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Abstract. We introduce the notion of generalized contraction on dualistic partial metric spaces. A fixed point

theorem for mappings satisfying above mentioned contraction is obtained. Some consequences of our result are

obtained. We construct an example to demonstrate the effectiveness of our result among the corresponding results

in partial metric spaces. Our results provide substantial generalizations and improvements of several well known

results existing in the comparable literature. We discuss an application of our fixed point results to show the

existence of solution of functional equations.
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1. INTRODUCTION

Matthews [6] introduced the concept of partial metric space (in which self distance may not

be zero) as a suitable mathematical tool for program verification and proved an analogue of Ba-

nach fixed point theorem in complete partial metric spaces. O’Neill [8] introduced the concept

of dualistic partial metric, which is more general than partial metric (which allows negative val-

ues also) and established a robust relationship between dualistic partial metric and quasi metric.

Oltra and Valero [7] presented a Banach fixed point theorem on complete dualistic partial met-

ric spaces. Later on, Valero [9] generalized the main theorem of [7] using nonlinear contractive
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condition instead of Banach contractive condition.

Following [2], E.Karapinar et al. [5] proved following result.

Theorem 1.1. [5] Let (X ,d) be a complete partial metric space and T : X → X be a mapping

satisfying

ϕ(p(T (x),T (y)))≤ ϕ(M(x,y))−ψ(M(x,y)) for all x,y ∈ X ,

where M(x,y) is given by M(x,y) = max

{
p(x,y),

p(y,T (y))(1+ p(x,T (x))
1+ p(x,y)

}
and ϕ : [0,∞)→

[0,∞) is a continuous and monotone non-decreasing function with ϕ(t) = 0 if and only if t = 0

and ψ : [0,∞)→ [0,∞) is a lower semi-continuous function with ψ(t) = 0 if and only if t = 0.

Then T has a unique fixed point.

Motivated by above cited results, in this paper, we prove a fixed point theorem on dualis-

tic partial metric spaces and some corresponding results for a mapping satisfying generalized

contraction. We present examples to illustrate our results.

2. PRELIMINARIES

Throughout this paper, we denote (0,∞) by R
+, [0,∞) by R

+
0 , (−∞,+∞) by R and set of

natural numbers by N. Let us recall some mathematical basics and results to make this paper

self-sufficient.

Let X be a nonempty set and let T : X → X be a self mapping. A point x∗ ∈ X is called a fixed

point of T if x∗ = T (x∗).

According to O’Neill, a dualistic partial metric can be defined as follows:

Definition 2.1. [8] Let X be a nonempty set. If a function D : X ×X → R satisfies, for all

x,y,z ∈ X, the following properties:

(D1) x = y ⇔ D(x,x) = D(y,y) = D(x,y).

(D2) D(x,x)≤ D(x,y).

(D3) D(x,y) = D(y,x).

(D4) D(x,z)+D(y,y)≤ D(x,y)+D(y,z).
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Then D is called dualistic partial metric and the pair (X ,D) is known as dualistic partial

metric space.

Remark 2.2. It is obvious that every partial metric is dualistic partial metric but converse is not

true. To support this comment, define D∨ : R×R−→ R by

D∨(x,y) = x∨ y = sup{x,y} ∀ x,y ∈ R.

It is clear that D∨ is a dualistic partial metric. Note that D∨ is not a partial metric, because

D∨(−1,−2) =−1 /∈ R
+
0 . Nevertheless, the restriction of D∨ to R

+
0 , D∨|R+

0
, is a partial metric.

Example 2.3. If (X ,d) is a metric space and c ∈ R is arbitrary constant, then

D(x,y) = d(x,y)+ c.

defines a dualistic partial metric on X.

Following [8], each dualistic partial metric D on X generates a T0 topology τ(D) on X .

The elements of the topology τ(D) are open balls of the form {BD(x,ε) : x ∈ X ,ε > 0} and

BD(x,ε) = {y ∈ X : D(x,y)< ε +D(x,x)}.

