors [27]. Hansen and Spies in
[12] derived the mathematical model for two-layered beams with structural damping due to the
interfacial slip, i.e.,

ppi+ G — pr)z =0, (z,t) € (0,1) x (0
Ip(?’w - w)tt - D(3U) - "/’)m - G("L/f - 9033) - 07 (‘Ta t) S (07 1) X (07 +OO)7
3I,wy — 3Dwey + 3G (Y — ¢r) + dyw + 4Pwy = 0, (z,t) € (0,1) x (0, +00),

-
3

X

where p, G, 1,, D, are positive constant coefficients, p is the density of the beams, G is the shear
stiffness, I, is the mass moment of inertia, D is the flexural rigidity, v is the adhesive stiffness of
the beams, and 8 > 0 is the adhesive damping parameter. The function ¢ denotes the transverse
displacement of the beam which departs from its equilibrium position, 1 represents the rotation
angle, w is proportional to the amount of slip along the interface at time ¢ and longitudinal spatial
variable x, 3w —1) denotes the effective rotation angle, (1.1), describes the dynamics of the slip. If
B =0, (1.1)5 describes the coupled laminated beams without structural damping at the interface.
If B # 0, the adhesion at the interface supplies a restoring force proportion to the interfacial slip.

In recent years, an increasing interest has been developed to determine the asymptotic behavior
of the solution of several laminated beam problems. For example, Wang et al. [27] considered
system (1.1) with the cantilever boundary conditions and two different wave speeds (1/G/p and
D/I,). The authors proved the well-posedness and pointed out that system (1.1) can obtain
the asymptotic stability but it does not reach the exponential stability due to the action of the
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slip w. Furthermore, to achieve the exponential decay result, the authors added an additional
boundary control such that the boundary conditions become

©(0,t) = £(0,t) = w(0,t) =0, wy(1,t) =0,

3w(17t) - g(lvt) - (Px(lvt) = ul(t) = kl@t(lvt)7
gz(lvt) = u?(t) = _k2§t(1’t)a

where £ = 3w — 1. Cao et al. [9] considered the system (1.1) with following boundary conditions
¢(07 t) - Sox(ov t) =u (t) = _klgot(oa t) - 80(0’ t)v

3wx(17t) - ¢x(1’t) = U2(t) = _k2£t(17t) - 5(1,75),

where £ = 3w — 1. The authors obtained an exponential stability result provided ki # \/p/G
and kp # \/1,/D. More importantly, the authors proved that the dominant part of the system is
itself exponentially stable. Raposo [25] considered system (1.1) with two frictional dampings of

the form
PP + G(dj - Sow)x + kl@t = Oa (337 t) € (07 1) X (07 +OO),
I,(3w — ) — DBw — V)ge — G(¥ — pz) + k23w — ) = 0, (z,t) € (0,1) x (0,400), (1.2)
31w — 3Dwgy + 3G (Y — pu) + dyw + 4Bw; = 0, (z,t) € (0,1) x (0,400)

and obtained the exponential decay result under appropriate initial and boundary conditions.
More recently, Apalara [3] investigated a laminated beam with structural damping under Catta-
neos law of heat conduction, and proved the exponential and polynomial stability results depend
on a stability number. However, the case of the absence of structural damping was left as an open
problem. The present authors [18] studied the well-posedness and asymptotic stability of a ther-
moelastic laminated beam with past history. For the system with structural damping, without
any restriction on the speeds of wave propagations, we proved the exponential and polynomial
stabilities which depend on the behavior of the kernel function of the history term. For the system
without structural damping, we proved the exponential and polynomial stabilities in case of equal
speeds and lack of exponential stability in case of non-equal speeds.

It is easy to find that if the slip w is assumed to be identically zero, then the first two
equations of system (1.1) can be reduced exactly to the Timoshenko beam system. For the case
of the Timoshenko beam with Fourier’s law, many authors have shown various decay estimates
depending on the wave speeds. Rivera and Racke [20] studied the Timoshenko system with
thermoelastic dissipation, i.e.,

p1oue + k(Y — pz)e = 0, (z,t) € (0,L) x (0, +00),
P2¢tt - waw + k(w - (Px) - 79w = 07 (l’,t) € (07 L) X (07 +OO)7 (13)
P3‘9t - Hea}x - 7¢tm = 07 (LIZ‘,t) € (Oa L) X (07 +OO)7

with positive constants pi, p2, p3, k,b,v,k, where 8 models the temperature difference. The
authors showed that the exponential stability holds if and only if the wave speeds are equal
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(,0% = p%). Junior and Rivera [2] considered a new coupling to the thermoelastic Timoshenko
beam of the form
prpwe + k(Y — or)e + 002 =0, (z,t) € (0, L) x (0, +00),
P2t = bae + k(1 — 0z) + 00 = 0, (2,1) € (0, L) x (0, +00), (1.4)
P38 — V020 — (P — ) = 0, (z,t) € (0, L) x (0, +00)

for ¢ > 0 from thermo-elasticity theory. The authors showed this system is exponentially stable

if and only if the wave speeds are equal (pﬁl = p%). On the contrary, the authors obtained the
polynomially stability depending on the different boundary conditions. For system (1.4) with

Dirichlet boundary conditions
©(t,0) = p(t, L) = ¥(t,0) = (¢, L) = 6(¢,0) = 0(t,L) =0,

1
the authors obtained that the semigroup decays as % For system (1.4) with Dirichlet-Neumann

boundary conditions
o(t,0) = @(t, L) = 1.(t,0) = 0, (t, L) = 0,(t,0) = 0,(t, L) =0,

1
the authors obtained that the semigroup decays as % We refer the reader to [1, 5, 6, 8, 10, 11,

14, 16, 17, 19, 24, 26] for some other related results.

