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1. INTRODUCTION

Let f: I C R — R be a convex function defined on the interval I of real numbers
and a,b € I with a < b. The following inequality holds

fla) + f(b)

a+b 1 fbf(x)dng.

<
2 )_b—a

(1.1) I

This double inequality (1.1) is known in the literature as Hermite-Hadamard in-
tegral inequality for convex functions. Both inequalities hold in the reversed di-
rection if f is concave.The inequality (1.1) has been extended and generalized for
various classes of convex functions via different approaches, see [4,7,10,12]. For
several recent result concerning the inequality (1.1) we refer the interested reader
to [1 —11,13,15 — 17,19] and references cited therein.

2. PRELIMINARES

Let K be an nonempty subset of R" and let n : K x K — R".

Definition 1. ([24]) Let u € K. We say K is invex at u with respect to n if, for
eachv e K

(2.1) u+tn(v,u) € K, t€10,1].
K is said to be an invex set with respect to n if K is invex at each u € K.

Definition 2. ([14]) The function f on the invex set K is said to be preinvex with
respect to n, if

(2.2) flu+in(v,u) <A —6)f(u)+tf(v), Vu,veK, tel0,1].

Definition 3. ([18]) A positive function f on the invex set K is said to be loga-
rithmically preinvex, if

(2.3) flu+tn(v,u) < f174Hu) fA(v)
for allu,v € K and t € [0,1].
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Definition 4. ([18]) The function f on the invex set K is said to be preinvex with
respect to n, if

flu+tn(v,u)) < M (f(u), f(v);t)
holds for all u,v € K and t € [0, 1], where

M, (:C,y;t) = { [(11_: i)xr + tyr] . # 0

-ty , r=0

1
T

is the weighted power mean of order r for positive numbers x,y.

Definition 5. ([19]) Let f € L'[a,b]. The Riemann-Liowville fractional integral
J& f () and J f (x) of order o > 0 are defined by

(2.4) @) =y [ @0 f Bt 2> a
and
29 T @)= oy [ =2 @<

(o)
respectively, where I’ (o) = [ e~ “u*"*du is Gamma function and JO, f(z) = Ji_ f(z) =
0

f(@).

3. MAIN RESULTS

Theorem 1. Let f : K = [a,a+n(b,a)] — (0,00) be an r—preinvez functions on the
interval of real numbers K° (the interior of K) and a,b € K° with a < a + n(b,a).
then

B (T f) (@) < T2 { O+ I (@B (a, 4 1) }’1”

holds for 0 < r < 1.

Proof. Since f is an r—preinvex function and r > 0, we have

Fla+tn(b,a) < [tf7(b) + (1 — 1) (a)]”
for all t € [0,1]. Then,

I'(a) a B 1 a+n(b,a) o
W(J(a-m(b,a))*f) (a) = Al [ (w—a)* " f(u)du

a

3

=1 f(a +tn(b, a))dt

IN
o O O .

o[t (b) + (1 — 1) f7(a)] " di

1
r

— [tr(a71)+1fr(b) + tr(afl)(l _ t)fr(a)] dt.
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Using Minkowski’s inequality, we have

l
I3

g‘ [tr(a71)+1fr(b) + tr(afl)( )f‘r( )]

< { [gl‘ ta—1+if(b)dt]r + [Ofl toe1(1 — t)if(a)dt]r} T
_ {fr(b)ar:_ -+ f"(a)B <a, % + 1) } .

Theorem 1 is proved.

Remark 1. Under conditions of Theorem 1, « =1, r =1 and n(b,a) = b — a, we
have

(I
Theorem 2. Let f,g: K = [a,a+n(b,a)] — (0,00) be r—preinvex and s—preinvex

functions respectively on the interval of real numbers K°, a,b € K° with a <
a+n(b,a), then

( atn(b,a))” fg)( ) s
< bl {(ﬂ<5a+r+f%> (2o 2i))

it
omaeron(et )

holds for 0 < r,s < 2.

Proof. Since f is an r—preinvex function and g is a s—preinvex function, by hypothesis
of theorem, we have

(3.3) Fla+tn(ba) < [tf7(0) + (1 —t)f(a)]”
and
(3.4) gla+tn(b,a) < [tg*(b) + (1 — t)g*(a)]7

for ¢ € [0,1]. By using the inequality (3.3) and (3.4), we get
a+n(b,a) )
ﬁ T a0 ) £ ) glagd
1@ DG+ pa+ tn(b,a))g (a + tn(b,a)) dt

1
r

DG [£f7(0) + (1= 6) 7 (@)]" [tg*(b) + (1 — t)g°(a)] " dt.

