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Abstract

In this paper we consider type II bivariate generalized power series Poisson distribution as a compound Poisson
distribution with bivariate generalized power series compounding distribution. We obtain some properties, p.m.f
and conditional distributions. In addition we also give a brief discussion about the multivariate extension of this
case. Then we introduce type II bivariate generalized power series Poisson process and consider a bivariate risk
model with type II bivariate generalized power series Poisson model as the counting process. For this model we
derive distribution of the time to ruin and bounds for the probability of ruin. We obtain partial integro-differential
equation for the ruin probabilities and express its bivariate transform through two univariate boundary transforms,
where one of the initial capitals is fixed at zero.

Keywords: bivariate generalized power series distribution; ruin probability; aggregate claims distribution

1. Introduction

Bivariate discrete random variables taking non-negative integer values, have received considerable attention in
the literature. The type II bivariate Polya - Aeppli distribution was introduced by Minkova and Balakrishnan(2014).
Kostadinova and Minkova(2014) applied bivariate Poisson negative binomial distribution to bivariate risk processes.

s Furthermore Kostadinova(2015) introduced a bivariate risk model in which distribution of claim counting process
is the bivariate Polya-Aeppli distribution. In the literature it has been found that bivariate compound Poisson
distributions are very flexible and can be used efficiently in bivariate risk modeling. With this as motivation,
different bivariate compound Poisson distributions have been constructed.

The family of bivariate generalized power series distribution is basically used for counting paired events. It con-

10 tains many important families like bivariate Poisson, bivariate binomial, bivariate negative binomial and bivariate
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logarithmic series distributions. The PMF of bivariate generalized power series distribution is given by

a; ;0%0}
P(i. i) = 2037172
(i,4) 2(0.0,)

(t,j) €T, (1)
where g(01,62) = Z” amﬂieé, a;; > 0 and T is a subset of cartesian product of the set of nonnegative integers.
In this paper we consider compound Poisson distribution with bivariate generalized power series compounding
distribution. The bivariate type II Polya-Aeppli distribution and the bivariate Poisson negative binomial distribu-

15 tion are the special cases of bivariate generalized power series Poisson distribution.
For the univariate case, where X, X5, X5... are independent and identically distributed random variables,

independent of N7 and N; has a Poisson distribution with parameter A\, denoted by N; ~ P,(\). Suppose that

X1, X5, Xs... follow generalized power series distribution with PGF

where g(6) = >, a;,0%, a; > 0.
Now consider the random sum

N=X1+Xo+ ...+ Xn,,
The distribution of N is called generalized power series Poisson distribution.
The PGF of the random variable N is given by

U (s) = e 21=P) = A2

Then the corresponding PMF is given by

_ o Agm _
e "0 Z 7 , m=1,2,...,
j=1
where
Cm(j) = Z a(ky),a(ks)...a(k;), If (ki, ko, ..., k;) is the ordered j-tuple of

kitkot..+kj=m
positive integers in the range set of the random variable X which sum up to m.

This paper is organised as follows . In section 2 the joint probability mass function, correlation coefficient

2 and covariance of type II bivariate generalized power series Poisson distribution are derived. In section 3 marginal

distribution and conditional distribution of type II bivariate generalized power series Poisson distribution are given.
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A multivariate extension of the generalized power series Poisson distribution and its properties are discussed in
section 4. Bivariate counting processes with type II bivariate generalized power series Poisson distribution is
introduced in section 5. In section 6 we consider type II bivariate generalized power series Poisson risk model and
» derive the distributions of bivariate aggregate claims and sum of aggregate claims of two classes. Section 7 presents
three types of ruin probabilities and an expression for ruin probabilities for a type II bivariate generalized power
series Poisson risk model is derived. In addition, the bounds for the ruin probabilities are developed. In section 8
a system of partial integro differential equation for the ruin probabilities is developed and the Laplace transform
is derived. Section 8 deals with multivariate generalized power series Poisson risk model and the ruin probabilities

3 for the defined risk model.

2. Bivariate Generalized Power Series Poisson Distribution

Let us consider the sequence (X;,Y;), i = 1,2, ... of independent and identically distributed random variables,
distributed as (X,Y).
Define

N1=X1+X2—|—+XN anngzYl—l—Yg—l—...—l—YN,

s where N is independent of the compounding random vector (X, Y) and has a Poisson distribution with parameter A.