A sequence {xn}n∈N in (X ,D) converges to a point x∈X if and only if D(x,x)= limn→∞ D(x,xn).

If (X ,D) is a dualistic partial metric space, then dD : X ×X → R
+
0 defined by

dD(x,y) = D(x,y)−D(x,x).

is called a quasi metric on X such that τ(D) = τ(dD) for all x,y ∈ X . Moreover, if dD is quasi

metric on X , then ds
D(x,y) = max{dD(x,y),dD(y,x)} defines a metric on X .

Definition 2.4. [8] Let (X ,D) be a dualistic partial metric space, then

(1) A sequence {xn}n∈N in (X ,D) is called a Cauchy sequence if

limn,m→∞ D(xn,xm) exists and is finite.

(2) A dualistic partial metric space (X ,D) is said to be complete if every Cauchy sequence

{xn}n∈N in X converges, with respect to τ(D), to a point x ∈ X such that D(x,x) =

limn,m→∞ D(xn,xm).
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Following lemma will be helpful in the sequel.

Lemma 2.5. [8, 9]

(1) A dualistic partial metric (X ,D) is complete if and only if the metric space (X ,ds
D) is

complete.

(2) A sequence {xn}n∈N in X converges to a point x ∈ X , with respect to τ(ds
D) if and only

if limn→∞ D(x,xn) = D(x,x) = limn,m→∞ D(xn,xm).

(3) If limn→∞ xn = υ such that D(υ ,υ) = 0 then limn→∞ D(xn,y) = D(υ ,y) for every y ∈ X .

3. THE RESULTS

In this section, we shall prove dualistic partial metric version of Theorem 1.1. We state our

main result as follows.

Theorem 3.1. Let (X ,D) be a complete dualistic partial metric space and T : X → X be a

mapping satisfying

ϕ(|D(T (x),T (y))|)≤ ϕ(M(x,y))−ψ(M(x,y)) for all x,y ∈ X , (3.1)

where M(x,y) = max

{
|D(x,y)|,

∣∣∣∣D(y,T (y))(1+D(x,T (x))
1+D(x,y)

∣∣∣∣
}

and

ϕ : [0,∞)→ [0,∞) is a continuous and monotone non-decreasing function with ϕ(t) = 0 if and

only if t = 0 and ψ : [0,∞)→ [0,∞) is a lower semi-continuous function with ψ(t) = 0 if and

only if t = 0. Then T has a unique fixed point.

Proof. Let x0 be an initial point of X and let us define Picard iterative sequence {xn} by

xn = T (xn−1) for all n ∈ N.

If there exists a positive integer i such that xi = xi+1, then xi = xi+1 = T (xi), so xi is a fixed point

of T . In this case proof is complete. On the other hand if xn 	= xn+1 for all n ∈ N, then from

contractive condition (3.1) we have for xn,xn+1 ∈ X

ϕ(|D(T (xn−1),T (xn))|)≤ ϕ(M(xn−1,xn))−ψ(M(xn−1,xn)).

That is

ϕ(|D(xn,xn+1)|)≤ ϕ(M(xn−1,xn))−ψ(M(xn−1,xn)). (3.2)
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Where

M(xn−1,xn) = max

{
|D(xn−1,xn)|,

∣∣∣∣D(xn,xn+1)(1+D(xn−1,xn)

1+D(xn−1,xn)

∣∣∣∣
}
.

= max{|D(xn−1,xn)|, |D(xn,xn+1)|}.

If |D(xn−1,xn)| ≤ |D(xn,xn+1)|, then M(xn−1,xn) = |D(xn,xn+1)|
and therefore (3.2) implies,

ϕ(|D(xn,xn+1)|) ≤ ϕ(|D(xn,xn+1)|)−ψ(|D(xn,xn+1)|).

< ϕ(|D(xn,xn+1)|).

Which is a contradiction due to the fact |D(xn,xn+1)|> 0. Hence M(xn−1,xn) = |D(xn−1,xn)|.
So in this case (3.2) gives,

ϕ(|D(xn,xn+1)|) < ϕ(|D(xn−1,xn)|).

which implies |D(xn,xn+1)| ≤ |D(xn−1,xn)|.

