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THE MODIFIED KUDRYASHOV METHOD FOR THE
CONFORMABLE TIME FRACTIONAL (3+1)- DIMENSIONAL
KADOMTSEV-PETVIASHVILI AND THE MODIFIED
KAWAHARA EQUATIONS

ALPER KORKMAZ

ABSTRACT. The three dimensional conformable time fractional Kadomtsev-
Petviashvili and the conformable time fractional modified Kawahara equations
are solved by implementing the Kudryashov’s procedure. The corresponding
wave transformation reduces both equations to some ODEs. Balancing the
nonlinear and the highest order derivative terms gives the structure of the
solutions in the finite series form. The useful symbolic tools are used to solve
the resultant algebraic systems. The solutions are expressed in explicit forms.

1. INTRODUCTION

The Kadomtsev-Petviashvili (KP) equation (sometimes it is called as the two-
dimensional Korteweg- de Vries equation) appears in the earlier 70s to study the
stability of solitary waves in weakly dispersive media covering fluids or plasmal[l].
It is an integrable equation owing to the fact that there exists a connection with a
linear spectral problem to a particular Schrodinger equation[2, 3]. Modulation equa-
tions of the two-dimensional KP are developed by examining Riemann invariants
problem[4]. The two- dimensional form of the KP equation passes the Painlevé(P-)
test for the integrability and has soliton-type solutions[5]. The evolution of wa-
ter wave packages traveling in one direction strongly despite the slowly modulated
amplitudes in both directions are studied in details by Ablowitz and Segur[6].

The three- dimensional form of the KP equation is a model to describe rapidly
propagating magnetosonic waves of small amplitudes in a low 8-magnetized plasma
of super fluid helium[7]. The properties of soliton dynamics are also examined
deeply for slightly perturbations along z direction in the same study. Bouard and
Saut[8] perform a classification of the existence of the localized solitary-type waves
by the sign of the transverse dispersion term and by the nonlinearity. The soli-
tary waves of the three- dimensional KP equation both are in cylindrical form for
the transverse variables and decay with algebraically optimal rate[9]. Beside the
existence of the solitary wave solutions, the three- dimensional KP equation has
cnoidal wave solutions to be written as infinite sum of solitons[10] and traveling
wave solutions to be expressed in the form of hyperbolic, rational and trigonomet-
ric functions[11].
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The modified Kawahara (mKawahara) equation is a cubic non-linear equation with
a fifth-order derivative term. The quadratic nonlinear form of the equation is
suggested by Kawahara [12] with its steady solutions. Such solutions may exist due
to the sign of the dispersive term and these solutions can be in a oscillatory form
because of the dominant fifth-ordered term. The mKawahara equation has implicit
doubly periodic solutions and they can be determined by using the method of
auxiliary equation[13, 14]. Some soliton and periodic solutions are derived by using
a set of forecasting methods having some trigonometric and hyperbolic functions
inside[15]. The mKawahara equation has also non-constant meromorphic solutions
in explicit form[16]. The existence of traveling wave type solutions in hyperbolic or
trigonometric forms are discussed by Al-Ali[17]. Tanh and exp-function methods
are also capable to derive the exact solutions to the mKawahara equation[18].

So far, some methods belonging to different categories have been proposed for the
exact solutions of both integer or fractional ordered PDEs [19, 20, 21, 22]. In ths
study ,The main aim is to derive some exact solutions to the three-dimensional
conformable time fractional KP and the conformable time fractional mKawahara
equations. The solutions are obtained explicitly by using modified Kudryashov
method. The existence of the chain rule and other required properties in the defi-
nition of the conformable derivative enable some wave transformations to generate
the solutions.

2. CONFORMABLE DERIVATIVE AND SOME SIGNIFICANT PROPERTIES

Let a be € (0,1]. Then, the conformable derivative of f = f(7) defined in the
positive half space 7 > 0 is given as
o _f(r+hrtm) — (1)
D(f(7)) = Jim -
for f : [0,00) — R[23]. Even though it has just been defined, some significant
properties covering derivative of multiplication or division of two functions. The
following two theorems give a brief summary of those properties.

,7>0, € (0,1] (2.1)

Theorem 1. The conformable derivative of order o € (0, 1] for the a-differentiable
functions u = u(7) and w = w(r) for all positive T satisfies

e D¥(cru+ cow) = e1 D¥(u) + coa D (w)
o D(77) =pt""*,VpeR
o D%(u(7)) =0, when u(r) = c3 is a constant function
o D2 (uw) = uD(w) + wD? (u)
w
e D3(u)(r) = r-od

for all real ¢y, ca,c3[24, 25].

