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1 Introduction

The Bresse system is known as the circular arch problem (see [16] for details) and is given by the

following equations:
p1ps = Qo + IN + I,

P2ty = My — Q + Fo, (1.1)
prwg = Ny — 1Q + F3,

where

N = ks3(wy — L), Q = ki(pz + Tw + 1), M = ko,

denote the axial force, the shear force and the bending moment, respectively, p1 = pA, p2 =
pl, ks = EA, k; = K'GA, ko = EI, I = R™'. The functions w, ¢ and v are the longitudinal,
vertical and shear angle displacements, respectively. We use p for the density, F for the elastic
modulus, G for the shear modulus, k&’ for the shear factor, A for the cross-sectional area, I
for the second moment of area of the cross-section, R for the radius of curvature of the beam,
F; (i = 1,2,3) for the external forces. The arch with elastic structure is widely used in the fields of
engineering, architecture, ocean engineering, aviation and others. In particular, the free vibration
of elastic structure is a function of its natural property, and it is an important research subject
in engineering and Mathematics. In the field of mathematical analysis is interesting to know
properties which relate the behavior of the energy associated with the respective dynamic model.
For feedback laws, for example, We can ask what conditions of the kinetic model can be obtained
from the decay of the energy of the solution. In this sense, the property of stabilization has
been studied for dynamic problems in elastic structures translated in terms of partial differential
equations.
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In this paper, we investigate a Bresse-Cattaneo system with infinite memories and time-varying
delays in the internal feedbacks

( prow — k1(pz + ¢ + Tw)y — Ths(wy — Ip) + 00, + 1y

+o0o
+popr(x,t — 71(t)) —I—/O 91(8)@az(z,t —s)ds =0, (z,t) € (0,L) x (0,+00),

p2it — kothee + k1 (@2 + ¢ + Tw) + i1y

+00
+ho(z,t — 12(t)) + / 92(8) gz (z,t — s)ds = 0, (z,t) € (0,L) x (0, +00),
’ (1.2)
prwy — ks(we — I19) e + Tki(@r + ¥ + Tw) + fiyw;

~ +oo
+iow(z,t — 13(t)) + /0 93(8) Wy (x,t —5)ds =0, (x,t) € (0,L) x (0,+00),

P36t + @z + ozt = 0, (z,t) € (0,L) x (0, +00),
Tqt +q + 70z =0, (x,t) € (0, L) x (0, +00),

where g; : Ry — Ry (i = 1,2, 3) are given functions, 7;(¢) (i = 1,2,3) are time-varying delays,
s jin, i, I, o, 7,7, pisks (i = 1,2,3) are positive constants, and the infinite integrals in (1.1)
represent the infinite memories. This system is subject to the Dirichlet boundary conditions

0(0,8) = (L, t) = (0, ) = (L, t) = w(0,£) = w(L,t) = 0(0,¢) = O(L,t) = 0, € [0, +00) (1.3)

and to the initial conditions

ei(2,0) = ¢1(2), Ye(2,0) = 1 (x), wi(z, 0) = wi(z), T

0(x,0) = bo(z),q(x,0) = qo(), z

ei(z,t —11(0)) ( (

Ye(z,t — 12(0)) = fo(z,t — 72(0)), (z,t
) ( (

wy(z, t — 713(0)

\

Before stating our main result, let us first mention some other papers related to the problem
we address. During the last few decades, there are many works treating about existence and
stabilization of Bresse system. Alabau Boussouira et al. [1] considered a Bresse system with
one frictional damping working only on the angle displacement. The authors proved that the
exponential decay exists when the velocities of the wave propagations are the same. If the wave
speeds are different, they showed that the energy of the system decays polynomially to zero with
rates that can be improved by taking more regular initial data. Liu and Rao [18] studied the
Bresse system with two different dissipative mechanism, given by two temperatures coupled to
the system. The authors established exponential decay rate when the vertical and longitudinal
waves have the same speeds of wave propagations. Otherwise, the solution decays polynomially

—4+€ —6+¢

to zero with rates ¢ ort provided the boundary conditions is DirichletC NeumannCNeu-

mann or DirichletCDirichletCDirichlet type respectively. This results was improved by Fatori and
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Rivera [9], the authors considered the Bresse system with thermal dissipation effective only in one
equation of the system and obtained exponential decay result when all the wave speeds are equal.
In general, they showed the system is not exponentially stable but that there exists polynomial
stability with rates that depend on the wave propagations and the regularity of the initial data.
Moreover, they introduced a necessary condition to dissipative the semigroup for the polynomial
decay. With respect to asymptotic behavior of solutions for Bresse system with infinte memory,
Guesmia and Kafini [14] studied a one-dimensional linear Bresse system with infinite memories
acting in the three equations of the system of the form

(1w — k(@a + 0+ Tw)y — Ths(we — Ip)

+/0+oo 91(8)pza(z,t —s)ds =0, (z,t) € (0,L) x (0, +00),
pait — katzx + k1(pr + ¢ + Tw)

+/0+00 92(8) e (z,t — s)ds = 0, (z,t) € (0,L) x (0,+00),
prwgy — k3(we — I9)z + Tk1(pz + 1 + Tw)

+oo
‘|‘/ g3(s)w:px('rat - S)dS =0, (:Eat) S (07L) X (Oa +OO)
0

The authors established the well-posedness and asymptotic stability results for the system under
some conditions imposed into the relaxation functions regardless to the speeds of wave propaga-
tions. For more papers concerning infinite memory, we refer to [3, 12, 13, 27].

For stabilization of Timoshenko systems via heat effect, there are some results in recent time.
Almeida Junior [2] considered 1-D thermoelastic Timoshenko beam of the form

prow — k(pg + )z + 06, =0, (z,t) € (0,L) x (0, +00),
p27/}tt - bwazaz + k(cpx + w) - 00 = 07 (.CC,t) € (07 L) X (07 +OO)7 (15)
030 — Y030 + 0(0z + )¢ = 0, (z,t) € (0,L) x (0,400)

with two types of boundary (Dirichlet-Dirichlet-Dirichlet or Dirichlet-Neumann-Neumann) con-
ditions and established both exponential and polynomial stability results depending on the wave
speeds and the initial data. In the above system, the heat equation is governed by Fourier’s law
of heat conduction. It is well known that the model using the classic Fourier’s law leads to the
physical paradox of infinite speed of heat propagation. That is, any local thermal disturbance can
have an instantaneous effect everywhere in the medium. However, experiments showed that heat
conduction in some dielectric crystals at low temperatures propagates with a finite speed. This
phenomenon in dielectric crystals is called second sound. To overcome this drawback, a number of
modifications of the basic assumption on the relation between the heat flux and the temperature
have been made. One of which is the second sound effects observed experimentally in materials
at a very low temperature. This theory suggests replacing the classic Fourier’s law

q+ 0, =0,

where ¢ is the heat flux and + is the coefficient of thermal conductivity by a modified law of heat
conduction called Cattaneo’s law
Tq + g+, =0,
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where 7 > 0 represents the relaxation time describing the time lag in the response of the heat
flux to a gradient in the temperature. On the basis of the above theory, Santos et al. [28] studied
the Timoshenko beam model with second sound of the form

prow — k(ee +1)e =0, (z,t) € (0, L) x (0, +00),
P2t — by + k(@ + 1) + 60, = 0, (2,t) € (0, L) x (0, +00),
P30 + gz + 0% = 0, (z,t) € (0,L) x (0, +00),
Tq + Bg+ 0, =0, (x,t) € (0, L) x (0, +00).

