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ABSTRACT. In the paper, the authors consider the generating functions of the Hermite polyno-
mials and their squares, present explicit formulas for higher order derivatives of the generating
functions of the Hermite polynomials and their squares, which can be viewed as ordinary differen-
tial equations or derivative polynomials, find differential equations that the generating functions
of the Hermite polynomials and their squares satisfy, and derive explicit formulas and recurrence
relations for the Hermite polynomials and their squares.

1. INTRODUCTION

It is well known that the Hermite polynomials H,,(x) can be generated by
p? | tn
A0 = Hy(w) (1)
n=0
The first six Hermite polynomials H,,(z) for 0 <n <5 are

1, 2z, 2(22°-1), 4x(22°-3), 4(4z" —122° +3), 8z(4z" — 202> 4 15).

In 3, p. 250], it was given that the squares H2(z) for n > 0 of the Hermite polynomials H,(x) can
be generated by

1 202t x H2(x) t"
JioZ Piiy HZ:% on nl )
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In [5], the equation was reformulated as

1 z
= H? -
VI Pl nz:% n(V)
Indeed, this is a typo and the corrected one should be

1 _Z \/_)f;

3)

exp

V1 —t2 1+t

After inductively arguing for nine pages, it was obtained in [5 Theorem 1] that the ordinary
differential equations

n 2(n—1)
FO)(t) _ay(m2) g
= |5 X i)
for n > 0 have the same solution
1 xt
F(t)=F(t,x) me T+ 1 (4)
where
1 1
a070(0,x) = 1, 041,0(1,17) = 5, a071(1,x) = —5,
1 n
ap2(l,z) =z, aonp(n,z)= (—5) (2n — 1N,
and
2n—j—2i k .
1 (25 — D!
a;(me) = (“) @j—2k -1
Pt 2/ (25 —2k—-1! 5)

2

From [5, Theorem 1] mentioned above, Theorems 2 and 3 in [5], which can be corrected as

2t —1
X {Z—ai_u_k(n —k—1,2)+2a;, j—p—2n—k—12)|.

n 2(n—1)

Hk-‘,—gk—‘rn Z Z Z <p7q’ >(Z+p_1)p(¢7+q_1)qal,j(n)x)%

=0 j=n—1i p+q+r=~k

and

for k,n > 0, were derived, where
() = zz+D(z+2)...(x+n—-1), n>1
" 1, n=20

denotes the rising factorial and

n _ n!
kl,k27"~7km _klle'km'

is the multinomial coefficients.
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It is clear that the quantities a; ;(n,z) in [5] were expressed by a recurrent relation and can not
be computed easily by hand and by computer softwares. We observe that, when k = 2n — j — 2¢
and i + j = n, the quantity a; j_x—2(n — k — 1, z) in the recurrence relation becomes

ai’jfk;,Q(’l’L — k/’ — 1,.’1}) = ai’j,(gn,j,gi),g(n — (2n —_] — 27/) — 1,.’1})
=i 23i4j-n-1)(21+j—n—1,2) =a; 2(i—1,2)
which implies that Theorem 1, consequently Theorems 2 and 3, in [5], are wrong.
In this paper, we will reconsider the generating functions e2*=t" and F (t) = F(t,x) defined

in (4), present explicit formulas for the nth derivatives of the functions F(t) and 62“”42, which

can be viewed as ordinary differential equations or derivative polynomials [7], find more differential
equations that the functions F'(¢) and 2te—t® satisfy, and derive explicit formulas and recurrence
relations for the Hermite polynomials H, (z) and their squares H2(z).

The main results of this paper can be stated as the following theorems.

Theorem 1.1. For n > 0, the nth derivative of the function F(t) = F(t,z) defined in can be
computed by

A"Ft) (=)l &< (=)™ 1 " (=DEFA A+ (n—k—1
dtr _{(H—t)"z m! (1+t)m<Z 2k <m—1)

k=0

where (8) =1 and (g) =0 forqg>p>0.

