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CERTAIN INEQUALITIES FOR THE CONFORMABLE GAMMA
AND POLYGAMMA FUNCTIONS

KWARA NANTOMAH

ABSTRACT. In arecent paper, Sarikaya et al. introduced a new analogue of the
classical Gamma function which they called, the conformable Gamma function.
Motivated by their results, this paper seeks to establish some inequalities for the
conformable Gamma and Polygamma functions. Among other analytical tools,
the procedure relies on the generalized forms of some classical inequalities.

1. INTRODUCTION AND PRELIMINARIES

The classical Euler’s Gamma function, which is an extension of the factorial
notation to noninteger values may be defined for x > 0 by any of the following
equivalent forms.

[(x) = /000 t" et dt (1)

_ nln®
:nh%r{olo.T(JT“—l)(.T—FQ)...(iE‘Fn) 2)

1 s z x -1
B xrevrt H e (1 + ﬁ) <3)

where 7 = limy, o0 (34, 1 — Inn) = 0.577215664... is the Euler-Mascheroni’s
constant. It is well known that the Gamma function satisfies the basic relation:

[(z+1)=2al(z), zeR*" (4)
I'(n+1)=n!, neZ U{0}
Closely related to the Gamma function are the Digamma and Polygamma func-

tions which are respectively defined as

oo

d 1 T
i/f(x):%lnr(ﬂf):—V—EﬂL;m (5)
and
mye oy d™ B S 1
Y™ (z) = g (z) = (=1)"""'ml nZ:O e m € Ny (6)

where ¥ (z) = ().
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Euler gave another definition of the Gamma function which is called the p-
analogue or p-Gamma function. This is defined as

B plp” B p”
Fp(x)_a:(x+1)...(x+p)_.7:(14-%)...(1—1—%) (7)

where lim, ,o I',(x) = I'(z). Since then, several analogues (or generalizations)
of the Gamma function have been introduced and investigated. See for instance
5], [3], [4], [6], [7], [9] and [&] for the various analogues. Then in a recent paper
[10], the authors introduce another version of the Gamma function called the
conformable Gamma function defined as follows.

Let I'y k(z) = I'¢(x) be the conformable Gamma function or the («, k)-analogue
of the Gamma function introduced by Sarikaya et al. in [10]. Then ', x(x) is
defined for k > 0, a € (0,1] and > 0 as

0 tak
To(z) = / e ot (8)
0
PR x+a°‘71—1
iy e k (nozclj) 2 (9)
n—o0 (x>n,k

where
(@) =@+ta-1)(z+a—-1+ak)(r+a—1+2ak) - (z+a—1+(n—1)ak)

is the (a, k)-Pochhammer symbol. Clearly, I'; () = I'(z). In addition, it has
been shown in [10] that the function I', x(x) satisfies the following identities.

Fok(z+ak)=(r+a—1)k(x) (10)

Lo () = (k) =517 (%‘;_1) (1)

Tor(x) = ()75 Ty (%H) (12)

ka(ak +1- O{) =1
where I'y(z) is the k-analogue of the Gamma function.
This paper seeks to establish some inequalities for the conformable Gamma and

Polygamma functions. We begin by recalling the following lemmas which shall
be required in order to prove our results.

2. SOME LEMMAS

Lemma 2.1 (Generalized Holder’s Inequality for Integrals). Let fi, fa, ..., fn be
functions such that the integrals exist. Then the inequality

/ab L dtgﬁ(/abﬁi(t)’\i dt)ii (13)

H fi(t)
=1
holds for \; > 1 such that > | ~ = 1.
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Lemma 2.2 (Generalized Minkowski’s Inequality for Integrals). Let fi, fo, ..., fa
be functions such that the integrals exist. Then the inequality

(LB

Zfi(t)

1

u dt>,a < Z ( / oL dt)“ (14)

Lemma 2.3 (Generalized Holder’s Inequality for Sums). Leti = 1,2,3,...,N
andn =1,2,3,...,T such that the sums exist. Then the inequality

N N T b
[l <11 (z . ) 1)
=1 n=1

i=1
is valid for \; > 1 such that Y 5 =1L

Lemma 2.4 (Generalized Minkowski’s Inequality for Sums). Leti =1,2,3, ...
andn =1,2,3,...,T such that the sums exist. Then the inequality

n=1 |i=1

holds for uw > 1.

T

2.

n=1

1
u

) < Z (Z |Qi,n|“) (16)

15 valid for u > 1.