Suppose that (X,Y) has a bivariate generalized power series distribution with PGF

g(6151,6252)
9(013 02)

Then, the joint PGF of the bivariate random vector (N1, N3) is given by

P(817 52) =

_ _9(0151,02592)
\11(81’32) — e_A(l_P(SlaSQ)) =e Al 9(01,02) )

The PGF in can be written as

k
o (A
W(sp,s0) = ey M S Ciy (k) (B151) (B2 (3)

k!
k=1
w0 where
Cij(k) = D iitistotip=i Qiyjy Qigjy " Uiy gy if (41,72, ;i) is the ordered k tuple of elements in the range of X

Jitjetet+ik=j
which sum up to ¢ and (j1, j2, - - ji) is the ordered k tuple of elements in the range of Y which sum up to j .
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50

Differentiation in leads to the following derivatives

(sw') o ) N

W) (51, 85) _AZ 9001,02) Z Crom () D m)glom st=isl =7 (4)
1>im>j

where () = (lfi)!,m(j) = ml o5 and W09 (51, 89) = %\11(81,52).

Setting s; = sp = 1 in (4]),we obtain the (i, )" factorial moments of (N1, N2)
ENy(Ny—1)-+- (N =i+ 1)Na(Ny —1)-- - (N2 — 5+ 1)

k
_ e—Ai (9(91792 ) Z Cim l(i)m(j)gllggl_

k=0 [>i,m>j

2.1. Covariance and Correlation
The means are given by
p = E (N1) = M 75-log g(61,602) and iy = E (N2) = Maz5-10g g(61,02).
Similarly the variances are obtained as
Var (N7) = 91%#1 + +u3, Var (N;) = 928%2/Q + $43.

From , we obtain

> A 02 AN\ 9
vy 4 = —7—5~7——F7—9(0151,0 =) - 0,51.0
951055 (s1,52) <g(6’1,92) 8518529( 151, 0252) + (9(91’02)) 6319( 181, 0252)

0
8529(918179282)> U(sy,s2),
Setting s1 = so =1 in , we easily obtain
EN{Ny =6 i + |1+ l
14V2 = 2802/“ b\ M2,

The covariance and correlation between N7 and N, are respectively given by

0 1
Cov (N1, N2) ZQQﬁul + Xﬂlﬂ?

00— a0, M1 T >\/~L1,u2

\/Hl 1 9139 wi + ,\M?)

COI‘I‘ Nl,NQ

2.2. Joint Probability Mass Function

The joint probability mass function of (N7, N3) is obtained by expanding the PGF, ¥(sy, s2) in powers of s;
and ss.
Let f(i,5) = P(Ny =i,No = j),i = j =0, 1,2... denote the joint PMF of (N7, Na).

On the other hand, from Johnson et al., it is known that

P (6:4)
f(i,j)ZW/ﬂ:&:O.
5!
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Using the PGF in and the derivatives in we obtain the joint PMF of (N7, N2) and is given by

£(0,0) = e (-avim)

k
= Cii(k) (50
f(ivj):e_/\ezleéz (lj' ) ; 4,J=0,1,--- 7(7;,]')7&(0,0),
k=1 ’

where Cyj (k) = > i1 4ot tinm=i Giy j1Qigjs ** * Gig.jur if (41,92, -+ , k) is the ordered k tuple of elements in the range
Jitjet++ik=7

of X which sums up to i and (ji, j2, - - jg) is the ordered k tuple of elements in the range of Y which sums up to

7.

3. Marginal Distributions

The PGFs of the marginal compounding distributions are given by

Pi(s1) = P(s1,1) = 9(0is1,02) _ 2 bi(elsl)i, where b; = Zj aiﬂé, is independent of 61,

9001.0) 5507
Py(s3) = P(1,82) = g;?;’fz;;) P, Cj(92s]?)]7 where ¢; = Y. a;;0} , is independent of 6.
) >ojcibh

Therefore the above marginal PGFs can be written in the form

o hi(0151)
Pi(s1) = 6y
o ha(6282)
PQ(SQ) = W (6)

From which it follows that the random variable X has a generalized power series distribution with series function
hi(01) = >, b0}, where b; = Zj ai]ﬂ% and 0, are treated as constants.