The authors obtained exponential decay result when the stability number x, = 0. Otherwise, the
polynomial decay result is obtained. Moreover, they showed that the rate is optimal. For more
papers related to the second sound, we refer the reader to [4, 6, 25] and the references therein.
In recent years, the PDEs with time delays have become an active area of research and arise
in many practical problems. The presence of delay may act as a source of instability. In [§],
the authors showed that a small delay in a boundary control can destabilize a system which is
uniformly asymptotically stable in the absence delays. To stabilize a hyperbolic system involving
input delay terms, additional control will be necessary [22, 29]. Kirane and Said-Houari [20]
considered a viscoelastic wave equation with a linear damping and a delay of the form

t
(2, t) — Au(z, t) +/ g(t—s)Au(z,t —s)ds + pyue(x, t) + pou(z, t —7) = 0, (z,t) € 2 x (0, 00),
0

where p; and po are positive constants. They established a general decay result under the con-
dition that po < p;. Later, Liu [15] improved this result by considering the equation with a
time-varying delay term, with not necessarily positive coefficient uo of the delay term. Moreover,
some researchers considered the Timoshenko and Bresse systems with delay term. For instance,
Said-Houari and Laskri [26] considered the following Timoshenko system with a constant time
delay of the form

{ prpw — Koz +1)s =0, (z,t) € (0,1) x (0, 400),
Pt — ey + Kz + V) + pihe(x,t) + potpy(z,t — 7) = 0, (2,t) € (0,1) x (0, +00).

They established an exponential decay result for the case of equal-speed wave propagation under
the assumption po < py. More recently, Kirane el al. [19] considered the following Timoshenko
system with a time-varying delay of the form

{ P1Ptt — K(SD:E + "ZJ)I =0, (:Eat) € (07 1) X (07 +OO)7
ptht - bwmay + K((Pz + w) + let(.’Iht) + M2¢t($,t - T(t)) = 07 (Il?,t) € (07 1) X (07 +OO)7

where 7(t) represents the time-varying delay, 0 < 79 < 7(t) < 7 and pq, ue are positive constants.
Under the assumpyions ps < /1 — dyu1 and 7/(t) < 1, they proved the exponential decay result.
Motivated by the above results, we investigate in this paper system (1.1) under suitable
assumptions and prove the well-posedness and the asymptotic stability of system.
Using (1.1); and the boundary condition, we can easily verify that

d [* 1 [k
— q(x,t)dx + / q(z,t)dx = 0.
dt /0 T Jo
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Consequently, we obtain

L . L
/ q(z,t)dex =e" 7 / qo(x)dz.
0 0

.
T /0 qo(z)dz,

then simple substitution shows that (¢, %, w, 0, q) satisfies problem (1.1), and we have

If we set

4(z,t)dx = q(x,t) —

L
/ g(z,t)dx = 0.
0

From now on, we use the new variables (¢, v, w,0,7), but we denote them by (¢, %, w,8,q) for
simplicity.

The main difficulty in carrying out this paper is the simultaneous appearance of the infinite
memories, heat effect and time-varying delay. To overcome this difficulty, we have two key points
in the proofs. On the one hand, to create the negative counterparts of the terms in the energy,
we combine the fireworks of [4], [14] and [19] with necessary modifications. On the other hand, to
estimate the infinite integral terms in (4.20) below, we use the approach which was first proved
by Guesmia [10] and used by many researchers (see [11, 14]).

This paper is organized as follows. In section 2, we present some assumptions needed for our
work and state the main results. In section 3, we prove the well-posedness of problem (1.1). In
section 4, we prove the asymptotic stability of problem (1.1).

2 Preliminaries and main results

In this section, we shall introduce some notation, basic definitions and main results which will be
needed in the course of this paper.
First, we assume the following hypotheses:

mi(t) € W2*([0,T]), VT >0,i=1,2,3, (2.1)

0<T01<71(t)<%1, YVt > 0,
0<T()2<7‘2(t)<7~'2, Vt>0,
0 < 703 <7'3(t) <73, Vt>0, (2.2)

() <dy <1, Vt>0,
() <ds <1, Vt>0,
T5(t) <ds <1, Vt>0, (2.3)

lp2| < /1 —dipa,
|| < /1 —dafis,
|fio] < /1= dsjin, (2.4)
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where 191, 102, T03, 71, T2, 73, d1, da, d3 are positive constants.
Next, let us consider the following variables (see [7]):

Zl(l‘,p,t) :(pt(x,t—T1(t)p),($,p,t) € (OvL) x (0,1) x (07+OO)7
zo(x, p,t) = Ye(x, t — 12(t)p), (z, p,t) € (0,L) x (0,1) x (0, +00), (2.6)
zz(x, p, t) = w(z,t — 13(t)p), (x,p,t) € (0,L) x (0,1) x (0, +00)

Then, it is easy to check that

o + 0sm1 — o = 0, (x,t,s) € (0,L) x (0,+00) x (0,+00),
Oz + Osn2 — Yy = 0, (z,t,8) € (0,L) x (0,400) x (0,400),
Oms + Osns — wy = 0, (x,t,s) € (0,L) x (0,+00) x (0,400), (2.7)
1:(0,t,8) = ni(L,t,s) =0, (t,s) € [0,4+00) x [0,+00), i =1,2,3,
[ ni(,t,0) =0, (x,t) € (0,L) x (0,+00), t =1,2,3,

Ti(t)Zit(l‘,,O,t) + (1 - Ti/(t)p)zip(x7pa t) =0, (%P’ t) S (OaL) X (O? 1) X (Oa +OO)> i1=1,2,3. (28)
Therefore, problem (1.1) takes the form:

( prow — ki(pz + ¢ + Tw)y — Tks(we — 1) 4+ pipr + pozi(x, 1, 1)
+00 +oo
+/ 91(8)@zzds —/ 91(8)0gam (z,t)ds + 00, = 0, (z,t) € (0,L) x (0,400),
0 0
pa0st — kothuy + k1(@x + 0 + Tw) + i1 + fiaza(x, 1,t)

+o0 +oo
+/ 92(8)rds —/ 92(8)Opzn2(x,t)ds = 0, (z,t) € (0,L) x (0,400),
0 0

prwy — k3(wy — 1)y + Tki(x + 1 + Tw) + figw; + figzs(z, 1,1)