Theorem 1.2. Forn > 0, the squares H2(x) of the Hermite polynomials H, (z) can be computed
by
n

k [n—k Ny n—o{_—
Hz(x) = (—-1)"2"n! k_o(—l)ki! Lz_;) 1+(2 1) (¢ 6!!1)”< kfl 1)]#’“. (7

Theorem 1.3. Forn > 0, the Hermite polynomials H,(x) can be computed by

n! <& 2k
H,(x) = (_1)"271 Z(_l)k% (n f k) L2k—n ®)

k=0

and the nth derivative of their generating function 2=t can be computed by
drert=tt el e, 226k o
et N LD t— )2,
dn 5 2 0 (nk>( ?)
k=0
Theorem 1.4. For n > 0, the Hermite polynomials H,(x) and their derivatives H) (x) satisfy
Hi(x) =0,
H,,(x) = 2nHy 1 (2), (9)
and
Ho(@) = 20H, 1 (2) — H)_, () (10)
for n € N. Consequently,
H,(z)=2zH,_1(x) —2(n — 1)H,_2(x) (11)

forn > 2.
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Theorem 1.5. For n >0, the Hermite polynomials H,(x) satisfy the recurrence relations

Zn: 1+ (_1)n—k 2(n—k)/2 - (Qx)n

k=0 2 ( —k:)!!k;!H’“ Y= (12)
and
Z(fl)nfk <Z> (Qx)nkak(x) = %(72)71/2% (13)

k=0

For n >0, the squares H2(z) of the Hermite polynomials H,(x) satisfy the recurrence relations

_E})Z <Z: 11> (22%)" (14)

L+ (=) % (n—k—3)! B a1 o (
2 2 ( —k)!!(?k)!!H’z(x)_(_l) >

and

Z 2’%' [i€< -1 ) %]H’“( = 1+(2 = (n;ul)”' (15)
=0

2. LEMMAS

In order to prove our main results, we need several lemmas below.

Lemma 2.1 ([2] p. 134, Theorem A] and [2 p. 139, Theorem C]). Forn >k > 0, the Bell polyno-

mials of the second kind, or say, partial Bell polynomials, denoted by By, (v1, %2, ..., Tn_kt1), are
defined by
n! okl
i\ i
Bn7k($1,$2,...7$n—k+1) Z W H <F> .
1<i<n,l; €{0}UN i=1
iy i=n
i L=k
The Fad di Bruno formula can be described in terms of the Bell polynomials of the second kind
Brk(z1,22,. .. s Tn_k+1) by
- (k: / " (n—k+1)
dtnfoh Zf Bk (W (£), 1" (t),...,h (t)). (16)

Lemma 2.2 ([2} p. 135]). For complex numbers a and b, we have

bn—k+1

Bn,k(abml,ab%g,...,a xn,kﬂ) = akb"Bn,k(thg,...,a:n,kﬂ). (17)

Lemma 2.3 ([4, Theorem 4.1], [9, Eq. (2.8)], and [I0, Section 3]). For 0 < k < n, the Bell
polynomials of the second kind B, i, satisfy

1 nlf k n
B"’k(x’l’o"“’o):Wk!(n—k)xzk : (18)

Lemma 2.4 ([2, p. 135, Theorem B] and [6, Theorem 1.1]). Forn >k > 0, we have

_ |
Box(11,2),...,(n—k+1)!) = (Z_i)Z' (19)
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Lemma 2.5. Forn > k >0, the Bell polynomials of the second kind
B (L[1— (=1)%,2I1 — (=1)*],..., (n — k + D)I[1 — (=1)"~*+2))
satisfy
Bojyie(U[1 — (=1)2], 211 — (=1)%],..., (25 —k+2)I[1 = (-=1)¥ ) =0, 25+1>Fk, (20)
Bojr (U[1 — (=1)%], 211 — (=1)°),..., (2 —k+ D1 — (-1)%F+2)) =0, 2j>k>j>0, (21)
and

T R e L e L I - L A I

for j > k > 0. Equivalently and unifiedly,

B (U[1—(=1)2, 21— (=1)%),..., (n—k+1)![1—(—=1)"F+3]) = [1+(—1)"]M (3 B 1) (23)

k! k—1
or
1 — (=1)n—h+2 L+ (=D"n! /2 -1
| | | | R S A — 1y = 7 (2
Bn,k(0,2.,0,4.,0,6.,0,8.,0,..., 5 (n—k+1) 5 e 1) (24)
where

k—1
1
(a) _ (o _ HH(O‘*”D’ keN
k! £=0
1, k=0
for arbitrary a € C and k > 0 and {(a)y, is called the falling factorial.
Proof. In [2, p. 133], it was listed that

(e o\ & m
H mew :ZBn7k(x1?z23"-a$n—k+l)m
n==k

m=1

for k > 0. From this, it follows that

i Bk (111 — (1%, 211 — (=1)%),...,(n — k+ 1)I[1 — (—1)"*“2])ﬁ
n==k

n!
1] pm 1% gk 2 NE gk k
= — om)— = (=) = (——_1
k! 7;2 @m) k!(l—t2> k!(l—t2 >

R () () e O

Further differentiating m > k times and making use of , , and yield

t’ﬂfm

i B (U[1 = (=1)%,2I[1 = (=1)*],...,(n — k + DI[1 — (=1)""**2])(n),, P

55 (e
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ok R\ e 1\

=321 (/z)z(W) Bonp(—2t,—2,0,...,0)

=0 p=0

%S e () s (CDP(-0)
- =

ok K vee (B o= 28(=0), 1 m!/ p pem

= _l ;(_1) (é) pZZO (1 _ t2)€+p 9m—p F (m _p)t .

