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Abstract. We introduce the notion of generalized contraction on dualistic partial metric spaces. A fixed point
theorem for mappings satisfying above mentioned contraction is obtained. Some consequences of our result are
obtained. We construct an example to demonstrate the effectiveness of our result among the corresponding results
in partial metric spaces. Our results provide substantial generalizations and improvements of several well known
results existing in the comparable literature. We discuss an application of our fixed point results to show the

existence of solution of functional equations.
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1. INTRODUCTION

Matthews [6] introduced the concept of partial metric space (in which self distance may not
be zero) as a suitable mathematical tool for program verification and proved an analogue of Ba-
nach fixed point theorem in complete partial metric spaces. O’Neill [8] introduced the concept
of dualistic partial metric, which is more general than partial metric (which allows negative val-
ues also) and established a robust relationship between dualistic partial metric and quasi metric.
Oltra and Valero [7] presented a Banach fixed point theorem on complete dualistic partial met-

ric spaces. Later on, Valero [9] generalized the main theorem of [7] using nonlinear contractive
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condition instead of Banach contractive condition.

Following [2], E.Karapinar et al. [5] proved following result.

Theorem 1.1. [5] Let (X,d) be a complete partial metric space and 7 : X — X be a mapping

satisfying

P(p(T(x),T(y)) < @(M(x,y)) = w(M(x,y)) forallx,y € X,

p,T(y)(1+p(x,T(x))

and ¢ : [0,00) —
Bertn) o0
[0,00) is a continuous and monotone non-decreasing function with ¢(¢) = 0 if and only if r = 0

where M (x,y) is given by M (x,y) = max {p(x,y),

and y : [0,00) — [0,00) is a lower semi-continuous function with y/(7) = 0 if and only if # = 0.

Then T has a unique fixed point.

Motivated by above cited results, in this paper, we prove a fixed point theorem on dualis-
tic partial metric spaces and some corresponding results for a mapping satisfying generalized

contraction. We present examples to illustrate our results.

2. PRELIMINARIES

Throughout this paper, we denote (0,00) by R, [0,00) by R, (—o0,+0) by R and set of
natural numbers by N. Let us recall some mathematical basics and results to make this paper
self-sufficient.

Let X be a nonempty set and let 7 : X — X be a self mapping. A point x* € X is called a fixed
point of T if x* = T (x*).

According to O’Neill, a dualistic partial metric can be defined as follows:

Definition 2.1. [8] Let X be a nonempty set. If a function D : X x X — R satisfies, for all

x,y,z € X, the following properties:
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Then D is called dualistic partial metric and the pair (X,D) is known as dualistic partial

metric space.

Remark 2.2. It is obvious that every partial metric is dualistic partial metric but converse is not

true. To support this comment, define D, : R x R — R by
Dy(x,y) =xVy=sup{x,y} Vx,y €R.

It is clear that Dy is a dualistic partial metric. Note that D\, is not a partial metric, because

Dy(—1,-2) = —1 ¢ R{. Nevertheless, the restriction of D\, to R, Dy, |Rg’ is a partial metric.

Example 2.3. If (X,d) is a metric space and c € R is arbitrary constant, then
D(x,y) =d(x,y) +c.

defines a dualistic partial metric on X.

Following [8], each dualistic partial metric D on X generates a Ty topology 7(D) on X.
The elements of the topology T(D) are open balls of the form {Bp(x,€) : x € X,& > 0} and
Bp(x,e) ={y€ X : D(x,y) < €+ D(x,x)}.

A sequence {x, },cry in (X, D) converges to a point x € X if and only if D(x,x) = lim,—. D(x,x,).

If (X,D) is a dualistic partial metric space, then dp : X x X — ]R(J{ defined by

dp(x,y) = D(x,y) — D(x,x).

is called a quasi metric on X such that 7(D) = 7(dp) for all x,y € X. Moreover, if dp is quasi

metric on X , then d},(x,y) = max{dp(x,y),dp(y,x)} defines a metric on X.

Definition 2.4. [8] Let (X, D) be a dualistic partial metric space, then

(1) A sequence {x,},en in (X,D) is called a Cauchy sequence if
limy, jp—s00 D(Xy, %) exists and is finite.