Thus, {|D(xn,xn+1)|}n∈N is a nonincreasing sequence of positive real numbers. There exists a

number L ≥ 0 such that limn→∞ |D(xn,xn+1)| = L. We claim that L = 0. On contrary suppose

that L > 0 and taking upper limit of

ϕ(|D(xn,xn+1)|)≤ ϕ(|D(xn−1,xn)|)−ψ(|D(xn−1,xn)|).

we get

ϕ(L) ≤ ϕ(L)− lim
n→∞

infψ(|D(xn−1,xn)|).

ϕ(L) ≤ ϕ(L)−ψ(L)< ϕ(L).

Which is a contradiction, so L = 0 and hence

lim
n→∞

|D(xn,xn+1)|= 0 implies lim
n→∞

D(xn,xn+1) = 0 (3.3)

Now to find limn→∞ |D(xn,xn)|, we use (3.1) again,

ϕ(|D(T (xn−1),T (xn−1))|)≤ ϕ(M(xn−1,xn−1))−ψ(M(xn−1,xn−1)).
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That is

ϕ(|D(xn,xn)|)≤ ϕ(M(xn−1,xn−1))−ψ(M(xn−1,xn−1)). (3.4)

Where M(xn−1,xn−1)) = max

{
|D(xn−1,xn−1)|,

∣∣∣∣D(xn,xn−1)(1+D(xn−1,xn)

1+D(xn−1,xn−1)

∣∣∣∣
}
.

If

M(xn−1,xn−1) =

∣∣∣∣D(xn,xn−1)(1+D(xn−1,xn)

1+D(xn−1,xn−1)

∣∣∣∣
, then taking upper limit on (3.4) and using (3.3), we obtain,

limn→∞ ϕ(|D(xn,xn)|)≤ 0. This implies that limn→∞ ϕ(|D(xn,xn)|) = 0. By continuity of ϕ , we

have limn→∞ |D(xn,xn)|= 0. Similarly if M(xn−1,xn−1) = |D(xn−1,xn−1)|, then

ϕ(|D(xn,xn)|)≤ ϕ(|D(xn−1,xn−1)|)−ψ(|D(xn−1,xn−1)|). (3.5)

ϕ(|D(xn,xn)|) < ϕ(|D(xn−1,xn−1)|).

it implies |D(xn,xn)| ≤ |D(xn−1,xn−1)|.

Thus {|D(xn,xn)|}n∈N is a nonincreasing sequence of positive real numbers and arguing like

above, we get

lim
n→∞

D(xn,xn) = 0. (3.6)

Since dD(xn,xn+1) = D(xn,xn+1)−D(xn,xn), so using (3.6), we get

lim
n→∞

dD(xn,xn+1) = 0. (3.7)

Now we show that {xn} is a Cauchy sequence in (X ,ds
D). For this we have to show that

limn,m→∞ ds
D(xn,xm) = 0. That is limn,m→∞ dD(xn,xm) = 0 = limn,m→∞ dD(xm,xn). Suppose on

contrary that limn,m→∞ dD(xn,xm) 	= 0. Then there exists ε > 0 for which we can find two sub

sequences {xnk},{xmk} of {xn} such that nk is smallest index for which

nk > mk and dD(xnk ,xmk)≥ ε. (3.8)

This means that

dD(xnk−1,xmk)< ε. (3.9)
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Now using (3.8) and (3.9), we have

ε ≤ dD(xnk ,xmk) ≤ dD(xnk ,xnk−1)+dD(xnk−1,xmk).

≤ dD(xnk ,xnk−1)+ ε.

Taking limk→∞ and using (3.7), we obtain

lim
k→∞

dD(xnk ,xmk) = ε. (3.10)

Due to triangular inequality, we get

dD(xnk ,xmk) ≤ dD(xnk ,xnk−1)+dD(xnk−1,xmk).