+00 +o0
+/0 93(8)wyyds _/0 93(8) Oz (x,t)ds = 0, (z,t) € (0,L) x (0,400),
P30t + gz + oo = 0, (z,t) € (0,L) x (0, +00),
Tq +q+ 70, =0, (z,t) € (0, L) x (0, +00)
T1(t)z1(x, p, t) + (1 — 7{(t)p)z1,5(x, p, ) = 0, (z,p,t) € (0,L) x (0,1) x (0, 400),
T2(t)zat(w, p, 1) + (1 = 73(t)p) 220 (2, p, 1) = O, (z,p,t) € (0, L) x (0,1) x (0,+00),
73(t)23e(x, p, t) + (1 — 13(t)p)z3p (2, p,t) = 0, (z,p,t) € (0,L) x (0,1) x (0, +00),

(2.9)
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The above system is subject to the following initial and boundary conditions

(P(()?t) - @(Lvt) - w(()?t) - w(L’t)
— w(0,8) = w(L,t) = 0(0,¢) = O(L, t) = 0, t € [0, +00),

o(x,0) = po(x), Y(x,0) = Po(z), w(x,0) = wo(x), x € [0, L],
oi(2,0) = p1(x), Ye(x,0) = Y1 (x), we(z,0) = wy (), x € [0, L],
‘9(3370) = 90(33)7(](:5’0) = QO(x)v HAES [OvL]v

21(z,0,t) = @iz, t), 22(x,0,t) = Py (x, ), 23(x,0,t) = wy(x, t),
(z,t) € [0, L] x [0, +00),
z1(z,1,t) = fola,t —7u(1)), 2a(x, 1,8) = folw, t — ma(t)),,
(@, 1,t) = folat—m(t) (@) € [0,L] x [0, +2),
m(0,t,s) =m(L,t,s) =n2(0,t,8) = n2(L, t,s)
=n3(0,t,8) =n3(L,t,s) =0, (t,8)€[0,+00) x [0,400),
m(z,t,0) = n2(z,t,0) = n3(z,1,0) = 0, (z,1) € [0, L] x [0, +00),

m(x,0,s) =nd(x,-),m(z,0,s) =nd(z,-),n3(z,0,5) =ni(z,-), (z,s)€[0,L] x [0,+00).
(2.10)

Let
U= (90’ ’(/17 w, 97 q, Pt, '(;Z)ta W, 21, 22, 23,11, 712, T]3)T

and
Uo(w) = (800('177 O)’ ’l/)g(l‘, 0)7 wO(x7 0)7 9(17? O)a Q($7 0)’ 901(1:)’ 1/11(1‘), wl(w)a
FC=m1(0)p), £ =72(0)p), £, =73(0)p), 0l (, ), i (e, ), S ()"

Then problem (2.9)-(2.10) can be written as

U = AU,
(2.11)

U(z,0) = U%x),
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where time varying operator &/ is defined by

k 1 oo Ik [l [l
_;1801 + ; <k2 - / 92(8)(18) Yoz — ¢ - 71 - &¢t - &22('7 1)
0

AU = +— 92(3)8mx772d5
0

I Ik 1 o0 I’k i i
—— (k1 + k3)pr — —lw <k:3 - / gg(s)d8> Way — M- tatl wy — K2 z3(+, 1)
P1 P1 1 0 P1 P1 P1

1 00
+— 93(3)8zz773d5
0

Now, we consider the following space

L
L2(0,L) = {w € L*0,L) : / w(s)ds = o} , H!=HY0,L)nL%0,L)
0
and define the functional spaces of U as follow:

A = (HE(0,1))° x L2(0,L) x L2(0, L) x (L2(0, L))" x (L((0,1) x (0, L))" x H} x Hj x Hj,
(2.12)

where

+o0o
H; {w RT — H(0, L), / / 2dsdac<+c>o}
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Then the domain of « is defined by
D(of) = {U € (H2(0,L) N HY(0,L))° x HY(0,L) x HX(0,L) x (HY(0, L))’
x L? ((O,L),Hl(O,L))3 X A ) A X %@,*},
where
I = { € H,0sw; € H ,w;(x,t,0) = O}.

For the relaxation functions g;, motivated by [14], we have the following assumptions:

(G1) g; : Rt — R* (i = 1,2,3) are non-increasing differentiable functions and integrate on
(0,4+00) such that there exists a positive constant ko satisfying, for any (p,,w) € Hg(0,L) x
H}(0,L) x HE(0, L),

L L
ko/ (@2 + 2 +w?) dz </ (ko2 + k1(pe + 1 + Tw)? + ky(wy — I)?) da
0 0

_ /OL [(/Om gl(s)ds‘) 02+ (/0+oo 92(8)d8> w3
+ ( /0 = g3(s)ds) wg] dz. (2.13)

Remark 1 [t is easy to check that there exists a positive constant ko such that, for any (¢, v, w) €
H(0,L) x HE(0,L) x H}(0,L),

/L L
k:o/o (gpx—l—qu—kw )dm</0 (k:gl/}i—Fkl(ng—}—@D—}—Iw)Q—}—kﬁg(wx—I(,D)Q) dz. (2.14)

Therefore, let

400 _
= / gi(s)ds < ko, i=1,2,3, (2.15)
0
then (2.5) is satisfied with
ko = ko —max {g?, 43, 93}
On the other hand, due to Poincaré’s inequality, there exists a positive constant ko such that, for
(¢, w) € HF(0,L) x H}(0,L) x H}(0,L),
L

L ~
/ (ko2 + k1(pe + 9 + Tw)? + ks (wy — Ip)?) da < k:o/ (92 + 92 + w?) dz. (2.16)
0 0

Remark 2 Under hypothesis (G1), H} and ¢ are Hilbert spaces, respectively, with the inner
products that generate the norms

+o0
il = / / (Ou:)2dsda

L
U % 2/ (P17 + 2t + prwp + kotbZ + ki (9o + ¥ + Tw)? + ks(wy — Ip)? + p36?
0

and

9

d0i:10.20944/preprints201701.0087.v1
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L 3 L r1
_
+7q2> dz — / (902 + g2 + ggw?) da + ) Cm(t)/ / zidpda
0 0 0

i=1
+ mllry + ln2liz + lnslZ;.

where ¢; (i =1,2,3) are positive constants such that

/

|22 |12]
SR <oy - 2
a ST g
|12 . |22
—— < (<2 — —, 2.17
N N (2.17)
2] = 2|
—— < (3< 2] — ——.
\ ’71—d3_<3_ M1 1—ds
(G2) For i = 1,2, 3, there exist positive constants J; (i = 1,2,3) such that
gi(s) < —d;gi(s), VsecRT (2.18)
or there exists an increasing strictly convex function G : R™ — R* of class C*(RT) N C?(0, +00)
satisfying
G(0)=G'(0)=0 and lim G'(t) =+ (2.19)
t——+o00
such that oo (5) (5)
gi\s gi(s
——————ds+ sup ————— < +oc. (2.20)
/0 Gl (=gi(s)) ser+ G (=ygi(s))

Now, we state the well-posedness result of problem (2.9)

Theorem 2.1 Assume that (G1) holds. Let U € J#, then problem (2.9) has a unique weak
solution
U e CRY;2).

