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ABSTRACT. In this paper, we consider a fourth-order suspension bridge equation with nonlinear damping
term |ug|™ 2wy and source term |u|P~2u. We give necessary and sufficient condition for global existence
and energy decay results without considering the relation between m and p. Moreover, when p > m, we
give sufficient condition for finite time blow-up of solutions. The lower bound of the blow-up time Tyqq
is also established. It worth to mention that our obtained results extend the recent results of Wang (J.
Math. Anal. Appl.,, 2014) to the nonlinear damping case.

1. INTRODUCTION

Suspension bridge means a bridge takes the cable (or steel chain), which is hanged by tower and
anchored on both sides (or both ends of the bridge), as an upper structure of the main load-bearing
elements. Compared to other bridge structures, suspension bridge can use less material to span longer
distance. Suspension bridge is suitable for the valley, rivers and other natural barrier regions. Due
to these advantages, the construction method of suspension bridge is mostly used in modern bridges.
At the same time, the security issues of suspension bridge have also attracted the attention of many
scholars. Thus constructing a reasonable mathematical model and investigating the physical properties
of suspension bridge are extremely necessary.

In this paper, we study the following fourth-order suspension bridge equation with nonlinear damping
and source terms:

Ut + AQU + au + |U’t|m_2ut = ‘u|p—2u, ( x,Y, ) (07 T)a
(11) u(x7yv0) = UO(l‘vy)a ( y) € {2
ut(xay70) = ul(x’y)v ( y) € Q

with the boundary conditions

U(Ovyvt) = Uzz(oay,t) = u(w,y,t) = Um(ﬂ,y,t) =0, (y,t) € (_lal) X [07T)7
(1.2) Uyy (z, £, ) + ouze (2, £1,1)

= Uyyy(xa il’t) + (2 - J)UImy(lL'7 :l:l?t) = 03 (CE,t) € (Ov,ﬂ) X [O,T)a

where Q = (0,7) x (=,]) CR%2,2<m < 00,2 <p < 00,0<0 < % and a = a(z,y) is a sign-changing
and bounded measurable function. The initial data uy and u; belong to suitable spaces, which will be
specified later.

There is a large number of publications concerning suspension bridge models. At the very beginning, in
[20, 27, 28], McKenna et al. suggested a one-dimensional simply supported beam suspended by hangers as
a model for suspension bridges. It was assumed that when the hangers are stretched there is a restoring
force, which is proportional to the amount of stretching; while when the beam moves in the opposite
direction, the hangers slacken and there is no restoring force exerted on it. Let u = u(x,t) be the vertical
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displacement of the beam in the downward direction and ™ = max{u, 0}, then the following fourth order
nonlinear equation is derived:

(1.3) Ut + Ugzas + 7U+ = f(z,t), z€(0,L), t>0,

where yu™ represents the force due to the hangers, and f is the forcing term acting on the bridge,
including its own weight per unit length. For time periodic f, McKenna and Walter [27] proved the
existence of multiple periodic solutions of problem (1.3).

However, when people study the collapse of Tacoma Narrows Bridge in 1940, they came to realize that
it was not appropriate to simply consider the suspension bridge as a beam. The report [2] about the
Tacoma Narrows Bridge collapse [39] concluded that “... the crucial event in the collapse to be the sudden
change from a vertical to a torsional mode of oscillation”. If one simply models a suspension bridge by a
beam, there is no way to highlight the torsional oscillations. Therefore, a reliable model for suspension
bridges should be nonlinear and it should have enough degrees of freedom to display torsional oscillations.
By now, the nonlinear behavior of the suspension bridge is well established, see [1, 4, 11, 18, 38]. In [21],
Lazer and McKenna suggested to study the following equation:

(1.4) A*u+AAu+h(u) =0, z€R",

where h(u) ~ [u+ 1]7 —1. After that, equations like (1.4) with the Navier boundary condition have been
considered in many papers, see [22, 41, 44, 46]. Recently, Ferrero and Gazzola [8] suggested that one
should consider the boundaries of plate Q = (0, 7) x (—I,1) which represents the roadway of a suspension
bridge as follows: due to the connection with the ground, the vertical edges of the plate is assumed to be
hinged and thus

(1.5) w(0,y) = Uz (0,9y) = u(m,y) = Uz (m,y) =0, Vye (=11);
while the edges y = +![ are free and the boundary conditions at y = +[ become
(1.6) Uyy (T, 1) + gy (2, £1) =0,  uyyy(x, £l) + (2 — 0)Ugay(x, £) =0, V€ (0,7).

The free boundaries (1.6) yield small stretching energy for the plate, so Ferrero and Gazzola took ¢ = 0
in (1.4) and introduced the following model for the nonlinear dynamical suspension bridge:

(17) Ut + Azu + pug + h(:r,y,u) = f(-T,y,t), (’l},y,t) € 1 x (OaT)a

where h(x,y,u) is restoring force due to the hangers of the suspension bridge, f(z,y,t) is the external
force including the gravity. More recently, given an open rectangular plate Q = (0,7) x (—1,1) C R?,
Wang [42] considered problem (1.1)-(1.2) but with a linear damping (m = 2). They proved the local
existence, global existence and finite time blow-up of solutions as well as the estimation on the potential
well depth. For more detail information about this suspension bridge model, we refer the readers to
[8, 15, 31, 32, 33] and references therein.

At the same time, the following wave equations with nonlinear damping and source terms have been
extensively studied and many results concerning the existence and nonexistence were established:

e — Au + alug ™ 2uy = blulP~3u,  (x,t) € Q x (0,T),
(1.8) u(z,t) =0, (x,t) € 00 x [0,T),
u(z,0) = uo(z), u(z,0) =ui(z), xeN, t=0.

In the absence of damping term (a = 0), it is well known that the source term b|u[P~2u causes finite time
blow-up of solutions with negative initial energy, see [3, 23, 37]. On the contrary, if there is no source
term (b = 0), the damping term a|u;|™2?u; assures global existence for arbitrary initial data, see [13, 17].
After that, in [23, 24], Levine first considered the interaction between the damping and the source terms
in the linear damping case (m = 2). He showed that solutions with negative initial energy blow up in
finite time. Georgiev and Todorova [12] extended Levine’s result to the nonlinear damping case (m > 2).
In their work, the authors introduced a different method and determined suitable relations between m
and p for which there is global existence or alternatively finite time blow-up. Specifically, they showed
that solutions with any initial data continue to exist globally if m > p and blow up in finite time if p > m
and the initial energy is sufficiently negative. Without imposing the condition that the initial energy is


http://dx.doi.org/10.20944/preprints201702.0057.v2
http://dx.doi.org/10.1007/s00030-017-0491-5

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 24 February 2017

A SUSPENSION BRIDGE EQUATION 3

sufficiently negative, Messaoudi [29] extended the blow up result of [12] to solutions with negative initial
energy only. It worth to mention that, in [14], without considering the relation between m and p, the
author established the global existence and finite time blow-up of solutions for problem (1.8) where a > 0
and b = 1 by using potential well theory. In [9], Guesmia studied the following equation:

(1.9) Uy + A+ q(z)u+ g(ue) =0,

where ¢ : Q — RT is a bounded function. Under some assumptions, he showed the solution of (1.9)
decays exponentially if g behaves like a linear function, whereas the decay is polynomially otherwise. For
more decay results, we refer the reader to [5, 6, 7, 10, 16, 19, 25, 26, 40, 43, 47, 48] and the references
therein. In recent years, more authors pay attention to the lower and upper bounds for blow-up time.
For example, Messaoudi [30] showed the upper bounds for blow-up time of a system of Petrovsky. Zhou
[49] considered the lower bounds for blow-up time of the solutions to two nonlinear wave equations.

In the present paper, our purpose is to investigate the global existence, energy decay and finite time
blow-up of solutions of initial-boundary value problem (1.1)-(1.2). We note here that au represents the
restoring force because of the hangers of the suspension bridge, |u:|™~2u; describes the nonlinear internal
friction and |u|P~2u represents the other external forces acting on the suspension bridge.

We pass to describe in more detail the remaining content of the paper.

In Section 2, we recall some materials given in [8] and [42], which are needed in our proofs.

In Section 3, for sake of convenience, we give two important lemmas as well as the detailed proofs.