≤ dD(xnk ,xnk−1)+dD(xnk−1,xmk−1)+dD(xmk−1,xmk).

But then

dD(xnk−1,xmk−1) ≤ dD(xnk−1,xnk)+dD(xnk ,xmk−1).

≤ dD(xnk−1,xnk)+dD(xnk ,xmk)+dD(xmk ,xmk−1)

Taking limk→∞ in above expressions and using (3.7), (3.10) we obtain,

lim
k→∞

dD(xnk−1,xmk−1) = ε. (3.11)

Following (3.1) for xnk 	= xmk , we have

ϕ(|D(T (xnk−1),T (xmk−1))|)≤ ϕ(M(xnk−1,xmk−1))−ψ(M(xnk−1,xmk−1)).

That is

ϕ(|D(xnk ,xmk)|)≤ ϕ(M(xnk−1,xmk−1))−ψ(M(xnk−1,xmk−1)). (3.12)

Where

M(xnk−1,xmk−1) = max

{
|D(xnk−1,xmk−1)|,

∣∣∣∣D(xmk−1,xmk)(1+D(xnk−1,xnk))

1+D(xnk−1,xnk−1)

∣∣∣∣
}

By using (3.10) and (3.11), we deduce that

lim
k→∞

M(xnk−1,xmk−1) = ε. (3.13)
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Now applying upper limit on (3.12) and using (3.10), (3.11) along with properties of ϕ , ψ we

get

ϕ(ε)≤ ϕ(ε)− lim
k→∞

infψ(M(xnk−1,xmk−1)).

That is ϕ(ε) < ϕ(ε), a contradiction and therefore limn,m→∞ dD(xn,xm) = 0. Similarly we can

prove that limn,m→∞ dD(xm,xn) = 0.

Hence limn,m→∞ ds
D(xn,xm) = 0 which entails that {xn} is a Cauchy sequence in (X ,ds

D). Since

(X ,D) is a complete dualistic partial metric space, so by Lemma 2.5 (X ,ds
D) is also a complete

metric space. Thus, there exists υ in X such that limn→∞ ds
D(xn,υ) = 0, again from Lemma 2.5,

we get

lim
n→∞

ds
D(xn,υ) = 0 ⇐⇒ lim

n→∞
D(υ ,xn) = D(υ ,υ) = lim

n,m→∞
D(xn,xm). (3.14)

Since limn,m→∞ dD(xn,xm) = 0, thus, limn,m→∞ D(xn,xm) = 0. From (3.14) D(υ ,υ) = 0 =

limn→∞ D(υ ,xn). Now we prove that υ is a fixed point of T . On contrary suppose that υ 	= T (υ),

then using (3.1) and Lemma 2.5 we have

ϕ(|D(xn,T (υ)|) = ϕ(|D(T (xn−1),T (υ))|)≤ ϕ(M(xn−1,υ))−ψ(M(xn−1,υ)).

That is

ϕ(|D(xn,T (υ))|)≤ ϕ(M(xn−1,υ))−ψ(M(xn−1,υ)).

Letting n → ∞ and using properties of ϕ , ψ we get ϕ(D(υ ,T (υ))) < ϕ(D(υ ,T (υ))). Which

is a contradiction as D(υ ,T (υ)) ≥ 0. Hence υ = T (υ) that is υ is a fixed point of T . Finally,

we shall prove the uniqueness. Suppose that ω is another xed point of T such that υ 	= ω , then

from (3.1),we have

ϕ(|D(υ ,ω)|)≤ ϕ(M(υ ,ω))−ψ(M(υ ,ω)).

which implies that

ϕ(|D(υ ,ω)|)< ϕ(|D(υ ,ω)|).

A contradiction, hence υ = ω . So T has a unique fixed point in X . �

In Theorem 3.1, if we take ϕ(t) = t and ψ(t) = (1−h)t where h ∈ [0,1[ and t ≥ 0. Then we

have following result
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Corollary 3.2. Let (X ,D) be a complete dualistic partial metric space and T : X → X be a

mapping satisfying

|D(T (x),T (y))| ≤ hmax

{
|D(x,y)|,

∣∣∣∣D(y,T (y))(1+D(x,T (x))
1+D(x,y)

∣∣∣∣
}

for all x,y ∈ X , (3.15)

Then T has a unique fixed point.

