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ABSTRACT: In the paper, the authors view some ordinary differential equations
and their solutions from the angle of (the generalized) derivative polynomials

and simplify some known identities for the Bernoulli numbers and
polynomials, the Frobenius-Euler polynomials, the Euler numbers and
polynomials, in terms of the Stirling numbers of the first and second kinds.

1. INTRODUCTION

We recall some results obtained in two different and independent directions. We
also recall below a concept in combinatorics about higher derivatives of functions.

1.1. The first direction. In [I3] p. 1127 and 1131], it was obtained that

Lo, 1y
(1—et)2 et —1 et —1

S S S 7 AN S W Y A B
(1—e-t)3 et—1 2\et -1 2\et —1) °

In the preprint [I7] and its formally published version [6], the above two identities
were generalized inductively and recursively by the following eight identities:
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where 1 < m < k, the quantities

_ 1 - m—e [T ok
S@gnﬂ—-;EEZC—D (E)e
=1
are the Stirling numbers of the second kind,
Meom = (=D)F(m = DIS(k+1,m), pigm = (=1 (m — DIS(k +1,m),

2
Afgm—1 = (_1)m +1Mk—m+1(k57m)7 bk,m—l = (_1)k_mak,m—17

and
.Z\4j(]i?7 Z) =
2 () S(i+1,9) S(i+2,4) - S(i+j—1,4)
() S(i+1,i+1) SGi+2i+1) -+  Sli4+j—1,i+1)
1 (i42) 0 Si+2,i+2) -+ Sli+j—1,i+2)
m(mj—ﬁ 0 0 e S+ -1i+5-1)
for j € N. In [6l Remark 5.1], it was pointed out that the four functions
1 1 1
and

et—1" 1—et’ 1—et’ et —1

are respectively the unique solutions to the linear ordinary equations

k k
S ariy Y = Fat) and > 0(=1)agyi Y = Gal)
=1 =1

for all k € N and n = 1,2, where
1 1

Fy=4 0= and  Gn(t) = !
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In [0, Remark 5.2], it was concluded that

tl 1
o1, Xo.1 0 0 0 e
(etfl),/ )\1)1 )\1)2 . 0 0 (e’zl)2
(=) ] e Re 0 0 (G
(2 )(i_l) Ak—2,1 Ap—22 - Ap—2k—1 0 —
<=1 @ A A A A Y
() k=11 Ak—1,2 k—1k-1 Ak—1,k ey
and
: 0 0 0 .
et—1 a0 e et—1
1 ’ 1 /
GENE azo a1 0 .- 0 (oo )//
e-17 | = (_1)(k—1)k/2 azo az1 azz ‘- 0 (etl,l)
ﬁ ko Qg1 Gk2 - - Gk k—1 (etl,l)(k_l)

All of the above results in [6] [I7] were established by induction.

In [25] Theorems 3.1 and 3.2], by the Faa di Bruno formula and combinatorial
techniques, the above identities in [0, [I7] were generalized and unified as follows.
For real numbers a, A € R,

(1) if n € N, then

(11/\60‘t> Y e S - i+ 1,8 (11Aeat> g
k=1
(2) if n € N, then
() = S S e ()

!
k=1

where s(n, k) for n > k > 1 denote the Stirling numbers of the first kind.

In [, Theorem 2.1], the above identities in [6] [I7, 25] were inductively proved
once again and were rewritten as follows. For real constants A # 0 and « # 0 and
for k € N, when A > 0 and ¢ # —'22 or when A < 0 and ¢ € R, we have

k+1

ﬂ(Ae;_l) = (=1)*a* Y (m—1)IS(k + 1,m)(Aeatl_1)m (1.1)

m=1

and

() = S e e S () s

m=1

1.2. The second direction. In [9,[I0], it was obtained inductively and recursively
that

(1) the function F'(t) = u—let is a solution of the nonlinear differential equation
n n—1 1 1
N ' PR
v k=0 (k; + 1). Li+lo+ L p1=n bl ek""l

where u € C\ {1} and n € N;
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(2) for m € N and n > 0, we have

w— 1\ Hyon(u
Hflm)(u)zm< - ) Z(k+1)' Z +k(u)

! l1ly - Ly’
k=0 LitLlot-HLlgp1=m 172 k1

where H, (u) are called the nth Frobenius-Euler numbers which can be
generated by

