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Abstract
In the present study, we derive a new B-spline technique namely trigono-

metric B-spline collocation algorithm to solve some initial boundary value
problems for the nonlinear Klein-Gordon equation. In order to carry out
the time integration with Crank-Nicolson implicit method, the order of the
equation is reduced to give a coupled system of nonlinear partial differen-
tial equations. The collocation approximation based on trigonometric cubic
B-splines for spatial discretization is followed by the linearization of the non-
linear term. The efficiency and accuracy of the present method are validated
by measuring the error between the numerical and analytical solutions when
exist. The conservation laws representing momentum and energy are also
computed for all problems.

Keywords: Klein-Gordon equation; trigonometric cubic B-spline; collocation; soli-
ton; wave motion; conservation laws
AMS2010: 65M70.

1 Introduction

Consider the Klein-Gordon equation of the form

utt − uxx + P ′(u) = 0 (1)
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where u = u(x, t), P ′(u) is some reasonable nonlinear function of u [1]. P (u) does
not include the derivatives of u and can be chosen as the potential energy in many
studies. The equation was derived by Klein and Gordon as a relativistic equation
for a charged particle in an electromagnetic field [2]. Some particular forms of the
equation are used as model for many fields such as Josephson junction transmission
lines, dislocation in crystals, the propagation in ferromagnetic materials of waves
carrying rotations of the direction of magnetization, laser pulses in two state me-
dia, torsional waves propagating down a stretched wire in a pendula system, etc.
According to Detweiler, The Klein-Gordon equation can also be useful to analyze
the rotating black holes [3]. The equation can be constructed geometrically by
the invariance of the scalar curvature with some particular gauge and coordinate
transformations [4]. The scattering field theory for the Klein-Gordon equation was
developed by following the usual procedure of a first order equivalent equation in
the vector valued functions Hilbert space equipped with a finite energy norm [5].
The spectral and scattering theory based on the eigenfunction expansion was also
derived for the Klein-Gordon equation in the static external field [6].
Besides, its applications in many fields summarized above, the Klein-Gordon equa-
tion with cubic nonlinear term can be converted to the nonlinear Schr̈ı¿1

2
dinger

equation with cubic nonlinearity [7]. However, the sign of the cubic term is the
key for the existence of the envelope soliton or hole solutions owing to the fact
that the stability of the nonlinear Klein-Gordon equation depends on it [8].
The existence of compactonlike kink solutions of the Klein-Gordon equation was
discussed by investigating the existence and stability of compact entities numeri-
cally [9]. Kim and Hong [10] determine the solitary wave solutions including the
powers of sech and tanh functions of the generalized Reaction Duffing equations,
which is a generalization of some nonlinear equations, the Landau-Ginzburg-Higgs,
the Φ4 and the Klein-Gordon equation with cubic nonlinear term, by the auxiliary
function method. In a similar study, the positive and negative frequency plane-
wave solutions developed from the solutions of some field equations [11]. The
extended first kind elliptic sub equation method is an alternative way to generate
the exact traveling wave solutions including bell and kink shaped solitary wave,
periodic and singular solutions [12]. Some more exact solutions including some hy-
perbolic and trigonometric functions have also been developed by modified simple
equation method that uses homogenous balance between the highest order linear
and the nonlinear terms [13]. In another interesting approach to the solutions of
the Klein-Gordon equation, Chambers [14] derived the solutions from solutions
of the wave equation. Bound state type solutions of the Klein-Gordon equation
were constructed for various potentials [15]. Burt and Reid [16] set up the exact
formal solution of the nonlinear Klein-Gordon equation from the solutions of the
linear one. They also discussed about the generalization of a second order ordi-
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nary differential equation satisfied by a particular homogenous function can lead to
the nonlinear Klein-gordon equation. Interaction of solitons of the Klein-Gordon
equation was investigated in different aspects in various numerical studies [17–19].
Different from many analytical studies summarized above, various numerical al-
gorithms have also been developed to obtain solutions of different problems for
the Klein-Gordon equation. The central second difference approximation of the
finite difference method was implemented to the nonlinear Klein-Gordon equation
to solve some initial boundary value problems to show the bounded solutions as
t → ∞ [20]. The degree of the power term directly affects the amplitude and
the number of oscillations. Jimı̈¿1