Moreover, if U° € D(47), then
UecCR";D())NCHRT; 7).
The energy associated with problem (2.9) is defined by

1

L
E(t) = (/ (pw? + p2b? + prw} + ko2 + ki (0x + 9 + Tw)? + ka(wy, — 1) + p3b?
0

L 3 L 1
T
+ 7q2> da — /O (973 + 9597 + ggw?) dz + > Gimi(t) /0 /0 z;dpdz
i=1

#lml + Il + Il ) (2.21)

Our decay results read as follows:

Theorem 2.2 Let U € S be given. Assume that (G1) and (G2) hold,
(i) If for all i = 1,2, 3, (2.18) holds, then there exist positive constants ¢,c” such that

E(t) < e ¢, (2.22)

10
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(23) If for i =1,2,3, either (2.18) holds or (2.19), (2.20) and
L
IM; >0: / (9xm?)?dx < M;, ¥V s > 0 hold, (2.23)
0
then there exist positive constants c’,c’ and eqg such that
E(t) < "H1(d), (2.24)
where

Lo
H(s) :/S Wdﬂ', Vs e (0,1]. (2.25)

3 Proof of the well-posedness

In this section, we prove the well-posedness of the solution of problem (2.11). For this purpose,
we will follow the method used in [4],[14] and [23] with the necessary modification imposed by
the nature of our problem.

Proof of Theorem 2.1. In order to prove result stated in Theorem 2.1, first, we prove that the
operator o7 is dissipative. A simple computation implies that, for any U € D(),

(WU,UMF:—(Ml—%>/OL¢?dx—<M1—>/ Yide — (ﬁl Cg)/ wydz

L
—m/zmuﬁwM—m/ @ﬂﬁ%w—m/zmﬂﬁwm

0

+oo —+o00
—/ / 0s(0xm1) dsdx—/ / 0, xng) dsdzx
+oo
—/ / s xn3)d3d$_/ —¢*dz
o 7
ZM/ 22(x,1,t)dz.
i=1 2 0

Integrating by parts, using (G1) and the boundary conditions in (2.10), we get

<£7U,U>%——<M1—C21>/0L903d90—(/11—)/ ’tﬂtdw—(ﬁl CS)/ wida

L
—m/zMﬂﬁ%M—m/zmwwmw—m/zmuﬁmm
0 0 0

1 L ptoeo / 2 / 9 , 9 Lq ,
+§ o o (91(8)(3337]1) + 95(8)(0zm2)” + 93(5)(92m3) )dsdaj— i ;q dx
3
(1 —7](t L
_ZC(TZ())/ 22 (x,1,t)dx.
° 2 0
=1
Then, using Young’s inequality, we obtain
G 2| >/L 2 <~ G2 |22 )/L 2
U p < — 6 M2 de G lEl )
< I <# 2 2y1-d prdr = = 2F0¢tx

11
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= (3 |M2| /L 2
- = — d
i1 5 2\/1_ wydx
1 - t V31— L
Ci( 7'1 |N2| d)/ Z%(m,l,t)dx
0

3
) 2
3
(

(1— fia|v/1 — L
SR ) [T 0
0

G(1 —73<t)> lmelvi —d> /L A(x,1,t)dz
0

2 2

L p+o00 .
* %/0 /o (91()(0em)? + gh(5)(0un2)? + g5(s)(0um3)?) dsdz —/O %Qde |
3.1

Notice the fact that, for ¢ = 1,2,3, the kernel g; is non-increasing and using (2.3), (2.17), we
obtain
(AU, U) 5 < 0. (3.2)

Hence, o7 is a dissipative operator.
Next, we prove that the operator Id — o7 is surjective. For this purpose, Given

F = (f1, fo, f3, fa, f5, o, fr, fs, fo, fro0, fi1, fi2, f13, f1a) € A
we prove that there exists
V= (Ul,1)2,1)3,U4,U5,UG,U7,U8,21,22723,’09,’010,1)11) S D(JZ{)

satisfying
(Id— )V = F. (3.3)

12
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Equation (3.3) is equivalent to
(v1 —vs = fi,
vy —v7 = fo,
v3 —vg = f3,
p3v4 + Oxvs + 00,06 = p3fu,
(L4 7)vs +v0pva = 7 f5,

—+o0
pP1V6 — (k1 - / 91(8)d8> Opxv1 + IPhgvy — k10yva — I(ky + k3)0pv3 + 00,4
0
—+o0
+p1ve + pozi (., 1) — / 91(8)0zgv9ds = p1 f,
0
“+oo
p2v7 + k1001 — (kz - / 92(8)d8> OgaV2 + k1v2 + Tk1v3
0
“+oo
+i1vr + fieza (., 1) — / 92(8)0zgv10ds = pa fr,
0
p1U8 + I(kjl + kg)c‘)xvl + Tkivy — <k3 — / gg(S)dS) OpaU3 + 12/{11)3
0

o0
+iivg + fiazz(., 1) — / 93(8)0gzv11ds = p1 fs,
0

1—7i(t)

21+ ) 21p = fo,
1 —n(t)

2z + ) 21p = f10,
L o4()

vg — v + OsVg = f12,

v10 — v7 + Osv10 = fi3,

L v11 — vs + Osv11 = f14.

(3.4)
Suppose v1, v2, v3, vs are found with the appropriate regularity, then (3.4),-(3.4); and (3.4), give
ve =v1 — f1 € Hy(0, L),
vr = vy — fa € Hy(0,L),
v = vz — f3 € Hy(0, L),
1
Y G ) S %fg € L2(0,L). (3.5)
The last equation of (3.5) yield
1+7) [* T [*
o= =D sy [ (3.6)
Y 0 7 Jo

then
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On the other hand, by using (2.6), we can find z1, 29, 23 as
Zl($70) = Vg, 22(:370) = v, Z3($,O) = vs, for z € (O7L) (37)

Following the same approach in [23] and using (3.4)4-(3.4),;, we obtain
P
21(z, p) = ve M0 47y (t)e_m(t)/ folw,0)e ™ do, if 7{(t) = 0
0

and

P
TN RN IO R L 12001 100 AT S
Zl(x7 10) 1)66 P + € 4 /0\ 1 o T{(t)o' € da? 1 Tl(t) % 07

Hence, from (3.5), we obtain

p
21z, p) = vie PO — fremrm®) 4o (t)e_’m(t)/ folz,0)e?™Odo, if 7(t) =0 (3.8)
0
and
(2, p) = 01O — fieto® 4 i) [T I@ T g,y gy 2o, (3.9)
’ o 1—7i(t)o ’

Similarly, we get

p
zo(x, p) = voe P2 — frempm2(t) 4 Tg(t)epTZ(t)/ fio(z,0)e’™Odo, if m(t) =0, (3.10)
0

zo(z, p) = v2e?20®) — foeP20(®) 4 P21 /p Me*ﬂ%(t)da if 75(t) # 0. (3.11)
7 o 1—mnt)o 7

P
z3(x, p) = v3e PO — faemPm) 4 Tg(t)epT3(t)/ fii(z,0)e’™Odo, if T5(t) =0 (3.12)
0

and
P
z3(x, p) = v3e?3r®) — faelsr(®) 4 eﬂap(t)/ Me—ﬂao(t)dg’ if 74(t) # 0, (3.13)
o 1—m(t)o
where ;
Din(t) = 2 (1 — 7l(t)p), i =1,2,3.