In Section 4, we establish the existence and uniqueness of local solutions to (1.1)-(1.2) by using the
contraction mapping principle.

In Section 5, without considering the relation between m and p, we give necessary and sufficient
condition for global existence and energy decay results. The proof of global existence result is based on
the potential well theory and the continuous principle; while for energy decay result, the proof is based
on the Nakao’s inequality and some techniques given in [43].

In Section 6, under the condition that p > m, we give sufficient condition for blow-up result. We
note that due to the presence of nonlinear damping term |u;|™2uy, it’s difficult to apply the concavity
method to our proof. So, our strategy is to construct an inequality for energy E(t).

At last, in Section 7, by using the auxiliary functional introduced by Yang et al. [45], we establish the
lower bound of the blow-up time T4z

It worth mentioning that our obtained results extend the recent results of Wang [42] to the nonlinear
damping case. Compared to the results given in [42], the lower bound of the blow-up time T}, of the
present paper is a new content.

2. PRELIMINARIES

In this section, we recall some materials given in [8] and [42], which are needed in the proofs of our
results.
Firstly, let Q = (0,7) x (=I,1) C R?, we define the standard LP(2) norm by |||, for 1 < p < oo and

1
the H%(Q2) norm by ||-[|g= = (||-|3 + [|D*]|3)*. In addition, we introduce the following functional space:
H?=H2(Q) :={uec H*(Q)|u=0on {0,7} x (=1,1)}.

The related dual space is defined by H(Q2) and the corresponding duality between them is denoted by
(-,+). Tt is easy to verify that H? satisfies HZ(Q2) C H2(Q) C H?(Q2) and is a Hilbert space endowed with
the inner product

(u,v)g2 = | Auldvdrdy + (1 —o0) / (2UgyVpy — UggpVyy — UyyVszg)dzdy, Y u,v € H?.
Q Q

This inner product induces a norm

1
2

lull g2 = (/Q |Au2dady + 2(1 — J)/Q (uiy — umuyy) dmdy) , YueH?
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1
which is equivalent to ||-|| g2 for 0 < o < 3 For the proof we refer the reader to [8]. Moreover, we have

the following Sobolev embedding inequality:
Lemma 2.1. [42] Assume that 1 < q < co. Then for any u € H2, the inequality
(2.1) l[ullg < Sqllull a2

- at2 1
holds, where Sy = (3; + %)(27#) 2 (25)2.

Remark 1. [42] Here S, is not less than the best Sobolev embedding constant. How to obtain the best
constant is still open.

Besides, considering the following eigenvalue problem:
A%y = Au, (z,y) € Q,
(22) U(O, y) = uzz(oa y) = U(TF, y) = uzz(ﬂ—v y) =0, ye (_lv l)a
Uyy (@, £) + OUgy (2, £1) = Uyyy (2, £1) + (2 — 0)Ugey(z, £1) =0, x € (0,7),

we learn from [42] that the set of eigenvalues of (2.2) may be ordered in an increasing sequence {A;}32,
of strictly positive numbers diverging to +o00, and the least eigenvalue A; satisfies 0 < A; < 1. Also, we
have the following basic results:

Lemma 2.2. [42] Assume that —A; < ay; < a < az. Then for any u € H?, there holds
(2.3) ArllulFe < llullFz + (au,u)s < Ag|lulFe,

where (-, )2 is the L? inner product and Ay, Ay are given by
a1

1+ , a1 <0,
(2.4) A = Ay
1, ai > 0
and
1, as <0,
(2.5) A= 20,s
Ay

Now, we define the Nehari functional I and the energy functional J:

I(u) = ||u||2H*2 + (au,u)z — ||ullh,  for every u € H?,

1 1 1
J(u) = §Hu||2HQ + i(au,u)g — EHqu, for every u € H2,

which play critical roles in dealing with our problem. Let u be an arbitrary nonzero element in H? and
consider a real value function defined by

3N = J(Au), A =0,

then
7'V = MullF2 + Maw, w)g — AP~ Hullb,

7" = llull 2 + (au,w)2 — (p — AP |Jul}.

Clearly, j(0) = j/(0) = 0 and j”(0) = ||ul|%: + (au,u)s > 0 for a > —A;. Thus for any 0 # u € H?, j(\)
is a convex function for small A > 0 and has the following behaviors:

Lemma 2.3. [42] Assume that —A; < a; < a < az. Then for any nontrivial u € H?,
() Jim () = —o
(ii) there exists a unique A = A(u) > 0 such that j'(\) = 0;
(iii) 5”(\) < 0.
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Then, we could define the potential well depth of the functional J (also known as mountain pass level)
by

(2.6) d= inf maxJ(\u).
weH2\{0} A>0

Denote the set of all nontrivial stationary solutions to the problem (1.1)-(1.2) by
N = {ue H2\ {0} : I(u) = O},

which is the so-called Nehari manifold. By considering a map s — I(su) for all u such that [jul%, =1

and Lemma 2.3, it is easy to check that each half line starting from the origin of H? intersects only once
the manifold V and N separates the following two sets:

Ny={u€ H?:I(u) >0}U{0} and N_={uc H?:I(u)<0}.
Then the stable set W and unstable set U may be defined by
W={ueNy:Ju)<d}, U={ueN_:J(u)<d}
Lemma 2.4. [42] The following properties of W and U hold:
(i) W is a neighborhood of 0 € HZ;
(ii) 0 ¢ U(closure in H?)

As Payne and Sattinger did in [37], the potential well depth d defined in (2.6) can be also characterized
as

(2.7) d= ulngv J(u).
Finally, we consider an energy functional £ : H2(Q) x L?(Q) — R defined by
1
E(v,w) = J(v) + §||w|\§, for every pair (v, w) € H2(Q) x L*(Q),

and the Lyapunov function E(t) = E(u(t),us(t)), defined for any solution u(t) of problem (1.1)-(1.2).

That is
1 , 1 , 1 1 )
(2.8) B(t) = Sllu®)llzz + 5llue @)l + 5 (au(t), ut))2 — ];IIU(t)Ilp,
which satisfies that
t
(2.9) E(t) +/ llur(7)||mdr = E(s), for every 0 < s <t < Thaq.

3. SOME CALCULATIONS

In this section, we introduce two lemmas, which will be used in the following paper.
Lemma 3.1. [34] For u,v € HY(Q) N H2(Q) satisfying (1.2), we have
(A2u,v)L2(Q) = (u,v)HE(Q) )

Remark 2. We note that this lemma is given in many literatures, but it is rare to see its proof. Here
we give a detailed proof of it.

Proof. Note first that, for all u € H*(2) N H2(Q) satisfying (1.2), we have

U(Oa y) = ’LL(?T, y) = uy(07 y) = uy(ﬂ-’ y) = uyy(oa y) = uyy(ﬂ-’ y) =0
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for any y € (—[,1). Then, by adapting the Gauss-Green formula and the definition of (u, v) ., we have
/ Auvdzdy — (u, V) g2
Q
:/ AuAvdxdy — / [Auv, —v(Au),]ds — / AuAvdzdy
Q a0 Q
-(1- 0)/ (2Upy Uy — UgzVyy — UyyVze) dxdy
Q

= _ {/ [Auv, — v(Au),]ds+ (1 — a)/ (2UzyVgy — UgzVyy — UyyVaz) dxdy}
a0 Q

Next, we prove that

/ [Auv, —v(Au),]ds + (1 — cr)/ (2UpyVUpy — UgzVyy — UyyVze) dxdy = 0.
o) Q

/ [Auv, —v(Au),]ds + (1 — J)/ (2UpyVUpy — UgzVyy — UyyVze) dxdy
80 Q
1
= /4 [t (7, Y) V2 (T, Y) — 12 (0, y)v2(0,9)] dy
[ =0+ 2= 0], ~1) = L =0 + (=D o =D e
+ /0 { [Wyy (2, 1) 4+ OUgz (@, D] vy (2, 1) = [tyyy(2,1) + (2 = 0)Ugpy(x,1)] v(x,l)}da:
+(1-o0) /Q (2UpyVzy — UgzVyy — UyyVza) dxdy