Analogously, Y has a generalized power series distribution with series function hg(f2) = > j cjeg, where ¢; =
>, aij0% and 6 are treated as constants.

Then , from and @, we obtain the corresponding marginal PGFs of Ny and No
\IlNl (51) = ‘1/(81, 1) = e_)‘(l_hl(‘gl))’
Y, <32) = \I’<1, 82) — e~ AM1=h2(62)) (7)

The corresponding marginal distributions of N; and Ny are easily obtained from ,respectively, to be

where

Con(j) = > biy s brg--br,  If (K1, Ko, ..y kj) is the ordered j-tuple of
ki+ka+...+kj=m

positive integers in the range set of the random variable X which sum up to m.
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and
P(Ny=m)=¢?, m=0
Y
o SO

where

D,,(5) = Z Chy» ChyorChyy I (K1, k2, ..., k;) is the ordered j-tuple of
ki+ko+...+kj=m

positive integers in the range set of the random variable Y which sum up to m.
ss  Then from it follows that marginal distributions of N7 and N» belongs to univariate generalized power series Poisson

distribution.

3.1. Conditional Distribution

From Johnson et al.(1997), the conditional P.G.F. of Ny given N; written Wy, /n, —1(s2), is

\IJ(k’O) (07 82)
Uy /ny=k(8) = TED(0,1) (8)
where U0 (s, 55) = %W(Sl,sg).
1
Substituting (i,7) = (k,0) and s; = 0 in (), we get
VOO, 5) = e DD S (9(01 92 ) Ciej (m)K167 (B252)]. 9)

m=1 j
e Using and @D we obtain

<9(91 92)) 55 )J
S0 s Cuy(m)0 (0252 o

D=1 2 Mck( 0563

VN, /Ny =k (52) =

For k = 0, we get

LG 0, S92
l1?1\72/1\71:0(52) = \I/((O 1))
e [y 20
9(01; 92)

It follows immediately that the conditional mean is

s> ) o mey

E[Ny/Ny = k] = ( ) '
Zm 1 Z f(el 92) Ck]( )0%
In particular
9
9(0,02)
E(Ny/N; = 90,7072
(N3 /Ny = 0) = Atbs o(0r.62)
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4. Multivariate Extension

Let X = (Xy, -+ Xj) be a k-dimensional random vector of generalized power series random variables.

The PGF of X is given by
9(9181702827 e 79ksk)

P DRI =
(51782’ 78]6) 9(91,92,"' 79/6)

Define

Ni=Xi 4 Xio+ oo+ Xinyi = 1,2, .., k,

where N is independent of compounding random vector X and has a Poisson distribution with parameter \.
Then, the joint PGF of (N, No, -, Ni) is given by

_/\(1_ 9(0151,0252, 0 sk)

—A(1—P(s1,82,5K)) — (01,02, ,0) . (11)

U(sy, 89, - ,8) =e

s The PGFs of the marginal compounding distributions are given by

g0, ,0i8i, - 0k)  hi(0;si)

Px. (s;) = P(1, 5 Si, ;1 = i=1,2,---k, 12
x, (si) = P( ) o0 s (07) (12)
Where h;(0;) = 32, bi(:)07" and bi(x:) = 00 i soay Govaaoan 07 - 007 07T - 03"

Therefore from it follows that the random variable X; has a generalized power series distribution with series
function h;(60;) = >, bi(x;)0;]" as expanded in powers of 6;, other §’s treated as constants.

The marginal PGFs of N;,¢ = 1,2,...k are obtained from and , and are given by

_ _hi(0;s4)
\Ile.(si):\11(1,...,31.,...,1):eA(1 e ) i =1,2,... k.

Then from it follows that N;,7 =1,2,...k belongs to univariate generalized power series Poisson distribution.

The corresponding marginal P.M.Fs are given by

where Cim (§) = >4, 1 hyoophymm 0i(R1)bi(K2) ... bi(k;) If (K1, k2, ... k;) is ordered j-tuple of positive integers in the

range set of X; which sum up to m.