Moreover, the definitions of many further properties of the conformable derivative
(2.1) are discussed in details in [26]. The Gronwall’s inequality, integration by parts,
Laplace transform, the conformable derivative of the composite function and more
are described in that study.

3. THE MoDIFIED KUDRYASHOV METHOD

Let P be
Pu,u?, tg, Uy, Uz, U, Ugg,...) =0 (3.1)
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where u = u(z,y,2,...,7) and « € (0,1] be the fractional derivative order. The
transformation
w(,y, 2 m) =€) E =Tyt - =T (3.2)
converts (3.1) to an ODE for new variable £
R(u,u’,u",...) =0 (3.3)
where the prime (’) indicates the derivative operator d% of u with respect to £[27].
Let
u(€) = ao + a1U(€) + a2U?(€) + ... anU™(€) (3.4)

be predicted solution of the equation (3.3) for a finite n with all a;,0 < i < n are
constants satisfying a,, # 0. In fact, the n is determined by balancing nonlinear
term and the maximal derivative order. Furthermore, this finite series of U(&)
satisfies the first-order ODE

U =UE)UE)—-1)nA (3.5)
Accordingly, U (&) is of the form

1
VO = e

where d and A are non-zero constants with the conditions A > 0 and A # 1. The
balance between the non-linear term and the term having the maximal order deriv-
ative in (3.3) enables to determine the positive integer n, if exists. Ultimately, since
a solution u(&) is sought for (3.3), it must satisfy (3.3). Thus, it is substituted into
(3.3) and the resultant equation is rearranged for the powers U(&). All the coeffi-
cients of the powers of U(€) including the remaining part including constants and
other parameters are equated to zero. Finally, ag, a1, as,...a, are obtained explic-
itly in terms of constants and coefficients used in the equation (3.1) or originated
from the (3.2).

4. THE CONFORMABLE TIME FRACTIONAL (3+1) -DIMENSIONAL KP EQUATION
Consider the (3+1)- dimensional KP equation of the form
(D (u) + Ouug + Puges), — €Uy — 0, =0 (4.1)

where v = u(z,y,2,7), 0, 8, € and § are parameters. The transformation (3.2)
reduces the KP equation (4.1) to

<fcul + Quu + Bum) —(e+8u =0 (4.2)
where (l) = d% derivative operator. Integrating the last equation twice gives
0 2 "
—cu—|—§u +B0u —(e+0)u=Ké+ Ky (4.3)

where K and K, are constants of integration. The balance between u? and u’
occurs when n = 2. Assume that K is zero. Substitution of the predicted solution
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w(€) = ap + ar U (€) + axU?(€) into (4.3) and assuming K; = 0 gives

(% 0 as? + 6B as (In (A))2> U*(€)

+ (281 (10(4)) =10 Baz (In (4))° + faraz ) U? (€)

+ (% 0a1? — day — cag — e ag + 0 agas — 3B ar (In(A))* +4Bay (In (A))2> U2 (€)
+ (—cal —8ay —ear + Bar (In(A) + 0a0a1> U (€)

1
—K2—5a0—6a0—ca0+§9a02 =0
(4.4)
Thus, equating the coefficients of the powers of each U(§) and the remaining con-
stants to zero gives

1
Ut §0a22+6ﬂa2 (In(4))* =0

U?:28a; (In(A)* —108az (In(A))? + fajas = 0

1
U2 50(112 —8ay —cay —eag + Oagaz —3Bay (In(A)* +4Baz (In(A)* =0
Ul':—cay —6a1 —ear + faq (1n(A))2+9a0a1 =0

1
Ul —K2—6a0—5a0—ca0+§9a02 =0
(4.5)
The first solution set of the last system constituting five algebraic equations for
{ag,a1,as,c} gives

=B (I (A) 4 /52 (n (A)* ~ 26 K,

ag =

9
.. B (In(4)*
o =12 (4.6)
4y — 12 M

c:—5—6+\/ﬁz(ln(A))4—29K2

where 32 (In (A))* =26 K5 > 0 and 6 # 0. The solution of the (4.3) takes the form

y A (A + /B (A) 20K g (n(A)® 1
©)= 0 E A R G

B(n(4)” 1
0 (1+dA$)?