2
nez and Vı̈¿1

2
zquez [21] compared the results

obtained by four explicit finite difference schemes and concluded that the energy
conserving scheme is the most convenient technique to integrate the Klein-Gordon
equation to examine the long time behaviour. Some initial boundary value prob-
lems for the inhomogenous form of the Klein-Gordon equation with various degreed
nonlinear terms were also solved by the thin plate splines radial basis functions
collocation method [22]. Multiquadric Quasi-interpolation technique is another ef-
ficient technique to determine the solutions of the equation [23]. Cao and Guo [24]
proposed the Fourier collocation method to solve a periodic problem by investi-
gating its stability and convergence properties.
Classical polynomial cubic B-spline collocation on a uniform mesh distribution was
implemented to the some problems derived on the nonlinear Klein-Gordon equa-
tion [25]. Zahra et al. [26] derived an unconditionally stable collocation method
based on the cubic B-splines for the solution of an initial boundary value problem.
Different from these studies, we suggest a new collocation method based on non
polynomial cubic B-spline, namely trigonometric cubic B-splines, to solve some
initial boundary value problems for the nonlinear Klein-Gordon equation of the
particular form

utt − uxx = ε1u+ ε2u
3 (2)

where ε1 and ε2 are nonzero constants. Assuming v = ut reduces the order of the
equation to lead a coupled system of nonlinear partial differential equations

vt = uxx + ε1u+ ε2u
3

ut = v
(3)

The complementary conditions describing the associated problem are

u (x, 0) = f (x) , a ≤ x ≤ b

ux(a, t) = ux(b, t) = 0, t > 0

vx(a, t) = vx(b, t) = 0, t > 0

(4)

in the artifical problem interval [a, b].
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2 Numerical Approach and Construction of the

Algorithm

The discretization of the system (3) in time by usual forward finite difference and
by Crank-Nicolson method yields

vn+1 − vn

∆t
=
un+1
xx + unxx

2
+ ε1

un+1 + un

2
+ ε2

(u3)n+1 + (u3)n

2
un+1 − un

∆t
=
vn+1 + vn

2

(5)

where un+1 = u(x, (n+ 1)∆t) represents the solution at the (n+ 1)th. time level.
Here tn+1 = tn + ∆t, and ∆t is the time step, superscripts denote the time levels.
Linearization of the term (u3)n+1 in (5) as

(u3)n+1 = 3un+1(u2)n − 2(u3)n

gives the time-integrated Klein-Gordon equation

vn+1 − vn

∆t
=
un+1
xx + unxx

2
+ ε1

un+1 + un

2
+ ε2

3un+1(u2)n − (u3)n

2
un+1 − un

∆t
=
vn+1 + vn

2

(6)

Let G be a uniform grid distribution of the artificial problem interval [a, b] defined
as G : a = x1 < x2 < . . . < xN = b, h = xi − xi−1, i = 2, 3, ..., N . Different from
the other B-splines [27–30], the trigonometric cubic B-splines with nonzero values
in this interval for this grid distribution are defined as

Ci(x) =
1

θ


ω3(xi−2) , [xi−2, xi−1]
ω(xi−2)(ω(xi−2)φ(xi) + ω(xi−1)φ(xi+1)) + φ(xi+2)ω2(xi−1) , [xi−1, xi]
ω(xi−2)φ2(xi+1) + φ(xi+2)(ω(xi−1)φ(xi+1) + ω(xi)φ(xi+2)) , [xi, xi+1]
φ3(xi+2) , [xi+1, xi+2]
0 , otherwise

,

i = 0, 1, . . . , N + 1
(7)

where ω(xi) = sin x−xi

2
, φ(xi) = sin xi−x

2
, θ = sin h

2
sinh sin 3h

2
[31]. The set

{C0(x), C1(x), ..., CN+1(x)} forms a basis for the functions defined in the inter-
val [a, b].
Each Ci(x) is twice continuously differentiable and the nonzero values of Ci(x), C

′
i(x)

and C
′′
i (x) at the knots xis can be computed from equation (7) as given in the

Table 1.
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Table 1: Values of Ci(x) and its derivatives at knots