1_U:ZHH(u)ﬁ u#1;

et —u

(3) for m € N and n > 0, we have

(61,@,1.1. . ,em> Hy, (u)Hy, (u) - He,, (u)

:m(u;1>m4%ikkinv 2 rlt)

! by -0 ’
k=0 Ly+lo+ AL 1=m 1+2 k1

LitLla++Llm=n

(4) for m € N and n > 0, we have
1 m—1m—1 1
Hm) - w
n () m( u ) kZ:O (k+1)!

x 12(”)Hq+k<u>x”—q7

Li+Llot+ L p1=m %2 kt1 q=0 q

where H,(z|u) are called the Frobenius-Euler polynomials which can be
generated by

Influenced by the papers [9, [10], the authors in [7] derived inductively and re-
cursively several formulas for the Bernoulli polynomials of the rth order

t " Tt __ - (r) "
(et_:l) € _ZBTL ("I’.)E

n=0

in terms of the Bernoulli numbers B,, = B,(Ll)(O).
In [22] Theorem 2.1], it was procured inductively and recursively that the func-

tion F(t) = %H is a solution of the nonlinear differential equation
n—1 1 ]
Fr)=nd o= > PP, neNo (14
' DY
k=0 (k + 1). Li4-Lo+- AL 1=n b1l s

By virtue of this, as did in [7], the authors of [22] presented several formulas for the
Euler numbers and polynomials of the rth order E,(f)(O) and E{” (2) defined by

2 " ot __ — (r) "
(em) e —Z_,;En (2)

in terms of the so-called Euler numbers E,, = E,(LD(O) which are different from the
classical and traditional Euler numbers E,, = 2"F (%)
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In [8], it was acquired inductively and recursively that the function F'(t) =

is a solution of the nonlinear differential equation
n+1
(=)™ (n —1)! . ;
AN L —D)H, . o Fi(t 1.5
e Y = 12 (1.5

=2

1
In(1+t)

FM(t) =

for n € N, where

n

"1 Hy 1 -
Hn,O = 1; Hn,l = Z %a HO,jfl = Oa Hn,j = Z %
k=1 k=1

for 2 < j < n. Thereafter, the authors in [§] established an identity involving the
higher order Bernoulli numbers of the second kind bS{“) defined by

¢ k 00 m
| = (k) Z_
Ln(l—i—t)} Zb” n!’

n=0

In [12], it was procured inductively and recursively that

(1) the function F(t) = m is a solution of the nonlinear differential
equation
(D" =y 4
FM () = o > (=1 ai(n, \)Fi(t) (1.6)
i=1
for n € N, where
n—i+1 n—m;_1—i+1 n—mi_1—-—ma—i+1
)= (- DAY ) (n —
mi,1:0 mi72:0 m1:0

4! 14t
- n—mi;—1 — Mj—2 — el =My —
A mi—1 ' ’ A mi—2 '

2 1
——my— i 24 = ,(1.7)
A A s s —i
mq n—m;_1—m;_2 mi—i+1

(2) the function F(t) = m is a solution of the nonlinear differential

equation
(71)71 n+1 )
FO@y = ; Fi 1.
(0= 5 a7 o a(m AFW (18)
for n € N.

Hereafter, the authors in [12] gave some new identities involving degenerate Euler
numbers and polynomials.
For z € R, let

zx—1)---(x—n+1), n>1
(T)n = .
1, n=>0
denotes the falling factorial of x. In [3} Theorem 2.1], it was presented inductively
and recursively among other things that the function F(t) = (1;:2 is a solution of
the linear differential equations

FM (1) = [Z ai(n, x)m F(t),
=0

for n > 0, where ag(n,z) = (—1)"n! and

aj(n,x) = (=1)""(n — j){z);
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n—j n—j—ij71 n—j—ijfl—"'—iz
x>y > (n—ij1—-—ip—j+1) (1.9)
i;_1=0 i;_5=0 i1=0
for1 <j<n.