—12

Returning the original variables {z,y, z,7} gives the solution for the conformable
time fractional KP equation (4.1) as
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B (In (4))* + /8 (In (4))* — 20 K
0

’LL]_(-T, Y, =z, T) =

B (In (4)) 1
A
(=6 — e+ /B2 (In(4)' — 20 Ko)r®
r+y+z—
1+dA o
2
19 B (lne(A)) 1 i
(=6 — e+ /B2 (In(4))' — 20 Ky)r®
1 +dAx+y+z— o
(4.8)
The second solution of the system (4.5) for {ag, a1, as, ¢} gives
B (In(4))7 + /82 (n(A4))' - 20 K,
ag = — )
_ o B ()
a; = 12 9 (49)
o2 = 12 £ 0

c=—d—e— /B (n(A) — 20K,

where 32 (In(A))* =20 K, > 0 and § # 0. Thus, the solution of the (4.3) is
determined as

In (A))? 2(In(A))" - 20 K»
N UTC)) +¢50< (4)
Bn(a)® 1

—12
0 (1+dAs)’

Ultimately, the solution of (4.1) is written in original variables as
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u2(xayvza7) = -

B (In (A))* + /82 (n(4))* — 20,
0

2

I 1
0 (=6 — = — /B2 (I (4))" — 260 Ko)r®
T+y+z—
1+dA o

2

8 (me(A)) 1 2
(=6 — = — /82 (In (4))* =20 Ky)r®
T+y+z—
1+dA «

(4.11)

5. THE CONFORMABLE TIME FRACTIONAL MKAWAHARA EQUATION

The conformable time fractional mKawahara equation
Dg (u) + pu2ux + QUazr + TUzzgze =0 (51)

where v = u(z,7) and p, ¢ and r are constant parameters can be reduced to a
nonlinear ODE of the form

1117

—eu +piu +qu” +rud =0 (5.2)

by using the simplest form of the transformation (3.2) that is u(§) = u(z,7), £ =
T — c%. Integrating the last equation once converts it to

—cu + §u3 +qu +rd =K (5.3)

1111

where K denotes the constant of integration. The balance between u3 and u
determines the degree n of the solution as 2. Thus, the predicted solution is con-
structed in the form u(§) = ag + a1U(€) + axU?(€) with the condition ap # 0.
Substituting this solution into the equation (5.3) results

(1 /3 pas® +1207as (In (A))4) U (¢)

+ (pa1a22 336 7as (In (A)* + 2474, (In (A))4) U (€)

+ (pa12a2 +6.qas (10 (A)) + 330 ras (In (A)* + pagas? — 607a;1 (In (A))4) Ut (¢)

+ (—130 ras (In (A)* + 2 pagaras + 2 qay (In (A))* + 1/3pay® — 10 gas (In (A))* + 50 7a; (In (A))4) U (€)
+ (—15 rar (In(A))* — cas + pagar? + 4 qas (In (A))? + 16 7a2 (In (A))* + pag®as — 3qar (In (A))Z) U2 (¢)

+ (ras (n (A))* = car + gay (10 (4))” + pagay ) U (€)
—cag+1/3pag® — K =0
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Equating the coefficients of each power U(&) gives

US :1/3 pas® + 120 7as (In (A))* =0

U® : payag® — 336 ras (In (A))* + 24 ra; (In(A)* =0

U* : pay2as + 6 gas (In (A))® + 330 ray (In (A))* + pagas® — 607a; (In (A))* =0

U? : =130 7as (In (A))* + 2 pagaras + 2 gay (In (A))® + 1/3 pas® — 10 gay (In (A))? 4 50 7a;1 (In (A))* =
U? : —15ray (In (A))* — cay + pagar® + 4 qas (In (A))? + 16 ras (In (A))* + pag2as — 3qay (In (A))? =
U' :ray (In(A)* = car + qay (In (A))* + pag?ay = 0

U°: —cap +1/3pag® — K =0

(5.5)
The solution of this algebraic system for {ag, a1, as,c, K} gives

= g7 /7105 (a+ 571 (4)?)

ay = —6, /-10% (In (A))?
ay =6, /—10% (In (A))? (5.6)

c= —% (15 r? (In (A))4 + q2)
1 T
K = = (~15¢ (I (4))" +507* (10 (4))° + ¢°) Voo

with the condition 7p < 0. Thus, the solution of (5.2) can be written as

U(g):i ~10- (g+5r(n(A)?) -6 —105(1n(A))2;E
107 p P 14 dA
/ r 2 1

Returning the original variables z and 7 gives the solution of (5.1) as

U3(x,7'):%1/—10£(q+57"(ln(A))2) —61/—10£(In(A))2 : 1 -

L ga™r (15r2<1n<A>>4+q2)E

r 2 1
£6/-107 (In(4)) s

| 4 gt tor (15T )

ao

(5.7)

for pr < 0.
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A second solution to (5.5) for {ag, a1, as,c, K} is of the form

B 1 T 2
a0 =151/ (457 (n(4)?)

ay =6, /-10% (In (A))?
as = —6, /—10; (In (A))? (5.9)

= —1—(1)r (1572 (n (4))* + ¢?)