Motivated by the above results, we intend to study the well-posedness and the asymptotic
stability of the thermoelastic laminated beam system either with or without structural damping,
where the heat flux is given by Fourier’s law. The system is written as

PPt + G("/} - Spl‘):l? = 07 (.’IJ, t) € (07 1) X (07 +OO)7
I,(3w =)y — DBw — V)ge — G — pz) + 06, =0, (z,t) € (0,1) x (0,400),
Iywy — Dwze + G — @) + %fyw + %Bwt =0, (z,t) € (0,1) x (0,400), (1.5)
kOy — 100 + 0(Bw — ) = 0, (x,t) € (0,1) x (0, +00),

\

where p,G,1,,D,0,7,k, T are positive constant coefficients, 3 > 0. We consider following initial

and boundary conditions

90(37’0) = (po(x),w(a:,O) = ¢O(x)aw(x70) = wO(x)’H(mvo) = 90($)’ T E [07 1]a

9075('7:70) = (,01(56),1#,5(.1},0) = w1($)7wt(x70) = w1($)7 S [07 1]’ (1 6)
o(1,1) = ¢ (1,t) = we(1,8) = 6(1,1) = 0, t € [0, +00), '
©0:(0,t) =1(0,t) = w(0,t) = 6,(0,t) =0, t € [0,400).

By using Lumer-Philips theorem, we first prove the well-posedness result. By using the perturbed
energy method and Gearhart-Herbst-Priiss-Huang theorem, we then prove that the system is
exponentially stable if and only if é = %’. Furthermore, by using the second-order energy
method, we show that the system with structural damping is polynomially stable provided that
& %’. The main difficulties in carry out this paper is the appearance of the Fourier’s law of
heat conduction and the possible absence of structural damping. For this purpose, we shall use

appropriated multiplies to build equivalent Lyapunov functionals.
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We now briefly sketch the outline of the paper. In Section 2, we state and prove the well-
posedness of problem (1.5)-(1.6). In Section 3, we establish an exponential stability result of the
energy. In Section 4, the lack of exponential stability has been studied. In Section 5, we state
and prove the polynomial stability. Section 6 is devoted to the conclusion and open problem.
Throughout this paper, we use ¢; or C; to denote generic positive constants.

2 Well-posedness (for 5 > 0)

In this section, we prove the well-posedness of problem (1.5)-(1.6) by using Lumer-Philips theorem.
Firstly, we introduce the vector function

U = (¢, 01, 3w — 1, (3w — ), w, w, 0) T
Then system (1.5)-(1.6) can be written as
U = AU,
{ U(x,0) = Up(z) = (po, 1, 3wo — 1o, 3wy — 1, wo, wy, )",
where 7 is a linear operator defined by
Pt
G
—;(1/1 — ¥2)o
(Bw — 1)

G D o
dU = Tp(w_¢x)+fp(3w_¢)xx_fp€x

wy
443 D

G 4y
_Tp(¢—¢x) - 37[pw - Ewt + prwx

T

%ezw - %(371) - ¢)tx

We consider the following spaces:
0 = o] nem o0 a0 =0f w01 = {n | ne #0000 =0},
H%(0,1) = H*(0,1) N HX(0,1), HZ2(0,1) = H*(0,1) N HX(0,1),
220.1) = {n | n e 220.2) 001 =0}
and
A = HN0,1) x L*(0,1) x H}(0,1) x L*(0,1) x H}(0,1) x L?(0,1) x L?(0,1), (2.2)

equipped with the inner product

(U’ U) H :p/ol pepde 1 /o

1 _ 1 1 B
(3w — )e(3i0 — D)edz + 31, / wyiindz + k / biida
0 0

4
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+G/01<¢ - m@—sax)dxw/ol(stu—w>x<3w—¢)xdx+4fy/01wwdx
+3D /0 lwxﬁ)xdx.
Then, the domain of & is given by
D(o) = {U €A | pe H0,1),3w —,we HX0,1),0 € HL(0,1),¢; € HX(0,1),
St = i € FE0. 1), 52(0,0) = 0200,0) = 0,2 (1,0) = wn(1,1) = 0}.

The well-posedness of problem (2.1) is ensured by

Theorem 2.1 Assume that § > 0 holds. Let Uy € S, then problem (2.1) exists a unique weak
solution U € C(R™; ). Moreover, if Uy € D(</), then

UecCR";D())NCHRT; 7).

Proof. To obtain the above result, we need to prove that «/: D(&/) — J is a maximal
monotone operator. For this purpose, we need the following two steps: & is dissipative and
Id — o is surjective.

Step 1. & is dissipative.

For any U € D(«/), by using the inner product and integration by parts, we have

1 1
<£{U7 U>Ji” = - /O G (11[} - ‘Pz)x @tdiﬁ + /0 [D(3w - w)xw + G(d] - SO:J:) - 0'9:1:] (3w - 1!)),5(11’
1 1
+ / [3Dwm — 3G(¢ — 9095) — 4yw — 4Bwt] wydx + / [7—9:1::1: - 0'(310 - w)tm] Odx
0 0
1 1 1
+ G/(; (¢ - %)(1/% - @xt)d$ + D/(; (3w - ¢)xt(3w - '(,Z))mdl' + 4’7/0 thdl’

1
+3D/ WayrWedx
0

1 1
:—T/ 9923da:—4ﬁ/ w?dz
0 0

<0. (2.3)

Hence, o7 is a dissipative operator.