4.1. Joint Probability Mass Function

The P.G.F. in can be written as

A

J
(61,62,...,0 . i i i
\11(81,82,..., 7)\2 Z (k))cihi%...ik (])(9151) (0232) (kak) k. (13)

J=1141,i2,.
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7 Differentiation in leads to the following derivatives

J
00 I, S
( 61,02,...,0 ) N (7 i1 i1 —7 (7 i I —T
\IJ(“’”"“’T’“)(sl, cey SE) = e N E E g(lz.—!k)cil,iz,n.,ik (J)lg 1)911511 ! @z(c k)akkskk . (14)

J=1i127r1,. ik 2Tk

gritratetry

1 5g'2 &
0s,'0s57,...05,

where Z‘gr]) = (17‘;7;)"] = 172)- . .7k and q/(rl’rz’.“’rk)(slyo. .,Sk) =
J 270

U(s1, S2,...,Sk). From Johnson

et al.(1997), it is known that for 1 ...,7, =0,1..., and (r1,79,...,7%) # (0,...,0),

:"‘:Sk;:O.

\Il(rl,’r‘z,...,’f‘k) S1,...,8
flri,re, o) = - k)/sl

ril.oorg!

Denote by f(i1,...,ix) = P(Ny =41,...,Ng = i), i1...9 = 0,1,2,... the joint PMF of (N1, Ns,..., N) and is

given by
£(0,...,0) :e—*(l T
00 (%)j
. _ 9001,...0%) Y ,
flinyia, .. ik) = e AZlﬁcil,iz,m,m(J)@?%z---9/?“7
j=1
i1yig, i = 0,1, (i1,2,...,ix) # (0,0,...0),
where

Cz‘hiQ,-u,ik(j) Z a(ill,igl,...,ikl)a(ilg,igg,...,ikz)...a(ilj,igj,...,ikj).

i11+%12,+...,F =11

ip1tige i =1k

If (411,92, ... ,4;) is the ordered j tuple of elements in the range set of X; which sum up to 4;,l =1,2,... k.

Setting s1 = so =--- =5 =11in , we obtain the joint factorial moment of (N1, Na, ..., Ng).
E[Ni(Ny—=1)...(Nt =71+ 1) ... Ne(Ng—1) . (Ng = Th41)]

j
o X
_ g(01,...0k) A -(r1) pi (r 7
= E E (ljlk)cfb'l’i2’.“’ik(‘])lg )0? z,(C k)ﬂkk.

F=1 i1 >71,m ik >k
4.2. Conditional Distribution
From Johnson et al.(1997),the conditional PGF of (N5 ... Ny), given N; written
YN, Ny /Ni=iy (82, -+ -5 8k), 18

(81,0, 0)(0752,...,&@)
\I/Nz...Nk/leil(S%--~75k): \I/(il,O...,U)(O 1.... 1) ’

where
0" W(sy, ..., sk)

(i1,0,..-,0)
vt (517"‘75k) 8831
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Substituting (r1,r2,...,7%) = (i1,0,...,0) and 537 =0 in , we get

J

o (#

\I/(il’o"“’o) (0, 89, ...y Sk) —e MC@)QN”W (j)’h!eil (9282)i2 . (Hksk)i’“. (16)
4!

J=liz,...,ik

Using and we obtain

A J ) ) )
PORED DI Mcmglk (7)i1107 (O252)%2 . .. (Oksk)™

VN, Ny /Ni=iy (82, - -5 8k) = — )j
Z;il Zi2,...,ik 9(91,-]:?9;0 Cihiz---,ik (-7)11'011 0;2 s o;ck
For i1 = 0, we get

\I’(O, 89, ..., Sk)
UN,.. Ny /N =0(52, - k) = m

_ oAty (1 _9(0, 0255, .. -79k8k)>
9(01, 92, cee ,Ok)

The conditional PGF of Ny given (Ny, Na, -, Ni_1) is

YlLie=1.0)(0 0, s1)
leNk/leily~~7Nk—1:ik—1(Sk) = \I}(il,...,ik,l,o)(o .0 1)

A J o . )
PO DN MQW,W (j)inlin! .. ik1071052 ... 0" (Orsp )™

g!