For if D(x,y) ∈ R
+
0 for all x,y ∈ X , then D(x,y) = p(x,y). The partial metric version of

Corollary 3.2 can be obtained as follows:

Corollary 3.3. Let (X , p) be a complete partial metric space and T : X → X be a mapping

satisfying

p(T (x),T (y))≤ hmax

{
p(x,y),

p(y,T (y))(1+ p(x,T (x))
1+ p(x,y)

}
for all x,y ∈ X ,

Then T has a unique fixed point.

Now if

max

{
|D(x,y)|,

∣∣∣∣D(y,T (y))(1+D(x,T (x))
1+D(x,y)

∣∣∣∣
}
= |D(x,y)|,

then the result obtained by Valero [7] can be viewed as a special case of Corollary 3.2.

Corollary 3.4. [7] Let (X ,D) be a complete dualistic partial metric space and let T : X → X

be a self-mapping such that there exists α ∈ [0,1[ satisfying

|D(T (x),T (y))| ≤ α|D(x,y)|,

for all x,y ∈ X. Then T has a unique fixed point x∗ ∈ X. Moreover, D(x∗,x∗) = 0 and the Picard

iterative sequence {T n(x0)}n∈N converges to x∗ with respect to τ(ds
D), for every x ∈ X.

Remark 3.5. As every dualistic partial metric D is an extension of partial metric p, therefore,

Theorem 3.1 is an extension of Theorem 1.1. Consequently, Corollary 3.2 generalizes Corollary

3.3.

There arises the following natural question:
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Whether the contractive condition in the statement of Corollary 3.2 can be replaced by the

contractive condition in Corollary 3.3. Following example will give the negative answer to this

question.

Example 3.6. Consider the complete dualistic partial metric (R,D∨). Define the self-mapping

T0 : R→ R by

T0(x) =

⎧⎨
⎩

0 if x 	= 0

−1 if x = 0
.

It is easy to check that fixed point free mapping T0 does not satisfy the contractive condition in

the statement of Corollary 3.2. Indeed,

1 = |D∨(−1,−1)|= |D∨(T0(0),T0(0))|)> hM(0,0).

Where

M(0,0) = max

{
|D∨(0,0)|,

∣∣∣∣D∨(0,T0(0))(1+D∨(0,T0(0)))

1+D∨(0,0)

∣∣∣∣
}
.

Nevertheless, the contractive condition in the statement of Corollary 3.3 holds true. Indeed,

−1 = p∨(−1,−1) = p∨(T0(0),T0(0))|)≤ hM(0,0).

Where

M(0,0) = max

{
p∨(0,0),

p∨(0,T0(0))(1+ p∨(0,T0(0)))

1+ p∨(0,0)

}
= 0.

Example 3.7. Let (R,D∨) be a complete dualistic partial metric space. Define the self-mapping

T1 : R→ R by

T1(x) =

⎧⎨
⎩

0 if x = 0

−1 if x ≥ 2
.

The mapping T1 has a unique fixed point x= 0. It is easy to check that T1 satisfies the contractive

condition in the statement of Corollary 3.2. Indeed, for all x ≥ y ≥ 2 and h > 1
2

|D∨(T1(x),T1(y))| ≤ hmax

{
|D∨(x,y)|,

∣∣∣∣D∨(y,T1(y))(1+D∨(x,T1(x))
1+D∨(x,y)

∣∣∣∣
}

1 = |D∨(−1,−1)| ≤ hx
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holds. Also note that for x = 0 = y the contractive condition in the statement of Corollary 3.2

trivially holds.

4. APPLICATION TO FUNCTIONAL EQUATIONS

As an application of our fixed point result [Corollary 3.2], we present the study about the

existence and uniqueness of the solution of functional equations. we introduce some notations

for the sake of convenience.

S = State space.