(z,1) vie 0 4 zy0(2), if (1) =0, (3.14)
21\, = ‘
Uleﬂlp(t) —+ 210($)7 lf 7'{ (t) 7é O
@) vge 2 4 z20(x), if 75(t) =0, (3.15)
22\, = ‘
020 1 z0(a), if T4(0) 0
( 1) 1)3677-3(16) + 230(37)7 if T?/)(t) =0, (3 16)
23\, = ‘
vzePset) zg0(w), if 73(t) # 0,
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where

1
—fre 0 4 Tl(t)e_ﬁ(t)/ fo(z, o)™ Ddo, if 7|(t) = 0,
0

z10(z) = (3.17)
RO 4 1) P f9(m,01)r1(t)€_1915(t)d07 if 71(£) £ 0.
o 1—T1(t)o
( 1
—fge_Tz(t) + Tg(t)e_72(t)/ fio(z, a)e”T2(t)da, if 7(t) =0,
0
z20(7) = (3.18)
_ fyetan®) 4 ot /P f10($77)7'2(t)6—1920(t)d0_’ if 75 () 0.
o L—m(t)o
( 1
—fge_m(t) + Tg(t)e_T3(t)/ fii(x, a)e"T3(t)da, if 74(t) =0,
0
230(1‘) = (3.19)
_f3€193p(t) + 61939('5) p fll(xy‘j)TS(t) 6—193U(t)d0_’ if Té(t) # 0.
o Ll—m3(t)o

It is clear from the above formula that z1g, 290 and z39 depend only on f;, i =1,2,3,9,10,11.
Next, (3.4),5-(3.4),, and (3.5) imply

Osv9 +v9 = v1 — f1 + fi2, Osv10 + vio = V2 — fo + fi3, Osv11 + vi1 = v3 — f3 + fia.

By solving above three differential equations and noticing that vg(0) = v19(0) = v11(0) = 0, we
get

vg=(1—e"%)(v1 — f1)+ /OS e’ ®fia(r)dr € HY.
vip= (1 —e"%)(va — f2) + /Os e * fi3(7)dr € Hj,

vi1 = (1—e %) (vs — f3) + /OS e’ fua(r)dr € Hj. (3.20)

15
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By using (3.5)-(3.6) and (3.20), it can be shown that v, ve,v3 and vs satisfy

—+o00
(p1+ p1)v1 — (kl - / 6_891(8)(18) Opev1 + IPk3vy — k10pvg — I(ky + k3)0uv3
0

+o00o
_0(1;7)1’5 +p221(+,1) = p1(fi + fo6) + paf1 — /0 g1(8)(1 — € %)0pp f1ds

TO oo S
—— 5 +/ 91(8)0zz </ e f12(T)d7'> ds,
Y 0 0
+oo
(,02 + /11)1)2 + k10,01 — (kg — / 65g2(s)d8> OgaVo + kU9 + Tkyjv3 + /1222(.7 1)
0
+o0 +00 s
= po(fo+ f7) + 1 fo — / 92(8)(1 — € %) 0py fods + / 92(8) O (/ eTSflg(T)dT> ds,
0 0 0
(p1 + /:Ll)vg + I(kl + /Cg)awvl + ITkjvg — </€3 — / esgg(s)ds> OpaU3 + I2k103 + /:1:223(-, 1)
0

- +oo oo s
=pi(fa+ fa) + [ fs — /0 93(8)(1 — € %)0pg fads + /0 93(8) O (/0 6T_Sf14(7)d7> ds,

(1+7)
Y

X T xT
pa [ sy = 05 000 = "2 [ fidy - 00ufi — puta
0 0

\

(3.21)
Then, multiplying (3.21),-(3.21), by o1, 02, 03 and HTT foz U5, respectively, integrating their sum
over (0, L) and using (3.14)-(3.16), we get

a ((’U]_,’UQ,’Ug,’UE))T, (6156276377}5)71) =a ((61762763765)7—‘) y
Y (01, 0o, U3, 05)T € HY(0,L) x HL(0,L) x H}(0,L) x L?(0, L), (3.22)

where
a ((v1,v2,v3,v5) ", (91, D2, B3, B5) ")

L L
:/ (k1(0zv1 + vo + Tv3) (0,01 + U2 + I03)dx + / k3(0yvs — Tv1) (0,03 — [07)dx
0 0

L L
+ / kg&xvgaxzbdx + / ( (pl + p1 + e_Tl(t)) Ul'al + (,02 + [Ll + 6—7'2(15)> 1}2’52
0 0

5 1 1 2 L T T
+ (p1 + /,NL1 + C_Tl(t)> U3’L~)3 + + TU52~}5>dZL‘ + /)3(—;—7')/ </ v5dy/ ®5dy> dx
Y Y 0 0 0
L

L
- - - - o(l+7 -
+ / (—g?@mm&xvl — ggazvgam — ggﬁxvgﬁzvg) dz + 7( N ) / v1Usdx
0 0

1 L
— 70-( + T) / v5f)1dx, (323)
0

Y

“+o0
= / ¢ gi(s)ds
0

and

L

a (91,02, 03, 05)") :/o (p1(f1 + f6)01 + p2(fa + f7)02 + p1(f3 + fs)v3)dx

16
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L
+ /0 (60 — 3°) B Frais + (68 — 2) Bufodaiis + (62 — G2) B f3uis) o

( Y
L +00 s ;
_/o (/0 QQ(S)/O 6758$f10(7-)d7-d3> Oy U2dx + 0(1;—7)/0 fivsdx

L +00 s
_/0 (/0 93(5)/0 eTsaxfll(T)deS> Dy Ugdx:

L L L
— MQ/ Zlo(ﬁb)ﬁldl‘ — ,ELQ/ Zgo(I)’DQdSC — ﬂg/ 230(.’1/’)’53(3156
0 0 0
1 L T T
+ /)3(—1—7)/ <T/ fsdy — f4> / Usdydz, (3.24)
Y o \7Jo 0
if 7/(t) = 0.