= - -
o (9(91 ----- Qk)) AV . i1 2 1k
D 2y 5 Gl (G V2! i1 107657 6

For iy =i =--- =11 =0, we get

\I/(O, .,O,Sk)
VN /Ni=Na=r =N =0 = ()

MG (1 _ g(o,,o,eksk))

— e M e@1,0,)
9(91, PN 79k)
It follows immediately that the conditional mean is
E(Ny/Ny =iy, Ny = ig,..., Ng_1 = ix_1)

A g ) ) )
PIIEDIN Mcil,izm,u (F)ia! . ip—110) o 0 (Orsy)™

7!

2 J ) . .
Z;il Zlk Mcil,b-wik (j)llllgl . ik_l!gil (02)12 . 02}’6

7!

In particular
_ AtOr 55-9(0, - ., 0,0)

9(91,...,9k)

E(Ny/N1=---=Ny_1 =

5. Type II bivariate Generalized Power Series Poisson Process

Consider a compound Poisson process with bivariate generalized power series compounding distribution, given

in (I). The resulting bivariate counting process (Ni(t), Na(t)) has type II bivariate generalized power series Poisson
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80

85

90

95

distribution with parameters \t, 0, and 0. i.e,
£(0,0) = (’“(1* g(z?Igz))7

k
- Cij(k) (7A )
.o Atpi 9(01,02)
.3) = o1y Y T

k=1

i?j:0717"' 7(7’7])7&(070)7

where Ci;(k) =3 i1 tint-tip=i Qiy jyQlajo = * iy jp» i (41,92, ,1x) is the ordered & tuple of elements in the range
Jitjet++ik=J

of X which sums up to i and (ji, j2, - - jg) is the ordered k tuple of elements in the range of Y which sums up to
j.

To express {(N1(t), Na2(t)),t > 0} is type II bivariate generalized power series Poisson process with parameters
At, 01 and 02 we use the notation (Ny(t), Nao(t)) ~ BGPS11(At, 01,02).

Remark: 1. 1.In the case of g(01,02) = (1 =01 —02)" ", 61 = a,05 = 8 and a(i,j) = (";]) (r+§i§—1), the type II
bivariate generalized power series Poisson process coincides with bivariate Poisson negative binomial process; see
Kostadinova and Minkova(2014).

2.In the case of g(601,02) = (1 — 01 — 02)7 1,01 = a, 05 = B and a(i,j) = (ZJ;J) (T+§i§71)’ the type II bivariate gen-

eralized power series Poisson process coincides with type II bivariate Polya-Aeppli process; see Kostadinova(2015).

6. Type Il Bivariate Generalized Power Series Poisson Risk Model

Let us assume that there are two kinds of claims X7; and X5; belonging to two classes. We will investigate a

two dimensional model

Ul(t) = U1 + Clt — Sl(t),
(17)
Ug(t) = Ug + cot — Sg(t),
where wu;,7 = 1,2, is the initial capital, ¢; > 0,4 = 1,2, is the constant premium income per unit time, N;(t) is the

number of claims up to time t, Xy is the size of the k" claim and S;(t) = > Xij,i = 1,2 is the aggregate

Ni(t)
j=1
claims amount for i*" class.

For fixed i = 1,2, {X;x}r>1 are independent and identically distributed (i.i.d) nonnegative random variable with
distribution function F;(X;) such that F;(0) = 0 and finite mean p; = E(X;). Assume that {N;(¢),t > 0}, {(X1k, Xok) }e>1
are mutually independent and {(X1x, Xox) }x>1 is a sequence of i.i.d bivariate random vectors with joint distribution
function F(x1,x2). Here we assume that bivariate counting process {(Ny(¢), N2(t)),¢ > 0} has a type II bivariate
generalized power series Poisson process and will call the process the bivariate generalized power series Poisson risk

model.

Now we consider the sum of both risk process , the joint capital for the two classes is given by:
U(t) =Ui(t) + Us(t) = u+ ct — S(t),

10
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where u = uy 4+ ug, ¢ = ¢1 + ¢ and S(t) = S1(¢t) + Sa(¢).