W = Decision space.

B(S) = Space of bounded functions.

cn = Sequence of real numbers such that lim
n→∞

|cn|= 0.

g : S×W → R.

Fn : S×W ×R→ R where n = 0,1,2,3, · · · .

φ : S×W → S.

In the following we shall prove the existence and uniqueness of solution of functional equation

appearing in dynamic programming. (for example see [1])

u(x) = sup
y∈W

{g(x,y)+Fn(x,y,u(φ(x,y)))} ∀x ∈ S (4.1)

We observe that the spaces (B(S),‖.‖∞) is a Banach space and distance function in B(S) is

defined by

d∞(u,v) = sup
x∈S

|u(x)− v(x)| ∀ u,v ∈ B(S)

where as for dualistic partial metric space distant function is given by

D∞(u,v) = d∞(u,v)+ cn, ∀ u,v ∈ B(S).

In calculations following two lemmas will be helpful.
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Lemma 4.1. [1] Let G,H : S → R be two bounded functions then,

|sup
x∈S

G(x)− sup
x∈S

H(x)| ≤ sup
x∈S

|G(x)−H(x)|.

Lemma 4.2. [1] Let

(1) g, F be bounded functions.

(2) ∃ k > 0 such that ∀ t,r ∈ R, x ∈ S and y ∈W .

|Fn(x,y, t)−Fn(x,y,r)| ≤ k|t − r|.

Then the operator R : B(S)→ B(S) defined by

(Ru)(x) = sup
y∈W

{g(x,y)+Fn(x,y,u(φ(x,y)))}

is well define.

Now we present our next result.

Theorem 4.3. Let all the conditions of lemma 4.2 be satisfied and for n → ∞

|Fn(x,y,u)−Fn(x,y,v)| ≤ hmax

{
|D∞(u,v)|,

∣∣∣∣D∞(v,Rv)(1+D∞(u,Ru)
1+D∞(u,v)

∣∣∣∣
}

(4.2)

Then the functional equation (4.1) has unique solution.

Proof. Let R : B(S) → B(S) be an operator as defined in lemma 4.2. We shall show that R

satisfies contractive condition (3.15). Indeed by lemma 4.1, for all u,v ∈ B(S).

|(Ru)(x)− (Rv)(x)| = | sup
y∈W

{g(x,y)+Fn(x,y,u(φ(x,y)))}− sup
y∈W

{g(x,y)+Fn(x,y,v(φ(x,y)))}|

≤ sup
y∈W

|g(x,y)+Fn(x,y,u(φ(x,y)))−g(x,y)−Fn(x,y,v(φ(x,y)))|

≤ sup
y∈W

|Fn(x,y,u(φ(x,y)))−Fn(x,y,v(φ(x,y)))|.

Therefore,

|D∞(Ru,Rv)| = |sup
x∈S

|(Ru)(x)− (Rv)(x)|+ cn|

≤ sup
x∈S

|(Ru)(x)− (Rv)(x)|+ |cn|

≤ sup
y∈W

|Fn(x,y,u(φ(x,y)))−Fn(x,y,v(φ(x,y)))|+ |cn|
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When n → ∞ then by (4.2) we obtain,

|D∞(Ru,Rv)| ≤ hmax

{
|D∞(u,v)|,

∣∣∣∣D∞(v,Rv)(1+D∞(u,Ru)
1+D∞(u,v)

∣∣∣∣
}
+ lim

n→∞
|cn|.

Finally, definition of cn gives

|D∞(Ru,Rv)| ≤ hmax

{
|D∞(u,v)|,

∣∣∣∣D∞(v,Rv)(1+D∞(u,Ru)
1+D∞(u,v)

∣∣∣∣
}
.

Hence, R satisfies all the conditions of Corollary 3.2. Thus there exists a unique solution of

(4.1) u0 ∈ B(S) such that Ru0 = u0. �

Remark 4.4. Significance of the above results lies in the fact that these results are true for all

real numbers whereas such results proved in partial metric spaces are only true for positive real

numbers.
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