Ci(xi) C ′i(xi) C ′′i (xi)

xi−2 0 0 0

xi−1 sin2(h
2
) csc (h) csc(3h

2
) 3

4
csc(3h

2
)

3(1+3 cos(h)) csc2(h
2

)

16[2 cos(h
2

)+cos( 3h
2

)]

xi
2

1+2 cos(h)
0

−3 cot2( 3h
2

)

2+4 cos(h)

xi+1 sin2(h
2
) csc (h) csc(3h

2
) −3

4
csc(3h

2
)

3(1+3 cos(h)) csc2(h
2

)

16[2 cos(h
2

)+cos( 3h
2

)]
xi+2 0 0 0

Let U(x, t) and V (x, t) be the approximate solutions to u(x, t) and v(x, t), respec-
tively, defined as

U(x, t) =
N+1∑
i=−1

δiCi(x),

V (x, t) =
N+1∑
i=−1

φiCi(x)

(8)

in which δi and φi are the time dependent parameters. The nodal values of the
approximate solutions U and V and their first and second derivatives can be found
from the (8) as

Ui = α1δi−1 + α2δi + α1δi+1

U ′i = β1δi−1 + β2δi+1

U ′′i = γ1δi−1 + γ2δi + γ1δi+1

Vi = α1φi−1 + α2φi + α1φi+1

V ′i = β1φi−1 + β2φi+1

V ′′i = γ1φi−1 + γ2φi + γ1φi+1

(9)

α1 = sin2(h
2
) csc(h) csc(3h

2
) α2 =

2

1 + 2 cos(h)
β1 = −3

4
csc(3h

2
) β2 = 3

4
csc(3h

2
)

γ1 =
3((1 + 3 cos(h)) csc2(h

2
))

16(2 cos(h
2
) + cos(3h

2
))

γ2 = −
3 cot2(h

2
)

2 + 4 cos(h)

where Ui and Vi represent U(xi) and V (xi), respectively.
Substituting the approximate solutions (8) and their derivatives into (6) and re-
arranging the resulting equations by using nodal values of trigonometric B-spline
functions gives the iterative system

κm1δ
n+1
m−1 + κm2φ

n+1
m−1 + κm3δ

n+1
m + κm4φ

n+1
m + κm1δ

n+1
m+1 + κm2φ

n+1
m+1 (10)

= κm5δ
n
m−1 + κm2φ

n
m−1 + κm6δ

n
m + κm4φ

n
m + κm5δ

n
m+1 + κm2φ

n
m+1

κm2δ
n+1
m−1 + κm7φ

n+1
m−1 + κm4δ

n+1
m + κm8φ

n+1
m + κm2δ

n+1
m+1 + κm7φ

n+1
m+1 (11)

= κm2δ
n
m−1 − κm7φ

n
m−1 + κm4δ

n
m − κm8φ

n
m + κm2δ

n
m+1 − κm7φ

n
m+1
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The coefficients of equation system (10) and (11) for KGE equation can be deter-
mined as follow

κm1 = (−3ε2K
2 − ε1)α1 − γ1

κm2 =
2

∆t
α1

κm3 = (−3ε2K
2 − ε1)α2 − γ2

κm4 =
2

∆t
α2

κm5 = (ε1 − ε2K
2)α1 + γ1

κm6 = (ε1 − ε2K
2)α2 + γ2

κm7 = −α1

κm8 = −α2

where
K = α1δ

n
i−1 + α2δ

n
i + α1δ

n
i+1

The system (10) and (11) can be converted the following system in the matrix
form

Adn+1 = Bdn (12)

where

A =



κm1 κm2 κm3 κm4 κm1 κm2

κm2 κm7 κm4 κm8 κm2 κm7

κm1 κm2 κm3 κm4 κm1 κm2

κm2 κm7 κm4 κm8 κm2 κm7

. . . . . . . . . . . . . . . . . .

κm1 κm2 κm3 κm4 κm1 κm2

κm2 κm7 κm4 κm8 κm2 κm7


and

B =



κm5 κm2 κm6 κm4 κm5 κm2

κm2 −κm7 κm4 −κm8 κm2 −κm7

κm5 κm2 κm6 κm4 κm5 κm2

κm2 −κm7 κm4 −κm8 κm2 −κm7

. . . . . . . . . . . . . . . . . .

