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Abstract: By using the modified simple equation method, we study the Cahn-Allen equation,
which arises in many scientific applications such as mathematical biology, quantum mechanics,
and plasma physics. As a result, the existence of solitary wave solutions of the Cahn-Allen
equation is obtained. Exact explicit solutions interms of hyperbolic solutions of the associated
Cahn-Allen equation are characterized with some free parameters. Finally, the variety of structures
and graphical representations make the dynamics of the equations visible and provide the
mathematical foundation in mathematical biology, quantum mechanics and plasma physics.
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1. Introduction

The mathematical modeling of events in nature can be explained by differential equations.It is
well-known that various types of the physical phenomena in the fieldsof fluid mechanics,
quantummechanics, electricity, plasma physics, chemical kinematics,propagation of shallow water
waves and optical fibers aremodeled by nonlinear evolution equations, and the appearanceof
solitary wave solutions in nature is somewhat frequent. However, the nonlinear process is one of the
major challengesand not easy to control because the nonlinear characteristicsof the system abruptly
change due to some small changes in parameters including time. Thus, this issue becomes
moredifficult and hence a crucial solution is needed. The solutions of these equations have crucial
impact in mathematical physics and engineering. The variety of solutions of NLEEs, which are
mutual different operating mathematical techniques, is very important in many fields of science
such as fluid mechanics, optical fibers, technology of space, control engineering problems,
hydrodynamics, meteorology, plasma physics, applied mathematics. Advanced nonlinear
techniques are importantfor solving inherentnonlinear problems, particularly those involving
dynamicalsystems and allied areas. In recent years, there have beenbigimprovements in finding the
exact solutions of NLEEs.Many powerful methods have been establishedand enhanced, such as the
modified extended Fan sub-equation method [1], the homogeneous balance method [2,3], the Jacobi
elliptic function expansion [4], the Backlund transformation method [5,6], the Darboux
transformation method [7],the Adomian decomposition method [8-9], the auxiliary equation
method[10,11], the (G’/ G ) -expansion method [12-18], the Exp-(—¢()) -expansion method [19],

the sine-cosine method [20-22], the tanh method [23]the F-expansion method [24,25], the
exp-function method [26,27],the modified simple equation method [28-30],the first integral method
[31], the simple equation method [32], the bilinear method[33], the transformed rational function
method[34],and so on. Most of the above methods are dependent on computational software except
the MSE method.

The objective of this paper is to look for new exact traveling wave solutions
includingtopological soliton, single soliton solutions of the well-recognized Cahn-Allen equation
[30,31] viathe MSE method.
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2. Description of the MSE Method

Consider a general form of a nonlinear evolution equation,

Hw,u,u_u_u_,-- --)=0 )

where (&) = u(x,t) is an unknown function, /{ is a polynomial of u(x,t) and its partial
derivatives in which the highest order derivatives and nonlinear terms are involved. In the
following,we present the main steps of the method:

Step 1:Combine the real variablesXand by acompound variable§
u(F=u(@), S=PTrEwr @)

Here, P=1i +my +nkand P=xi +yj + zk where 1 ,m,nare the constant magnitudes along the
axes of X, ), Zrespectively, His wave number and W!is the speed of the traveling wave.
This travelling wave transformation permits us to reduce Equation (1) to the following ordinary

differential equation (ODE):
Gu,u'u” - e - )=0 3)

where G is a polynomial in #(£) and its derivatives, wherein u'(&)=—,u"(§) =— and so on.

du d*u
dg dg’

Step 2: We also consider that the Equation (3) has the formal solution:

< (SE))
u(g)= ZO 4, {—S © j )

b

where A,(0<i<n) are constants to be determined, and S(€) is also unknown function to be

evaluated.

Step 3: The value of positive integer 7 in Equation (4) can be determined by taking into account the
homogeneous balance between the highest order nonlinear terms and the derivatives of highest
order occurring in Equation (3). If the degree of u(§)is D(u(&)) =n then the degree of the other

expression will be (&) as follows:

D(—d;z(,,g)}ﬂp’ D| u” (—d:fé(f)J =np+s(n+q)

Step 4:Inserting Equation (4) into Equation (3), we get a polynomial of (S'(§)/ S(&)) and its
derivatives and (S(§))”,(i=0,1,2,---,n) . In the resultant polynomial, we equate all the
coefficients of (S(§))™,(i=0,1,2,---,n) to zero. This technique produces a system of algebraic
and differential equations that can be solved receiving A4,(i = 0,1,2,---,n), S(§)and the value of
the other needful parameters.This completes the determination of the solution to the Equation (1).