Step 2. Id — of is surjective.

To prove that the operator Id — & is surjective, that is, for any F = (f1,- -, f7) € S, there
exists V = (v1,- - -, v7) € D(&/) satisfying

(Id— )V = F, (2.4)
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which is equivalent to

vy —v2 = f1,
puv2 — GOrav1 — GOz + 3G 0,5 = pf?a
v3 — vy = f3,

Iyvg + GOzv1 + Gug — DOprpvs — 3GUs 4+ 00,07 = I, f4, (2.5)

v5 — Vg = f5,

4 4
<Ip + f) vg — GOyv1 — Gug + <3G + 37> v5 — DOyyvs = I, fs,

\ kv — TOprv7 + 00,04 = k 7.

(2.5)1, (2.5)5 and (2.5); give

ve =v1 — f1,
V4 = V3 — f3, (26)
ve = U5 — f5.

Inserting (2.6) into (2.5),, (2.5),, (2.5)4 and (2.5),, we get

( pU1 — GOrpv1 — GOyv3 4+ 3G0,v5 = P(fl + f2)7
(I, + G)vs + GOyv1 — DOygv3 — 3Gus + 00yv7 = L,(f3 + f4),

46 4 4 (2.7)
(Ip + 3G + ?B + ;) V5 — Gam’Ul — G’Ug — Damcvg) = Ip(fg, + f6) + ?ﬁfg),

| kv7 + 00,03 — TOppv7 = 00, f3 + ki f7.

Multiplying (2.7),-(2.7), by 01, 03, 305 and 07 respectively, and integrating over (0,1), we arrive
at

! 1 1 1 1
/ pv1v1de — / GOyppv101da — / GOyv3t1da + / 3GOv501de = / p(f1+ f2)01dx,
0 0 0 0 0

1 1 1 1 1
/ (I, + G)vzgda + / GOyv103dx — / DO, v3v3dr — / 3GusU3da + / 00v703dx
0 0 0 0 0
1
= / I,(f3 + f1)v3da,
0
1 1 1 1
/ (3Ip 4+ 9G + 45 + 4’)’) U5’l75d$ — / 3Gax1)1175d$ — / 3GU3’175dCC — / 3D8mv5175da:
0 0 0 0

1

1
_ / 31,(f5 + fo)Tsda + / 48 fbsda,
0 0

1 1 1 1 1
/ kvro7dx + / 00, v307dx — / TOppU707dr = / 00, f3vrdx + / k fzv7dx.
\ Jo 0 0 0 0
(2.8)
The sum of the equations in (2.8) gives the following variational formulation:

a (('Ul, U3, Vs, U7)T) (617 @37 7757 777)T) =a ((61) 637 657 67)T) )

6
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v ('Dl; 537 657 ’57)T € ﬁi(oa 1) X Hi (07 1) X H>|:<l (07 1) X f’z(oa 1)7 (29)
where
a ((v1,v3,vs,v7)7, (1, U3, 5, 07) ")
1 1 1
:/ G(—@mvl —v3 + 32}5)(—61’51 — U3 + 3175)d$ + / pv101dx + / Ipvgﬁgdl’
0 0 0
1 1 1 1
+/ (31, + 4y + 48)vsUsdx +/ kvrordx + / DO,v30,03dx + / 3D0,v50,Usdx
0 0 0 0
1 1 1
+/ TOL V70, U7dx —I—/ o (0yv7)03dx —I—/ o (0yv3)07dx
0 0 0
and

a (91, 03,95, 07)7)
1
Z/O [p(f1 + f2)01 + I,(f3 + fa)03 + 3L,(f5 + f6)Us + 46 f505 + 00y f307 + k fr07] da.

Now, we introduce the Hilbert space V = H(0,1) x HL(0,1) x HL(0,1) x L2(0,1) equipped
with the norm

[(v1,v3,v5,v7) [} = || — Bav1 — v3 + 3us 13 + [[v1]13 + |0zvs[3 + [|02vs (3 + 10073

It is clear that a(-,-) and a(-) are bounded. Furthermore, we can obtain that there exists a positive
constant m such that

a ((v1,vs,v5,v7)", (v1,v3,v5,07)7)

1 1 1 1
— / G(—0pv1 — v3 + 3v5)2dx + / pvide + / TLvidx + / (31, + 4y + 4B)vidx
0 0 0 0

1 1 1 1
+/ kv%dx—i—/ D(ang)le'—F/ 3D(8mv5)2dm+7/ (Dyv7)?da
0 0 0 0
Zm\|(v1,v3,v5,v7)H%/,

which implies that a(-,-) is coercive.