- {/0Tr (1 = 0)ugay(x, —Dv(z, =) — (0 — Dugs(x, —l)vy(z, —1)] dz
+ /O (0 = D)tz (a0, oy (2 1) — (1 — )ity (2, D0, )] daz}.
We note that
(1-o0) /Q (2UpyVUpy — UgzVyy — UyyVsy) dxdy
— { /07T (1 = 0)ugay(x, —Dv(z, =) — (0 — 1)uge(z, =l)vy(z, —1)] dz
+/0 [(0 = Duga(x, Dvy(x,1) — (1 — 0)ugay(z, Hv(z, )] dx}

T l
=(1-o0) / (2Ugy Uy — UgzVyy — UyyUss) dzdy + (1 — 0) / / 0 (aay? + Uaavy) dydzx
Q 0o J-i dy

=(1- 0‘){ /Q (2UayVgy — UgaVyy — UyyVszz + UzayyV + UgayVy + UgayUy + UzpgUyy) dxdy}
l iy l T
=(1- a){2 l / (UgyVpy + Ugzyy)dady + / l / (UpgyyV — uyyvm)dazdy}.
—1Jo —1Jo
We find that

l T l
2/ / (UzyVzy + Uzzy Uy )dady = 2/ uxyvy|gdy =0,
-1Jo -1
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and
l g l ” T
/ / uyyvmdmdy:/ {uyyvmlo—/ vmuzyydm}dy
-1Jo -1 0
l T l . T l T
:7/ / vzuzyydxdy:f/ {vuzyy|0 7/ umyyvdx}dy/ / UgzyyVAdTdy.
—1Jo —1 0 —1Jo
Thus

(1-0) /Q (2UpyVpy — UgzpVyy — UyyVze) dxdy
- {/()Tr (1 = 0)ugay(z, —D)v(z, =1) — (0 — Duge(x, —l)vy (2, —1)] do
+/O (0 = Duga(z, Doy (x, 1) — (1 — 0)tgay(x, Dv(z, )] dx}

=0,
which combining with the boundary conditions (1.2) leads to
/8Q [Auv, —v(Au),]ds + (1 — o) /Q (2UpyVUpy — UgzVyy — UyyVze) dxdy = 0.
That is
(Azu,v)m(m = /QA2uvdxdy = (u,v)H*z(Q) )
The proof is completed. O

Lemma 3.2. For u € H2(Q) satisfying (1.2), we have

t2 1 1
|z = Slutea)le - 5 el

t1

Proof. Using the definition of (u,u;) g2 directly, we can get

ta
/ (u, ur) g2dr

t1

ta
:/ / [AuAu; + (1 — 0) (2Upyligyr — Uzalyyr — UyyUzer)] dedydT
t, Jo

_/Q{/: Aud(Au(-, 7)) + (1 — o) (2[ uwd(uw(-,r))—/j d(um(~,7)uyy(-,r))> }dxdy
_ /Q {AUQA“ “y(1-0) (2  Lotay |fs_ Bastiy |§j) }dxdy

1 1
:§||U(t2)|ﬁ{3 - §||U(t1)||%13'

The proof is completed. O

4. LOCAL EXISTENCE

In this section, we are concerned with the local existence of solutions to problem (1.1)-(1.2). To begin
with, we explain what does a weak solution mean to our problem.

Definition 1. A functionu € C([0,T], H2(Q))NC*([0, T, L*(2))NC?([0,T], H(K2)) with u; € L™ ([0,T],
L™(Q)) is called a weak solution to (1.1)-(1.2), if the following conditions hold

w(0) =ug, u(0) =y
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and
(uee,m) + (u,m) 2 +/Qaw7dxdy+/g\utlm’zumdxdy:/Qlul”’Zundzdy
for allm € H2(Q) and a.e. t € [0,T].
Then, we have the following local existence theorem.
Theorem 4.1. Suppose that m > 2,p > 2 and —A; < a1 < a < ag hold. The initial data (up,u1) €

HZ2(Q2) x L?(Q) are given. Then problem (1.1)-(1.2) admits a unique local weak solution for some T > 0
such that

u € C([0,T], H () N C*([0,T], L*(€2)) N C*([0, T), H(%)),
ug € C([0,T], L*(2)) N L™ ([0, T] x Q).
Moreover, if
Tinaz = sup{T > 0: u = u(t) exists on [0,T]} < oo,
then
. p—2
lim |lu(t)]|q = o0, for ¢ > 1 such that ¢ > —

t—=Tmaa

Proof. We start with some definitions. For every T' > 0, we set the space
H = C([0,T], H2(2)) n C*([0, T], L*(€2))

with the norm

1
2
lu@®)|a = <t33§](A1|u(t)||§,3(m + IIut(t)|§)> 7
where A; is given in Lemma 2.2. For ug € H2(Q),u; € L?(Q2), we denote

My = {u € H :u(0) = up, us(0) = uy and ||u(t)||% < R?*},

where R? > 2(As|luol|3;2 + ||u1]]3) and As is given in Lemma 2.2.
Then we consider the initial problem

v+ A%0 + av + v |20, = |ulP 2, (z,y,t) € Q x (0,7),
(41) ’U(.ﬁ,y,O) = ’U,Q(‘T,y>, (mvy) € Qv
Ut(%llyo) = ul(x7y)v (x,y) € Q7

with the boundary conditions
v(0,y,t) = v22(0,y,t) = v(m,y,t) = Ve (m,y,t) =0, (y,t) € (=1,1) x[0,T),
(4.2) Vyy (@, £, 1) + ovge (z, £1, 1)
= Uyyy (2, £, 1) + (2 — 0)vgay(z, £, 1) =0, (z,t) € (0,7m) x [0,T),
for every ¢ € [0,T].

Lemma 4.1. Assume that ug € H2(Q), u; € L?(Q) and —A; < a1 < a < ay. Then for every u € H,
there exists a unique solution v € HNC?([0,T], H(Q)) with vy € L™([0,T] x Q) to the problem (4.1)-(4.2).

Proof. According to [8, Theorem 3.6] and [42, Lemma 4.1], we can easily prove that there exists a
v e HNC?([0,T],H(S)) satisfies problem (4.1)-(4.2). To complete the proof, here we need to prove that
vy € L™([0,T] x Q).
Taking v; as a test function and integrate over Q x [0,t] C Q x [0,T], we have
¢

/ 0rr (70 (7)) + / (o) (7)) + / e () + | vt en(radr
_ /0 t /Q lu(r) [P~ 2u(r)o, (7)dxdydr.
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Recalling that a; < a < as and by Lemma 2.2 and 3.2, we have

loe ()13 + Asllo(®)]132 +2/ [or(T)[I7mdr

(4.3) <lug ||3 + A2||u0||§13 + 2/ / lu(7)|P~2u(T)v, (7)dxdydr.
0 Ja

Notice that
//|u VP~ 2u(r)v, (7 )dxdyd7—2/ /|u )P, (7)dedydr

<2 / ) 07

m—1

(p—1)m t

<20 [Tl i + 22 [ oo )lan
p—1)m t

<20(e /||u || et d¢+25/ o (7)™ dr

< C’T+2s/ o (7)™ dr
0

Taking € small enough and from (4.3), we have

¢
[ e lizar <,
0
which deduces that v; € L™([0,T] x Q) and completes the proof of Lemma 4.1. O

Now, we come to prove Theorem 4.1. For any u € My, we defined v = ®(u) such that v is the solution
to problem (4.1)-(4.2). Then Lemma 4.1 shows that ® is well defined and it maps H into H. We prove
that, for some small T' > 0,

(i) ® maps a ball Br of radius R in My into itself;
(ii) @ is a contraction in Bg.