In [I1], it was demonstrated inductively and recursively that
(1) the function F(t) = H%, t # —c, is a solution of the nonlinear differential
equation F(M(t) = (=1)"n!F"*1(t) for n € N,

(2) the function G(t) = ﬁ is a solution of the nonlinear differential equation
n+1

Gt = (=)™ ) (1) lan xGH (1), (1.10)
k=1

where
n—k+2n—k+2—m n—k+2—mi—-mpg_3

app=k=-10 > > - > k™

mi1=0 mao=0 mp_2=0

X (k _ 1)m2 ce . 3Mk—2 (2n7m17m27~~-7mk_2—k+3 7 1)'

(1.11)

Hereafter, the authors gave two identities for the Changhee polynomials of the rth
order Ch{" () defined by

2 s
§ (7")
(t—l—Z) (14t Ch,,

1.3. Derivative polynomials. Suppose f is a function whose derivative is a poly-
nomial in f, that is, f/(z) = P(f(z)) for some polynomial P. Then all the higher
order derivatives of f are also polynomials in f, so we have a sequence of polyno-
mials P, defined by f(z) = P,(f(z)) for n > 0. As usual, we call P,(u) the
derivative polynomials of f. See [2, [24] and closely related references therein.
Now we more accurately introduce a new notion below. If there exists a sequence
of polynomials P, (u) = > _, aru® for a; € C and a sequence of functions h, x(z)
for n,k > 0 such that f(")(z) = Y758 aghy, k(z) f5(z) for n,q > 0, then we call
Pn+q( u) the generalized derivative polynomials of f(x) with respect to h, x(z).

2. ALTERNATIVE VIEWPOINTS AND DERIVATIVE POLYNOMIALS

Now we are in a position to discuss the above conclusions from alternative view-
points and (the generalized) derivative polynomials.

2.1.  Almost all the above linear or nonlinear ordinary differential equations and
their solutions can be alternatively regarded as problems of (the generalized) de-
rivative polynomials.

2.2. Taking A = —1 and a = 1 in (1.1)) and simplifying yield

;; (et1+1) _(—1)h kf (=)™ (m — 1)1S(k + 1,m) <6t1+1>m

m=1
Comparing this with (1.10) reveals that the coefficients a,, 5 in (L.11)) is just equal
o (k—1)1S(n+1,k). In other words,

n—k+2n—k+2—my n—k+2—myi—-mp_3

Sn—l—lk Z Z Z kml(k_l)m2...3mk—2

m1=0 mo=0 mp_2=0

X (2n7m17m27~~-7mk_27k+3 o 1)
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We can also say that the generalized derivative polynomials of the function ﬁ is

k+1
Ppga(x) = (=1)" > (=1 (m = 1)IS(k + 1,m)z™

m=1
with respect to hy (t) = 1for k > 1and 1 <m < k+1. It is much straightforward
and simple to see that the derivative polynomials of the function t%c is Pp(z) =
(—=1)"nlz"T!. Consequently, we find an alternative viewpoint to examine the results

in [T1].

2.3. By Leibnlz’s theorem for differentiation of a product, we obtain
d" [@+y*] zn: n\ d¥[(1 +t)¥] d"°F 1
dtn[ 2+t | = \k dtb dgnk\2+¢

n —1)"*(n —k)!
(7)o i

- ID-

(n)<x> (=) F(n—k)! (14+1)*
2 \k) U R+t 24t

This implies that the coefficients a;(n,z) in (1.9) can be simplified explicitly as
|
ap(n,x) = (—=1)"F(n — k)!(Z) () = (71)”7’“%(@% 0<k<n,

Moreover, it follows that

n—k n—k—ip_1 n—k—ig_1—-—i2
) E R

ig—1=0 ir_2=0 i1 =0

a+*
2+t

In other words, the generalized derivative polynomials of the function is

Py yo(u) = u with respect to

N (n (=1)"F(n - k)!
hna(t) = Z <I<;> (@) (TS n>0.

k=0

2.4. In combinatorial analysis, the Faa di Bruno formula plays an important role
and can be described in terms of the Bell polynomials of the second kind

' n—k+1 0.
n: T\
Buk(z1, 72, Tn_gy1) = Z e H (ﬁ)
1<i<n,l;€{0}UN HiZl ¢! i=1 ’
2y i=n
> b=k

for n >k >0, see [Il p. 134, Theorem A], by
& [fon@®)] = fRBR0))Buk (W (1), h"(1),...,A*F V(@) (2.1)
k=0

den
for n > 0, see [Il p. 139, Theorem C]. Replacing f(u) and v = h(t) in (2.1)
respectively by —; and (1 + A\t)Y/* yields

k—1

C1\k
£ = T 0 = [Hu o)