Hence, we assert that a(-,-) is a bilinear continuous coercive form on V' x V, and a(-) is a linear
continuous form on V. Applying Lax-Milgram theorem [22], we obtain that (2.8) has a unique
solution (vy,vs,vs,v7)T € V. Then, by substituting vy, v3, vs into (2.6), we obtain

vy € HX(0,1),v4 € HX(0,1),v6 € H(0,1).
Next, we turn to show that
v1 € H2(0,1),v3 € H%(0,1),v5 € H2(0,1),v7 € H}(0,1),
0,v1(0) = 9pv3(1) = Opv5(1) = O,v7(0) = 0.
Furthermore, if (3, @5, 97) = (0,0,0) € H}(0,1) x HL(0,1) x L2(0,1), then (2.9) reduces to

1 1 1 1 1
/ GOypv101de :/ pv1rde —/ GOyv31dx —1—/ 3G O v501dx —/ p(f1+ fo)ordz, (2.10)
0 0 0 0 0

7
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for all o, € H! (0,1), which implies
GOypv1 = pv1 — GOyus + 3G0yvs5 — p(f1 + f2) € L2(0, 1). (2.11)
Thus, by the L? theory for the linear elliptic equations, we obtain that
vy € H2(0,1).

Moreover, (2.10) is also true for any ¢ € C1([0,1]) € H(0,1) (¢(1) = 0). Hence, we get

1 1 1 1 1
/ GO0, 0dx —|—/ pv1pda — / G(0yv3)pdz + / 3G(0yv5)pdx = / p(f1+ f2)oda.
0 0 0 0 0
By using the integration by parts, we have
9:v1(0)6(0) = 0, Yo € C*([0,1]), ¢(1) = 0.

Therefore,
8ml)1 (0) =0.

In the same way, we get
V3 € HE(O, 1),1)5 S Hf(o, 1),?)7 € FL}(O, 1),(%;1)3(1) = Bzv5(1) = (9:,31)7(0) =0.

Finally, the application of the classical regularity theory for linear elliptic equations guarantees
the existence of unique solution V' € D() which satisfies (2.4). Hence, the operator Id — o/ is
surjective. Moreover, it is easy to see that D(<7) is dense in 7.

At last, by Lumer-Philips theorem (see [7, 15]) we have the well-posedness result stated in
Theorem 2.1. ]

3 Exponential stability (for 5 > 0 and é = %)

In this Section, we prove the exponential decay for problem (1.5)-(1.6) either with structural

damping (8 > 0) or without structural damping (8 = 0), in case of equal wave speeds (& = %’)

It will be achieved by using the perturbed energy method.
We define the energy functional E(t) as

1

1 1 1 1
E(t) := E(u(t)) :2<p/0 cp?da:—l—fp/o (3wt—1/1t)2d:r+3lp/0 w?dx—i—G/O (w—gox)de

1 1 1 1
+ D/ 3wy — ¥y)?dx + 3D/ w2dx + 47/ w?dr + k:/ 92dx> (3.1)
0 0 0 0
We have the following exponentially stable result.

Theorem 3.1 Assume that § > 0 and & = %’ hold. Let Uy € 3, then there exists positive
constants co, c1 such that the energy E(t) associated with problem (1.5)-(1.6) satisfies

E(t) < coE(0)e ", ¢t > 0. (3.2)

To prove this result, we will state and prove some useful lemmas in advance.
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Lemma 3.2 Let (¢, 1, w,0) be the solution of (1.5)-(1.6). Then the energy functional satisfies

1
—E :—45/ fdx—T/ 02dx <0, VYt >0. (3.3)
0

Proof. First, multiplying (1.5); by ¢, integrating over (0, 1), using integration by parts and the
boundary conditions in (1.6), we have

df1 [t 1
dt{2p/o (p?d"”} - G/O (¥ = @2)ardz = 0. (3.4)

1 1
G/O (1/} - (Pz)()pztdx = G/O (lﬂ - 90::3)(¢ — Pr — w)tdx

d 1 1 1
:dt{ - 2G/ (1 — (px)Qd:U} + G/ (Y — @z )hde.
0 0
Hence, equation (3.4) becomes

jt{; <p /0 et G /0 - sox>2dx> } e /0 (W — paytnde. (3.5)

Similarly, multiplying (1.5)4, (1.5)5, (1.5), by 3(w — %), 3wy, 0 and integrating over (0, 1), using
integration by parts the boundary conditions in (1.6), we can get

i{; (Ip /01(3wt — ) ?da + D/Ol(?’w"” B wz)le) }

Note that

1 1
e /O (W — 02) (3w — )edz — o / 0, (3w — )yda, (3.6)
C;it{l(?)l /lwtdx+47/1 2dx+3D/ 2d$>}
BG/ (Y — oy wtdm4ﬁ/ (3.7)
d (1 2 . _ Lo
dt{ k:/o 0 dx} —0/0 (Bw — )0 dx T/O 0 dx. (3.8)

Finally, adding (3.5)-(3.8), we obtain (3.3), which completes the proof. O

Next, in order to construct suitable Lyapunov functionals equivalent to the energy, we will
prove several lemmas with the purpose of creating negative counterparts of the terms that appear
in the energy.

