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ABSTRACT. In the paper, the authors generalize the notion “k-Mittag-LefHler function”, estab-
lish some integral transforms of the generalized k-Mittag-Leffler function, and derive several
special and known conclusions in terms of the generalized Wright function and the generalized
k-Wright function.

1. PRELIMINARIES

Throughout this paper, let C, R, Rj, R*, Z;, and N denote respectively the sets of com-
plex numbers, real numbers, non-negative numbers, positive numbers, non-positive integers, and
positive integers.

The Pochhammer symbol (A), can be defined for A,v € C by (A), = Fg‘(j\r)" ) where

I'(z) = limL z€C\Zy
n=oo [[i_o(z + k)’ 0

is called the classical gamma function and its reciprocal % is analytic on the whole complex plane
C. See [14, Chapter 5], [16, Section 1], and [24] Section 1.1]. In particular, when v € {0} UN,
the quantity

1, v=20
(/\)n{)\()\+1>...<)\+n—l>, neN

is called the rising factorial. See [I7] and closely-related references therein.
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The k-Pochhammer symbol (A),, , was defined in [2] for A,v € C and k € R by

Fk()\ + Vk‘)
Mg = ————, 1.1
(Wo = 25 (1)
where
Ti(z) = kz/k—lr(z> (1.2)
is called the k-gamma function. In particular,
1 n = 0;
)\ n — K )
Mn {)\()\—Hf)-~-()\—i-(n—l)k)7 n € N.

In 1903, Mittag-Leffler, a Swedish mathematician, introduced and investigated in [12, [13] the
so-called Mittag-Lefler function

2) = o
7;) I'(lan+1)

for € C and o € R{. In 1905, Wiman [25] generalized E,(z) as

e o) zn
Fes)= 2. Fam By

where z € C, , 8 € C, and (), R(8) > 0. In 1971, Prabhakar [I5] introduced the function

Bap(2) = 2:; F(o?i B) ]

for z € C, o, 8,7 € C, and R(a),R(B), R(y) > 0. In 2012, Dorrego and Cerutti [3] introduced
the k-Mittag-Leffler function

n

E’Y

ke, B Z Fk an —i— B) nl’

where o, 5,7 € C, k € R, R(c), R(5),R(y) > 0, and (y)n,x is the k-Pochhammer symbol. In
2012, a generalization of the k-Mittag-Leffler function

o0

GE? _ ('Y)nq,k ﬁ
ki (?) T;O I'i(an+ B) n!
for o, 8,7 € C, k € R, R(a),R(B),R(vy) > 0, and ¢ € (0,1) UN was introduced and studied
in [6]. For more information on generalizations of the Mittag-Leffler function, please refer to the
papers [11, @, [19, 20, 21] and closely-related references therein.
In this paper, we consider a more general generalization

o0

EYT 2) — (’Y)n‘r,k z" 7 1.3
k,a,ﬁ,é( ) nEZ:O Fk(an T ,8) (5)71 ( )
where «,,v,0,7 € C, k € R, §R( ),R(B) > 0, and 6 # 0,—1,—2,.... It is clear that

E,Z; B8, 1(2) = GEIZ;Q( z) and Ek a8, 1(2) = E/Zag(z)
It is well known [I4] [I8] that the generalized hypergeometric function can be defined by
- Hp 1()n Z

Fillow): (B)iel = X 3y
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for |z] < 1 and p < ¢ with p = ¢ + 1 and that the generalized Wright hypergeometric function
»¥4(2) is given by the series

7 zk i
p¥q(2) = p¥ql(ai, @i)1,p; (bs, Bj)1,qs 2] = Z e

rT T hE Y

for a;,b; € C and «;, 5 € R with 1 <¢ <pand 1 < j <gq. Asymptotic behavior of the function
»¥,(z) for large values of argument of z € C were studied in [5 26, 27] under the condition

4B =2 > -1 Ifputting oy =+ =, =1 =--- = B, =1 in (L.4), then
p¥qe(2) = p¥ql(a1, 1), ..., (ap,1); (b1,1),..., (bg, 1); 2]
=1 T(bj)
Jj=1 J
== ——— F,a1,...,ap;b1,...,b; 2].
Z;:ll—w(ai)l’ q P q

The generalized k-Wright function was introduced in [7] as

i +agn) 2"
plI/’;(z) zp\I’f;[(ai,az) 25 (055 Bi)1,43 % Z H] T Z +ZJ ))Z

for ke RT, z € C, o, 8; € R\ {0}, and a; + a;n,b; + Bjn € C\ kZ~ with 1 <pand 1 <j <gq.
The Euler transform of a function f(z) is defined by
1
BUra8) = [ #7021 d (1.5
0

for a, 8 € C and R(«), R(B) > 0. The Laplace transform of a function f(t) is defined as

F(s) = L{f(t);s} = /000 et f(t)dt, R(s) > 0.