(2) A dualistic partial metric space (X, D) is said to be complete if every Cauchy sequence
{Xn}nen in X converges, with respect to ©(D), to a point x € X such that D(x,x) =

1imy; jp—s00 D(X, Xpy).
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Following lemma will be helpful in the sequel.

Lemma 2.5. [8, 9]
(1) A dualistic partial metric (X,D) is complete if and only if the metric space (X,dy,) is
complete.
(2) A sequence {x,},ecn in X converges to a point x € X, with respect to 7(dy},) if and only
if limy, oo D(X,x,) = D(x,x) = 1imy, yy—se0 D (X, X1 ).

(3) If limy_se0 X, = L such that D(v,v) = 0 then lim,,_,e. D(x;,,y) = D(v,y) for every y € X.

3. THE RESULTS

In this section, we shall prove dualistic partial metric version of Theorem 1.1. We state our

main result as follows.

Theorem 3.1. Let (X,D) be a complete dualistic partial metric space and T : X — X be a

mapping satisfying

P(ID(T(x), T())]) < ¢(M(x,y)) = W(M(x,y)) for all x,y € X, (3.1)

D
IOV DETE )
1+ D(x,y)
@ :[0,00) — [0,00) is a continuous and monotone non-decreasing function with ¢(t) = 0 if and

where M(x,y) = max { |D(x,y)|,

only if t =0 and y : [0,00) — [0,0) is a lower semi-continuous function with y(t) = 0 if and

only ift =0. Then T has a unique fixed point.
Proof. Let xq be an initial point of X and let us define Picard iterative sequence {x,} by
Xy =T (x,—1) foralln € N.

If there exists a positive integer i such that x; = x;; 1, then x; = x; 1 = T (x;), so x; is a fixed point
of T. In this case proof is complete. On the other hand if x,, # x,,4 for all n € N, then from

contractive condition (3.1) we have for x;,x,, 11 € X

QDT (1), T (xa))]) < @M (xn—1,%)) = Y(M (Xn—1,%))-

That is
O(|D(xn,xn+1)|) < @(M(xXp—1,%)) — W(M (Xn—1,Xn))- (3.2)
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Where

D(xmxn—i—l)(l +D(xn—1;xn)
1+ D(x,—1,%n)

= max{[D(xp—1,%n)],[D(Xn, Xn11)]}-

M(xp—1,x,) = max { |D(xp—1,%n)|,

2

If |D(xn717xn)| < |D(xnaxn+1)|, then M(xnflaxn) = |D(xnaxn+1)|

and therefore (3.2) implies,
O(ID(xn,Xns1)]) < @(ID(xn, Xnt1)[) = WD (Xn, X 11)])-
< @(ID(xn, Xn41)1)-

Which is a contradiction due to the fact |D(xy,x,+1)| > 0. Hence M (x,,—1,x,) = |D(Xy—1,%1)|-

So in this case (3.2) gives,
O([D(xn,Xn41)]) < @(ID(xn—1,%n)])-
which implies |D(x,;,x,41)] < |[D(X4—1,%n)]|-

Thus, {|D(x,,Xs+1)|}nen i a nonincreasing sequence of positive real numbers. There exists a
number L > 0 such that lim,,_,c |D(xp,x,+1)| = L. We claim that L = 0. On contrary suppose

that L > 0 and taking upper limit of

QDG Xnt1)]) < @(ID(Xn—15%0)[) = WD xn—1,%)])-

we get

(L) < (L)~ liminfy(|D(x,—1.%,)))-

o(L) < o(L)—wy(L) <o(L).

Which is a contradiction, so L = 0 and hence

1i_r>n |D(xp,xp+1)| = 0 implies 1i_r>n D(xy,Xy4+1) =0 (3.3)

Now to find lim,,—se0 | D (X, x5 )|, We use (3.1) again,

QDT (1), T (en-1))]) < @M (xn—1,20-1)) = Y(M (X1, X-1)).-
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That is

O(|ID(xn, x0)|) < @M (xn—1,%n-1)) — WM (Xn—1,%-1))- (3.4)

D(xnaxnfl)(l ‘Jl‘D(xnflaxn) }
1+D(xn,1,xn,1) .