In fact, assume that u € My, then the corresponding solution v = ®(u) satisfies (4.3) for all ¢ € [0, T7.
Thus, as we did in the proof of Lemma 4.1, there holds

(p—1)m
[oe@)13 + Arllo@®)1F2 < lluall3 + AzlluollF + CR™ =TT

2
< % L CREET

If T is small enough, then ||v||g < R, which implies that ®(Mr) C My.
To check (ii), we set v; = ®(w1), ve = P(we) with wy, we € Mp. Putting vy, vs in Eq. (4.1) and then
subtracting the two equations, we obtain by setting v = v; — v

(vees ) + (0,0 12 + (av, M)z + / (o2t ™ 2v1¢ — [var|™ 2030 )dzdy
Q
:/(|w1|p_2w1 — |w2|p_2w2)77dmdy
Q

:/ ~¥(t) (w1 — wo)ndzdy
Q

for all n € H? and a.e. t € [0,T], where () is estimated by v(t) < (p — 1)(Jw1] + |wa|)P~2
Taking n = vy = v1; — vgq, arguing similarly as above and noting that

/ (|U1t\ 21 — |vge ™ U2t) (vit — v2r) dxdy > 0,
Q
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we have
(1) — D)3y = [0l < CR T Jwy — ws 3.
Likely, if 7" is so small that C R?’?=%T < 1, then there exists a constant 0 < § < 1 such that
(4.4) [@(w1) — ®(w2)[|F < Sllwr — waF-
Therefore, ® is a contract map and (ii) is proved.
According to the contraction mapping principle, there exists u € My such that u = ®(u), which is a
solution to problem (4.1)-(4.2). Using (4.4) again, we can easily prove the uniqueness of the solution.
Finally, by the continue principle, we know that if ||u(¢)|| g < oo, the solution u(t) should be continued,
see also [36, p. 158] for a similar argument. Hence, if Ty,q, < 00, it follows
(4.5) Jim (Adfla@ll + lue®)13) = lim Ju(®)]F = oo

max max

From (2.8) and (2.9), we know that E(t) is nonincreasing and

1
Sl

By Lemma 2.2, there holds

1 1 1

iz + 5l + 5 (au(t), u(t)), < ];IIU(t)Ilﬁ + E(0), for all t € [0, Trnaq)-
Ay , 1 , 1 )

(4.6) — @Iz + S llue @)l < EIIU(t)Ilp + E(0), forallt € [0, Tinaz)-

According to (4.5), it implies that
lim Ju(t)]], = oo

t—Tomax
By Lemma 2.1, we have
(4.7) i u(t) 12 = ox.

Moreover, by (4.6)
Ay
2
which combined with Gagliardo-Nirenberg inequality yields that

2 1 p
@z < Zlu@®I; + £(0),

_ 2(p—q)
D)2 — C < |lu@)|? < P ||u(t) %,  for @ = =—F.
Cllu®lzz = C < lu@®)ly < Cllu@IF w2, for a PP
If & € (0,1) such that pa < 2, that is p%Z < ¢ < p, then the above inequality and (4.7) immediately yield
-2
lim Ju(t), = o0, for g =1 such that ¢ > ”T.
The proof is completed. U

5. GLOBAL EXISTENCE AND ENERGY DECAY

In this section, we state and prove the necessary and sufficient conditions for global existence and
energy decay of solutions to problem (1.1)-(1.2). We need to estimate the potential well depth first.

Lemma 5.1. [42] Assume that —A1 < a1 < a < a2,2 < p < 0o. Then the potential well depth d can be
estimated by

P2, v p—2
0<D=—-A"5,""<d<—C
< 2p 1 p — — 2p D
where Sy, is the Sobolev embedding constant, A1 is defined in Lemma 2.2 and C, is given by
0, = (a7
2| sinz||2

In addition, we need to introduce the following lemma which will be used in our proof.
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Lemma 5.2. [35] Let ¢(t) be a nonincreasing and nonnegative function on [0,T], T > 1, such that
G(t)F" < wo (6(t) — ot + 1)) on [0, T,
where wy s a positive constant and r is a nonnegative constant. Then we have
(1) if r > 0, then
1
o(t) < (¢(0)" +wy e —11%) " on [0,T7;
(i) if r =0, then
o(t) < 901" on (0,7,

where w; = In (ﬁ), here wy > 1.

Now, we state the global existence and energy decay results.

Theorem 5.1. Let u be the unique local weak solution to problem (1.1)-(1.2). Suppose that m > 2,p > 2
and —A1 < a1 < a < ag hold. The initial data (ug,u1) € H2(Q) x L*(Q) are given. Then u is a global
solution,

lim ([Ju(t)]| a2 + [lue(t)]|2) = 0

t—o0

and
2

E(t) < (E(o)—m22 i M[t _ 1]+>_’"2

2
if and only if there exists a real number tg € [0, Tynaz) such that

u(to) € W and E(to) < D,
where T is given in (5.18).
Proof. (Sufficiency). Assume that there exists a real number tg € [0, Tra.) such that
u(tp) € W and E(tp) < D.
From Lemma 5.1, we find that D = %A{’%Sg"% < d. Then as the author did in [42, Theorem 3.3],
we can get u(t) € W for all t € [0, Th4z)- SO
I(u(t) = lu(t)l32 + (au(t), u(t))2 — [u®)]} > 0,

which means

SOl + 5 au(t), u(t))s — 3 Ju() 5> 0.

Tult) = 30z + 5 @ut),u(®) =[Ol >0,
Thus,
B(t) = Sl + Tu(t) > 0, € [0, Tra).
For all t € [0, Trax),
T 222 (OB + (o), u(v)a) + L5
(5.1) 222 (Ol + (autt), u(e):)

By (2.9), we have

1 2 ! m _
2 lue@llz + J(u(?)) +/O [ur (T)|[rmdr = E(0) < d.
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Hence,
1 9, P—2 2 ! m
(5:2) @+ £ = (@)l + @) w(®)z) + [ lue(n)ldr < 0

Let ¢ € C§°(0,T), then by equation (1.1) we have

T
- / (ur (1), w)2d (7)dT
0
T

. / (u(r), ) 2y ()b — / (au(r), w)ab(r)dr — / (It (7)™ 2017 (7), )27

T
P24 (r w)od(T)dT
+/0 (u(r)[P~2u(r), w)26(r)d

for all w € H2(2). This means uy € C°([0,T],H(Q2)). From above estimations, we have T}, = o0 by
the continuous principle.

We now turn to the proof of energy decay result.
By (2.9), we have

(5.3) Et) = - /Q (g ddy.

By integrating (5.3) over [t,t 4 1],t > 0, we have

(5.4) B(t)—E(t+1) = D)™,
where

t4+1
(5.5) " = [l

By virtue of (5.5) and the continuous imbedding of L™(£2) into L?(£2), we observe that

t+1 t+1
(5.6) / / . [2dzdydr < C / un (7)|2.dr = CD(1)2.
t Q t

Hence, from (5.6), there exist 1 € [t,t + 1] and t5 € [t + 2, ¢ + 1] such that
(5.7) lugs (t:)||3 < 4CD(t)?%, i = 1,2.

Multiplying equation (1.1) by u and integrating it over Q X [t1,t2], we get

to to to to to
/ (uTT,u>dT+/ /AQuudxdydT—l—/ (au,u)ng—i—/ /|uT|m_1ud$dydT:/ /|u|pdxdyd7'.
t1 t1 Q ty ty Q ty Q

Using Lemma 3.1, we have

t2 t2 t2
(5.8) / I(t)dr = —/ (Urr,u)dT — / / |ur | 2urudzdydr.
t1 t1 tp JQ

Integrating by parts on the first term of the right hand side of (5.8), we obtain

2 t

(5.9) / 1y <3 et () 2 + /

t1 t1

2 to
e |2dr - / / iy "2 uddydr,
t1 Q

i=
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By Holder inequality and Lemmas 2.1 and 2.2, we have

to t2
[ [ ur2uudsdyar| < [ e s
t, JQ t1

ta
<Sn / il gz s 2l
ty

2 5 e
<5, <(p> sup E(s)a/ s |t dr

P=2)A1) ti<s<h t
1
(5.10) <S <2p> D™ sup E(s)b
M\ =24 t1<s<ts
Using (5.7) and Lemma 2.1, we also have
(5.11) et ll2lluti)llz < llue(t)ll2Sm[ults)llnz < CD(E) sup E(s)®.
t1<s<ts

Combining (5.6), (5.10) and (5.11), we obtain from (5.9) that

N

(5.12) / I(r)dr < 20D() sup E(s)} + CD()? + S (@222))14)21)(”%1 sup E(s)}.

tq t1<s<ts t1<s<ts

Using (5.1) and Lemma 2.1, 2.2, we have

N}

lu(e) s <Splu®)ls < SpA7E (lu(@)l3 + (au(), u(®)2)

p—2

=55 A7 (@32 + (au(), u(®)2) = (Il + (aut), u(t))2)

—2

<spar b (2 oatue)) T (1) + o). ulo)e)

-z 2p = p=2
(5.13) <spact (25) T BOF (1O + (aulo).ulo)e).
which implies that
(5.14) 3 (Il + (au(®), u(t)2) < Iu(t),
where v =1 — SZI)’AI_g <2p2> E(O)ZDT_2 > 0. We also find that
p—
D p AT 2p = 2 2
lu(®)]Ip < S5 A, Az P E0) = [lu()|l 72,
and

So
P <GP AT S 2p 1\ ° 22 2
lu(®)|; <SPA; * Az = E0) = [Ju(t)[|%2
Spart A, ()
yA1
ZCll(u(t)).
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Here, we have used the fact that A; > 0 because —A; < a1 < a < as and A; > 0. Thus,

B(O) =5 )z + 5l Ol + g aue),u(e)2 = O]
1 1 p—2

=5 llue(®)I3 + 5I0u) + P

()2

<13 + 210u) + 22001 (u(t)
2 2p

(5.15) <l Ol + CoT(u(r).