£=0

(1 + M) /AR,

and

{1 ](n) = zn: (Z1)*! Bk | (1+ At)Y/A1
C+MAEL] &g agr 1] ’
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n—k
(1 =N+ X)VAF [H (1—eN |1+ At)l/*"““l)
£=0

1 n (71)kk|(1+)\t)k/)‘ n—k
:(1+)\t)nz 1/ k+1ank 1’17>\5’H(1*€>\) s
= [+ )V/r +1] P

where we used in the above line the formula
Bk (abwl, ab’zs, . . ., ab”*kﬂscn_lﬂ_l) = akb”Bnyk(xl, Ty T ki) (2.2)

listed in [Il p. 135].
In [II p. 133], it was listed that

(& e\ & ¢
H Z (Emﬁ = Zan,k(mlaxQM' . 7‘/En*k+1)a
n=

m=1

for £ > 0. Therefore, we obtain that

[e'e] n—k " 0o m—1 . k
ZBn,k<1,1—A,...,H(1_£A)>t!:;<Z H(l_&)fn!>

k
= %[(/\t + A1)k = %Z(—UH (’Z)(At + 1),

Accordingly, it follows that

n—k
Bk (1, 1-X\(1-N1-2),..., JJa —ZA))

£=0
k e/A (n)
Wﬂ% <z> [ +1)
1 k n—1
. L/ X—n
k,gg%z (01—[0[ g\ (1 4 At)
q:
1

In a word, we derive that

] - 2 [i(—l)ﬁ(’;) Tle-

/=0 q=0

(14 At)k/A=n
[(1+ AU+ 1]k+1 (2.3)

for n > 0. This means that the functions have the same generalized

1
(T+At)/ 21
derivative polynomials

n+1[k—1 =
Pra() = 3 [z (7 e qA)] y
k=1 L{= q=0
with respect to hp, x(t) = (1 +X)FD/A"" forp > 0and 1 <k <n+ 1.
By the way, we note that the form of the equation (2.3) is different from the one
in (1.6) and (1.8). The coefficients in the brackets on the right-hand side of the
equation ([2.3) are more nice, more explicit, easier to compute than the coefficients

a;(n, \) defined by in (1.6) and (1.8]).
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2.5. In [14] [I8], it was obtained that

1 (m) 1 m . S(ml)
[ln<1+t)] :Wg( Vitgargr ™20

and

(n) n ntl
1 (—1) Qn
— = = N
(lnx> " Z (Inz)?’ me
=2
where a2 = (n—1)! and

21 1 li—q—1 £i—3—1

1 1
SRR SES S
=1 b lo=1 b li_s=1 li-s li_p=1 bi-a

for n 4+ 1 >4 > 3. Comparing this with ( and rearranging lead to
l1—1 Li—g—1 Li—3—1 s(n Z)
= i St
Hn-1i-1= Zelzzz e Z e (n—1)!

£1=1 lo=1 £i_3=1 i

for 3 < ¢ < n. This connects (1.5) with the Stirling numbers of the first kind s(n, 7)
and the generalized derivative polynomials: the generalized derivative polynomials
1 .

of Dk
m—+1

Pgi(u) = 3 (1)1 (i = Dls(m,i - 1)

i=1

with respect to hy, ; = 0 for m > 0. Hence, we are viewing the paper [8] from

1
1+t)'m.
a different angle.

2.6. Letting A=—-1and a=1in 1) results in

1" "y a1
= )" s(k —_— . 24
<et+1> —1|Z m)dtm—1<et+1> (24)
Comparing this with 1D gives

k+1

(1 \ntk+l n!
s(n, k+1) = (=1) I > Hé N. (2.5)
Ek+1eq n 1=1

As a result, Theorem 2.1 in [22] can be simplified as and has something to do
with the Stirling numbers of the first kind s(n, k).

2.7. Setting A = 1 and a = 1 in (T.2)) produces

u

(a) - et Gorem i ()

m=0

for k € N. Comparing this with recovers the formula which is an alterna-
tive expression for the Stirling numbers of the first kind s(n, k). Therefore, all the
above-mentioned results in [9, [I0] can be restated simply in terms of the Stirling
numbers of the first kind s(n, k).