If 7/(t) # 0, we get

a ((U17U27U3a U5)T7 (’51’62763765)T) =a ((61752763765)T) ;
Y (01, Do, U3, 05) T € HE(0, L) x HL(0,L) x H}(0,L) x L2(0, L), (3.25)

where
a ((Uh V2, U3, v5)Ta (617 627 637 65)T)

L L
:/ (/ﬁ(@mvl —+ vo + I’Ug)(azf)l + U9 + I’L~)3)d$ + / kg(axvgg — IUl)(axT};g — I@l)dx
0 0

L L
+ / k20,020, 02dx + / ( (Pl +pn + eﬁlp(t)) V101 + (PQ + i+ eﬁ%(t)) V202
0 0

1U51~)5>d$ +—— 1 + T / </ Ude/ U5dy>

b 0 0 o(1+7)
+ / (—glaxvlaxf}l — 9050200y — §38x1)38$v3) dog + ————=~ 5 / v105dT
0 0

1 L
— 70( * T) / ’U5’L~)1d117, (3'26)
Y 0

~ ~ T+
+ (pl +n+ e“SP(“) v3l3 +

the operator a is defined by the same formula (3.23).
Now, we introduce the Hilbert space V = H}(0,L) x H}(0,L) x H}(0,L) x L2(0, L) equipped
with the norm

[[(v1,v2,v3,05)|17 = [[(Opv1 + v2 + Tusll3 + [|8vs — Tv1 |3 + [|0zv213 + [Jvs]|3-

It is clear that a and @ are bounded. Furthermore, from (2.13), we find that there exists a positive
constant ¢ such that

a ((1}1,’[)2,’1)3,’[)5)T, (1}1,1}2,?}371}5)T) Z C”(’Ul,’UQ,'U{;,’U5)H%/,

which implies that a is coercive.
From the above, we obtain that a is a bilinear continuous coercive form on V' x V', and a is
a linear continuous form on V. Therefore, using the Lax-Milgram theorem [24], we obtain that

17
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(3.22) and (3.25) have a unique solution (v,vs,v3,v5)? € V. By substituting v, v, v3,v5 into
(3.5), we obtain

vy € H}(0,L),v6 € HY(0,L),v; € H}(0,L),vs € H}(0, L).
Next, it remains to show that
vy, v9,v3 € H?(0, L) N H3(0,L),vs € HX(0, L).
Recalling (3.5) and using (3.21), we have
(k1 — §7) Orav1 — IPk3vy = — k10yv2 — I (k1 + k3)0zv3 + 00pvs — pu21(2, 1) + (p1 + p11)ve — p1fs

+oo s
+ (o0 = 39) Du 1 + /0 01(5)0r ( / e f9<7>d7) ds € 120, L).

0

Then, by the L? theory for the linear elliptic equations, we obtain that
v1 € H*(0,L) N H}(0,L).
In the same way, we obtain
vy € H*(0,L) N HY(0,L),v3 € H*(0, L) N H(0, L).
Similarly, recalling (3.6) and using (3.21), we have
Opvs = —00,v6 — p3vs + p3fa € L*(0, L),

consequently, we get vs € H(0, L).

Then, using the classical regularity theory of linear elliptic equations, we obtain a unique
solution V' € D(/) which satisfies (3.3). Hence, the operator Id — o7 is surjective.

Finally, from above, we get &/ is a maximal monotone operator. Then, by using the Hille-
Yosida theorem [5], we obtain that if U° € D(<), then U € C(RT; D(«7)) N C*(R*; 2#). More-
over, it is easy to see that D(</) is dense in . At last, basing on the above analysis, the
well-posedness result stated in Theorem 2.1 follows from the Hille-Yosida [5, 17].

4 Proof the Stability

In this section, we prove Theorem 2.2. Our method builds on a suitable Lyapunov functional that
can be obtained by the energy method.
Before proving our main results, we will state and prove some useful lemmas in advance.

Lemma 4.1 Let (o, 9, w,0,q) be the solution of problem (2.9). Then the energy functional E(t)
defined by (2.21) satisfies

E'(t) S—c/o

L +o0 I
T % /0 /0 (9’1(5)(31:771)2 + g5(5)(Oum2)* + gé(s)(ﬁxn:a)Q) dsdz — /0 rly(fdx <0.
(4.1)

L L
(o7 +¢7 +wi) do — c/ (z3(z, 1,8) + 25 (z, 1,8) + 23(7, 1,1)) d
0

18
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Proof. Multiplying the first five equations in (2.9) by ¢4, ¥, wy, € and g, respectively, integrating
over (0, L), using integration by parts and the boundary conditions, we get

1d[ [F
3% [/ (pw? + 02t} + prw? + ka2 + ki (pr + O + Tw)? + ka(wy, — Ip)? + ps6?
0
L
_
+Q?M—/<ﬁ%+£%+£@ﬁmﬂm%ﬂwm@+wm%]

v 0
+00 L
5| | GeOm? - b 0m? + )0 dsde -~ [Tiae @)

Then, multiplying the last three equations in (2.9) by (j21, (222 and (323 respectively, integrating
the resulting equations over (0, L) x (0,1) with respect to x and p, we obtain

2dt/ / (Gm ()2 (@, p.t) + Cama(t)23 (x, pot) + Ca73(t) 23 (2, p, ) dpdar
:2/0 /0 (G (t)zi(z, p,t) + CoTh(t)25 (2, p, t) + (375(1)25 (2, p, 1)) dpda

L 1
- / / (G =T{(t)p)z1(®, p, t)z21p(, p, t) + (1 = T3(E)p)22(T, p, t) 22p (2, p, t)
+¢3(1 = 73(t)p)23(z, p, t)23,(z, p, 1)) dpd.

5 [ ] 2 =000+ 0= w00 + (1= RO p.) dps

:2/0 (C17 (2, 1) + G (w, 1) + Gawi (2, 1)) da
1

L
5 /0 (G =7 ()27 (2,1, 0) + (1 = 75(8) 25 (x, L,1) + G3(1 — 73(t))23 (2, 1, 1)) dz. (4.3)

From (4.2) and (4.3), we have

?z—@l—%)/jﬁdx—(ﬂl—)/ lbtdar—(m—C)/ widz

L
—W/ZMﬂﬁwM—M/ @ﬂﬁ%w—m/ o, 1, tywyda
0 0

1 L “+o0

+o0o
—5 0s(0xm1) dsdx—/ / Oy ,,3772) dsdz
o Jo
1 L “+00
- 05(0z1m3) dsdx—/ Z¢dz
2Jo Jo o
3

i(1—7;
—ZM/ 22(z,1,t)dz.
i=1 2 0

Finally, by using (2.3),
increasing).