By integrating (5.15) over (¢1,t2), we obtain

to ta to
/ E(r)dr < %/ HuT(T)HngJrCQ/ I(7)dr.

t1 t1 t1

Hence, by (5.6) and (5.12), we have

/:2 E(r)dr

1 1 2 2
(5.16) gC’D(t)2+Cg{20D(t) sup E(s): + CD(t)? + Sy (p) D)™ sup E(s) }
2 t <s<ts (r—2)A1 t<s<ts

Nl

Moreover, multiplying equation (1.1) by u; and then integrating it over [t, t2] X €, we get

to to ta to
/ (uTT,uT>dT+/ /A2uu7dzdyd7+/ (au,uT)dTJr/ /|u7|md$dyd7'
t t Ja t t Jo

to
:/ / |u|P~ u, dadydr,
t Ja

which means

Slue)l3 = 3 e ) + Stz — 5@z + 5 au(ta), u(t2)) — 3 (au(e), u(®)

1 1
+ gllu(t)lli - EIIU(tz)IIQ

ta
- / lur () [
t
That is
ta
E(t) = B(ta) + / (7|l

Since tg — t1 > %, it follows that

ta
E(ty) < 2/ E(7)dr.
ty
Then, thanks to (5.4), we arrive at
to

Ef)=Et+1)+D@®#)™ < E(t2) + D(t)™ <2 E(r)dr + D(t)™.

t1
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Thus, by using (5.16), we see that

E(t) SQCQ{QCD(t) sup E(s)% +CD(t)?* + Sm <p2p> ’ D)™t sup E(s)é}

t1<s<ts

+CD(t)? + D)™

< (C +20C5) D(t)? + 2C
( 2) ( ) 2 (p — 2)A1 t1<s<ts

2CD(t) + S, (2’?> ’ D(t)m‘ll sup E(s)? + D(t)™

2 : ,
< (C 4 2CCy) D(t)* +2Cy |20D(t) + Sy ((pg)A D)™ | BE(t)2 + D)™, t > 0.
- 1
Using Young’s inequality, we deduce
(5.17) E(t) <Oy [D(t)Q D)™ + D(t)2<m*1>} :

where C3 is some positive constant. From (5.4) and (5.17), we get

B(t) < Cs [L+ D)™ + D(t)*"~*] D(t)? < C3 [1+ B(O) "= + B(0) ™ | D(t)*.

This implies that
E(t)% < (C4(E(0))% D)™,

m—2

where Cy (E(0)) = Cj [1 + E(0)™= + E(0) 2”:*74}. Note that E(l(i)grio C4(E(0)) = C3 > 0. Hence, by

applying Lemma 5.2, we have

2

(5.18) E(t) < <E(O)m22 + @ It 1]*)7"2 on [0, 00),

m
2

where 7 = (Cy4 (E(0)))” 2. Consequently, by (5.1) we immediately have

Jim (Jlu(®) [z + (aut), u(t)s + Ju@)]3) =0,
which combining with Lemma 2.2 tells us that
T ()2 + lun(®ll) = 0.
(Necessity). If Tynqz = o0, lim ([lu()]l 2 + llue(t)]|l2) = 0 and

2

Bo) < (B0 + o) T

2

then by Lemma 2.1, 2.2, we have
Jim [u(t), =0 and Jim ()2 + (au(t), u(6)s + fu(®)]2) =0,

which imply that
lim E(t) =0.

t—o0

By Lemma 2.4 and the above mentioned results, there must be ¢, > 0 such that E(ty) < D with
u(to) eWw. [l


http://dx.doi.org/10.20944/preprints201702.0057.v2
http://dx.doi.org/10.1007/s00030-017-0491-5

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 24 February 2017

16 W. J. LIU AND H. F. ZHUANG

6. BLow up
In this section, we prove the blow-up properties of solutions.

Theorem 6.1. Let u be the unique local weak solution to problem (1.1)-(1.2). Suppose that p > m > 2
and —Ay < ay < a < ap hold. The initial data (ug,u;) € H2(2) x L2() are given. If there exists a real
number ty € [0, Tynaz) such that

u(to) € U and E(tyg) < D,

then u blows up, that is,
Trnaz < 00.

Proof. Assume that there exists a real number tg € [0, T)nq.) such that
u(tg) € U and E(tg) < D.
Without loss of generality, we may suppose that t; = 0, then
u(t) €U and E(t) < D, foreveryt € [0, Thaz)-
Indeed, (2.9) entails that
(6.1) E(t) < E(0)< D, forallt>0.
Then suppose that there exists ¢ > 0 such that u (f) € N, but by (2.7),
4<J(u(d) < E(D) < D,

which is a contradiction to (6.1), and therefore u(t) € U for all ¢t € [0, Tyaz)-
We divide our proof into two cases:

Case 1. Assume that u(t) € U and 0 < E(t) < D, for every t € [0, Trnaz)-
From (2.8), we know that
1 , 1 , 1 1 )
E(t) =5llu®)lz + 5 lu @z + 5 (au(?), ut)), — 2;||u(t)||p
Ay 1 1
>z + llue®] - I;SSHU(UH%;A'

We define a functional (¢) as follows:

e(t) = e(ult)) = SO + 3 o)l

Thus,
@l < (e0))
So,
1, (2 7 1/ 2 :
(6.2) E(t) > e(t) — 5Sp <Als(t)> =e(t) — ; (&Sgs(t)> ,

for t € [0, Thnaz)-
Let us define the function F': Rt — R by

b
1/ 2 B
Fly)=y— - 82 .
(y) =y ’ < e py>
By some simple calculations, we find that F'(y) obtains its maximum in [0, 00) at y = yo, where
1 e _ 20
yO = 514{’72 Sp p—27
and the maximum value of F(y) is
p—2 B _ .22
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Then inequality (6.2) takes the concise form
(6.3) E(t) > F(e(t)), fort e 0, Tmaz)-

Since the continuous function F(y) attains its maximum value at y = yj, it is monotone decreasing when
y > yo. Due to the fact that E(0) < D = F(yo), there exists a unique number y; such that

(6.4) F(y1) = E(0), with y; > yo > 0.
Therefore, we have
(6.5) D > F(y1) = E(0) > E(t) > F(e(t)), forte[0,Thas)-

We aim to show that £(0) > yo.
Indeed, we have proved that u(t) € U for all ¢ € [0, Tinqz), then I(ug) < 0, which means

l[oll2 + (auo, uo)y — [luolll < 0.
By using Lemma 2.1 and 2.2, we have

Atlluollzz < Splluollfy,

1
A\ 72
luollmz > (S) .

. Ay 1 Ay
Since e(t) = 2= [[u()fz + 5llue(®3 > - [u(®)l]Fz, we have

that is

2
A A\ P2 1 2 _ 2
(6.6) (02 Pl > 5 () 347757 =,

Since F(y) is continuous and decreasing when y > yo and £(¢) is also continuous, then by using (6.6),
it follows from (6.5) that

(6.7) e(t) > y1, forte[0,Tmaz)-

Consequently,

)} =3Ol + 515 + 5 (ault),w(e)), ~ B0
> 2 (0l + 3 lu0I3 ~ E()
1/2 ., \?
—<(0) = B0 > 3~ Fln) = (5-53m)

which can be reduced to
2, \*
(6.8) lu@®l > A—lSpyl , forte0,Tha)