Lemma 3.3 Let (p, ¥, w,8) be the solution of (1.5)-(1.6). Then the functional

1
Li(t) = P/ pprd
0

satisfies the estimate

1 1 1 1 1
It < —p/ 2dz + ¢ (1 + 6> / (Y — @z)?dx + €1 / (3w, — 1) 2dx + 1 / w2dz, (3.9)
0 1/ Jo 0 0

for any €1 > 0.
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Proof. By differentiating I (t) with respect to t, using (1.5); and integrating by parts, we obtain

1 1
10 == [ o =G [ o =g
Note that . . .
6 [ ppuds =G [ W poPds -G [ (- e
Then, we deduce that
1 1 1
10 == [ o+ G [ = gfar—G [ vt - g
0
Making use of Young’s inequality with €1 > 0, we obtain
1 1 1 1
B0 < [ dare(t+ ) [w-ppara [ v
0 €1/ Jo 0
Note that
1 1 1 1
/ Yidr = / (Y — 3wy + 3wy )?da < 2/ 3wy — ) ?dx + 18/ w2dz.
0 0 0 0
Then estimate (3.9) is established. O

Lemma 3.4 Let (¢,v,w,0) be the solution of (1.5)-(1.6). Then the functional

1
L) =1, /0 (3w — ) (3w — )da

satisfies the estimate

D [l 1 1 1
Ih(t) < —5 [ (Buws - Yr)2dx + Ip/ (Bwg — y)%dx + c/ (Y — @z)?dx + c/ 02dz. (3.10)
0 0 0 0
Proof. Taking the derivative of I5(t) with respect to ¢, using (1.5), and integrating by parts, we
get
1 1
Ih(t) = — D/ (3w, — y)*dz + Ip/ (3w — ) dw
0 0
1 1
+ G/ (Y — pz)(Bw —)dz + U/ (Bw — 1) ,0dz.
0 0
Then, using Young’s inequality, we arrive at (3.10). O

Lemma 3.5 Let (¢, 1, w,0) be the solution of (1.5)-(1.6). Then the functional

1
I5(t) = Ip/ wwpdx
0

satisfies the estimate
2y 1

1 1 1
IL(t) < 3 /. wzdx—D/O widx—i—c/ﬁ w?dx—i—c/o (Y — @z)?de. (3.11)
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Proof. By differentiating I3(t) with respect to t, using (1.5), and integrating by parts, we obtain

4,)/ 1 1 1 1 4/8 1
It = —— / w?dz — D | w?dz + Ip/ wide — G/ w( — p)de — — / wwdz.
3 Jo 0 0 0 3 Jo

We then use Young’s inequality to obtain (3.11). O

Lemma 3.6 Let (¢, ¥, w,0) be the solution of (1.5)-(1.6). Then the functional

1) = Mo /0<3w o [ dyda

g

satisfies the estimate

1 1 1 1
10 <=2 [ oo -wiere (14 1) [(Rarra [0 pta
2 0 €4 0 0
1
+ 54/ (3wy — 1y )?du, (3.12)
0
for any 4 > 0.

Proof. Taking the derivative of I4(t) with respect to t, using (1.5),, (1.5), and integrating by
parts, we get

1 1 T 1
kG kD
() = — Ip/ (Bwr — )?da + / () %)/ fdydz — / (3w — 1),0dz
0 g Jo 0 g Jo
1 I 1
+k / 0%dex + —2 / (3w — )0 da.
0 g Jo

Using Young’s inequality with 4 > 0, we establish (3.12). O

Lemma 3.7 Let (p,1,w,0) be the solution of (1.5)-(1.6). Then the functional

1
) =1, [ o=t~ ear 22 [ iz,
0
satisfies the estimate
G [ 2 Lo by 1 ! 2
L) <—— | (W—yz)dz+c | Oidr+es | widz+c|1+— (3w — y)“dx, (3.13)
2 Jo 0 0 s/ Jo

for any e5 > 0.

Proof. By (1.5);, (1.5), and integrating by parts, we get
1 1 1
()=~ [ @=pdeto [ 0.0 pde—1, [ Gu—i)da
0
D 1
+(%2 - 1) [ Gu- v (3.14)
0

Using Young’s inequality with e5 > 0 and & = %’, we get (3.13). n
Now, we turn to prove the main result in this section.
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Proof of Theorem 3.1. We devide it into two cases: > 0 and 5 = 0.
Case 1. > 0.

Let N, Ny, N5 > 0 and % = %, we define a Lyapunov function as follows.
Ll(t) = NE(t) + Il(t) + Ig(t) + Ig(t) + N4I4(t) + N5I5(t). (315)

Gathering the estimates in the previous lemmas, we obtain

/ ! 2 IPN4 1 ! 2
Lit)<—p | pide — 5 —I,—c|{1+—|Ns (3wt — 1) "da
0 0

€5
1 1
GN 1
- (45N—c—55N5)/ w?dz — [25 —c(l—i—g) —c—c—54N4] / (Y — @z)%da
0 1 0
D 1 9 1 1
— [ = —e1 — 4Ny / (3w, — @bm)Qda: — 7/ w?dr — (D — 61)/ wﬁdx
2 0 3 Jo 0
1 t,
—|TN—c—c|1+ i N4 — cN5 0rdx. (3.16)
4 0
At this point, we need to choose our constants very carefully. First, we choose
D D 28N
€1 = —,64 = ——,5 = ——
1= gh& 8N, 5 N

so that

1 1 1
Li(t) S—p/o gpfdzv—[ —Ip—c<1+]]\\rf5> N5}/0 (Bwt—z/}t)Qd:c—(ZﬁN—c)/O w?dz

_(GNs e / () — pg)2da — D/ (3w, — b)) ?dx — 7/ wdx — 7/ widx
2 0 4 0 3 0 8 0

1
— [N —c¢—c(1 + Ny4) Ny — N3] / 02dz. (3.17)
0

I,Ny

Then, we select N5 large enough so that

N,
%—c>0.