Central problem in risk theory is the modeling of the probability distribution for the aggregate claims. The
aggregate claims distribution is mainly used to compute ruin probabilities. Hesselarger(1996) introduced recursive
formulas for the joint distribution of the bivariate aggregate claims random variables. Clark and Homer(2003) used
Fast Forier Transformation(FFT) to compute bivariate aggregate claims distribution. Here we derive bivariate
aggregate claims distribution from type II bivariate generalized power series Poisson risk model via convolution.
Let H(uy,us,t) denotes the joint cumulative distribution function of bivariate aggregate claims, (S1(t), S2(¢)) and

and F*"(z) is the n-fold convolution of claim amount distribution which can be calculated recursively as

Fra) = [P e = ) )y,
0
The joint CDF of aggregate claims is given by

Hs, (1),5:(0)) (7,9, 1) = P(S1(t) <, S2(t) < y)

= > P(Ni(t) = i, No(t) = 5) i (@) F5 (y)
i,5=0
—\t ap,0
—e M (1 200
( 9(91792)>
k
> Cio(k)0i (55 ,
+6—At Z ]5] ) Fl*z(x) (18)
i,k=1 ’
. k
= Co;(k)03 ( 5755 :
+e My k(, ) F3(y)
4, k=1 ’
x (o) |
TS Gy (RO B @) F ().
i,j,k=1 :

Let N(t) = Ni(t) + N2(t) denotes the total number of claims happened in both classes.

Then the PMF of N(t) is given by

1= i) k=0
P(N(t):k): ( At )j
— (o0} (9 70 ) . 7 —1
€ At Z]’:l Zf:o %Ci,k—i(])gleé Z7 k= 17 27 e

Now we consider the sum of aggregate claims of two classes
S(t) = S1(t) + Sa(t)

Case 1:two classes have different claim size distribution

In this case
Ny (t

Ni(t) )
St =Y X+ Y, Xy
j=1 J

=1

11
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105

and the corresponding CDF G(u) is given by

G(u) = P(S(t) < x)

Z ) =i, Na(t) = ) F{* + 3 ()
k
= e_kt( 9(91 92) —At Z ( 91’62)) Fl*z(l')
i,k=1
. k k

> Co,; (k)03 ( 553 : = o)
re Y k(, ) W > G titot ;_2) i« B ().

G k=1 0,5, k=1

Case 2:two classes have the same claim size distribution

In this case

S(t) =Xy +Xo+ -+ Xy,

where N(t) = Ny(t) + Na(t).

Denote by G(z) the CDF of S(¢) and is given by
G(z) =P(S(t) <=x)

_ZP ) =1 F*z( ), (20)

e MZZ(“’(9192> Crimr(1)0705F* (2).

i,j=1r=0
7. Ruin probabilities

Ruin theory for the bivariate risk model has been extensively considered in the literature. It has been found
that ruin probabilities are often fundamental interest in risk management purpose. Chan et al.(2003) discussed
various ruin concept for bivariate risk process.

The time of ruin for the i** class (i = 1,2) is defined by
7; = inf{t > 0; U;(t) < 0},
and the corresponding probability of ruin is
U;(ui) = P(r; < 00/U;(0) = uy).

If for each 4, the process U;(t) > 0 for all ¢ > 0 (no ruin occurs), we indicae this by writing 7; = oco.

12
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Here we consider three kinds of ruin time as follows. The first one is Tiax (u1, u2) = inf{t > 0/ max (U1 (t), Uz2(t)) <
0}, representing the first time when both U; (t) and Uz (t) became negative, whereas the second one is Tin (u1, u2) =
inf{t > 0/ min (U, (t), Uz(t)) < 0}, representing the first time when either Uy (¢) or Ux(t) became negative, and last
one is Teym = inf{t > 0/U(t) < 0}, representing the time when the joint capital for the two classes U(t) became neg-
ative. The associated ruin probabilities will be respectively denoted by U pax (1, u2), Umin (u1, u2) and Wy, (u1, ug).

First we derive the expression for the ruin probability W,y (u1, us)

Unax (U1, U2) = P (Tmax < 00/U1(0) = uy, Uz(0) = ug)
= P (max(U,(t), Us(t)) < 0)
= P(UL(t) < 0,Us(t) < 0)
= P(Si(t) > us + rt, Sa(t)) > us + cat)
= H(uj + c1t,ug + cat).

where H(uy,us) is the joint survival function of (Sy(t), S2(t)).