Lemma 2.5 (Weighted AM-GM Inequality). Fori=1,2,... . n, let @Q; >0 and
A\ > 1 such that Y}, )\% = 1. Then the inequality

Z )\_iQi = H Q; (17)
i=1 i=1
holds.

Remark 2.6. Lemma 2.5 is well-known in the literature, and the proofs Lemmas
2.1, 2.2, 2.3 and 2.4 can be found in pages 790-791 of [2].

3. INEQUALITIES FOR THE CONFORMABLE GAMMA FUNCTION

This section is devoted to some inequalities involving the conformable Gamma
function, 'y ().

Proposition 3.1. The function T, ;(x) satisfies the infinite product representa-
tion:

r+a—1

ak% _ (zta-1 el r+a—1 ! zta—1
Fa,k(x) = L@ ’y( ok )H [<1+W) € ank ] (18)

n=1
Proof. This follows directly from (11) and (3).

Let ¥, x(x) be the conformable Digamma function defined as the logarithmic
derivative of I', x(x). By direct computations using (18), we obtain
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d
Yor(x) = . Inl, x(x)
1

n(ak) — v 1 =1 1
— _ — 19
ak x—l—a—1+nz:l[nak nok +x+a—1 (19)

Also, let ¢§j}? () be the conformable Polygamma function defined as the m-th
derivative of 1, (). That is,

m dm S
PR (@) = ten(@) = )

n=0

(_1)m+1m!

(nak 4+ x + o — 1)m*t

(20)

where m € Ny and @DS?}C = Yai(2).

Proposition 3.2. The following statements are valid.

(a) Yo r(x) is increasing on (0, 00).

(b) ngz)( ) is positive and decreasing on (0,00) if m is odd.
(c) wg}?( ) is negative and increasing on (0,00) if m is even.

Proof. These follow directly from (20).
Theorem 3.3. Let \; > 1,i=1,2,...,nand >, , A = 1. Then the inequality

Lok <; A—@) < E (Lo (i)™ (21)
1s holds for x; > 0.
Proof. By (8) and (13), we obtain

| ek
T R d,t
1 tak

n Ty _t n 1
tzzzl i @ ak i 4ei=l Xy dat

> zi—1 ﬂl
H(t*ie ok >dt

i=1

e ok x
tY e ok d,t
1 O

(Taop (@)™

I |
Nc\gN

IN
=

<.
Il

I

=1

which completes the proof.

Remark 3.4. In particular, by lettingn =2, Ay =p, o =¢, 1 =x and 25, =y
n (21), we obtain

rm(—+§)sagawﬁa@awﬁ (22)
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which is the result of Theorem 4.4 of [1].

Remark 3.5. Inequality (22) is another way of saying that the function I', 4 (2)
is logarithmically convex. This fact can also be established by noting from (19)

that &5 InTqx(2) = ¥, 1 (2) = Yil Garrara—e > 0-

Remark 3.6. Furthermore, if n = 2, A\ = Ay = 2, 7 = 2 and x5 = y in (21),
then we obtain the result

x +
Fa,k ( 9 y) S \/Fa,k(x)ra,k(y)' (23)
Theorem 3.7. Let s > 1. Then the inequality
Lo (sz) < (ak)swC=IT, 4 (2) (24)

holds if 0 < x <1 and it reverses if x > 2.

Proof. By (11), we have

Lok (sz) = ool (557)
— 2K a _
Tos(e) = T (@ay

Then (24) follows easily from this since I'(z) is decreasing on (0, 1].
Corollary 3.8. The inequality

Pas(i + 1) < (k) 55 T (@) (). (25)
holds for 0 <z <1 .

Proof. By using (23) and (24) for s = 2, we obtain

Lok +4) < /Tak(22)Tai(29)
< (ok) 5k 4 /T p(2)Tar(y)
as desired.

Theorem 3.9. The inequality

exp (157 Wl + ) + sl + 1) ) < (220

1s holds for 0 < u <1 and x > 0.

Proof. We make use of the Hermite-Hadamard’s inequality which states that: if
f(z) is convex on [a, b], then

f(“*b)sbia/abﬂx)dxsw. 27)

2 2
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Let f(z) = —¢ax(x), a =z +uand b =z + 1. Then f(x) is convex and by (27)
we obtain

_wak (I + ut 1) < — 1 /$+1 ¢ak(t) dt < _¢a,k(x+u) +@Z)a7k(l‘+ 1)
Tt+u

2 1—u 2
which implies
Yo r(T +u) + Yor(x +1) < 1 I For(z+1) <un(or u+1 ‘
2 l—u Typ(z+u) ’ 2
Then by taking exponents, we obtain the result (26).

