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Abstract: Optimization is critical in various fields like smart vehicles, and transportation. Federated
Learning (FL) has emerged as an effective approach in the coordination of autonomous vehicles, but
traditional methods such as FedAvg can create performance disparities across clients. This paper
addresses this fairness issue through the q-Fair Federated Learning (q-FFL) framework, adjusting
model performance across clients using a tunable fairness parameter. We propose a modified FedAvg
algorithm for q-FFL that maintains comparable convergence rates, ensuring more balanced client
outcomes. Additionally, we explore incentive mechanisms in FL using a Stackelberg game model,
incorporating a fairness coefficient to encourage equitable participation. Building on prior works,
we redefine client utility functions to address communication and computation costs, ensuring fair
resource allocation. The proposed framework achieves both global and local fairness, maintaining a
unique Nash equilibrium in the modified game setting.

Keywords: fairness; federated learning; Stackelberg games; incentive mechanism design

1. Introduction

Optimization plays a crucial role in various domains such as smart homes [1,2], finance [3,4],
transportation [5,6], and solar energy systems [7–9]. Recently, learning models have shown promising
abilities to solve complex optimization problems. Among them, Most recent studies in Federated
Learning (FL) have been focusing on designing optimization algorithms with proven convergence
guarantee for such a finite-sum objective

min
x∈Rm

f (x) ≜
1
N

N

∑
i=1

fi(x) (1)

where N is the number of clients in a network and fi(x) ≜ Eζ∼Di [Fi(x; ζi)] is the expected loss
of prediction of client i given the model parameter x and data distribution Di [10]. However, as
[11] pointed out, naively minimizing the aggregate loss function may create disparities of model
performance (i.e. prediction accuracy) across different clients. For example, it could result in overfitting
a model to one client at the cost of another. In that case, the prediction accuracy would be higher
for some clients over the others because more data is contributed by those clients to train the model.
To better describe the issue, [11] define fairness of performance distribution as the uniformity of model
performance across devices. A trained model w is fairer than model w̃ if the performance of model w
on the N devices is more uniform than that of model w̃.

Inspired by the α-fairness function in resource allocation of wireless networks, [11] propose an
optimization objective called q-Fair Federated Learning (q-FFL) that addresses the fairness issues, i.e.
the disproportional model performance across devices. Unlike the objective in (1), q-FFL penalizes the
loss functions of devices with a tunable parameter q, so that the model performance across clients in
the network is pushed to be uniform in any desired extent.

The authors mentioned that with q-FFL as the optimization objective, FedAvg is no longer
applicable to solve the problem, as the newly defined expected loss for client i, 1

q+1 f q+1
i (x) ̸=

Eζi∼Di [Fi(x; ζi)] and thus the local SGD update xt
i ← xt−1

i − γGt
i in FedAvg (where Gt

i = ∇Fi(xt−1
i ; ζi))

cannot be used in the q-FFL setting.
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But if we also change the loss function from Fi(x; ζi) to 1
q+1 Fq+1

i (x; ζi), and do local update as

xt
i ← xt−1

i − γHt
i (where Ht

i = Gt
i F

q
i (x; ζi)), the new objective could still be fit in the FedAvg framework.

(Notice that the equality Eζi∼D1 [
1

q+1 Fq+1
i (x; ζi)] =

1
q+1 f q+1

i (x) is not true in general, so we need find a
proper Fi(·) that satisfy this equality to make it work).

Assume we can find a suitable Fi(·), then we are able to prove that the convergence rate of FedAvg
on q-FFL is comparable with using the same algorithm on the original finite-sum objective. Notice that
following the standard assumptions on the objective function fi(·), [12] have shown that FedAvg for
non-convex optimization can achieve O(1/

√
NT). In this work, we show that the q-Fair Federated

Learning objective with a FedAvg-like algorithm can maintain the O(1/
√

NT) convergence using
almost the same assumptions on fi(·) (instead of assumptions on f q+1

i (·)).