As in [14], let us define the functionals:

+oo
= —Pl/ Wt/ s)mdsdz,

19

(2.17) and Young’s inequality, we obtain (4.1) (note that g; is non-
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L +o00
—p2 / (o / 2(s)nedsdx
0 0
L
3/ wt/ s)nzdsdz.
0 0

Lemma 4.2 The functionals I;(i = 1,2,3) satisfy, for any 6 > 0,

1 L
L) <—m <g(f - <1 + ) 5) / prda
P1 0

and

L
+5 / (02 + (o + 0+ Tw)? + (wy — 10)* + 6% + 2z, 1,1)) da

+00 +oo
+65/ / (0zm1) dsdx—q/ / wm) dsdz,

, 1 L
L(t) < — po (gg — (1 + p2> (5> /0 wfdx

L
+6/ (V2 + (o2 + 0 + Tw)? + (wy — I)? + 25 (2, 1,¢)) da

—+o00 —+o00
—1-65/ / (Ozm2) dsd:L' — 65/ / w’l?g) dsdx
1 L

IL(t) < —py (gg - (1 + ) 5) / wide

P1 0

L
+s / (02 4 (e + 10+ Tw)? + (we — 10)? + 2z, 1)) do

and

+oo +o0
+65/ / (02m3) dsdx—Ca/ / (9pm3)?dsdz,

where g? is defined by (2.15) and cs is a positive constant depending on §.

d0i:10.20944/preprints201701.0087.v1

(4.6)

Proof. Differentiating I; with respect to ¢, using the first equation of problem (2.9), integrating

by parts and using the fact that

+o00 +o0
9 /0 g1 (s)mds = 0, /0 a1 (t = 5)((t) — p(s))ds

- / " G- 9)(olt) — pls))ds + ( / - s)ds) ot

+oo 0
= / g1 (s)mds + gi o,
0

we obtain

+00 +o00
I(t) =~ P191/ @tdiﬁ - Pl/ @t/ s)mdsdx — 0/ / )Ormdsdx
0

+k1/0 (SDm+1/)+Iw)/() g1(s )3z771d8d$—fk3/0 (wz —190)/0 g1(s)mdsdz

20
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0 /L S%</+Oo (s )&Cmds)dx—k/j (/OJroogl(s)axmds)de

+00 L —+00
—l—m/ got/ mdsdzv—l—,uz/ zl(:n,l,t)/ g1(s)mdsdz.
0 0

Using Young’s, Poincaré’s and Holder’s inequalities for the last eight terms of this equality, we
get

L L
I(t) < — Plg?/ pidz + epy / prda
0 0

p10 +oo L
/ / )(8pm1)?dsdz + eky / (0z + ¥ + Tw)?dz
0

k‘191 e 2 L 9
/ / (Oxm) d8d$+51k3/ (wy — Ip)?dx
0
I +oo L
k3Cg1/ (Oxm1) dsdx+6g?/ gogdm
0
+oo
/ (Oxm1) dsdw—l—sa/ 0%dx
45

+ too

Ugl/ / (Ozm) dsdx—l—gl/ / 973771) dsdz
picy Hoo
+€u1/ da;+ 1/ / g1(s )(896771) dsdx
0

+o0
+5|,u2|/ 22(x,1,t)dz + |M2|Cgl/ / (01 )%dsdz.

By using (2.14) to estimate fo ¢2dz and choosing
k Ok 3k
J =max<e 191 + kq sgl 2 ,E EETAC Y )N LEO,E, 11, €l 2| ¢y
ko ko ko
(91)? , o9t | o mcqr Imlcg?}

B pic kig) | Tkagie gy
05—max{4€, 4e + 4e * 4e + 4e Tt 4e 4e

(4.4) is established. Similarly, using the second and the third equations of problem (2.9), we
obtain (4.5) and (4.6).

Lemma 4.3 There exist positive constants c¢1 and co such that the functional

L
Ii(t) = / (prppr + p2ihy + prwwy)da
0

satisfies
L
I4(t) S/ ((p1 + c2)p + (p2 + c2)f + (p1 + c2)wy) dz
0
L L
— 01/ (1#,% +(pz+ 9+ Iw)2 + (wy — Igp)Z) dz + 02/ 0%dx
0 0
+o0
+c / / (91(5)(0m)? + g2(8)(9xm2)? + g3(5)(9un3)?) dsda
o Jo
L

+ 02/ (23(z, 1,8) + 25 (z, 1, 1) + 23(, 1, 1)) dz. (4.7)
0
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Proof. By exploiting first three equations of problem (2.9) and integrating by parts, we have
L L
5 = [ (ort + oo+ prud) e~ [ (s 0+ TP
0 0

L L L L
—ks/( —ﬂp)deJrg?/O widw—(kz—gg)/ wﬁdﬁgg/() widz

+00 +oo
/ 9096/ xnldex_/ %/ 1:772d5d$
+oo
/ wx/ Ingdsdx+0/ Y 0dx
0

L
— M / ppidr — fiy Wﬁtdiﬂ - ,u1 / wwedx
0 0

L L L
- ,u,g/ z1(z, 1, t)pdx — [1,2/ zo(x, 1,t)pdx — /12/ zg(z, 1, t)wdzx. (4.8)
0 0 0

Using Young’s Poincaré’s and Holder’s inequalities for the last ten terms in the right hand side
of (4.8), we get, for any € > 0, there exists a positive constant c. such that

+o0 +o0 —+o00
/ o / )0y dsda — / " / )0, madsde — / w, / 0, nadsda

to / 20z — 1 / pords — fi / doped — ir / wude
0 0 0

L L L
- ,ug/ z1(x, 1, t)pdz — ﬂg/ zo(x,1,t)dx — ﬁg/ z3(x, 1, t)wdz
0 0 0
L L +oo
Se/ (goi + 2 + wi) dz + ce/ / (gl(s)(&ml)2 + g2(5)(02m2)? + gg(s)(axng)Z) dsdz
0 o Jo
L L L
+ ce/ 02 dx + CE/ (o7 +¢7 +wi) dz + ce/ (23(z, 1,8) + 23 (2, 1, 1) + 23(, 1,1)) da.
0 0 0
Inserting this inequality into (4.8) and using (2.13), we get
L L
Iy(t) < / (1 + et + (P2 + e + (1 + cwy) dz — (ko — €) / (¢% + 7 +wp) do
0 0
+o0 L
+ ce / / (91(5)(0em)? + 92(s) (0m2)? + g3(s) (Dum3)?) dsda + ¢ / 0% dx
o Jo 0
L
+ 06/ (z%(x, 1,t) + 23(x, 1,t) 4+ 23(, 1, t)) da. (4.9)
0

ko —
Then, choosing 0 < € < ko and inserting (2.16) in (4.9), we get (4.7) with ¢; = ( Ol_c 2 and

Co = Ceg.

Lemma 4.4 ([4]) For any e3 > 0, the functional

=Tp3 / / y)dydz

vps [F L 1 L
Ig(t)g—Q/o 02dx+63/0 cp?d:r—l—c(l—l—)/o ¢Ada. (4.10)

€3

satisfies
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Proof. Taking the derivative of I5 with respect to ¢, using the fourth and fifth equations of
problem (2.9) and integrating by parts, we get

L L L L T
Is(t) = —wg/ 92d$+7/ q2d$+70'/ qsotdfc—pa/ 0/ q(y)dydz.
0 0 0

0 0

Using Cauchy-Schwarz’s and Young’s inequalities with €3 > 0, we get (4.10).

Lemma 4.5 The functionals

L 1
I = Gumi (1) / / 20 2 (g, . t)dpde,
0 0

L 1
I; = (ma(t) / / e 2003 (2, p, t)dpda,
0 0

L 1
Is = Cyms(t) / / 002 (2, p. 1)dpda
0 0

satisfies

!