Theorem 3.10. The inequality

(Srui) <3 29
i=1 i=1

holds for x; >0,i=1,2,...,n and u > 1.

Proof. By (8) we obtain

=
gl

u

(ifa,k(%)> = Xn:/mtziletz: dat)
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S () )
0

n oo ak u
</ o le= o dat>
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2=
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<.
o
-

2=

I
NE

1

)

which completes the proof. Note: The first inequality in this proof follows from
the fact that Y a* < (32" a;)" for a; > 0, u > 1 while the second inequality

1=1" %
is as a result of the generalized Minkowski’s inequality (14).

Remark 3.11. Let n =2, 21 = 2 and x5 = y in (28). Then we obtain

1 1 1
(Can(@) + Tan(y)* < Tar(@) + Tap(y)) ™.
Theorem 3.12. The inequality

exp Lok < )\_> < H (exp Ly (i)™ (29)

=1
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holds for xz; > 0,i=1,2,...,n, \; > 1 and >_" =1.

zl)\

Proof. By (8) and the Weighted AM-GM inequality (17), we obtain

& X & Fa,k(iﬂi)
(X3 -3

=1 " i=1 v
:/ tzz 1§ f:dat_z)\i/ tzi—le—% dat

= NiJo
oo M zifl ak
:/ Ht*ie_takdat—/ tfz—l ~5F dut
0 G

/ [Ht ' —Z 1txz—1] e_% dot
1 Z

<0.

That is,

= X & L'y k(fUz)
T — | < —_—
a,k <Z1 >\Z> i ; )\l (30)

Then by exponentiating (30), we obtain the desired result (29).

4. INEQUALITIES FOR THE CONFORMABLE POLYGAMMA FUNCTION

In this section, we establish some inequalities for the conformable Polygamma
function ng’,?(m)

Theorem 4.1. For i = 1,2,...,s, let \; > 1, 25:1% =1, m; € N and
> im1 5t € N Then the mequalzty

(S 5 [
wa,k: <i21 )\z>

Proof. By letting a = k = 1in (21), we obtain I" <Zf by ) <TI, T(z ))% and

: (31)

holds for x; > 0.

since the factorial is a special of the Gamma function, it follows that ( >~ | y» > <

d0i:10.20944/preprints201611.0117.v1
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[T, (mh)»

y‘H

. Then by using (20) and (15) we obtain

Y E 5 (Z x) ‘ _ f: (Ze, )
n=0

i=1 =0 (nak + 57 @i+ a— 1)Zf:1 T+

< f: H:=1 (mi!) i

I
NE
E
3
5

< S i [( <mi!)Ti mﬁ—l] | |

i=1 \n=0 L(nak+z;,+a—1)*

QI

1
i

(mz)

which gives the desired result (31).

Remark 4.2. By letting s =2, Ay = p, Ao = ¢, m; = m, my = n, r; = x and
xo =y in (31), we get the result

(42 YR ANCOVINE
b @) < @] [eliw)|" (32)
Furthermore, if m = n in (32), then we obtain
1
w0 @ )| < @) e

Theorem 4.3. Letx; >0, u>1andm; € N, i =1,2,... s. Then the inequality

(Sl <

=

(33)

P (@)

18 valid.
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Proof. Using (20) together with (16), we obtain

1 1
Ju\ +
_ :;f: - (ma!) !
n=0 i=1 (no&k + xi + o — 1) ml;:rl
1
1 T4\ w

o0 s mZ' L
Sy (mi!)

IN

m;+1

1

0
Cun L

I D P
— m;+1

‘=1 \m—o | (nak 4+ 2z, +a—1) - |

s 1
Sy

i=1

which gives the result (33).

Remark 4.4. By letting s = 2, m; = m, my =n, x; = v and 2 = y in (33), we
obtain

Recently, Sarikaya et al. [10] introduced a new analogue of the Gamma func-
tion which they called the conformable Gamma function. Motivated by their
results, we have established some inequalities involving the conformable Gamma
and Polygamma functions. Apart from providing generalizations of some known
results in the literature, the established results could trigger new research direc-
tions in the area of study.

1

zbﬁfi(y))) "<

5. CONCLUSION

g =

1
u

W (@)

@) +

+ |[viw)
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