Now we set G(t) = D — E(t) > 0 and N(t) = %[|u(t)||3 for ¢ € [0, T1as). We aim to show that

(6.9) Y(t) =G'"(t) +eN'(2)

blows up in finite time, for some o € (0,1) and € > 0, which will be selected later. By differentiating
both sides of (6.9), one has

(6.10) Y'(t) = (1—a)G~* ()G (t)+e IIUt(t)H%—IIU(t)II?zg—(M(t),U(t))z—/QIUt\’"_ludxﬂLHu(t)llﬁ :
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p— 2 _p_ __2p
By using (6.7) and the fact that D = F(yo) = TA{’_2 Sp P~ we obtain
p
1
Glt) = D = E(t) <D —e(t) + Zlu®)
1/2 ., \* 1
<yo — » (AISp%) —y1+ 5”“@)”5

_ 2o Lo
- > (5w + Sl

p \ Ay

since y; > yg. The last inequality can be expressed as

1/ 2 |
<1 (sﬁyo) 42 o)l

ya
2

2
(6.11) ol > 5600 + (52 )
Also, since G(t) = D — E(t), then by the energy identity (2.9), we have
(6.12) G'(t) = —E'(t) = [lue(t) ]I

which shows that G(t) is nondecreasing for ¢ € [0, T}4.). By applying Ho lder’s and Young’s inequalities,
and using the assumption that p > m, we obtain

‘ / lug| ™ tuda
Q

<[l e ()15

<Cllu(@®)llpllu )5~

12

~Cllu®lly (@)l ez

<CG)F (Jlu@IF w0727
1_1 1_1 m
SAG(E) ™ [lu()[[f + CxG@) >~ [Jur (B)][77
(6.13) SAG(0)7 ™ [[u(t)[5 + CAG(0)» G (1) G (¢),
where we choose 0 < a < % — %, and A is a positive constant which will be selected later. Thus,

Y'(t) > [1 —a—C GO E] a) G (1)

(6.14) e [l = lu(®)l3z = (u(),u(®), + (1= AGO)F %) fu®)z].
Since
Ju(®)lFrz + (au(®). ), = 25()+ = [u(®)l; = s 03

we have

Y'(t) > [1 —a- eC,\G(O)%’iJ”l} GG (t)

(6.15) e [2||ut<t>||% n (1 CAG(O)F - i) ()2 — 25|

for t € [0, Thnaz)-
Next, we aim to show that

2
(1 — ) lu()|b —2E(t) > cllu(®)||h, for all t € [0, Trax),
p


http://dx.doi.org/10.20944/preprints201702.0057.v2
http://dx.doi.org/10.1007/s00030-017-0491-5

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 24 February 2017

A SUSPENSION BRIDGE EQUATION 19

for some ¢ > 0. For the sake of convenience, we put

2 5, \*
(6.16) C() = A—lSpyl .
Then we have

1

(6.17) 0< B < BO) = Fl) =~ 3 (5

5 1
52 ) =y — ~Co,
A, pY1 W o 0
for t € [0, Thnaz)-

2
Now we split the term (1 - ) lu()||}, into two positive parts:
p

p—2 p_(P—=2 Co—2y » . Co—2y »
(6.15) 2hul = (222 - S22 i + S ol

The fact that the two terms on the right-hand side of (6.18) are both positive from the following straight-
1 —». _2p
forward calculations. Indeed, by (6.16) and the fact that y; > yo = §A{”2 Sp *7%, we compute

Ly e,
Co—2y1 = (AlS’%) yi —2] (1

(6.19) = 247> TP grr 2} 1 =0,

and
p—2 Co—2y 2Co(p—2)—p(Co—2y1) _ Colp—2)+2py1 —2Co

p 200 200p 200]7
Co(lp—2)+2 —C Co(p—2 F
(6.20) _Colp—2) +2(pyr — Co) _ Colp —2) +pFy1) _
200p 200}9
Thus, we can define the positive constant c¢ as
Co — 2y

6.21 = —F7">0.
(6.21) c T

Applying (6.20) and (6.21) along with the fact that [[u(t)||} > Co from (6.8), we obtain from (6.18) that

p—2 Co—2y
p 2Cy

p—2 »
(6.22) i >

By using (6.17) and (6.22), we calculate

> Co + cf|u(t)[[5.

~ Co— 2y
2C)

S (P=2 Co—2y

T\ P 2Cy

p—2 p_ p—2 cllu(dP —
=2l 260 > (- ) Co clu(ol - 2600

2
)Grﬂw+p%+ﬂMM$

Co
=20~y + el

(6.23) >cf|u(®)|[,
where the last inequality follows from (6.19).


http://dx.doi.org/10.20944/preprints201702.0057.v2
http://dx.doi.org/10.1007/s00030-017-0491-5

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 24 February 2017

20 W. J. LIU AND H. F. ZHUANG

Applying (6.23) to (6.15) yields
Y'(t)>[1—a- ecAG(O)%—%M] GG (1)

1

(6.24) e [2lu®I3 + (e = AG0) ) Jullz]

S

Now, we choose A > 0 such that AG(0)
1 — «, we obtain from (6.24) that

= % and select € > 0 sufficiently small so that eCAG(O)%_#"'O‘ <

€
(6.25) V() 2 5 2llu@)3 + clu@)lf] . for t € [0, Tnaz).
Combining the estimates (6.25) and (6.11) yields that
€ c c
(6.26) Y'(t) 2 5 2l + Sllu@ll; + 5pG )] >0,

for t € [0, Tinaz), where the last inequality is due to the fact that G(t) = D — E(t) > 0.
Notice that Y(0) = G(0)'~* + eN’(0), and if N'(0) < 0, then we shall further impose the restriction

-«
0<e< _C;(ZSE(O) so that Y'(0) > £G(0)!°. Since Y (t) is increasing on [0, Tyqz) by virtue of (6.26),
it follows that

(6.27) Y(t) >Y(0) > =G0)"* >0, forte][0,Tmas)

N | =

Since Y (t) = G(t)'1=% + eN'(t), if we let € < 1, it follows that
(6.28) Y() == <C (G(t) + |N'(t)|ﬁ) . for t € [0, Thnaa).
By the Cauchy-Schwarz and Young’s inequalities, we have
(629)  IN'()[™% < u()IT7 a5 < Clu®ll Ju(@)7 < © (|ut<t>||§ + ||u<t>||;22a).
Notice that
(6.30) IIU(t)IIﬁ = (IIU(t)Ilﬁ)ﬁ = (\Ifi(?f)llﬁ)m_1 [u)l}-

Now we impose an extra restriction on a:

-2
0<a<? =
2p
2
then o :=1— A =20 > 0. By virtue of (6.11) and the fact that G(¢) is nondecreasing for ¢ € [0, Trnaz),
—2a)p
and letting 0 < € < G(0), it follows from (6.30) that

2

lu@)ll;~** = (lu@®)5) " Ju@®)]h < CGH) 7 lu®)lh < CGO)u®)|h < Ce |lult)|b.
By substituting the above inequality into (6.29), one has
(6:31) NI < C (a3 + e Ju(@)lE),  for t € [0, Tnas):
Since € < 1 and o > 0, then
IN'(8)] 7= < Ce ()13 + [u(®)]B) , for t € [0, Tnar),
and along with (6.28), it follows that
(6.32) V()™ < Ce (G + @3 + [u®]Z) . for t € [0, Tona).

By taking into account inequalities (6.26) and (6.32), we see that
Y'(t) > C(p, E(0))e"r°Y (t) ™=, for t € [0, Thnaa),
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and since ﬁ > 1, we conclude that T},4, is necessarily finite. More precisely,
1-— o 1—
Thas < — e+ C(p, BO)Y (0)" ™57 < —— L=+ 0 (p, B(0))G(0)7°,
@

«
where the last inequality comes from (6.27).

Case 2. Assume that u(t) € U and E(t) < 0, for every t € [0, Tpnqz)-
In this case, we put G(t) = —E(t) and N(t) = 3||u(t)||3. We also aim to show that
(6.33) Y(t) =G(t)' ™ +eN'(t)

blows up in finite time, for some « € (0,1) and € > 0, which will be selected later.
We calculate

(6.34) Y'(t) = (1 —a)G(t)"“G'(t) + eN" (1),
where
(6.35) N"(t) = lus(0)5 = [lu(®) |72 — (au(t), u(t))2 — /Q Jue| ™ ud + [[u(t)|[5.