K=y (<150 (n(4)" +500° (I (4))° +¢°) m

and generates the solution to (5.2) as

U©) =1 10T (4570 (4)°) +6, /=10 (0 (4) e
. o (5.10)
~6y 10 ()

Similarly, the solution to the conformable time fractional mKawahara equation (5.1)
is obtained as

ua(z, 7) :-ﬁJ—m% (q+5r(ln(A))2) +6,/—10£(1n(A))2 L —

1+ dAer(WlT 15 r2(1n(A))4+q2)E

_6,/—102(1n(A))2 ! ——

z+( 2= 1572 (In(A))*+¢2) —
1+dA (10,« (()) q)Oé

(5.11)
where pr is negative.

6. CONCLUSION

The modified form of the Kudryashov method is implemented for the exact solu-
tions of the conformable time fractional (3 + 1)- dimensional KP and the modified
Kawahara equations. The corresponding wave transformations reduce the number
of independent variables to one. Thus, both equations are converted some nonlinear
ODEs. Balancing the highest ordered derivative term and the nonlinear term leads
to determine the degree of the solution in the form of finite series. Substituting
the predicted solution into the resultant ODE and equating all coefficients of the
powers of the predicted solution gives an algebraic system of equations. Thus, the
coeflicients of the predicted solution are determined in explicit form by computer
aided algebra.

In the study, a couple of explicit solutions to each conformable fractional (3+1)
KP and the modified Kawahara equations are determined in the rational form
containing exponential function by the modified Kudryashov method.


http://dx.doi.org/10.20944/preprints201612.0004.v2

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 5 December 2016 d0i:10.20944/preprints201612.0004.v2

REFERENCES

[1] Kadomtsev, B. B., & Petviashvili, V. L., (1970), On the stability of solitary waves in weakly
dispersing media. In Soviet Physics Doklady, 15, 539-541.

[2] Dryuma, V. S. (1974). Analytic solution of the two-dimensional Korteweg-de Vries (KdV)
equation. Soviet Journal of Experimental and Theoretical Physics Letters, 19, 387.

[3] Boiti, M., Pempinelli, F., & Pogrebkov, A., (1994), Solutions of the KPI equation with smooth
initial data. Inverse Problems, 10(3), 505.

[4] Bogayevskii, V. N. (1990). The Korteweg-de Vries, Kadomtsev-Petviashvili and Boussinesq
equations. Modulation theory. USSR Computational Mathematics and Mathematical Physics,
30(5), 148-159.

[5] Alagesan, T., Uthayakumar, A., & Porsezian, K. (1997). Painlevé analysis and Béacklund
transformation for a three-dimensional Kadomtsev-Petviashvili equation. Chaos, Solitons &
Fractals, 8(6), 893-895.

[6] Ablowitz, M. J., & Segur, H. (1979). On the evolution of packets of water waves. Journal of
Fluid Mechanics, 92(04), 691-715.

[7] Senatorski, A., & Infeld, E. (1996). Simulations of two-dimensional Kadomtsev-Petviashvili
soliton dynamics in three-dimensional space. Physical review letters, 77(14), 2855.

[8] De Bouard, A., & Saut, J. C. (1997). Solitary waves of generalized Kadomtsev-Petviashvili
equations. In Annales de 'IHP Analyse non linéaire,14, 2, 211-236.

[9] De Bouard, A., & Saut, J. C. (1997). Symmetries and Decay of the Generalized Kadomtsev—
Petviashvili Solitary Waves. SIAM Journal on Mathematical Analysis, 28(5), 1064-1085.

[10] Jonmes, K. L. (2000). Three-dimensional Korteweg-de Vries equation and traveling wave solu-
tions. International Journal of Mathematics and Mathematical Sciences, 24(6), 379-384.

[11] Song, M., & Ge, Y. (2010). Application of the(%)—expansion method to (3+ 1)-dimensional
nonlinear evolution equations. Computers & Mathematics with Applications, 60(5), 1220-1227.