2. q-Fair Federated Learning and Its Performance Analysis

For non-negative cost function fi and parameter q > 0, the objective of q-FFL is defined as:

min
x∈Rm

fq(x) ≜
1
N

N

∑
i=1

1
q + 1

f q+1
i (x) (2)

where f q+1
i (·) denote fi(·) raised to the power of q + 1. q > 0 is the tunable fairness parameter. Notice

that similar to the α-fairness framework, when q = 0, no fairness will be imposed and problem (2) is
reduced to problem (1). When q = +∞, it corresponds to max-min fairness.

Table 1. Notation summary.

q Fairness parameter
N The number of clients
Di Set of data at client i
ζi Example drawn from Di
Fi(x; ζi) Loss on example ζi at client i with model

parameter x
fi(x) Expected loss at client i with model parameter x,

i.e. Eζi∈Di [Fi(x; ζi)]
gi(x) Expected q-FFL loss at client i with model

parameter x, i.e. 1
q+1 f q+1

i fi(x)
f (x) Objective function of federated learning, i.e.,

1
N ∑N

i=1 fi(x)
g(x) Objective function of q-fair federated learning,

i.e., 1
N ∑N

i=1
1

q+1 f q+1
i (x)

Gt
i Stochastic gradient of Fi on xt−1

i with example
ζt

i , i.e., ∇Fi(xt−1
i ; ζt

i )

Ht
i Gt

i F
q
i (x

t−1
i ; ζt

i )

Throughout this paper, we assume problem (2) satisfies the following assumption.
Assumption 1. We assume that fi(·) satisfies:

1. Smoothness: Each fi(x) is smooth with modulus L, i.e., for any x, y ∈ Rm, ∥∇ fi(x)−∇ fi(y)∥ ≤
L∥x− y∥.

2. Bounded variances and second moments: Assume that stochastic gradient ∇Fi(·) has bounded
variance and second moments: There exists constant σ > 0 and G > 0 such that

Eζi∼Di∥∇Fi(x; ζi)−∇ fi(x)∥2 ≤ σ2, ∀x, ∀i

Eζi∼Di∥∇Fi(x; ζi)∥2 ≤ G2, ∀x, ∀i
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3. Bounded loss function: There exist M > 0 such that fi(x) ≤ M, ∀x ∈ X , where X ∈ Rm is a
non-empty compact set.

We assume the data is independent and identically distributed (IID). Each worker can compute
unbiased stochastic gradients (on the last iteration solution xt−1

i and data sample ζt
i given by

Ht
i = Gt

i F
q
i (x

t−1
i ; ζt

i )

For simplicity, we denote the expected loss for device i by gi(·), i.e., gi(x) ≜ 1
q+1 f q+1

i (x) and

the expectation of the stochastic gradient is ∇gi(xt−1
i ) = ∇ fi(xt−1

i ) f q
i (x

t−1
i ) where ζ[t−1] ≜

[ζτ
i ]i∈{1,2,··· ,N},τ∈{1,··· ,t−1} denotes all the random samples used to calculate stochastic gradients up to

iteration t− 1.
The FedAvg-like algorithm with q-FFL objective is described in Algorithm 1.

Algorithm 1: FedAvg-like algorithm with q-Fairness. i is the client index, K is the number of
local epochs and s is the learning rate.

1 Input: Initialize x0
i = ȳ ∈ Rm.;

2 for t = 1 to T do
3 Each node i calculates Ht

i at point xt−1
i ;

4 if t is a multiple of K, i.e., t mod K = 0 then
5 Calculate node average ȳ ≜ 1

N ∑N
i=1 xt−1

i ;
6 Each node i in parallel updates its local solution;
7 xt

i = ȳ− sHt
i , ∀i

8 else
9 Each node i in parallel updates its local solution;

10 xt
i = xt−1

i − sHt
i , ∀i

Algorithm 1 is essentially the same as FedAvg described in [13], except that the stochastic gradient
Ht

i is computed on gi(·), the expected loss for the newly defined q-FFL objective.
Fix iteration index t, we define

x̄t ≜
1
N

N

∑
i=1

xt
i

as the average of local solution xt
i over all N nodes. It is immediate that

x̄t = x̄t−1 − s
1
N

N

∑
i=1

Ht
i = x̄t−1 − s

1
N

N

∑
i=1

f q
i (x

t−1
i )Gt

i

The proof starts from the descent lemma and the L-smoothness assumption. Then we bound the
generated quadratic term and cross term using the same technique from [12]. And lastly, through
a telescoping sum, we get an upper bound on the (average) expected square gradient norm. The
following useful lemma relates client drift E[∥x̄t − xt

i∥2] and node synchronization interval K. Table 1
summarizes our notation.