Next, we choose N, large enough so that

I,Ny
2

—Ip—c(l—i-]]\\[;) N5 > 0.
Finally, we select N large enough so that
26N —¢>0, TN —c—c(1+ Ny) Ny —cN5 > 0.
From the above, we deduce that there exist a positive constant C such that (3.17) becomes
Li(t) < - CLE(t). (3.18)

Using (3.1), Young’s and Cauchy-Schwarz inequalities, we can easily deduce that there exists a

positive constant ¢ such that
|Li(t) — NE(t)| < cE(t).
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Choosing N large enough, we obtain that there exist positive constants 1 := N—c and ps := N+c
such that

mE(t) < Li(t) < paE(1).
Then by (3.18) and (3.19), we get

(3.19)
Li(t) < —C1E(t) < —CaLi(t) (3.20)
where Cy = 1. Then, a simple integration of (3.20) over (0,¢) yields
Li(t) < Li(0)e~ %2, v ¢ >0. (3.21)
At last, estimate (3.21) gives the desired result (3.2) when combined with (3.19)
Case 2. §=0.

In this case, we prove the exponential decay result (3.2) for problem (1.5)-(1.6) without struc-
tural damping (5 = 0).

0). To overcome the difficulty (see (3.16)) brought by the absence of structural
damping, we construct the multiplier I(t) below to estimate fo dx
Lemma 3.8 Let (¢, 1, w,0) be the solution of (1.5)-(1.6). Then the functional

1 1
Is(t) = —Ip/ we( — pz)dx + Ip/ Orwdx
0 0

satisfies the estimate

1 1
/ 2dx + C/ (Bwy — ty)*dx + 56/0 w’dz + ¢ (1 + ;) /0 (¢ — @p)*da,

for any g > 0.

(3.22)
Proof. By (1.5);, (1.5); and integrating by parts, we get
1 1 1 4y 1
) =31, [ whdo+ G [ (0= pldot 1, [ (Gu-v)ds+ 3 [ u - e
0 0 0
1,G
+ (D - > / Wy (1Y — o) zde. (3.23)
1% 0
Using Young’s inequality and & =

Let N, Ny, N5, Ng > 0 and

Ly(t) =

75, we get (3.22). O
b

G
= we define the following Lyapunov functional

NE(t) + Li(t) + I(t) + I(t) + NaIy(t) + NsIs(t) + Nels(t). (3.24)
From (3.9), (3.10), (3.11), (3.12), (3.13) and (3.22), we can obtain

’ ! 2 IpNy 1 ' 2
Ly(t) <—p | ¢idx — 5 —-I,—c 1—1—; N5 — ¢Ng (Bwe — 1) °dz
0 0
31 !
< pNG—C—€5N5)/ wtzdx
0

13
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1
[GN5_C<1+1) — ¢Ng <1+1) —c—64N4] / (¥ — ¢p)?da
2 1 €6 0

D ! 2 1
— ( —e1 — N4£4> / (Bw, — sz)Qda; - (7 - N656> / w?dz
2 0 3 0
1 1 1
— (D - 51)/ w2dx — [TN —c—c (1 + 5) Ny — cN5] / 02d. (3.25)
0 4 0

At this point, we need to choose our constants very carefully. First, we choose

D D CBLNy 4
- T AN 0T 3N

! I,N. N, L
Li(t) < p/ iz — [ p2 4 Ipc(1+N5> N5CN6:|/ (3w — 1y)?dx
0 0

6

_<3IPN6_C>/1 2dz [6’25_CN6(1+N6>—C]/01(¢—%)20133

—/ (Bwy — ) daz—/ de—/ de

—[rN —¢—c (1 + Ny) Ny — N3] / 62dz. (3.26)
0

Then, we select Ng large enough so that

3N .,

Next, we select N5 large enough so that

GN.
T5—0N6(1+N6)—c>0

Furthermore, we select Ny large enough so that

I,N, N5
-1, — 1+ — | N5 — ¢cN, 0.
5 P) < +N6> 5 — clNg >

Finally, we select IV large enough so that
N—-¢>0, TN —c—c(1+ Ny) Ny —cN5 > 0.
Using (3.1), we obtain that there exists a positive constants ¢; such that (3.26) becomes
Ly(t) < —c1E(t), Yt > 0. (3.27)

Using (3.1), Young’s and Cauchy-Schwarz inequalities, we can easily deduce that there exists a
positive constant ¢ such that

|Ly(t) — NE()| < cE(t).

Choosing N large enough, we obtain that there exist positive constants p1 := N—cand ps := N+c
such that

mE(t) < La(t) < paE(1). (3.28)

14
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Then by (3.27) and (3.28), we obtain
Ly(t) < —c2E(t), YVt >0, (3.29)
where ¢y = % Then, a simple integration of (3.29) over (0,¢) yields
Ly(t) < Ly(0)e™t, ¥ t > 0. (3.30)

At last, estimate (3.30) gives the desired result (3.2) when combined with (3.28). This completes
the proof. O

4 Lack of exponential stability (for >0 and £ # %)

This section is concerning the lack of exponential stability for problem (1.5)-(1.6) either with
structural damping (5 > 0) or without structural damping (8 = 0), in case of non-equal wave
speeds (% % %). It will be achieved by using Gearhart-Herbst-Priiss-Huang theorem to dissipative
systems, see Priiss [23] and Huang [13].