Remark.In comparison,in the modified simple equation method with the simple equation method
[32], it is seen that the simple equation method gets help froman auxiliary equation (the Riccati
equation), but the modified simple equation method can perform directly without help from an

auxiliary equation. On the other hand, the simple equation method yields results that are a special
case from the modified equation method.

3. Traveling Wave Solution of the Cahn—Allen Equation

Let us consider the nonlinear parabolic partial differential equation given by:


http://dx.doi.org/10.20944/preprints201701.0018.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 4 January 2017 d0i:10.20944/preprints201701.0018.v1

30f9

u =u_—u"+u, (5)

>

for m=3 Equation (5) becomes the Cahn-Allen equation [29,30]. This equation arises in many
scientific applications such as mathematical biology, quantum mechanics and plasma physics. To
solvethis example, we can use transformation & = kx + wt (where k and W are the wave

number andthe wave speed, respectively), and then Equation (5) becomes ordinary differential
equation:

wu' —k*u"+u’ —u=0 (6)

n
Balancing ¥ with Y then gives # =1:

S©
u@ =4 +4—= 7
S®) | v
ey 4 S©) (S’(é)jz
=4 - A
S"E)_, , SESE) (S’(&)I
A =34, — 5424, =
O SE s@© s ®)
S®
Putting Equations (6)—(9) in Equation (6) and equating coefficients of like powers of — S @) , we

get:
Coefficient of (S &) )0 :

4 —4,=0 (10)

7

Coefficient of (S(&))”
~k*AS"(€)+34 A4S () +wAS"(€)-4S(©) =0, (11)
(5©®)”
—wA, (S'(8))” +3K° 4,5 (€)S"(€) + 34,47 (S'©))" =0 (12)
(5®)”

A (A2 =2k (S'(E)) =0 ' (13)

Coefficient of

and Coefficient of

From Equation(10), we achieve 140 =0,1,—land from Equation(13), A| # 0 thus A = i\/zk ,

S” 3K GA -D+w(w=34,4)
S” K (w=34,4,)

(14)

Integrating, we have
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3k*(34; = 1)+ w(w—34,4,)

S =
¢, exp( w34 4) &)
From Equation (12),
2 207 42 _
¢ = 3ck exp(3k (3A02 D+w(w—34,4,) £)
w—34,4, I (w—34,4,)
and
4 2 2 _
S=— : 3¢,k exp(3k (3A02 D+ww—=34,4,) £)+e,
3k7(34; —1)+w(w—34,4,) k™(w=34,4,) .
Using Equations (16) and (17), we attain
. 2 exp(3k (34, - D+w(w—34,4) £)
u= A, + Ak k*(w—34,4)
w=34,4, 3¢k x (3k2 (B4; —D+w(w=34,4) £)+c
33 (3A4; 1)+ w(w—34,4,) P k*(w=34,4) :

3 3
where &: k(x iﬁt ) with W= iﬁ k. Here, C; and C, are arbitrary constants.

Case-I:Forset 4,=0, 4 = +2k , we get

w® —3k%)
(&
u=+3\/561k3x Xp( kZW) é)
R Sk oW
W =3k P 2

b

3 3
E=k(xt—=1) w=t+t—k
where \/5 , with 2
3k‘c,
If ¢&,=—— 3 ,then

reprints201701.0018.v1
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(15)

(16)

(17)

(18)

(19)

(20)

20)
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Since €; and C, are arbitrary constants, for other choices of C; and C, it might yield many

new and more general exact solutions of the nonlinear Cahn—Allen equation withoutany aid of
symbolic computation software.The solutions u(x,t) obtained in Equations (20) and (21) arepresented
in the following figures: (see Figures 1 and 2).

Figure 2. Single soliton solution of Equation(21) with k =1.
Case-IL:Forset A4, ==*1, 4 = i\/zk , we get

6k> + w(w—32k)) 6
k> (w—32k)
6k +w(w—3~/2k))
P (w—3+/2k)

exp(

W2k
w—3/2k 3¢,k
€X
6k +w(w—3~/2k)

u==xl=+

(22)

&) +¢

3 3
where &: k(x i—zt ) with W= iﬁ k. Here, C; and C, are arbitrary constants.