[12] Kawahara, T. (1972). Oscillatory solitary waves in dispersive media. Journal of the physical
society of Japan, 33(1), 260-264.

[13] Zhang, D. (2005). Doubly periodic solutions of the modified Kawahara equation. Chaos,
Solitons & Fractals, 25(5), 1155-1160.

[14] Sirendaoreji. (2004). New exact travelling wave solutions for the Kawahara and modified
Kawahara equations. Chaos Solitons & Fractals, 19(1), 147-150.

[15] Wazwaz, A. M. (2007). New solitary wave solutions to the modified Kawahara equation.
Physics Letters A, 360(4), 588-592.

[16] Demina, M. V., & Kudryashov, N. A. (2010). From Laurent series to exact meromorphic
solutions: the Kawahara equation. Physics Letters A, 374(39), 4023-4029.

[17] Al-Ali, E. M. (2013). Traveling Wave Solutions for a Generalized Kawahara and Hunter-
Saxton Equations. International Journal of Mathematical Analysis, 7, 1647-1666.

(18] Yusufoglu, E., & Bekir, A. (2008). Symbolic computation and new families of exact travelling
solutions for the Kawahara and modified Kawahara equations. Computers & Mathematics
with Applications, 55(6), 1113-1121.

[19] Ray, S. S. (2006). Exact solutions for time-fractional diffusion-wave equations by decomposi-
tion method. Physica Scripta, 75(1), 53.

[20] Alam, M. N., Akbar, M. A., & Mohyud-Din, S. T. (2013). A novel (G’/G)-expansion method
and its application to the Boussinesq equation. Chinese Physics B, 23(2), 020203.

[21] Younis, M. (2013). The first integral method for time-space fractional differential equations.
Journal of Advanced Physics, 2(3), 220-223.

[22] Bhrawy, A. H., Biswas, A., Javidi, M., Ma, W. X., Pimar, Z., & Yildirim, A. (2013). New so-
lutions for (14 1)-dimensional and (24 1)-dimensional Kaup-Kupershmidt equations. Results
in Mathematics, 63(1-2), 675-686.

[23] Khalil, R., Al Horani, M., Yousef, A., & Sababheh, M., A new definition of fractional deriv-
ative,bJournal of Computational and Applied Mathematics (2014), 264, 65-70.

[24] Atangana, A., Baleanu, D., & Alsaedi, A., New properties of conformable derivative, Open
Mathematics (2015) , 13(1), 1-10.

[25] Cenesiz, Y., Baleanu, D., Kurt, A., & Tasbozan, O., New exact solutions of Burgers’ type
equations with conformable derivative, Waves in Random and Complex Media (2016), 1-14.

[26] Abdeljawad, T., On conformable fractional calculus,Journal of computational and Applied
Mathematics (2015), 279, 57-66.


http://dx.doi.org/10.20944/preprints201612.0004.v2

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 5 December 2016 d0i:10.20944/preprints201612.0004.v2

10 ALPER KORKMAZ

[27] Eslami, M., & Rezazadeh, H., The first integral method for Wu-Zhang system with con-
formable time-fractional derivative, Calcolo (2015), 1-11.

[28] Kudryashov, N. A.; One method for finding exact solutions of nonlinear differential equations,
Communications in Nonlinear Science and Numerical Simulation (2012), 17(6), 2248-2253.

[29] Kabir, M. M., Khajeh, A., Abdi Aghdam, E., & Yousefi Koma, A., Modified Kudryashov
method for finding exact solitary wave solutions of higher-order nonlinear equations, Mathe-
matical methods in the Applied Sciences (2011), 34(2), 213-219.

[30] Tandogan, Y. A., Pandir, Y., & Gurefe, Y., Solutions of the nonlinear differential equations by
use of modified Kudryashov method, Turkish Journal of Mathematics and Computer Science
(2013), 1, 1-7.

ALPER KORKMAZ: CANKIRI KARATEKIN UNIVERSITY, DEPARTMENT OF MATHEMATICS, CANKIRI,
TURKEY.
E-mail address: korkmazalper@yandex.com

© 2016 by the author; licensee Preprints, Basel, Switzerland. This article is an open access
@ @ article distributed under the terms and conditions of the Creative Commons by

Attribution (CC-BY) license (http://creativecommons.org/licenses/by/4.0/).


http://dx.doi.org/10.20944/preprints201612.0004.v2

