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Abstract

In this paper, we consider the development of algorithms for the solution of first
order initial value problems whose solution exhibits exponential behaviour. Method
of interpolation and collocation of basis function to give system of nonlinear equa-
tions which is solved for the unknown parameters to give a continuous scheme. The
discrete methods recovered from the continuous scheme are implemented in block
form. The stability properties of the method is verified and numerical experiments
show that our method is efficient in handling these problems.
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1 Introduction

In this paper, we develop an exponentially fitted two step, hybrid numerical integrator
for initial value problems (IVPs) of first order differential equations in the form

Y = f(2,y),y(w0) =y, a <x < b (1.1)

where y : [a,b] — R™ f : [a,0] x R — R™ m 2 1 is continuousely differentiable.
The Jacobian arising from (1.1)vary slowly and the eigenvalues have negative real part;
moreover the solution is decaying or exhibit a pronuounced exponential behaviour.

Classical general purpose method developed using finite power series basis function cannot
produce satisfactory results due to the special nature of the problems. Such problems
are found in the modeling of disease outbreak, war, radioactive decay, diffusion process
in biology and chemical reactions. Several scholars have developed exponentially fitted
methods are the best methods for (1.1) among them are [1-8] .
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The paper is organize as follows: section 2 discusses mathematical background and spec-
ification of the method. Section 3 discusses the stability properties of the developed block
method which include convergence and stability region of the developed method. Numer-
ical experiments are shown in section 4 and we concluded in section 5.

2 Methodology

We consider the approximate solution

y(z)=> aa’ +> bje_””j (2.1)
j=0 =1

where a; and b’;s are constants to be determined. We seek approximation at an equidistant
set of points defined by the the integration interval a < xg < 7 < - < zxn_1 < zy <D.

Tp=x0+nh,n=01--- N—1 h= ]l\’[_fl , IV is a positive integer
Interpolating and collocating (2.1) at 4,4 =0,1,--- |k — 1, give
XA=U (2.2)
where
T
A= [ao ap az * -+ Ag—1
T
U= {yn Ynt1 = Ynir Sn Joe1 o Joas
1 T, 2 rk-1 e~ e e e~ ]
1 Tty x% ;o xﬁ_i e Intr efxi+r N eiIfH»v-
X = ’ ’ N 2 k
0 1 2z, - (k=—1)ak?% —eon 2% ... —ky,e
_O 1 2xn+s N (k — 1) wﬁ;i —e Tnts _2xn+se_xi+s N _k$n+se_‘r'lrcl+s |
k =r+s— 1. We then impose the following condition on y (z) in (2.1)
Y ('TTLJrZ) = ynJri’i = 07 L--- T yl (x'nJrl) = fnJri?i = 07 17 S (23)

where r and s are the numbers of interpolation and collocation points respectively. Solving
(2.2)using Crammer’s rule, substituting the result into (2.1) and after some algebraic
simplifications gives the continuous method which when evaluated at selected grid points
gives discrete methods.

In this paper, we consider interpolation at * = z,and collocation at x = x,,4;,7 = 0, %, 1,2.
Solving the resulting systems of equation gives the continuous method

Yntt = Yn + Yofn + 71fn+% + Yo fnr1 + V3 fate (2.4)
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3 Stability properties

Definition 3.1 If we associate the linear operator £ (y (x) : h) with the method (2.4) de-
fined by

4 (y (JZ) : h) = Yn+t — Yn — (’YOfn + 71fn+1 + 72fn+% + '73fn+2) (31)

where y (x) is continuously differentiable of [a.b]. Writing (3.1) as a Taylor series expan-
siton about x to obtain

C(y(x) : h) = coy () + crhy (x) + -+ + b7y (V) (x) + - -
where the constant coefficient c,,p = 0,1.--- are given as
() = 5 (e, — oty T - oy T
then, (3.1)has order p if
((y(z):h) :O(hp“) ,co=c1 =" =0,¢41#0

Cpy1 18 the error constant and the local truncation error (LTE) = ¢, hPHiy®+Y)

Table 1: Order and LTE

t | Order LTE
1 4 25 159y, —4yy,

—10795h6 —5040h5 1985672+ 316813 —7168h2+ 1536
§ 4 l h5 523}’” 543 yrsl
2 15" ~10795h5—5040h5 1 9856h3 + 31683 — 716872+ 1536
2 4 2p5 748y, 128y},

—10795h6 —5040h5 985612+ 3168h3—7168h2+ 1536

Definition 3.2 Method (2.4)is consistent if: (i) limy_o #5-* = ty, (i) it has order
() =1

Definition 3.3 A method is said to be zero stable if limp, o (Ynit) — Yn

Definition 3.4 A Method is said to be convergent if it is consistent and zero stable.
Definition 3.5 The Region of absolute stability (RAS) of a method is the set

{Ah : for that Ah where the root of the stability polynomial are absolute less than one}

In this paper, the boundary locus method is used to plot RAS. This is done by substituting
the test equation ¥’ = Ay into the equation to obtain

_,_ P,
Ab = )

Q

where p(r) and o (r) are the first and second characteristic polynomials respectively.
writing r = €% gives RAS as
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Fig 1: Region of absolute stability of the method

4 Numerical examples

The efficiency of the developed method is tested using five test problems with n = 300

Problem 4.1 We consider the linear system in the range 0 < xz <1

Source: [2]. The eigenvalues of the Jacobian matriz are \y = —2, Ay = —96 with the stiff-
ness ratio 48. The exact solution is given asy (v) = & (95¢™2% — 48~ 48¢~967 — ¢=2¢)T,

The results is shown in Table I
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Fig. 2: Results of problem 4.1
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Fig. 3: Log(error) against x values for problem 4.1

Problem 4.2 We consider a non-linear system in the range 0 < x < 20

(y'l (a:)) B (10023/1 () + 100042 (m)) (y1 (0)) ) (1)
vh () i (2) — e (@) L+ y2(2) ) \ 42 (0) 1
with exact solution (y (x)) = (exp (—2x), exp (—x))" .

Source: [10]
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Fig. 5: Log(error) against x values for problem 4.2

Problem 4.3 Consider a system in the range 0 <t < 10

(=130 30¢~ 1
y = y+ Y,y (0) =

30 —1 —30e™!
with ezact solution y (z) = (e, e=)"

Source:[4]
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Fig. 7: Log(error) against x values for problem 4.3

Problem 4.4 consider the stiff system in the interval 0 <t <5

i\ —1001y; +999y; + 2y1y: yi(0)) (0
yh 999y; — 1001ys + 33 + 42 |\ 42 (0) -1

T
: : _ 1000 1 1000 1
with the exact solution y (x) = (20016200%_1 — 3 TT» 50072000 — 362t—1>

Source: [8]
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Fig. 8: Results of problem 4.4
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Problem 4.5 consider the simple nonlinear stiff problem within the interval x = [0, 20]

(yi)_( —1 )(yl(o))_<5)
Y 27 — 2ys 7 y2 (0) d

with the exact solution y (z) = (5™, 5e=2 (14 5z))" .

Source: [6]
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Fig. 10: Log(error) against x values for problem 4.5

5 Conclusion

We have discussed the construction of order four hybrid method for stiff first order IVPs.
The method is found suitable for problems whose solution exhibit exponential behaviour
or decaying as demostrated in the numerical experiments.
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