Next we consider the expression for the ruin probability Wi, (u1, us2)

Wpin (11, 1) = P (Tonin < 00/U1(0) = 11, Up(0) = up)
= P (min(U, (£), Uz(t)) < 0)
=1 — P (min(U; (£), Us(t)) > 0)
=1- P(Uy(t) > 0,Us(t)) > 0)
=1— P (Si(t) < us + ert, Sa(t) < up + cat)

21—H(U1+Clt, ’U,Q—l-Czt),

where H (uy, ug) is the joint CDF of (S (t), S2(t)) given by (L8).

Finally we derive the expression for the ruin probability Wg,m (w1, ug)

\Ilsum(uhUQ) =P (Tsum < OO/UI(O) = ui, UQ(O) = uQ)

P(U(t) <0)
=P (S(t) > u+ct)

=G(u+ct)

where G(z) is the survival function of S(¢) .

13
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7.1. Bounds for Ruin Probability

Most of the papers in the literature of bivariate risk theory are concerned with ruin probabilities. Exact so-
lutions of these probabilities are rarely available, and existing result are mostly in the form of bounds. Chan et
al.(2003) , Cai and Li(2005) and Yuen et al.(2006) derived bounds for the ultimate ruin probability Wi, (u1, us).

Simple bounds for W,,ax (11, u2) was given by Cai and Li(2005, 2007).

The lower and upper bounds on Wy, (u1,us) and W, (ug, us) are respectively described by the following

inequalities.

Wy (u1) Ua(ug) < Winax(ur, uz) < min(Wy(uy), Va(uz)) (21)
max(Vy (u1), Ya(uz)) < Uiin(ur, u2) < Wy(ur) + Wa(ug) — Wy (ur)Wa(uz),
where the final expression in the second equation is exactly the ruin probability in the case where {Ui(t)}i>0 and

{U2(t) }+>0 are independent.

If there is no initial capitals (u; = ug = 0), then the above relations becomes

W1(0) W2(0) < Wiax(0,0) < min(Wy(0), ¥2(0))

(22)
max(\Ill(O)7 \DQ(O) < \I/min(0,0) < \111(0) + \112(0) — \1’1(0)\1/2(0)
In the case of univariate generalized power series Poisson risk model the ruin probabilities are given by
Nuhl(0)
U,(0) = ————= i=1,2. 23
(0) (o) (23)

Using the equations and we can obtain bounds for the ruin probabilities W, (0,0) and ¥p,;,(0,0) for

the type II bivariate generalized power series Poisson risk model and are given by

A2 pah (61) 1 (62)
6102]11 (91)h2 (92)

Aphy (01) )\Mzhlz(ez))
) S ‘I]min 0; 0 g
* < Clhl(el) 02h2(92) ( )

(Auhl(81) Maahly(82)
< \Ijmax ) S b .
o (0,0) mln( c1h1(01) 7 caha(62)
Authi(01) | Aushy(02)  Npapshi(61)h(62)
01h1(91) C2h2(92) 0102h1(91)h2(92) .

Moreover, we have

U min (U1, u2) = Ui (u1) + Pa(uz) — Umax(u1, uz).

In the case of no initial capital above relation is

\Ijmin(oa O) = \111(0) + l112(0) - \I]max(oa 0)

and hence,we obtain
Apihy(61) | Apsh’(62)

qjmin) -
0.0 == @) T caha(6)

— Unax(0,0).

14
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8. Two Dimensional Integro Differential Equation

In this section we will derive partial integro differential equation for the bivariate survival probability for the
bivariate surplus process defined in section 6.

Define the infinite time joint survival probability
D (u1,ug) = P(Ui(t) > 0,Us(t) > 0; for all t > 0).

and infinite time joint ruin probability is ¥(uy,us) = 1 — ®(ug, uz).
In a small time interval (0, k] , there are following possible cases: no claim, one claim from class 1 and no claim
from class 2, no claim from class 1 and one claim from class 2, one or more than one claims from each class. It

follows that

ul,u2

1- Ak ( 90,0 ) + 0(h)> ®(uy + c1h, u + cah)
(91)62)

a0t h
9(61,05) 92

+

u1+cih
)) / D(uy + crh — x,ug + coh)dFi(x)
0

91a02

aw9 o3h

uy+cy uz+cah . .
40, 62) / / D(uy + c1h — z,us + coh — y)dF;* (x)dFy (y),
1, 2

ao102h uztesh
+( )) [ et einus e - yyim
0
=1,2

where F;(x),1 =1,2,--- is the distribution function of X;; + X5 + ... + Xim.