κm5 κm2 κm6 κm4 κm5 κm2

κm2 −κm7 κm4 −κm8 κm2 −κm7


The system (12) consists of 2N+2 linear equations in 2N+6 unknown parameters
dn+1 = (δn+1

−1 , φn+1
−1 , δ

n+1
0 , φn+1

0 . . . , δn+1
N+1, φ

n+1
N+1). A unique solution of the system

is dependent on the equal number of equations and parameters. Imposing the
boundary conditions

Ux(a, t) = 0, Ux(b, t) = 0, Vx(a, t) = 0, Vx(b, t) = 0

6
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gives a chance to reduce the number of parameters by generating relations between
the parameters

δ−1 = δ1, φ−1 = φ1, δN−1 = δN+1, φN−1 = φN+1

Elimination of the parameters δ−1, φ−1, δN+1, φN+1 provides a solvable system hav-
ing 2N + 2 linear equations with 2N + 2 unknown parameters. In the study, we
solved this system by using adapted Thomas algorithm for the systems having
six-banded coefficient matrices.
In order to initialize the iteration algorithm, we need the initial parameter vector
d0. Assuming d0

1 = (δ0
−1, δ

0
0, ..δ

0
N , δ

0
N+1), d0

2 = (φ0
−1, φ

0
0, ..φ

0
N , φ

0
N+1) are the compo-

nents of the initial vector d0 of the iteration, we eliminate the parameters using
the equalities

Ux(a, 0) = 0 = δ0
−1 − δ0

1,

Ux(xi, 0) = δ0
i−1 − δ0

i+1 = Ux(xi, 0), i = 1, ..., N − 1

Ux(b, 0) = 0 = δ0
N−1 − δ0

N+1,

Vx(a, 0) = 0 = φ0
−1 − φ0

1

Vx(xi, 0) = φ0
i−1 − φ0

i+1 = Vx(xi, 0), i = 1, ..., N − 1

Vx(b, 0) = 0 = φ0
N−1 − φ0

N+1

(13)

to be able to initalize the iteration (12).

3 Numerical Illustrations

The validity and efficiency of the proposed method are checked by measuring the
error between the numerical and the analytical solutions when exist using the
discrete maximum error norms defined as

L∞(t) = |u(x, t)− U(x, t)|∞ = max
i
|u(xi, t)− U(xi, t)|

at the time t.
The conservation laws computed by the numerical results representing energy(E)
and momentum(P) [1, 2, 32]

E =
1

2

∞∫
−∞

u2
t + u2

x − ε1u
2 − 1

2
ε2u

4dx

P =

∞∫
−∞

uxutdx

(14)
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for the nonlinear Klein-Gordon can also be also good indicators of the validity of
the method even when the analytical solutions do not exist. The absolute relative
changes C(Et) and C(Pt) of conservation laws E and P are defined as

C(Et) =

∣∣∣∣Et − E0

E0

∣∣∣∣
C(Pt) =

∣∣∣∣Pt − P0

P0

∣∣∣∣ (15)

where E0 and P0 are initial values of energy and momentum, respectively, as Et

and Pt are the computed values of these two laws at the time t.

3.1 sech-type Single Solitary Wave

The sech-type single solitary wave solution for the parameters ε1 = 2, ε2 = −1
choice in the Klein-Gordon equation is given as

u(x, t) = 2 sech (
√

2{sinh (1)}x− {cosh (1)}t) (16)

where sinh and cosh are known hyperbolic functions [33]. This solution represents
a traveling wave of amplitude 2 whose peak is positioned at x = 0 initially. As time
passes, the wave propagates to the right along the x−axis. In order to accomplish
the numerical simulation, the articifical problem interval is considered as [−10, 15].
The initial condition is adapted from the analytical solution by substituting t = 0
in the solution. The algorithm is run for various time and space step lengths
up to the terminating time t = 3. The propagation of the single solitary wave
is simulated in Fig 1(a). The numerical results seem in a good agreement with
theoretical aspects of the solution. The solitary propagates to the right along
the horizontal axis without changing its shape and size. The maximum error
accumulates at the peak of the solitary as expected, Fig 1(b).
The discrete maximum norms computed at various times and the absolute relative
changes computed at the simulation terminatig time t = 3 are tabulated in Table
2.
When the space step length is chosen as 0.05, the maximum errors are determined
in three decimal digits at t = 3. Even though the decrease of the time step length
improves the results, the decimal digit of the error does not change. The space
step length h = 0.01 and time step length ∆t = 0.01 generates the results with
three decimal digit error at the simulation terminating time. Decrease of ∆t to
0.005 and 0.001 causes an improvement in the results and reduces the error to
four decimal digits. One more decrease of the space step length to 0.005 generates
three decimal digits accuracy in the results with ∆t = 0.01, four decimal digits
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(a) Propagation of the single solitary wave (b) The maximum error distribution