IN

—
w
ot
S—
O%HO%H@
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Using Cauchy’s inequality for (3.5), we have

1 1 1
f [t f7(0) + T A =) f7(a)] 7 [tg* (b) + 71— t)g(a)] * dt
<3 {J e+ ema-ore)
+ j [t2g*(b) + "1 (1 — t)g°(a)] : dt}
0
1 {11 + I}
Using M1nkowsk1 S mequality for I1 and I, we hawe
@+ et o) a
S{ j e f2(b) ) <ft<a 2 1—t)¢2~f2(a)dt>2}r
0
B ) 20a—1) . 2 :
{ 2a+r+f() <T+1’T+l>}
and )
I = [ [t °(0) + (1 — )g*(a)] "
0
i S . 2(@—1) . 2 :
Combining I; and I inequalities lead to (3.2). Theorem 2 is proved. O

Corollary 1. Under conditions of Theorem 2, r = s = 2, we have

I (a) 72(a) + F2(0) + g%(a) + g*(b)
b Clsintay19) @) < 20+ 1) |

Corollary 2. Under conditions of Theorem 2, n(b,a) =b—a and r = s = 2, we

have
I'(a) £2(a) + f2(b) + g2(a) + g2(b)
(b—a)an+fg(a)§ 20t 1) .
Corollary 3. Under conditions of Theorem 2, « =1 and r = s = 2, we have
1 a+n(b,a) 5 2y , i
i) gt < DOELO LT 70
in [18].

Corollary 4. Under conditions of Theorem 2, « = 1, n(b,a) =b—a andr = s = 2,
we have ) ) ) )
1 a) + b) + a)+ b
st LSO+ P04 P,

Corollary 5. Under conditions of Theorem 2 with « =1, r =s =2, and f (z) =
g(x), we have

—c

| o) F2(a) + F2(0)
O I A —

in [18].
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Theorem 3. Let f,g: K = [a,a+7n(b,a)] — (0,00) be r—preinver and s—preinvex
functions respectively on the interval of real numbers K°, a,b € K° with a <

1
a+n,a). Ifr>1 and —+ — =1, then
ros

<J(O:1+n(b,a))— fg) (a)

< b 1" { (ﬂ(b)1 + 7(a)B (o, 2))

1
r

I'(a) a+1

4 (gs(b)a_li_l +¢*(a)B (a, 2)) i} .

Proof. Since f is an r—preinvex function and g is a s—preinvex function for ¢ € [0, 1],

we have
(3.6) Fla+ tn(b,a) < [tf7(b) + (1= )f"(a)]"
and
(3.7) gla+tn(b,a) < [tg*(b) + (1 - t)g*(a)]* .
From (3.6) and (3.7), we get
1 a+n(b,a) v a (a=1)(1+1) W) a(w)du
7[77(?7 o ( ) f(w) g(u)d
= ft(”‘_l)(%Jr%)f(a +tn(b,a))g (a+tn(b,a))dt
0
< jt@-“(i*i) [£f7(b) + (1= ) f7(@)]" [tg*(b) + (1 = £)g° (@) dt.
By virtue of Holder’s inequality, we have
Ofl [t f7(b) + (1 = t)fr(a)ﬁ [tg%(b) 4+ t*~ (1 — t)g*(a)] St
1 a
<{ Tl e +emta- o) o)
0 L
+ {f [t%g*(b) + 71 (1 — t)g*(a)] dt}
0 1
_ [n(b,a)]" . 1 . B
- -0 {(f O+ @B 2)
o0 e @B @) } .
The proof is done. O

Corollary 6. Under conditions of Theorem 2, if r = s = 2, we have
(T st 1) @

[n(b, a)]” oy L
< W {\/(f (b)a+1 +f (a)B(a,2)>

RO @B |
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Corollary 7. Under conditions of Theorem 2, if r = s = 2, n(b,a) = b — a, we
have

1

C= 9" Ja f(a) < (f2<b>+f2<a>3<a,2>)

I ()

a+1

RO @B (@2)}.

Corollary 8. Under conditions of Theorem 2, if r = s = 2, n(b,a) = b — a and

a =1, we have
b
%(a 2 2(4 3
: /f(“)g(u)dU<\/f();f(b)\/g()-kg(b).

b—a 2

Corollary 9. Under conditions of Theorem 2, if r = s =2 and a = 1, we have

a+n(b,a)
! 7@+ °0) @)+ 20
Y / f(U)g(U)duS\/ ! \/ L)
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