Where M (x,_1,%,—1)) = max{|D(xn1,xn1)|, ‘

If

D(xnaxnfl)(l +D(xnflaxn)
1 +D(xn—1:xn—1)

M(xn—l 7xn—1) = ‘

, then taking upper limit on (3.4) and using (3.3), we obtain,
im0 @(|D(x4,x,)|) < 0. This implies that lim,,—. ¢(|D(x,,x,)|) = 0. By continuity of ¢, we

have limy,_yeo |D(xp, X, )| = 0. Similarly if M (x,_1,x,—1) = |D(xp—1,X4—1)|, then

P[P, 20)]) < @D 1,%0-1)]) = WD (a1, %0-1))- (3.5)

(D, x)[) < @(ID (-1, %0-1)])-

it implies |D(xp,x,)| < |D(xp—1,%0-1)|-

Thus {|D(x,,%,)|}nen is a nonincreasing sequence of positive real numbers and arguing like

above, we get

lim D(x,,x,) =0. (3.6)

n—oo

Since dp (X, xp+1) = DX, Xn+1) — D(X4,X,), S0 using (3.6), we get

lim dp(x,,X,+1) = 0. (3.7

n—yoo

Now we show that {x,} is a Cauchy sequence in (X,d},). For this we have to show that
1imy, ;00 d} (X, Xm) = 0. That i8 1imy, ;00 dp(Xn, Xim) = 0 = limy, jy—y00 dp (Xm, X4 ). Suppose on
contrary that limy, ;, . dp (xn,%m) # 0. Then there exists € > 0 for which we can find two sub

sequences {Xy, },{Xm,} of {x,} such that n; is smallest index for which

ng > my and dp (X, , X, ) > € (3.8)

This means that

dD(xnk,l,xmk) < E. 3.9)


http://dx.doi.org/10.20944/preprints201608.0095.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 9 August 2016 doi:10.20944/preprints201608.0095.v1

Now using (3.8) and (3.9), we have
€ <dp(xp,Xm) < dp(Xng,Xn—1) +dp(Xn—1,%m,)-
< dp(Xuy, Xn—1) + €.
Taking limy_,., and using (3.7), we obtain

lim dp (X, Xm, ) = €. (3.10)

k—yo0

Due to triangular inequality, we get
dp (XnysXm,) < dp(Xn, Xn—1) +dp(Xn—1,%m, )
< dp(Xny, Xn—1) +dp(Xp—1,Xm—1) +dp(Xm—15%my)-
But then
dp (Xp—1,Xm—1) < dp(Xp—1,%n,) +dp (X, Xmy—1)-
< dp(Xn,—1,%n,) +dp(Xny s Xmy ) +dp (Ximy, Xy —1)
Taking limj_,., in above expressions and using (3.7), (3.10) we obtain,

1im dp (X, 13X, 1) = €. (3.11)
k—so0

Following (3.1) for x,, # x,, , we have

O([D(T (xp,—1), T (i —1))]) < @M (i1, %m,—1)) — WM (X1, Xim—1))-
That is
(p(|D(xnk,xmk)|) < (P(M(xnk—laxmk—l)) - ‘/’(M(xnk—lvxmk—l))- (3.12)

Where

D(xpy, —1,x 14+D(x,, _1,x
M(xnkfl,xmkfl) = maX{'D(Xnkl7xmkl)|7 ( s mk)( ( L nk)> ‘}

1 +D(xnk—laxnk—l)
By using (3.10) and (3.11), we deduce that

lim M(Xnkfl,xmkfl) =E£. (313)

k—roo
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Now applying upper limit on (3.12) and using (3.10), (3.11) along with properties of ¢, ¥ we

get

¢(e) < ¢(&) — lim inf y(M (xp,—1, Xm,—1))-

k—ro0
That is @(€) < ¢@(€), a contradiction and therefore limy, ;o dp (X4, %) = 0. Similarly we can
prove that limy, ;e dp (X, Xs) = 0.
Hence lim, ;.0 d},(xn, Xn) = 0 which entails that {x,} is a Cauchy sequence in (X,d},). Since
(X, D) is a complete dualistic partial metric space, so by Lemma 2.5 (X,d})) is also a complete
metric space. Thus, there exists v in X such that lim,,_,. d},(x,, V) = 0, again from Lemma 2.5,

we get

lim dj)(x,,v) =0 <= lim D(v,x,) = D(v,v) = lim D(x,,xp). (3.14)

n—oo n—oo n,m—o0
Since 1imy, jn—00 dp(Xn, Xm) = 0, thus, limy, e D(Xy,%,) = 0. From (3.14) D(v,v) =0 =
lim,,_,. D(V,x, ). Now we prove that v is a fixed point of 7. On contrary suppose that v # T'(v),

then using (3.1) and Lemma 2.5 we have

@([D(xn, T(0)]) = @(ID(T (xn-1), T (0))]) < @M (xp—-1,0)) — Y(M(xn-1,0)).
That is
@([D(xn, T(v))]) < @(M(xp-1,0)) — W(M(x4-1,0)).