Figure 1: The simulation of propagation of the single solitary wave and the maxi-
mum error distribution at t = 3 for h = 0.005 and ∆t = 0.001

with ∆t = 0.005 at t = 3. The choice of ∆t = 0.001 gives five decimal digit
accurate solutions.
The initial values of the conservations laws are computed as E0 = 8

3

√
2(cosh2 1−1)

sinh 1
=

4.431961243 and P0 = −8
3

√
2 cosh 1 = −5.819321497 analytically. These laws are

expected to be constant during the simulation as time goes. The conservation
of both laws during the numerical simulation is a good indicator of an efficient
algorithm, Table 2.
The relative absolute change in the conservation law defining the momentum is
less than 10−5 when h = 0.05. The choice of h as 0.01 causes six and seven decimal
digit relative absolute changes with respect to the ∆t choices as 0.01 and 0.005,
respectively. The reduction of ∆t to 0.001 improves the relative absolute change
to nine decimal digits.
When h is reduced to 0.005, the absolute relative changes of momentum are mea-
sured as 4.2916× 10−6, 5.2841× 10−7 and 4.2749× 10−9 for the choices of the ∆t
as 0.01, 0.005 and 0.001 respectively.
The absolute relative change of energy C(E3) is in six decimal digits at t = 3
when ∆t = 0.01 for all choices of h as 0.05, 0.005 and 0.001. Reducing the time
step ∆t to 0.005 gives eight decimal digit absolute relative change when h = 0.05.
The absolute relative change when h = 0.01, 0.005 in seven decimal digits. When
∆t = 0.001, the absolute relative change is in eight decimal digits for h = 0.05 and
is in nine decimal digits for h = 0.01 and h = 0.005.
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Table 2: Discrete maximum norms and absolute relative changes of conservation
laws at various times

h ∆t L∞(1) L∞(2) L∞(3) C(P3) C(E3)
0.05 0.01 6.9995× 10−4 1.4660× 10−3 4.0116× 10−3 4.7628× 10−6 1.6394× 10−6

0.005 8.8338× 10−4 1.7894× 10−3 3.2160× 10−3 2.6193× 10−6 9.9496× 10−8

0.001 9.7707× 10−4 1.9321× 10−3 3.0102× 10−3 2.6159× 10−6 1.0035× 10−8

0.01 0.01 3.5821× 10−4 5.1433× 10−4 1.5544× 10−3 4.2312× 10−6 2.4787× 10−6

0.005 7.1150× 10−5 1.5002× 10−4 4.5035× 10−4 5.1616× 10−7 3.0131× 10−7

0.001 3.5368× 10−5 7.1303× 10−5 1.2853× 10−4 7.5010× 10−9 2.0980× 10−9

0.005 0.01 3.8598× 10−4 5.7203× 10−4 1.4977× 10−3 4.2916× 10−6 2.5055× 10−6

0.005 8.9579× 10−5 1.2859× 10−4 3.8806× 10−4 5.2841× 10−7 3.0802× 10−7

0.001 7.0113× 10−6 1.4656× 10−5 4.0086× 10−5 4.2749× 10−9 2.3658× 10−9

3.2 tanh-type Traveling Wave

In the second initial boundary value problem, we consider the case ε1 = 1, ε2 = −1
in the nonlinear Klein-Gordon equation. This choice of the parameter provides an
analytical solution of the form

u(x, t) = tanh(
(x− ct)√
2(1− c2)