The next step is to find an appropriate lower bound of right-hand side of (6.35). By applying Hélder’s
and Young’s inequalities, and using the assumption that the source is stronger than damping, i.e., p > m,

we obtain
(6.36) ‘/Q|ut|m_1udﬂlj < ) llmllue 7" < Cllu@lplue®)5m
Since G(t) = —E(t), we have
(6.37) G'(t) = [lue(t)[I;y > 0.
Thus, G(t) is nondecreasing for ¢ € [0, Tynaz). Moreover, by (2.8),
A 1 1 1
(6.38) G(t) = —E(t) < —71||U(t)||§13 — 3l @3+ 5||u(t)||§ < ];||u(t)||§-

1— 2

Now, by applying (6.38) to inequality (6.36) and invoking the assumption p > m, we deduce
m % m—1
<Cllu®lly~ (lu®lF e ®llz)

’/ Jug ™ tudx
Q
1_ L1 % m—1
<CG()7 (@l a0l )

(6.39) <AG()7 7 [u(®)[[E + CAG () >~ e (£) |12,

where we have used the Young’s inequality and the value of the positive number A will be determined
later. By selecting

11
0<a<——-,
m p

and using (6.37), we obtain

‘/ Jug| ™ tuda
Q

(6.40) <AG(0)7 7 [[u(t) |2 + CAG(0)» ~ = TG(1) =G/ (¢).
By employing (6.40), we obtain from (6.35) that

N"(t) 2[lus ()13 = [lu®)|F2 — (au(t), u(t)):
(6.41) + (1 - AG(O)%—#) lu()|2 = CAG(0)F~ "2 G(£) ™G (1).

Since

G777 [[u(t) |2+ CAG(t) 7~ FG(1) = [[uy (8|

B(O) = 5 lu(t) 2 + 5(au(t) u(®): + 5lu®lf = ()],
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we have

N () =2 us(0)]3 + (1 CAG(O)F - ;) |l

(6.42) — C\G(0)r~m G ()G (t) — 2E(),

then inequality (6.42) can be reduced to
—2 s — =4 —a
(1) 2 2un(0)[3 + 55 el ~ CrGO)P TG0 G (1) + 26(0)

for all t € [0, Tynaz). Now, since Y'(t) = (1 — a)G(t)"*G'(t) + eN"(t), if we select € > 0 small enough so
that

eCAG(O)%7%+a <1-aq,
then one has

p—2
= ellu(ol.

(6.43) Y'(t) > 2¢|lue(t)]|3 + 2¢G(t) +

for t € [0, Thnaz)-

Recall that G(0) = —E(0) > 0, and since G(t) is nondecreasing by (6.37), it follows that G(¢) > 0 for
t € [0, Timaz). Thanks to (6.43), we have Y'(t) > 0, i.e., Y(¢) is monotone increasing for ¢ € [0, Trnaz)-
Note that Y (0) = G(0)1=® + eN’(0). In case N’(0) < 0, in order to make sure that Y (0) > 0, we shall
impose an extra restriction on e:

G(0)1-
<——"t
R T )]
As a result,
1
(6.44) Y(t) >Y(0) > §G(0)1*“ >0, forallte0,Thaw)

Also, by following the estimates (6.28)-(6.32) in Case 1, and by imposing the additional restrictions
on « and €, namely, 0 < o < % and 0 < e < min{G(0), 1}, we obtain

(6.45) Y(O) ™% < Ce (G0) + a3 + [u®llZ) . for ¢ € [0, Taa),

whereozl—ﬁ>0.

By taking into account inequalities (6.43) and (6.45), we see that

Y'(t) > eC(p)Y ()=, for t € [0, Thaz),

and since ﬁ > 1, we conclude that T},4, is necessarily finite. More precisely,

1 - (o3 1 -
Toaw < T“e—<1+0>0(p)1/(0)—m < —— LU+ ()G (0) 7,

e

where the last inequality is due to (6.44).
The proof is completed.
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7. LOWER BOUND FOR BLOW-UP TIME
In this section, we present the lower bound of the blow-up time T},4.

Theorem 7.1. Under the same assumptions as in Theorem 6.1. If u occurs blow-up at a finite time
Tinaz, then

Tnaz = /F(O) psgépfll))22p—4 S§€P*;;22p—4
PE(0) +y + 2D pot 4 2l
APY AP~ ipr—2

Proof. First, due to the fact that —A; < a1 < a < ag and Ay > 0, we have A; > 0. Then by Lemma 2.2,
we have

(71) SOz + 30l < EQ) + (ol < EO) + - [

In order to obtain the lower bound of the blow-up time T},4,, we define the auxiliary functional as
follow:

P(t) = Fu(t)) = /Q lulPdz.

It is easy to obtain that F'(t) = p/ |u|P~ 2w, de.

Q
Using Cauchy’s inequality, we have

F'(t) :p/ |u|P~2uupdr < g (/ |ut|2dx—|—/ |u|2(p1)dx> .
Q Q Q

By Lemma 2.1 and (7.1), we have
2(p—1 2(p—1
F(t) <2 (@3 + S50 a5 )
2

2E(0) + %F(t) n Sﬁ((ﬁj)) Lh (E(O) + ;F(t)ﬂpl)

Sg <2E(O) 4 ]%F(t) T Sﬁ((;’j)) (i) g2 <E(0)p1 + (F1(9t)> 7 ))

2(p—1)52p—14 2(p—1)52p—4
PSyp-1)2™" Sap-1) 2"
2 =pE(0) + F(t) + —2——FE(0)" ' + =E5——F ()"
(7.2) PEO) + F(l) + — 55— BOP ™ + — i S ()

Since lim F(t) = oo, we can get the following lower bound of the blow-up time T}, from (7.2):
t—=Tmax

Tmaz 2/ pSQ(p71)22p_4 52(p*1)22p—4

FO 2(p—1) 2(p—1)
E —rp(0)r-1 L
p (O) +y+ Azlo_l (0) + Azl;_1pp_2

yr—t

The proof is completed.

ACKNOWLEDGMENTS

This work was supported by the National Natural Science Foundation of China (Grant No. 11301277),
the Natural Science Foundation of Jiangsu Province (Grant No. BK20151523), the Six Talent Peaks
Project in Jiangsu Province (Grant No. 2015-XCL-020), and the Qing Lan Project of Jiangsu Province.


http://dx.doi.org/10.20944/preprints201702.0057.v2
http://dx.doi.org/10.1007/s00030-017-0491-5

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 24 February 2017

24 W. J. LIU AND H. F. ZHUANG

REFERENCES

[1] M. Al-Gwaiz, V. Benci and F. Gazzola, Bending and stretching energies in a rectangular plate modeling suspension
bridges, Nonlinear Anal. 106 (2014), 18-34.

[2] O. H. Ammann, T. von Karman, G. B. Woodruff, The failure of the tacoma narrows bridge, Federal Works Agency,
1941.

[3] J. M. Ball, Remarks on blow-up and nonexistence theorems for nonlinear evolution equations, Quart. J. Math. Oxford
Ser. (2) 28 (1977), no. 112, 473-486.

[4] J. M. W. Brownjohn, Observations on non-linear dynamic characteristics of suspension bridges, Earthquake Engng.
Struct. Dyn. 23 (1994), 1351-1367.

[5] M. M. Cavalcanti, V. N. Domingos Cavalcanti and A. Guesmia, Weak stability for coupled wave and/or Petrovsky
systems with complementary frictional damping and infinite memory, J. Differential Equations 259 (2015), no. 12,
7540C-7577.

[6] M. M. Cavalcanti, A. D. D. Cavalcanti, I. Lasiecka, X. J. Wang, Existence and sharp decay rate estimates for a von
Karman system with long memory, Nonlinear Anal. Real World Appl. 22 (2015), 289-306.

[7] M. Ferhat and A. Hakem, Global existence and energy decay result for a weak viscoelastic wave equations with a
dynamic boundary and nonlinear delay term, Comput. Math. Appl. 71 (2016), no. 3, 779C-804.

[8] A. Ferrero, F. Gazzola, A partially hinged rectangular plate as a model for suspension bridges, Disc. Cont. Dynam. Syst.
35 (2015), 5879-5908.