Lemma 1: (Client drift) Under Assumption 1, the algorithm ensures

E[∥xt
i − x̄t∥2] ≤ 4s2K2G2M2q, ∀i, ∀t

where s is the constant stepsize, G, M are constant defined in Assumption 1, and q is the fairness
parameter.

Proof.

xt
i = ȳ− s

t

∑
τ=t0+1

Hτ
i
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x̄t =
N

∑
i=1

xt
i = ȳ− s

t

∑
τ=t0+1

1
N

N

∑
i=1

Hτ
i

Thus, we have

E[∥xt
i − x̄t∥2]

= E[∥s
t

∑
τ=t0+1

1
N

N

∑
i=1

Hτ
i − s

t

∑
τ=t0+1

Hτ
i ∥2]

= s2E[∥
t

∑
τ=t0+1

1
N

N

∑
i=1

Hτ
i −

t

∑
τ=t0+1

Hτ
i ∥2]

≤ 2s2E[∥
t

∑
τ=t0+1

1
N

N

∑
i=1

Hτ
i ∥2 + ∥

t

∑
τ=t0+1

Hτ
i ∥2]

≤ 2s2(t− t0)E[
t

∑
τ=t0+1

∥ 1
N

N

∑
i=1

Hτ
i ∥2 + ∥

t

∑
τ=t0+1

Hτ
i ∥2]

≤ 2s2(t− t0)E[
t

∑
τ=t0+1

(
1
N

N

∑
i=1
∥Hτ

i ∥2) + ∥
t

∑
τ=t0+1

Hτ
i ∥2]

≤ 2s2(t− t0)E[
t

∑
τ=t0+1

(
1
N

N

∑
i=1

f 2q
i (xt−1

i )∥ f q
i (x

t−1
i )Gτ

i ∥2) + ∥
t

∑
τ=t0+1

f q
i (x

t−1
i )Gτ

i ∥2]

≤ 4s2K2G2M2q

Theorem 1. Under Assumption 1, if 0 < s ≤ 1
L in the Algorithm, then for all T ≥ 1, we have

1
T

T

∑
i=1

E[∥∇g(x̄t−1)∥2] ≤ 2
sT

(g(x̄0)− f ∗) + 4s2K2G2L2M4q +
Lsσ2M2q

N

where f ∗ is the minimum value of the problem.

Proof. From L-smoothness and descent lemma:

E[g(x̄t)] ≤ E[g(x̄t−1)] +E[⟨∇g(x̄t−1), x̄t − x̄t−1⟩] + L
2
E[∥x̄t − x̄t−1∥2] (3)

For the quadratic term,

E[∥x̄t − x̄t−1∥2]

= s2E[∥ 1
N

N

∑
i=1

Ht
i∥2]

=
s2

N2

N

∑
i=1

E[∥Ht
i −∇gi(xt−1

i )∥2] + s2E[∥ 1
N

N

∑
i=1
∇gi(xt−1

i )∥2]

=
s2

N2

N

∑
i=1

E[∥ f q
i (x

t−1
i )(Gt

i −∇ fi(xt−1
i ))∥2] + s2E[∥ 1

N

N

∑
i=1
∇ fi(xt−1

i ) f q
i (x

t−1
i )∥2]

≤ s2M2q

N2

N

∑
i=1

E[∥Gt
i −∇ fi(xt−1

i )∥2] + s2M2qE[∥ 1
N

N

∑
i=1
∇ fi(xt−1

i )∥2]

≤ 1
N

s2σ2M2q + s2M2qE[∥ 1
N

N

∑
i=1
∇ fi(xt−1

i )∥2] (4)
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For the cross term:

E[⟨∇g(x̄t−1), x̄t − x̄t−1⟩]

= −sE[⟨∇g(x̄t−1),
1
N

N

∑
i=1

f q
i (x

t−1
i )∇ fi(xt−1

i )⟩]