) (17)

where c is the velocity of the traveling wave [34]. The existence of this real an-
alytical solutions depends on the the condition −1 < c < 1. The wave travels
along the x−axis to the right or to the left due to the sign of the velocity c. We
choose the velocity c = 0.5 for the convenience. The initial data for the numerical
solution is generated from the analytical solution (17) by substituting t = 0 into it.
The homogenous Neumann conditions at both end of the finite interval [−30, 30]
are used to complete the requirements of the iteration algorithm. The algorithm
is run up to the terminating time t = 10 with various values of the discretization
parameters h and ∆t. The travel of the wave is simulated by the proposed algoritm
successfully, Fig 2(a). The error takes its maximum values near points where the
descent occurs as expected, Fig (2(b)).
The discrete maximum norms and the absolute relative changes of the conser-
vation laws are computed for various values of the discretization parameters are
tabularised in Table 3. The accuracy of the proposed method at the time t = 10
is in three decimal digits when h and ∆t are chosen as 0.2 and 0.05, respectively.
When the values of the discretization parameters are reduced to h = 0.1 and
∆t = 0.02, the maximum error is measured as 4.4025 × 10−4. Reducing the dis-
cretization parameters to h = 0.05 and ∆t = 0.01 improves the accuracy of the
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(a) Traveling wave simulation (b) The maximum error distribution

Figure 2: Traveling wave simulation and the maximum error distribution at t = 10

results but not in decimal digits. Finally, the choice of the parameters as h = 0.02
and ∆t = 0.005 gives a five decimal digit accuracy.
The initial values of the conservation laws describing the momentum and the
energy are computed analytically as

E0 = −1

9

405 e20
√

2
√

3 + 405 e40
√

2
√

3 + 12 e20
√

2
√

3
√

2
√

3 + Ã

1 + 3 e20
√

2
√

3 + 3 e40
√

2
√

3 + e60
√

2
√

3
= −13.91133789

Ã = 4
√

2
√

3− 12 e40
√

2
√

3
√

2
√

3− 4 e60
√

2
√

3
√

2
√

3 + 135 e60
√

2
√

3 + 135

P0 = −2/9
√

2
√

3 = −0.5443310539
(18)

One should note that the conservation law corresponding to the energy is inte-
grated in the finite interval [−30, 30] for the convenience. The computed absolute
relative changes for various values of the discretization parameters are indicators
of the conservation of the energy and momentum successfully during the numerical
simulation up to the time t = 10, Table 3. The absolute relative change of the
energy is bounded with at least six decimal digits with respect to the discretiza-
tion parameter values used in the study. Similarly, the absolute relative change of
the momentum is in five decimal digits. Reducing the discretization parameters
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to h = 0.02 and ∆t = 0.005 improves the results to eleven decimal digits for the
energy conservation and eight decimal digits for the momentum conservation law.

Table 3: Discrete maximum norms and absolute relative changes of conservation
laws at various times

h ∆t L∞(10) C(E10) C(P10)
0.2 0.05 1.4255× 10−3 5.7598× 10−6 3.7187× 10−5

0.1 0.02 4.4025× 10−4 3.6616× 10−7 2.3420× 10−6

0.05 0.01 1.1098× 10−4 2.0256× 10−8 2.8785× 10−7

0.02 0.005 1.5279× 10−5 3.5383× 10−11 3.5757× 10−8

4 Conclusion

The collocation method based on trigonometric cubic B-spline functions combined
with the Crank-Nicolson implicit method proposed for the solutions of two initial
boundary value problems defined for the nonlinear Klein-Gordon equation. The
aasumption v = ut reduced the order of the equation to one and generated a
coupled system of partial differential equations. The system is integrated in time
by using the Crank-Nicolson method and fully discretized by using the collocation
method. Adapting the boundary conditions and arranging the initial state give a
linear equation system for the iteration.
The validity of the proposed method is invesitgated by solving two initial boundary
value problems. The propagation of a positive single solitary and travel of a
wave are simulated successfully by the proposed method. The error between the
numerical and analytical solutions are measured by using the discrete maximum
norm. The conservation laws defining the energy and the momentum of the system
are also computed by using the numerical results. The absolute relative changes
of the convervation laws are also good indicators of the accuracy and validity of
the proposed method.
Acknowledgements: A brief part of this study was presented orally in International
Conference on Applied Mathematics and Analysis, Ankara-Turkey, 2016.
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