2.8. In [ [0, 25], some formulas for computing the Bernoulli numbers, the Euler
polynomials, the Apostol-Bernoulli numbers, the Eulerian polynomials, and the
Fubini numbers in terms of the Stirling numbers of the second kind were established.
These formulas are more concise, simpler, more meaningful than those in [7, 8] [9]
[T0, 1T 22], as showed above. Due to limitation on the length of the paper, we will
not elaborate in further detail.
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2.9. In [5L15], 20 2T], 23] 24], there are more information and new conclusions about
(the generalized) derivative polynomials, explicit formulas for the Bernoulli numbers
and polynomials, for the Euler numbers and polynomials, for higher derivatives of
some elementary functions, properties of the functions %, and the like. Due to
limitation on the length of the paper, we will not elaborate in further detail yet.

2.10. It should be common knowledge that mathematicians should try to repre-
sent, explain, or interpret a new mathematical quantities in terms of some known
and popular quantities in mathematics. Once a new mathematical quantity were
established connections or relations with some famous or important quantities, it
would be more meaningful in mathematics.

3. REMARKS
Finally we would like to give several remarks.

Remark 1. From the derivation of the equation (2.3), we can conclude that

n—k
B,k (1, L= (1=N(1=2)),..., H(1 — éA))

£=0

(_1)k k k n—1
= Z(_Uf(e) H(e— q\) (3.1
£=0 q=0
for n > k > 0. This formula can be used to derive many known and new special
values of the Bell polynomials of the second kind B,, j, such as, when taking A =

0,-1,2, %7 -2, —% in (3.1)) respectively,

_1)kE
=0
. _(_lkk:_ekn—l
B k(11,231 . (n — b+ 1) = ;( 1) (€>ql:[0(£+q)
n\[(n—1 (3.3)
:(k k1)("_k)'
= L(n, k),

k
B, x (1131510 (2(n — k) + D)) = (*kll)k Z(N(’Z) [Te+29), (36

and

Bn,k<1, 2,3, ? . m;ﬂf”) - (—k1!)k i(n‘(’;) ﬁ(u g) (3.7)

£=0 q=0

for n > k > 0, where L(n,k) for n > k > 0 denote the Lah numbers. The
identities (3.2)) and (3.3)) can be found in [I, p. 135]. The identity (3.3 can also
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be found in [I6, Theorem 1]. The identity (3.4 recovers the main results [20,
Theorems 1 and 2]. By virtue of the formula (2.2)), the identity (3.5) is a special

case of ( )
n—=k) /n k
B 1,0,... = -—2 2k=n
nk(2,1,0,.,0) 2n—k <k> (n — k‘)x

which was established alternatively in [B, Theorem 4.1], [20, Eq. (2.8)], and [21I
Section 3]. The identities (3.6) and (3.7) are, to the best of our knowledge, new.

Remark 2. By the way, the formulas (3.4) and (3.5) in [I8] p. 325, Corollary 3.1]
should be slightly corrected as

[ 7(8) i i+l .

r — (_1) TQg ke — Z(l + x)ai,Lk .
[In(l+2)] — (A+a) ,g; mOraF 0 5
o W B 1 i (—D)FE!ws(i, k) +i(1+ 2)s(i — 1, k)] '
| In(1 + ) | B (1+z)? kz:; n(1 + z)]F+1 , 1> 2,
oy 1@ B 1 i (—DFEws(i k) +i(1+2)s(i — 1,k)]
n(1+z)] — (1+a) Z [In(1 + 2)]*+1 , 121

k=0

where a, 2 = (n —1)! for n € N,

n—1 1 l1—1 1 li—q—1 1 li_3—1 1
D -1 S = S
Qp; (’L ) (n ) 52;1 A 52:1 ly [21 li_s [21 l;_o
1= 2= i—3=— i—2=

forn+1>14>3, and
an; = (=1)"T7 i = 1)ls(n,i — 1)
for2<i<n+1.
Remark 3. This paper is a slightly revised and extended version of the preprint [19].

Acknowledgments. The first author thanks Professors Taekyun Kim and Lee-
Chae Jang at Kwangwoon University and Konkuk University in South Korea for
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