Theorem 4.1 Let S(t) = et be a Cy-semigroup of contractions on Hilbert space H. Then S(t)
is exponentially stable if and only if

p(A) D {ix: A e R} =R
and
T [[(IAT — A) ™ g0 < o0
[A| =00
hold, where p(A) is the resolvent set of the differential operator A.
Next, we state and prove the main result of this section.

Theorem 4.2 Assume that 5 > 0 and % =+ %” hold. Then the semigroup associated to problem
(1.5)-(1.6) is not exponentially stable.

Proof. We will prove that there exists a sequence of imaginary number A, and function F,, € H
with || F,|j3 < 1 such that ||[(A\,] — A) " F,|lx = |Uulls — oo, where

AU, — AU, = F, (4.1)

with U, = (v1,v2, v3,v4, vs5, V6, v7)T not bounded. Rewriting spectral equation (4.1) in term of its
components, we have for A, = A

Avy —vg = g1,

pAVg — GOpav1 — GOu3 + 3G0,U5 = pgo,

Avg — vy = g3,

Iy vy + GOy + Gus — DOypvg — 3Gvs + 00,07 = 1,04,

(4.2)
Avs — v = g5,

4 4
Iy ve + ?vg — GOpv1 — Gug + (3G + ;) v5 — D0Oyzvs = 196,

kAv7 — 17007 + 00,04 = kg7,
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where A € R and F = (g1, 92,93, 94,95, 96, 97)° € H. Taking g1 = g3 = g5 = 0, then the above
system becomes

( /0)‘21)1 — GOyzv1 — GOzv3 + 3G 0,5 = pga,
Ip)\2v3 + GOyv1 + Gus — DOypvg — 3Gus + 00,v7 = 1,94,

Ip)\2v5 + %)\% — GOpv1 — Gug + <3G + 437) vs — DOyyvs = 1,06, (4.3)
kAvr — 70207 + AoOpvz = kg7,
Because of the boundary conditions in (1.6), we can suppose that
v1 = Acos (%x) , v3 = Bsin (%x) , v5 = C'sin (%rw) , v7 = E cos (%rar) .
Now, choosing
g2 = ;COS (%SQ ; 9a=96 =97 =0,
we arrive at
( <M2+G(“;)2)A ¢ (") Byse (M) o=,
-G (5) A+ <IpA2+G+D(“2”)2) B-3GC—o(5)E=0,
(4.4)
G(%)A—GB—I— <1pA2 £A+3G+§+D( ; )2 C =0,
o () B+ (e () ) B =
Now, we take A = A\, := z\/g (&) such that
PN+ G <%)2 =0,
then the above system can be written as
—G( ; >B+3G< ; )0:1,
_G( )A+ <G+1p (?-f) (/?)2>B—3GC—U<’M27T E=0,
P
G(";)A—GBJF<?A+3G+?+Ip<z—f> (%)2 C =0, (4.5)
S () e (S () 4 () ) -

Adding (4.5), to (4.5)5, we get
DG\ (#my? p Wi DG\ () o
Ip<Ip—p><2)B—a<2)E+< >\+3+I<Ip p>(2) C=0. (4.6)
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From (4.5),, we get

Substituting E into (4.6), we get

where

Substituting C into (4.5)5, we get

GT, + AT, +3GA,

A= ™
G ()T

Similarly, substituting C' into (4.5),, we get

FM
G (5) (Tu+37,)

()05

Substituting this expression into A, C' and E, we obtain for u — oo,

D (p 1, 1 1
A— 4pG<G D>’ C—>O<H>,E—>O(M).

U3, > G/01(¢ —pu)2dr =G [30 B+ (“7”) Ar /01 sin? (“7%) da

:%G[Q{C—B—i—(u—;)Ar—)oo, as b — oo.

B=—

Let 4 — o0, we get

Thus

This implies that
| Unll — o0, as p — .

Therefore, there is no exponential stability. This completes the proof. O

5 Polynomial stability (for 3 >0 and & # %)

In this section, we consider the polynomial stability for problem (1.5)-(1.6) with structural damp-
ing (8 > 0), in case of non-equal wave speeds (& # %’). The case f = 0 and & # %’ will be left
as an open problem.
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Theorem 5.1 Assume that 8 > 0 and % #* %’ hold. Let Uy € F, then there exists a positive
constant ca such that the energy E(t) associated with problem (1.5)-(1.6) satisfies

E(t) < %2 t> 0. (5.1)

Proof. In this regard, we establish a polynomial decay result. As we will see, due to the presence

of the fol (3w — 1)z prdx, we cannot directly perform the same proof as for the case where % = %’.

To overcome this difficulty, the second-order energy method is needed. The second-order energy
is defined by

1 1 1 1 1
E(t) =5 (p/ cp?tdx + Ip/ (Bwy — wtt)Zda: + 3Ip/ wftda: + G/ (Y — gowt)dec
0 0 0 0

1 1 1 1
- D/ (3war — hee)?da + 3D/ w2,dz + 47/ w?dz + k;/ afdx)
0 0 0 0

A simple calculation (Similar to (3.3)) implies that

1 1
E'(t) = —4p / wide — T / 02,dx. (5.2)
0 0
As in (3.15), we also define a Lyapunov functional L3(t) as follows:
L(t) =N(E(t) + E(1) + L1(t) + L2(t) + I3(t) + Nala(?)