[9] A. Guesmia, Existence globale et stabilisation interne non linéaire d’un systéme de Petrovsky, Bull. Belg. Math. Soc.
Simon Stevin 5 (1998), no. 4, 583-594.

[10] A. Guesmia, Energy decay for a damped nonlinear coupled system, J. Math. Anal. Appl. 239 (1999), no. 1, 38-48.

[11] F. Gazzola, Nonlinearity in oscillating bridges, Electron. J. Differential Equations 2013, No. 211, 47 pp.

[12] V. Georgiev and G. Todorova, Existence of a solution of the wave equation with nonlinear damping and source terms,
J. Differential Equations 109 (1994), no. 2, 295-308.

[13] A. Haraux and E. Zuazua, Decay estimates for some semilinear damped hyperbolic problems, Arch. Rational Mech.
Anal. 100 (1988), no. 2, 191-206.

[14] R. Ikehata, Some remarks on the wave equations with nonlinear damping and source terms, Nonlinear Anal. 27 (1996),
no. 10, 1165-1175.

[15] J.-R. Kang, Global attractor for suspension bridge equations with memory, Math. Methods Appl. Sci. 39 (2016), no. 4,
762-775.

[16] V. Komornik, Well-posedness and decay estimates for a Petrovsky system by a semigroup approach, Acta Sci. Math.
(Szeged) 60 (1995), no. 3-4, 451-466.

[17] M. Kopéckova, Remarks on bounded solutions of a semilinear dissipative hyperbolic equation, Comment. Math. Univ.
Carolin. 30 (1989), no. 4, 713-719.

[18] W. Lacarbonara, Nonlinear structural mechanics, Springer, New York, 2013.

[19] I. Lasiecka, S. Maad and A. Sasane, Existence and exponential decay of solutions to a quasilinear thermoelastic plate
system, NoDEA Nonlinear Differential Equations Appl. 15 (2008), no. 6, 689-715.

[20] A. C. Lazer and P. J. McKenna, Large scale oscillatory behaviour in loaded asymmetic systems, Ann. Inst. H. Poincaré
Anal. Non Linéaire 4 (1987), no. 3, 243-274.

[21] A. C. Lazer and P. J. McKenna, Large-amplitude periodic oscillations in suspension bridges: some new connections
with nonlinear analysis, STAM Rev. 32 (1990), no. 4, 537-578.

[22] A. C. Lazer and P. J. McKenna, Global bifurcation and a theorem of Tarantello, J. Math. Anal. Appl. 181 (1994),
no. 3, 648-655.

[23] H. A. Levine, Instability and nonexistence of global solutions to nonlinear wave equations of the form Pus = —Au +
F(u), Trans. Amer. Math. Soc. 192 (1974), 1-21.

[24] H. A. Levine, Some additional remarks on the nonexistence of global solutions to nonlinear wave equations, STAM J.
Math. Anal. 5 (1974), 138-146.

[25] W. J. Liu, Y. Sun and G. Li, On decay and blow-up of solutions for a singular nonlocal viscoelastic problem with a
nonlinear source term, Topological Methods in Nonlinear Analysis (2016), in press. DOI: 10.12775/TMNA.2016.077
[26] W. J. Liu and J. Yu, On decay and blow-up of the solution for a viscoelastic wave equation with boundary damping

and source terms, Nonlinear Anal. 74 (2011), no. 6, 2175-2190.

[27] P. J. McKenna and W. Walter, Nonlinear oscillations in a suspension bridge, Arch. Rational Mech. Anal. 98 (1987),
no. 2, 167-177.

[28] P. J. McKenna and W. Walter, Travelling waves in a suspension bridge, STAM J. Appl. Math. 50 (1990), no. 3, 703-715.

[29] S. A. Messaoudi, Blow up in a nonlinearly damped wave equation, Math. Nachr. 231 (2001), 105-111.

[30] S. A. Messaoudi, Global existence and nonexistence in a system of Petrovsky, J. Math. Anal. Appl. 265 (2002), no. 2,
296-308.

[31] S. A. Messaoudi, A. Bonfoh, S. E. Mukiawa and E. D. Cyril, The global attractor for a suspension bridge with memory
and partially hinged boundary conditions, ZAMM-Z. Angew. Math. Mech. 97 (2017), no. 2, 159-172.

[32] S. A. Messaoudi and S. E. Mukiawa, Existence and decay of solutions to a viscoelastic plate equation, Electron. J.
Differential Equations 2016 (2016), No. 22, 14 pp.


http://dx.doi.org/10.20944/preprints201702.0057.v2
http://dx.doi.org/10.1007/s00030-017-0491-5

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 24 February 2017

A SUSPENSION BRIDGE EQUATION 25

[33] S. A. Messaoudi and S. E. Mukiawa, A suspension bridge problem: existence and stability, Mathematics Across
Contemporary Sciences (T. Abualrub et al. eds.), Springer Proceedings in Mathematics & Statistics 190 (2017), 151—
165.

[34] S. A. Messaoudi, S. E. Mukiawa and E. D. Cyril, Finite dimensional global attractor for a suspension bridge problem
with delay, C. R. Math. Acad. Sci. Paris 354 (2016), no. 8, 808-824.

[35] M. Nakao, A difference inequality and its application to nonlinear evolution equations, J. Math. Soc. Japan 30 (1978),
no. 4, 747-762.

[36] K. Ono, On global existence, asymptotic stability and blowing up of solutions for some degenerate non-linear wave
equations of Kirchhoff type with a strong dissipation, Math. Methods Appl. Sci. 20 (1997), no. 2, 151-177.

[37] L. E. Payne and D. H. Sattinger, Saddle points and instability of nonlinear hyperbolic equations, Israel J. Math. 22
(1975), no. 3-4, 273-303.

[38] R. H. Plaut and F. M. Davis, Sudden lateral asymmetry and torsional oscillations of section models of suspension
bridges, J. Sound Vib. 307 (2007), 894-905.

[39] R. Scott, in the wake of tacoma. Suspension bridges and the quest for aerodynamic stability, ASCE Press, 2001.

[40] F. Tahamtani and M. Shahrouzi, Existence and blow up of solutions to a Petrovsky equation with memory and nonlinear
source term, Bound. Value Probl. 2012 (2012), no. 50, 1-15.

[41] G. Tarantello, A note on a semilinear elliptic problem, Differential Integral Equations 5 (1992), no. 3, 561-565.

[42] Y. Wang, Finite time blow-up and global solutions for fourth order damped wave equations, J. Math. Anal. Appl. 418
(2014), no. 2, 713-733.

[43] S.-T. Wu and L.-Y. Tsai, On global solutions and blow-up of solutions for a nonlinearly damped Petrovsky system,
Taiwanese J. Math. 13 (2009), no. 2A, 545-558.

[44] G. Xu and J. Zhang, Existence results for some fourth-order nonlinear elliptic problems of local superlinearity and
sublinearity, J. Math. Anal. Appl. 281 (2003), no. 2, 633-640.

[45] L. Yang, F. Liang and Z. H. Guo, Lower bounds for blow-up time of a nonlinear viscoelastic wave equation, Boundary.
Value. Problem. 2015, 2015:219.

[46] Y. Yang and J. Zhang, Existence of solutions for some fourth-order nonlinear elliptic problems, J. Math. Anal. Appl.
351 (2009), no. 1, 128-137.

[47] Y. Ye, Global existence and blow-up of solutions for higher-order viscoelastic wave equation with a nonlinear source
term, Nonlinear Anal. 112 (2015), 129-146.

[48] Y. C. You, Energy decay and exact controllability for the Petrovsky equation in a bounded domain, Adv. in Appl.
Math. 11 (1990), no. 3, 372-388.

[49] J. Zhou, Lower bounds for blow-up time of two nonlinear wave equations, Appl. Math. Lett. 45 (2015), 64-68.

© 2017 by the authors. Licensee Preprints, Basel, Switzerland. This article is an open access

@ @ article distributed under the terms and conditions of the Creative Commons by
Attribution (CC-BY) license (http://creativecommons.org/licenses/by/4.0/).


http://dx.doi.org/10.20944/preprints201702.0057.v2
http://dx.doi.org/10.1007/s00030-017-0491-5