Letting n — oo and using properties of @, ¥ we get ¢(D(v,T(v))) < @(D(v,T(v))). Which
is a contradiction as D(v,T(v)) > 0. Hence v = T(v) that is v is a fixed point of 7. Finally,
we shall prove the uniqueness. Suppose that @ is another xed point of 7' such that v # , then

from (3.1),we have
¢(ID(v, 0)]) < e(M(v, )) — y(M(v, 0)).
which implies that
¢(ID(v, 0)]) < @(|D(v, W)]).

A contradiction, hence v = @. So T has a unique fixed point in X. O

In Theorem 3.1, if we take @(¢) =1 and y(t) = (1 —h)t where h € [0, 1] and r > 0. Then we

have following result
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Corollary 3.2. Let (X,D) be a complete dualistic partial metric space and T : X — X be a
mapping satisfying

D(y,T(y))(1+D(x,T(x))
1+ D(x,y)

|D(T (x),T(y))] §hmax{|D(x,y)|,‘ ‘} forallx,ye X, (3.15)

Then T has a unique fixed point.

For if D(x,y) € R{ for all x,y € X, then D(x,y) = p(x,y). The partial metric version of

Corollary 3.2 can be obtained as follows:

Corollary 3.3. Let (X,p) be a complete partial metric space and T : X — X be a mapping
satisfying

pT(y)(1+p(x,T(x))
1+ p(x,y)

p(T(x),T(y)) ghmax{p(x,y), } forallx,y € X,

Then T has a unique fixed point.

Now if

D(y,T(y))(1+D(x,T(x))
1+ D(x,y)

max { 1D

=Dl
then the result obtained by Valero [7] can be viewed as a special case of Corollary 3.2.

Corollary 3.4. [7] Let (X,D) be a complete dualistic partial metric space and let T : X — X

be a self-mapping such that there exists & € [0, 1] satisfying

ID(T (x),T(y)| < alD(x,y)],

forall x,y € X. Then T has a unique fixed point x* € X. Moreover, D(x*,x*) = 0 and the Picard

iterative sequence {T"(xo) },en converges to x* with respect to t(dy},), for every x € X.

Remark 3.5. As every dualistic partial metric D is an extension of partial metric p, therefore,
Theorem 3.1 is an extension of Theorem 1.1. Consequently, Corollary 3.2 generalizes Corollary
3.3.

There arises the following natural question:
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Whether the contractive condition in the statement of Corollary 3.2 can be replaced by the
contractive condition in Corollary 3.3. Following example will give the negative answer to this

question.

Example 3.6. Consider the complete dualistic partial metric (R, D). Define the self-mapping
Ih:R—R by
0 ifx#0
To(x) = .
—1 ifx=0
It is easy to check that fixed point free mapping 7 does not satisfy the contractive condition in

the statement of Corollary 3.2. Indeed,

1= |Dy(=1,=1)[ = |Dy(T6(0),75(0))[) > hM(0,0).

Where

M(0,0) = max { |D\(0,0)],

Dy (0,75(0))(1+ Dy (0, 75(0))) ‘}
1+Dy(0,0) '

Nevertheless, the contractive condition in the statement of Corollary 3.3 holds true. Indeed,

—1=py(=1,-1) = py(T6(0), 76(0))]) < ~M(0,0).

Where

M(0,0) = max {pV(O,O), pv(0,75(0))(1 4 pv(0,70(0))) } _o.