Rearranging the terms leads to

S(ur + cihus + coh) — @(ur,ua) _ (1 _agp ) B(us + 1y up + cah)

h 9(91792)
+aw91/ul+mq>(u +eth — @, us + eh)dFL (2)
9(01,6) 1+ ;U2 + C2 1
ao162 /u2+th = auei%
+ ®(uy + crh,us + coh — y)dFs(y) + —e—
9(61.0) (i e+ cah —)dB) + D 5T

ui+cih uz+ca2h . X
/ / D (uy + c1h — z,us + coh — y)dFy (2)dFy7 (y) + o(h).
120 As h tends to zero, we get

0 0
cl—q)(ul,uz) + CQ*‘I)(Ul,Ug) = A <1 — (a0,0) @(ul,ug)

ouy Ous g(61,62)

a1061 /ul
4 0% [ g0y — @, ug)dF
9(00.05) Jo P~ mu)dfle) -
ap1602 vz
_— [ — I
s | e~ pir)
3 it / / s — y)dF (@) dF (y)
g(61,02)

It is difficult to solve this two dimensional integro differential equation.
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8.1. Laplace Transforms of the Survival Probabilities

Having obtained the partial integro differential equations(PIDE) for the survival probabilities ®(uq,uz) of the
surplus process , in the following we will derive the Laplace transforms for the survival probabilities.
Firstly, we define the following Laplace transforms
@(sl,ug) :fo e S D (uy, up)du, fils;) fo e %i%dFy(x),i = 1,2. and

D(s1, 59) fo fo e S1u 8202 (yy, ug)du.

Taking Laplace transform on both sides of the PIDE with respect to u;, we get

. 0 ao,0 - a1001 f1(s1)
P —®(0 — =A(1l—-————— 1] ——0
c1(s1®(s1,uz) (0,u2)) + c2 Dy (s1,u2) < g(91,92)> (s1,u2) + 9(01,05) (s1,u2)
ao162 /u2 <
4+ — P(s1,us — y)dF:
9(01702) 0 ( 1, U2 y) Q(y)
>0 ai 0105 fri(sy) [ s ,
+ A e LY / D(s1,u0 — y)dFy (y),
ijzl 9(01’02) 0 ( 1, U2 y) 2 (y>
On simplification we get
0 0,0 a1001f1(s1) |+
— =c19(0 AMl—————] - ————)P
3 (817U2) “ ( UQ) + ( ( 9(017 02)) s + 9(917 02) ) (817 U2)
a0102 w2 > a; 0’10] ~fi(81) w2 ; (25)
+ — (s1,us — y)dF: + L/ D(s1,us — y)dFS (y),
9(61,02) /o (81,42 = 9)dF2(v) ”zz:l g(61,02) 0 (51,42 = 9)dE> ()
Taking Laplace transform on both sides of the PIDE ([25)) with respect to ug, we get
v < < ag,0 ai001 f1(s1) . 3
D — ®(81,0)) = c1P(0 AMll—————) — ——— )]
cx(sab(s1,52)  B(51,0)) = er0,50) + (3 (1= 2005 ) — cusy o L )
ao102f2(s2) o @i 0105 7 (s1) f57 (s2) ;
——= = P(s1,82) + : P(sq,s
9(61,02) (81, 52) ijz-z:l g(61,02) (51,22)
Finally we get
3 cs<i>0,s —l—cs(i)s,O
(I)(Slﬂ 52) = a0,0 1 1a1o(91f1?s)1) 2G(J2192(f21(82)) 0o ai 01037 (s1)f57 (s2)
c1s1+ 82 — A (1 - g<01102>> B T ey R B N e e ey
9. Conclusion
125 In this paper we introduced the type II bivariate generalized power series Poisson distribution as a compound

Poisson distribution with generalized power series compounding distribution. We have considered the bivariate
risk model with type II bivariate generalized power series Poisson distribution as claim number distribution. Three
models of ruin and the probabilities of ruin for the type II bivariate generalized power series Poisson risk model are
investigated. Also the bounds for ruin probabilities are developed. We obtained PIDE for the survival probability

130 and derived an expression for bivariate Laplace transform of ruin probabilities.
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