Taking ¢t — 0 gives
B k(l'[l (- 1) 201 — (- 1)3]"”’(m_k+1)![1_(_1)m_k+2D

2k & e (K o = 2P0 m (D oy
o (mETrE)

t—0 2m—p  pl

£=0 p=0

0, m=27+1
=92t w—e (K (25)!

() 0,5 me
0, =2j+1

= ok b E\ (0+j—1
S r(() wes
=0

which is equivalent to and
Baj k(11 = (=1)7], 2'[1 — (=1)%,..., (25 — k+ D1 — (—1)%~F+2)

k .
l+j— 1)
- i)!
ey () ()
2k j—1 2F(25) (5 —1
= (=)= 2)(-1)k =
(=175 @K )(k—1> k! (k—l)

for j,k > 0. The formulas and ([22) are thus proved.

Tt is straightforward to rewrite (20)), , and as either or . The proof of Lemma
is complete. O

Remark 2.1. By the formula

Bur(xi+y1,22+ Y2, oo s Tnekt1 + Yn—k+1)

Z Z ( )BZT x1;$27"'71.[77‘+1)Bm,5(y17y27"';ym78+1)

r+s=kl+m=n

in [I, Example 2.6], [2, p. 136, Eq. [3n]], and [8 Lemma 5] and by the formulas and (19), it
follows that

Bk (11— (=1)%,2![1 — (=1)*],..., (n — k + D)![1 — (=1)"*+2)

Z Z <Z>B€r 2 a(g—T'—F1)!)Bm,s(_1!a2!a'-'7(_1)m_s+1(m_5+1)!)

r4+s=k{+m=n
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=2 > ()(ﬁ:i)f( 1)"Bp,s(11,2!,..., (m — s+ 1)!)

r+s=k{+m=n

-2, 2 (005

r+s=k l+m=n
k n
- () () )R

Sae s () (NG

which is not simpler than the nice expression .

3. PROOFS OF MAIN RESULTS

Now we are in a position to prove our main results.

Proof of Theorem[I.1l By the formulas (16)), (L7), and (18], we obtain

a* 1 ol
m W :;d— ﬁ Bk’[(—2t,_2,0,...,0)
AN
:Z< §> ue+1/2 —2)"B4(t,1,0,...,0)
£=0
k 1 o LKL N o g
:;< §> 1—1¢2) €+1/2( 2) QIME(k:—E)t (25)
=0
_i(%—m 1 PR B YA e
B (1 —t2)+1/27 2kt )1\ — ¢

&~
Il
<

1R Z’“:(ze_msz i £2¢
S Vi-—ee)he oo k—t)(1—t2)

/=

where u = u(t) = 1 — 2.
Similarly, by the formulas , , and , we acquire

d* ; 1! —2! (=1 4(k — £+ 1)!
— B
dtk< 1+t) er “( 1+6)2 (14037 (14t tr2

1 k+
_ Zxéezt/(lﬁ-t)ﬁ]gk (120 (k=24 1)) (26)
£=0

=€

zt/(1+t) (—1)"k! - (-1 (k-1 2t
(1+t)ke:o 0 \r—-1)Q+t)?
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where v = v(t) = #t Making use of the above two results and employing the Leibniz rule yield

d"F z”: 1 dar=" Tt
dt" dtk i ) dirE\"P 1y

n k

BHIC S LI RPRCS

k=0

wt/ (14t (—l)n_k(n—k)!n_ (1) (m—k—-1\ 2f
« ¥t/ (1+1) s Z < /-1 >(1——|—t)£

4
et/ (_1)np) z": (—1)k(1+t)* z’“: (20 — 1)n2¢
VI A+n e (2)F ~ 0

) <k ; z) (1 f;v

(=D S (DR )R G (26— )12 (4
_F(t)(1+t)”z CMES (k' 6)