3k'c,
¢, =

- 6k> + w(w—32k) then
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V216K + w(w—32 2h)} 6k +w(w—3+/2k))
4t tanh
T a2 PN T @)
3 3
=k(xt— =+
where g (x 2 t), with " \/E
o= 3kc,
6 Hww=332k) oo
V216K + w(w—32 2k} ], 6k + w(w—3+/2k))
4+ nh
S YO A Tk @)

3

3
£ = k(xt— w=t"k
where \/— , with \/E

Since €; and C, are arbitrary constants, for other choices of C; and C, it might yield many

new and more general exact solutions of the nonlinear Cahn—Allen equation withoutany aid of
symbolic computation software.

The solutions u(x,t¢) obtained in Equation(23)are similar to Figure 1, and Equation (24) is
similar to Figure2 and omitted for convenience.

Again with commercial software, we can find some solutions of the Cahn-Allen equation
(solving fromEquations (11) and (12)).

For4,=0, 4, = +\2k we get S(E)=a+bexp(x&/ \/Ek) ‘

And thus,
b
u(x,f)==+ : : with &=k (x+31/~/2)
a {cosh —=—Fsinh } +b ' (25)
2k T 2k
If we consider a /b = exp(2¢) then Equation(25) reduces to well known solution:
u(x,t)zil 1+ tanh iLx+§t+c (26)
2 N
For A =1, A =+y2k we get S(E)=a+bexp(xE/2k),
and thus,
u(x,t)=1- b
(27)

with &=k (x£31/~/2)
}+b '

a{cosh Jé + sinh ﬁ

If we consider a /b =exp(2¢) then Equation(26) reduces to well known solution:

1 1 3
u(x,t)=5{1+tanh(iﬁx+5t+cj} (28)

For A, =—1, 4 =12k weget S(E)=a+bexp(FE/\2k),
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and thus,

u(x,t)y=-1- b

with &=k (x33¢/~/2)
}er . (29)

i—sin i
a{COSh\/Ek+ h\/zk

If we consider a /b = exp(2c¢) then Equation(26) reduces to well known solution:

u(x,l‘)=—%{l+tanh[i%x+%t+cj} (30)

Since a and b are arbitrary constants, for other choices of @ and b it might yield many new

and more general exact solutions of the nonlinear Cahn-Allen equation. When we choose
a /b =exp(2c) we get special type solutions like Equations (28) and (30), but if we choose a and »

in different ways, we can get different types of solutions. Thus,Equations (28) and (30) are special
types of our solutions.

Graphs of Equations (25), (27) and (29) represent kink type like Figure 1 both for
positive/negative values of the arbitrary constants ¢, and c, like single solitons such as Figure 2

fortheir opposite values.

4. Comparison

In this section, we compare our solution with some well-known methods, namely the
exp-function method and the first integral method as follows:

(a) Comparison with Exp-method Reference [27]:Ugurlu [27] obtained some solutions of the
Cahn-Allen equation via the exp-function method,in which solutions u,,u, are identical with
Equation (25) when b =1,a =b, and the other solutions are different from their solutions(for

more, see Ref. [27]).
(b)Comparison with First Integral method Reference [31]:Tascan and Bekir [31] obtained some
solutions of the Cahn-Allen equation via the first integral method, in which Equation(3.20) is

identical with Equation (25) (when, in our study,a =b =1,k =-1/ J2 and, in their study, ¢, =0)
Uy, U, is identical with Equation (25) when b =1,a = b, and the other solutions are different from

their solutions. On the contrary, by using theMSE method in this article, we obtained four solutions
withless calculations.

5. Conclusions

In this article, we have successfully implemented the MSE method to find the exact traveling
wave solutions of the Cahn-Allen equation. Comparing the MSE method to other methods, we claim
that the MSE method is straight forward, efficient, and can be used in many other nonlinear
evolution equations. In the existing methods, such as the (G’/G)-expansion method, the exp-function
method, and the tanh-function method, it is requires making use of symbolic computation software,
such as Mathematica or Maple-13 to facilitate complex algebraic computations. To solve non-linear
evolution equations via the MSE method, no auxiliary equations are needed. On the other hand, via
the MSE method, the exact and solitary wave solutions to these equations have been achieved
without using any symbolic computation software because the method is very simple and has easy
computations.
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