+ N [15(75) + g <”£ - Ip> /0 1 ngoxdx] , (5.3)

where I;(t),i = 1,2,3,4,5 remain as defined in Lemma 3.3-Lemma 3.7 with derivatives of I(t)-
I,(t) remain the same while the derivative of I5(t) is given as

1 1 1 1 1
IL(t) < — C;/O (Y — pg)3dx + c/o 62dz + 55/0 widz + ¢ <1 + ) /0 (3wy — 1y)?dx

€5

+ ('O(l; — Ip> /01(3w — ) arprde, (5.4)

for any €5 > 0.
Now, we handle the last term in the right-hand side of (5.4), using (1.5), as follows.

1 T 1 k 1
/0 (30— )uuprde = /0 oz — © /0 o

1 1 1
=— g [T/ Gxgaxdx} + 7—/ Ortprda — k/ Orpeda
dt g 0 g 0 g 0
d[r [! ! 2 2 ! 2 2
<——|= Oppdr| + € [pr + pildx + c. 07, + 07]dx.
0 0 0

Note that
1

1 1 1 1 1
/ ¢§dxg2/ (zp—%)?dxm/ Yidr < 2/ (zp—%)deH/ (3wx—¢x)2dx+36/ w2dz,
0 0 0 0 0 0
1 1
/ 02dx </ 62,dz,
0 0

18


http://dx.doi.org/10.20944/preprints201702.0058.v2

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 28 January 2019 d0i:10.20944/preprints201702.0058.v2

then we can get
1 d I+ rt 1
/ (3’LU - w)xt@tdaf S - & [U/ ez¢xd$:| + 5/ [(¢ - SDm)Q + (ng - %)2 + wg + 901?](11'
0 0 0

1
+ ¢ / 62,dz. (5.5)
0

Combining (5.4) with (5.5), we obtain

G [t T (pD d [t 1 !
IL(t) < — = —p)dz—— (5 -1 /9“0(1 1 /3 —hy)%d
i <=5 [w-erar-T (52 0) § [ teetsre(142) [ou- v
1 1 1
—1—55/ [(wa—¢x)2+wg+gpf+wt2]dx+c/ ngm—i—c%/ 62,dz. (5.6)
0 0 0

Next, differentiating L3(t), we obtain

/ ! 2 I,,N4 1 ! 2
L3(t)§—(p—£5N5)/0 pider — 5 —I,—c{1+— ) Ns /0(3wt—1/1t) dz

€5
1 N, 1 1
—(45N—C—E5N5)/ widx — Q—c 1+ — | —c—c—esNy /(w—gox)Qda:
0 4 €1 0
D 1 1
— (2 — g1 —ealNy — 55N5> / (Bwy — 1p)?dx — (D — &1 — €5N5)/ wdz
0 0
1 1 1
_27/ dex—|:TN—C—C<1+>N4—CN5:|/(9:26(127
3 Jo €4 0
1 1
— (TN — ¢, Ns) / 62,dx — 46N / w2 dz. (5.7)
0 0

At this point, we need to choose our constants very carefully. First, we choose

D . (GNs D ( p 28N D
€1 = —,&4 =Min{§ ——, —— ¢, €5 = Mmin , ,
L R 8N, '8N, [°° 9Ns’ Ns ' 8N;

so that
! I,N. 1 1

Lg(t)g—'”/ o?dx — [ p T4 —Ip—c<1+> N5]/ (3w — y)?dx
2 Jo 2 €5 0

1 1 1
~0aN o) [ upas (Gévf’ - c> | =eotan =3 [ oo v

D ! 2v 1 1 1
_3/ wgdx_’V/ dex—[TN—c—c(1+)N4—cN5]/ 62dx
4 Jo 3 Jo €4 0
1

1
— (TN — ¢z, N5) / 02,dx — 48N / widz. (5.8)
0 0
Then, we select N5 large enough so that
GN;
Tg) —Cc > 0

Next, we choose N, large enough so that

I,N 1
P —c(1+—=])Ns>0.
2 )51
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Finally, we select NV large enough so that

1
28N —c >0, TN—C—C<1—|—>N4—CN5>O, TN — ce; N5 > 0.
€4

Thus, we deduce that there exist positive constants C3 such that (5.8) becomes
Ly(t) < — C3E(1). (5.9)

A simple integration of (5.9) over (0, ), recalling that E(t) is non-increasing, yields

! 1 B Ls3(0)
tE(t) < E(s)ds < —(L3(0) — L3(t)) < . (5.10)
0 C’3 C3
Finally, for a positive constant co := Lé—(gm, we have
BE(t) < %2 V>0,
which completes the proof. O

6 Conclusion and open problem

In this paper, we first prove the well-posedness for a thermoelastic laminated beam both with
structural damping (8 > 0) and without structural damping (8 = 0), where the heat conduction
is given by Fourier’s law effective in the rotation angle displacements. And then we prove that the
system is exponentially stable if and only if the wave speeds are equal (% = %’) Furthermore, we
show that the system with structural damping (8 > 0) is polynomially stable provided that the
wave speeds are not equal (% %+ %’) For the case of the wave speeds are not equal (é #* %), the
problem of whether it is possible to get the polynomial stability for system (1.5)-(1.6) without
structural damping (5 = 0) is still an interesting open problem. In fact, when % %’, the
presence of fol (3w — )¢ pzrdx in the proof of Lemma 3.7 (see (3.14)) and fol wz (Y — pz).dx in the
proof of Lemma 3.8 (see (3.23)) couldn’t be estimated by using the usual the second-order energy

method (see [3, 4, 21]).
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