The Fourier transform of a function u = u(t) € S(R) is defined by

7 = Sful(w) = /R w(t)e™t dt,

where S(R) denotes the Shwartzian space of rapidly decreasing test functions on R. The fractional
Fourier transform of order o for 0 < av < 1 was defined in [10] by

(1) = Salu](w) = /R ety () d t (1.6)

for u € ®(R), where
O(R) ={p e S(R): ¢ V(R)}

denotes the Lizorkin space of functions and
V(R) = {ve SR):v™(0)=0,n=0,1,2,... }.

When a = 1, the quantity reduces to the Fourier transform; when w > 0, the transform
reduces to the fractional Fourier transform.

The aim of this paper is to present the Euler, Laplace, Whittaker, and Fractional Fourier
transforms of the generalized k-Mittag-Leffler function . From these conclusions, we can
derive some known and new results.
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2. MAIN RESULTS
Now we are in a position to state and prove our main results.

Theorem 1. Ifk € R, o, 3,7,a,b,0 € C, (), R(B) >0, 6 #0,—1,-2,..., and ¢ > 0, then
1
/0 22711 - z)b_lE,Z7’;7ﬂ76(xz”) dz

RO 107 Y oot (0 tas b 1) et
- F(%) 3\I]3|:<ka )7(3 )’(1’1)7(]6’]{:)’( +b,0),(5,1);k . (2.1)

Proof. Denote the left-hand side of the equation (2.1) by Z;. By definition of the generalized
k-Mittag-Leffler function and (L.5)), we have

1 1 o\n
I, = 2N 1= ) EYT dz=/ za_l b ! i (@2) dz.
1 /0 (1=2)"" B p.6(227) ) Zl“k an+B) (6)n

By interchanging the order of the integration and summation, we obtain
1
" 2™ T'(a+ on)L(b)
I, = nt,k x / saton—1 b s = nt,k
ZFkom—i-ﬁ (0)n Jo (1= ZFkan+,6’ ) () T(a+b+on)
From (L.1)) and (1.2)), we acquire

_ EPAT(0)T(6) i (% +n7)T(a + on)T(5) T
1= F(%) o F(% + %n)F(a+b+Un)F(§+n) Lon/k”

In view of (|1.4), we arrive at the desired result. O

Remark 2.1. Taking § = 1 in Theorem [I| gives [23] Eq. (24)] which reads that
1 1-8/k
- - k I'(b «o —a
/0 (1 Z)b lEl’cyocﬁ( < )dZ: F(’y>()2\1/2|:(;:,7—>3(a70); (Ii,k>,(a+b70);k /kx:|

2
Setting § = 1 and 7 = ¢ > 0 in Theorem [I|leads to [23] Eq. (25)] which states that

/01 THA=2) T EL p(2”)dz = l{wz%{(;q),(a,a% (i, Z)’(aﬂ)’ g);kqa/kx}

k
Further letting k = 1 in the above equation derives [23, Eq. (26)] which formulates that
! a—1 b—1 7,9 o F(b)
=0 B e as = 5 a%al000). (0.0): (8.0). (a +b.o)ial.
0

Theorem 2. If k € R, «,8,7v,a,0 € C, R(«a),R(B),R(s) > 0, 7 € C,
0,—1,—-2,..., then

> a—1,—sz T k,l—ﬁ/kr((s) Y 5 (6% ka—a/k
/O z ! E}Zaga( )dz:M3ql2|:(k77—>a(a7o),(171); <k7k)’(6’1);50:|'
(2.2)

Proof. Denote the left-hand side of (2.2)) by Zo. Applying definition of the generalized k-Mittag-
Leffler function results in

> 1 1 = ko (zz7)"
Ty = a— —szE’YT od — a —sz nr, dz.
= [ AL e 0x = [y e S

n=0
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Interchanging the order of the integration and summation leads to

oo n

o (7)7747,]0 x /OO at+on—1_—sz
IQ_ZiFk(an—Fﬂ)(é)n | z e dz.

n=0

In view of definition of the Laplace transform, we have

oo

nTt " F
-3 (Vnre 2" Tlon+a)
n=0 Li(an +B) (8)n  sonte
Utilizing (1.1) and (1.2) derives the required result. O
Remark 2.2. If setting 6 = 1 in Theorem [2} then we deduce [23, Eq. (27)] which formulates that
53 k‘l_B/kS_a v B «a Z‘kJT_a/k
a—1_-—sz T o _ . .
A z e EIZ)OCMB(Z‘Z )dZ—I‘(,Y)Q‘I/1|:<k,T>,(G:,U), <k7k>7sa:|

%
If taking 7 = ¢ > 0, k = 1, and § = 1, then we acquire [23, Eq. (29)] which reads that

—a

AOO ZaileiszEg:q,B(xZU) dz= 1;9(77)2\111 |:(’77Q)a (a,a); (ﬁva); ;:| .

If taking k = ¢ =1 and § = 1 in the above equation reduces to

/OOO z“_le_szEg’ﬁ(xz”) dz = %qul [(’y, 1), (a,0); (8, ); ;]

which is the main result in [22].
Recall that

> P +pu+o)(E —p+v)
e 2wy L (1) d it = —2 2
f, e FL-Atv)

where the Whittaker function

WMA(t) =

R(v+pu) > —%, (2.3)

I'(—2u)

D(3 —p—N)

I'(2p)

My, @)+ w7
. INCESTEDY)

MA,—u(t)

and
1
MML(t) = z”+1/26_t/21F1 <2 +p+v;2u+1; t)

are given in [4, [TT].