1+ py(0,0)
Example 3.7. Let (R, D\/) be a complete dualistic partial metric space. Define the self-mapping
i :R—R by
0 ifx=0
Ti(x) = .
-1 ifx>2
The mapping 77 has a unique fixed point x = 0. It is easy to check that 77 satisfies the contractive

condition in the statement of Corollary 3.2. Indeed, forall x >y > 2 and / > %

IDy(Ti(x), ()] < hmax{|Dv(x’y)|’ ’Dv()’, T1(y))(1+ Dy (x, Ti (x)) '}

1+D\/(x7y)
1=|Dy(~1,-1)] < hx
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holds. Also note that for x = 0 = y the contractive condition in the statement of Corollary 3.2

trivially holds.

4. APPLICATION TO FUNCTIONAL EQUATIONS

As an application of our fixed point result [Corollary 3.2], we present the study about the
existence and uniqueness of the solution of functional equations. we introduce some notations

for the sake of convenience.

S = State space.
W = Decision space.
B(S) = Space of bounded functions.
cn = Sequence of real numbers such that r}l_r)l’olo lcn| = 0.
g  SXW—=R.
F, : SXWxR—Rwheren=0,1,2,3,---.

o : SxXW-—=S.

In the following we shall prove the existence and uniqueness of solution of functional equation

appearing in dynamic programming. (for example see [1])

u(x) = Suvg{g(x,y) + Fp (2, y,u(9(x,y)))} Vx €S 4.1)
ye

We observe that the spaces (B(S),]|.||~) is a Banach space and distance function in B(S) is

defined by

doo(u,v) = 81615 lu(x) —v(x)| Vu,v € B(S)

where as for dualistic partial metric space distant function is given by

Doo(u,v) = doo(u,v) +cn, Y u,v € B(S).

In calculations following two lemmas will be helpful.
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Lemma 4.1. [1] Let G,H : S — R be two bounded functions then,

|supG(x) —supH (x)| < sup|G(x) —H(x)|.
xes xes xeS

Lemma 4.2. [1] Let

(1) g, F be bounded functions.
(2) dk>0suchthatVr,reR,xeSandye W.

|Fu(,3,1) — Fu(x,,7)| < k[t — 7.
Then the operator R : B(S) — B(S) defined by

(Ru)(x) = sup{g(x,y) + Fu(x,y,u(¢(x,y)))}
yew

is well define.
Now we present our next result.

Theorem 4.3. Let all the conditions of lemma 4.2 be satisfied and for n — oo

Doo(v,Rv)(1 + Doo(u, Rur)
1+ Deo(u,v)

|Fn(xay7 I/t) _Fn(x7y7v)‘ S hmax{|Dw(u,v)\,

} (4.2)

Proof. Let R : B(S) — B(S) be an operator as defined in lemma 4.2. We shall show that R

Then the functional equation (4.1) has unique solution.

satisfies contractive condition (3.15). Indeed by lemma 4.1, for all u,v € B(S).

[(Ru)(x) = (Rv)(x)| = |sup{g(x,y) + Fu(x,y,u(9(x,y)))} — sup{g(x,y) + Fu(x,y,v(¢ (x,y))) }
yew yew

ysgvlg 18(x,y) + Fu(x,y,u(9(x,y))) — g(x,y) — Fu(x,3,v(¢(x,¥)))|

sup [ F (x, y,u(¢ (x,))) = Fu(x,y,v(9 (x,)))]-
yew

IN

IN

Therefore,

Do (Ru, RV)| - = | sup |(Rut) (x) = (Rv) (x)| + ¢

sup |(Ru) (x) — (Rv) (x)| + [l

xeS

sup |Fy (x,y,u((x,y))) = Fa(x,3,v(¢(x,)))| + [cn|
yew

IN

IN
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When n — oo then by (4.2) we obtain,

Deo(v,Rv) (1 4 Doo(u, Ru)
1+ Deo(u,v)

|Doo(Ru,Rv)| < hmax { |Doo(u,v)],

}+ lim |c,|.
n—yoo

2

Hence, R satisfies all the conditions of Corollary 3.2. Thus there exists a unique solution of

Finally, definition of ¢, gives

Doo(v,Rv)(1 + Doo(u, Ru)
1+ Deo(u,v)

|Doo(Ru, Rv)| < hmax { |Doo(u,v)], ‘

(4.1) ug € B(S) such that Rug = uy. O

Remark 4.4. Significance of the above results lies in the fact that these results are true for all
real numbers whereas such results proved in partial metric spaces are only true for positive real

numbers.
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