0
N G LR Gt Dl — 1+t)
_F(t)(1+t)nmzz m! 1+M<Z
n—k—1\[1 < (20— 1)12¢ .
X( m—1 >[t_kzz 10 (k e>(1—t2)f]>x ‘

The formula @ is thus proved. The proof of Theorem is complete. O

Proof of Theorem 1.3 Since
[$} " [(2(1511) - 2(tl— N 1)1 :
k
= Z(w“)(”)BkvP(‘lﬁl{(tL)Z N (t—ll)Q}’%!{(t-l-ll)g (t—ll)gl’
L (—1)krHl (k —];+ 1! {(t - 1)1k_p+2 = 1; p+2D

= ka@pwe_p(;—i)kBk,p (1! {(t +11) @ _11) } 2! {(t_: 0 _11)3}’

.,(k—p+1)![

1)3
1
(t+ 1)k=pF2  (t — 1)k—p+2
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k 2 L—p k
t -1 1 1
=30, CU,, (1 - ,
= 1—¢2 2P ’ t+1)2 (t-1)2

”[ufns B (t11)3]""’(‘“‘p“)![mlikp” - 1;’”’”])

— (0)y (gle)kBk,e(ll[l — (=1, 211 — (=1)%),..., (b — £+ DI[L — (=1)*FF2))

! _
= (= )k B (U1 = (17,201 = (=1)%], ..., (k= £+ DI[1 = (=1)* 7))
as t — 0, where w = w(t) = % = ﬁ - ﬁ — 1, employing the L’Hospital rule and the

formula leads to

. (20 —1)12¢ (¢ 12¢ 1@ty o\ e k)
%i%ltkzl(k Jaser| = w a (ele) il ey

k
- (*kl!)k > (20— 1)!!( f€>BH(1![1 — (12,211 — (=1)*),..., (b — £+ DL — (=1)F52))

=0
o 0—1 k _
_ ! klg) > 2e- 1)!!(kfe> 1+ (-1 17 k!(z— 11)

O

o

A (—DE G220 -0\ [(E =1\ 14 (=1)k 28k — )N
- ZB (20)1i (k-é><e_1)_ (20

Therefore, taking the limit ¢ — on both sides of @ yields

A" F(t) no N~ GO RS (G -k -1
T SUALD D I Dl (m—l)

m=0 : k=0

k
R (20 —1)N2¢ /¢ t2¢
: }g%[t’fz 17 (k—f) 11— )

which means by that

H(Vel2) _ (—1)"n! zn: (*nlg’” ["i" 1+ (;)k (k— 1)l (n —k— 1)]#, .
m=0 :

n I —
2 P k! m—1

This can be rearranged as @ The proof of Theorem is complete. O
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Proof of Theorem[I.3 By the formulas (16)), (I7), and (18], we obtain
q" eQact—t n
—qr S () BBy, (22 — 2t,-2,0,...,0)

=~
Il
<

=3 et (~2)"B,, i (t — 2,1,0,...,0)

>
I
=

n

_ 2qt—t? p 1 nl k 2k—n
eyt (L oo
k=0

nl e2zt—t2 n

22k (|
=2—nu_—xwk2_o<—”’“ﬁ(n )

where u = u(t) = 2xt — t2. Hence, we acquire

o e2mt—t2
Hn(z) = Jimy —
n e2mt—t2 n 92k k
= —_— 1 P _1 k_ t _ 2k
2”t%(t—x)"k2=0( T (n—k>( ?)
- 2% k
PN (M [
k=0
n! & 22’“ k ke
2—,2 ()
k=0

The formula follows. This formula can also be derived similarly by considering

2 d" 2 2 /9 d n_22
Hy(z) = (-1)"" dx"em or Hy(zx)=e""?(a——) e /2

dx
The proof of Theorem is complete.

Proof of Theorem[I1.j] Differentiating with respect to = on both sides of (1] yields

oo

tn
2271 = Z H) (z)—

. n=0
2t Hy()
n=0

n

= 2l

0 tn+l 0
2 =2
2 ), = ;Hé(x)

Hence, it follows that H{(z) = 0 and the formula (9] is valid.

d0i:10.20944/preprints201611.0145.v1
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Differentiating with respect to x on both sides of gives