IL(t) < —2I4(t) + Cl/o ©dz, (4.11)
l

I(t) < —2E(t) + G /0 yida, (4.12)
l

I4(t) < —2Ig(t) + G3 / widz. (4.13)
0

Proof. Taking the derivative of I with respect to t, we get
L 1 L 1
B0 =ari) [ [ e 0 taps —26mri(0) [ [ O e pt)dpda
L 1
+2C17'1(t)/ / e I WPz 214(x, p, t)dpda. (4.14)
0o Jo

By using (2.8), the last term in (4.14) can be rewritten as follows

L 1 L 1
2C171(t)/ /6_271“)%1217&(%PJ)deif:—2C1/ /e_QTl(t)”(l—T{(t)p)zlzlp(x,p,t))dpdx.
o Jo o Jo
(4.15)

Also, one can see that
L 1
_2C1/ / 67271(0’)(1—T{(t)p)zlzlp(:c,p,t)dpdx
o Jo
L 1
——a [ [ o (00— s wp)d . p0)) dpds
o Jo 9p
L 1
—2an(0) [ [ 00 {0p):2 . p tdpda
o Jo
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L 1
—ClT{(t)/O /Oe_%l(t)pz%(m,p,t)dpdx. (4.16)

Using (4.15) and (4.16), equation (4.14) takes the form
L gl L
Ig(t) = = 207 (1) / / e 20z, p t)dpda + G / wida
o Jo 0

1
— G- () / 2(z,p, t)dpda, (4.17)
0

from which immediately follows (4.11). Similarly, we get (4.12) and (4.13) in the same way.
Now, let N1, No, N3 > 0, and

L(t) = NlE =+ NQ(Il + IQ + 13) + I4 + N3[5 -+ Iﬁ + I7 —+ Ig.

First, taking the derivative of L(t) with respect to ¢, using (4.4)-(4.6) with § = ﬁ, (4.7), (4.10),
2
(4.11), (4.12) and (4.13), we get

L
Nic — — — 02> /0 22(x, 1, t)da — 2I6(t) — 2I7(t) — 2I5(t)

L +oo
+ <]\2[1 N CN?) /0 /0 (91(8)(0am)® + gh(5)(Dam2)? + g5(5)(0um3)?) dsdz

L +oo
+en, / / (91(5)(@am) + 92(5)(Dam2)’ + 93(5)(Dans)?) dsda, (4.18)
0 0

where ¢y, = Nacs + c2. At this point, we choose N3 large enough so that

N3vps

> 0.
2 @

Then, we choose € small enough and Ny large enough (note that g; is continuous non-negative
and ¢;(0) > 0) so that

3 N3vps 1 0 1 1
-2 50 > 0, Nag? — (14— ) = —1) —co— Nyes — ¢ >0
c1 N, S N 2 , 1| Nogy + o) c2 33 — (1 ,

1\ 1 1\ 1
p2<Nggg—<1+p2>]V2—1>—CQ—C2>O,p1<Nggg—<1+p1>]v2—1)—62—<3>0.
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Finally, we choose N7 large enough so that

1 N 1
Nlc——02>0,1—N30<1+> > 0.
Ny Y €3

From the above, we deduce that there exist positive constants cs and ¢4 such that (4.18) becomes
/ o & o L oo / 2 / 2 / 2
L) <—eBM)+ {5 —a) [ | (91()@m)” + 62(s)(0e2)” + 95(5) (Dar15)”) dsd

L +o00
+ 64/ / (91(5)(890771)2 + g2(5)(0zm2)* + g3(8)(8z773)2) dsdz.
0 0

On the other hand, using (2.13) and definition of E, I; and L, there exists a positive constant Ny
(not depending on N7) such that

(N1 = Nj)E <L < (Ni+ NMy)E, (4.19)

then, choosing N7 > max{2c4, N4} and using the fact that g/ < 0, we get
L 400
L'(t) < —c3E(t) + 04/ [/ (gl(s)(&;m)2 + gg(s)((’“)xng)2 + gg(s)(axng)Q) ds|dz. (4.20)
0 0

In order to finish the proof of the stability, we need to estimate the last three terms in the right
hand of (4.20). Inspired by [14], we have the following lemma.

Lemma 4.6 ([1}]) For i = 1,2,3, there exist positive constants d; and d; such that, for any
€0 > 0, then we have the following inequalities:

L +o0
/ / 9i(8)(9pm;)?dsda < —d; E'(t), if (2.18) holds (4.21)
0 0

and

L )
G/(G()E(t))/ </0+ gi(s)(amm)zds> dx < —CL'E/(t) + CiiéoE(t)G’(eoE(t)),

0
if (2.20) holds and (2.18) does not hold. (4.22)

Proof. The proof of this lemma is similar to the proof of Lemma 3.3 in [14] and is omitted.
Now, going back to the proof of Theorem 2.2, if (2.18) holds for all i € {1,2,3}, then (4.20)
and (4.21) imply that

L'(t) < —c3E(t) — ca(dy + da + d3) E'(t). (4.23)
Let F(t) = L(t) + ca(d1 + da + d3)E(t), combining (4.19) with (4.23), we have F'(t) < - F(t),
where
/ e3
c

- N +N4—|—C4(d1 + dy +d3).
Integrating over (0,¢) and using (4.19), we obtain (2.22) with

. F(0)
N1 — Ny +cq(dy +dy +d3)’

C
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Next, if (2.18) does not hold at least for one i € {1,2,3}, then thanks to (4.21) and (4.22),

we get that
—+00
G (o) / | a0 asds < = a6 (@B) ') - AE'()
+ €0B3iG (0 E(t))E' (1), (4.24)

where

d;, if (2.18) holds,

Q; =

0, otherwise

and

8 0, if (2.20) holds,
o Ji, otherwise.

Multiplying (4.20) by G'(eoE(t)), using (4.24) and let 0 < ¢y < m, we obtain

G'(eoE(t))L(t) + ca(B1 + B2 + B3 + (a1 + a2 + a3)G (60 E(1))) E' (t)

< —csE(t)G (eoE(1)), (4.25)
where
cs = c3 — caeg(B1 + B2 + B3).
Let
F(t) = & [G'(e0B(t))L(t) + ca(B1 + B2 + B3 + (a1 + a2 + a3)G' (e E(1))) E'(1)] (4.26)

where k£ > 0. Using the fact that G'(egE(t)) is non-increasing and (4.25), we get
F'(t) < —esTE(t)G (€0 E(t)).

Combining (4.19) with the fact that G'(eoE(t)) < G'(egE(0)), we choose 7 > 0 small enough such
that

F(t) < E(t) and F(0)<1.
Then, choosing ¢ = ¢57 (note that s — sG’(eps) is non-decreasing), we arrive at
F'(t) < = F(t)G'(eoF(t)). (4.27)

This implies that (H(F(t
(0,t), using F(0) < 1,H(

))) > ¢, where H(t) is defined in (2.25). Then, integrating (4.27) over
1) =0 and H(t) is decreasing, we get
H(F(t)) > c't,
which implies F(t) < H~!(ct). Finally, the fact that F(t)~E(t) gives (2.24) with
1 — 1
Tca(Br + B2+ B3)’

which completes the proof Theorem 2.2.
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