Theorem 3. If k € R, o, 3,7,6,7,m € C, R(a),R(B),R(p) >0,0 #0,—-1,-2,..., and R(p =
p) > —1, then

> k1=B/kp=rT (5
/ t/He*PWWA,N(pt)E,j,’;7ﬁ75(wt")dt: kZPTprT(0)
0

NG
zy 1 8 « wkT—e/k
X 3¥3 ) 53':#4',0777 , (1,1); Pk a(1_>‘+p7n)a(571);T'

Proof. Letting pt = v, interchanging the integration and summation, and using the formula for
the Whittaker transform ([2.3) yields

o0
/0 tpflefpt/QWA,“(pt)E,j,’;ﬁ’é(wt")dt

L) e S () e

=0
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St [ o)) ot
e - — v)—av
— an+ﬂ &n Jo P p M p

n'rk w S —v/2, dn+p—1 d
ka (an + B)0)n <p5> /0 e v Wi u(v)do

1K (Wardl (G +p 4 p)D(5 — p+dn +p) (w)”
P — Ii(an+ B)(0).I'(1 = A+ dn+p) ps)

In view of (1.1)) and (1.2, we find the desired result. O
Remark 2.3. Taking § = 1 in Theorem [3| gives [23, Eq. (30)] which reads that

1
/ e PR, L (P EYT g (wt?) dt

0
kl—,@’/kp—p v 1 ,8 wkr—a/k
= ——F———U + 1-— — |-
iy (1) o) (5 7)o or e 25

Setting 7 =¢ > 0, k=1, and § = 1 results in [23] Eq. (32)] which states that

1
= wa |t (ka8 (- A+ s L
_pPF(’Y)2 2|1\YT), 2 1% 12/ y &), Pﬂ]7pn .
Letting ¢ = 1 in the above equation derives a result given in [22].
Theorem 4. Ifk € R, o, 5,7,a,b,0 € C, R(«),R(B) >0, 7€C, and § #0,—1,—2,..., then
l1=8/k X2 1(r=B/knp(2 4 n—1, —(n+1)/o
S [BY T 5 0 (w) = £ rl G4 nr)i" w7
e L'(#) = (@)nI(Fn+ %)

Proof. Using definitions of the generalized k-Mittag-Leffler function and the fractional Fourier
transform and interchanging the integration and summation give

1
T . o T n‘rk . o n
S BT 5.5(1)](w) = / exp(iw!/ 7O BT 5 5(t dt*Zpk ant B, /R exp(in!/ 78t dt.

0 n
n‘rk o -1 _dn
'y om—!—ﬁ 0)n /_Oo exp( 77)(1’101/0) (iwl/”)

O =
(an + B)(0)pinHtwr+tD/o(—1)n [

Letting iw'/?t = —n reduces to

SolE a,86O)(w) =

1

i S S
~ (an+ B)(6)n
Further using the formulas ) and ( arrives at the required result. (I

Remark 2.4. If taking 6 = 1 in Theorem then the equation
l1-B/k X2 1)n k('rfﬁ/k)nrl( + TLT) in—1,, (n+1)/a.

E w) = —
Sl s00) = gy 2 r(En+ )
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in [23] Eq. (33)] follows readily.

If setting 6 = 1 and 7 = ¢ in Theorem [d] then the equation

pl-6/k X2 kla=B/knp(2 4 n—ly—(n+1)/o
3BT s(0)(w) = 2 Sy G+ n)i?” w

@) = I(En+%)

in [23, Eq. (34)] can be derived immediately.

If letting 6 = k = 1 and 7 = ¢ in Theorem [4] then

1 & L(y + nr)in~ly=(+D/e
OU E’Y,q t - —1)"

in [23, Eq. (34)] can be deduced straightforwardly.

Remark 2.5. In [8, Section 3|, the quantity i* for k¥ € N was computed generally by three
approaches.

3. CONCLUDING REMARK

Some integral transforms of the generalized k-Mittag-Leffler function are established and the
results are expressed in terms of the generalized Wright function. By taking § = 1 and using
the formulas and , we express Theorems (1] to |3 in terms of the generalized k-Wright
function as follows.

It is noted that, using the appropriate formulas mentioned in Section [} one can easily express
the Euler integral in terms of the k-Wright function as

INOOIA

! a—1 b—1 v, T o _ k T ak.ok): a a ok): x
== 2 ) s = (. 7). ok (8. ). (0 + Bk o))

By applying suitable formula for the k-gamma function, Theorem [2| can be expressed in terms
of the k-Wright function as
k27'y/k

1
a—1 _—sz Y,T o .
2 e E 22°)dz = ———
| e (P2 42 = G )

Theorem [3] can be expressed in terms of the k-Wright function as

20| 7). Gk o) B |

1
/ e PP, L (Pt EYT g (wt?) dt
0

p—pkl—p—/\

= 2w, (5 e o) k)i (8,00, (= X+ b

xkr—n—a/k :|
Lr(v) .

p"7
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