4ot 1 exp 20 _ i 2H,,(z)Hy,(x) t" ,
I+tVi-e 1+t~ 2n n!
2ot ) PSS o))
l+t4= 2 ol & 2" n!’
= H2(z) t" = H,(x)H! () t"
2zt n = (14t T 7
. ngﬂ 2n pl (1+ )nZ:O on n!’
o0 o o0
20 H2(z) "+t H, (z)H] (z) t" H,(z)H] (z) t"*1
3 n(7) -y n()n()iJrZ n(@) Hy () 77
2n n! 2n n! 2n n!
n=0 n=0 n=0
SSRGS H@H@ S Ha @)
— 2 (n—1)! = 2n nl 2n (n—1)!
This means that Hj(z) = 0 and
2HE \(2) 0 Ha@HL@) " Hea@)Hy (@) o
2n=1  (n—1)! 2n n! 2n—1 (n—1)!

for n € N, which can be simplified as
H,(z)H] (z) =2nH,_1(x) [235Hn_1(:1:) — H,ﬁb_l(x)]

Combining this with (ED derives the formula .
Substituting @D into results in readily. The proof of Theorem is complete. O

Proof of Theorem[1.5 It is easy to see that et’e22t=t" — 20t Differentiating with respect to ¢ on
both sides of this equation and utilizing , , and give

"/ AP et @k e2et—t? .
Z(k) T a2

k=0
n n—k k 2xt—t?
d T
3 (Z) 3 ¢’ Buie(2t,2,0,... ,o)f17 = (2z)"e®t,
k=0 =0
n n—k k 2xt—t?
t2 n V4 1 (n_k)' 14 2€—n+kd € n 2xt
2f—— t =2
¢ kZ:O (k> 2T gkl \n—k -t atk (22)"e™,
n n—k 5o¢ k 2xt—t?
t2 n (’fl B k)' 2 14 2€—n+kd € n 2xt

Further taking the limit ¢t — 0 yields

. C V14 (—1)n—k 93(n—k)/2 T
Z (TL) (TL k) +( ) . d e _ (293)”7

k) onk 2 (n— k)l iS50 dk

"1 (_1)n—k 9(n—k)/2 )
n!kz 2 (n—k)!!k!H’“@”) = (22)".
=0

k=0

The recurrence relation is thus proved.
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Similarly, from e~27te2et=t" — ¢=t* it follows that
n k 2at—t2
n e d —’g
k=0
n k 2xt—t2 n
n nk 204" € _ —t? 1 onl k 2k—n
> () (2t —ze ot (L)

0 k=0

k=
and, as t — 0,

n

n n—k _ i - 23k k 2k—n
Z<k>( 22)" " Hy(x) =l o2 ; n—k)

k=0
The recurrence relation (13|) is thus proved.

Similarly, since
m 1 . 212t . 212t
_ « = exp — ~
Jioe Piy s Py

—2x%¢ 1 222t 1

ex = )
T+t vVioe Piyt Vg

and

exp

by (@), (), (), the formula
*) /1
_ 42 — - 1/2—¢ _94 _
(\/1 t) —§:<2>€u Bro(—2t,-2,0,...,0)

=0
b (—1) 20 - 3)

2—4
_ = (1= 2)* 7 (=2)'By4(£,1,0,...,0)
=0

k
_ I 12—¢ 1 KU/ 4 Y
—2 == e g (k)!

(1 —12)1/2 & 20/ ¢ 2t
—_ ) E (20— 3= -
2k th 6:0( M lk—e (1—2)

~

and by the Leibniz rule for differentiation, it follows that

n _ (k) 2,1\ ()
n — (n—Fk) 1 2x%t _ 2%t
E <k)(\/1 t> T exp1+t exp1+t ,
"\ (n— k) (1 — )12 E 9 ¢ £2 1 92224\ ®)
—2<k)<2n_k” = zw—w( )
= "\n—k—¢)(1-12) 1—t +1

20 t/(1+t En: n—1 (2$2)£
) E! £—1)(1+1t)t

£=0

" /n —oz2t\ ("R 1 222t \ *) 1 ()
;ﬂ(k)(exp 1—|—t> (,/1_,52 eXp1—|—t> :(‘/1_752') )

and
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" /n 2 (—1)" — n—k—1\ (—2z2) 1 2224\ %)
Z e~ 227t/ (1+1) Z exp
= \k (1+ — (=1 J A+t \V1—1¢2 1+t

Z": 2@—1 "Nt /¢ 2t
\/142 ”H n—10)(1—12)t

Further taking the limit ¢ — 0 results in

i( ) on— k)!Ho P Z (2¢—3) H(n_i_£> i f;)é Hz;(f)

k=0 £=0
1 K @e—10n2t/ v t2¢
=nlli — 1. (29
e (2t)"; 0 n—1)(1— ) (29)
Substituting into and acquires the recurrence relations and . The proof of
Theorem [T.5] is complete. O
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