= − s
2
E[∥∇g(x̄t−1)∥2 + ∥ 1

N

N

∑
i=1

f q
i (x

t−1
i )∇ fi(xt−1

i )∥2 − ∥∇g(x̄t−1)− 1
N

N

∑
i=1

f q
i (x

t−1
i )∇ fi(xt−1

i )∥2] (5)

Substituting (4) and (5) into (3) yields

E[g(x̄t)]

≤ E[g(x̄t−1)]− s− s2L
2

E[∥ 1
N

N

∑
i=1

f q
i (x

t−1
i )∇ fi(xt−1

i )∥2]− s
2
E[∥∇g(x̄t−1)∥2]

+
s
2
E[∥∇g(x̄t−1)− 1

N

N

∑
i=1

f q
i (x

t−1
i )∇ fi(xt−1

i )∥2] +
Ls2σ2M2q

2N
(6)

E[∥∇g(x̄t−1)− 1
N

N

∑
i=1

f q
i (x

t−1
i )∇ fi(xt−1

i )∥2]

= E[∥ 1
N

N

∑
i=1
∇ fi(x̄t−1) f q

i (x̄
t−1)− 1

N

N

∑
i=1
∇ fi(xt−1

i ) f q
i (x

t−1
i )∥2]

≤ 1
N
E[

N

∑
i=1
∥∇ fi(x̄t−1) f q

i (x̄
t−1)−∇ fi(xt−1

i ) f q
i (x

t−1
i )∥2]

≤ M2q 1
N
E[

N

∑
i=1
∥∇ fi(x̄t−1)−∇ fi(xt−1

i )∥2]

≤ M2qL2 1
N

N

∑
i=1

E[∥x̄t−1 − xt−1
i ∥

2]

≤ 4s2K2G2L2M4q (7)

Plugging (7) back into (6) and let 0 < s ≤ 1
L , we have

E[g(x̄t)] ≤ E[g(x̄t−1)]− s
2
E[∥∇g(x̄t−1)∥2] + 2s3K2G2L2M4q +

Ls2σ2M2q

2N
(8)

Dividing both sides of (8) by s/2 and rearranging terms yields

E[∥∇g(x̄t−1)∥2] ≤ 2
s
(E[g(x̄t−1)]−E[g(x̄t)]) + 4s2K2G2L2M4q +

Lsσ2M2q

N
(9)

Summing over t ∈ {1, · · · , T} and dividing both sides by T yields

1
T

T

∑
i=1

E[∥∇g(x̄t−1)∥2]

≤ 2
sT

(g(x̄0)−E[ f (x̄T)]) + 4s2K2G2L2M4q +
Lsσ2M2q

N

≤ 2
sT

(g(x̄0)− f ∗) + 4s2K2G2L2M4q +
Lsσ2M2q

N
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The next corollary follows by substituting suitable s, K values into Theorem 1.
Corollary 1. Consider the problem under Assumption 1. Let T ≥ N.
1. If we choose s =

√
N

L
√

T
in the Algorithm, then we have 1

T ∑T
i=1 E[∥∇g(x̄t−1)∥2] ≤ 2L√

NT
(g(x̄0 −

g∗)) + 4N
T K2G2M2q + 1√

NT
σ2M2q.

2. If we further choose K ≤ T1/4

N3/4 , then 1
T ∑T

i=1 E[∥∇g(x̄t−1)∥2] ≤ 2L√
NT

(g(x̄0 − g∗)) +
4√
NT

G2M2q + 1√
NT

σ2M2q = O( 1√
NT

) where g∗ is the minimum value of the problem.
With proper assumptions, FedAvg can achieve the same convergence rate on the objective of q-fair

federated learning as the original objective.

3. Fair Incentive Mechanism Design Through Stackelberg Game Settings

Most of the studies in Federated Learning (FL) have been focused on convergence rate and
stationary gap of optimization algorithms. However, designing mechanisms motivating local devices
known as clients in terms of FL to collaborate in global model training has not received enough
attention. [14] devised an incentive mechanism in a Stackelberg game setting, and proved the existence
of a unique Nash equilibrium.

In the first stage of a Stackelberg game, the parameter server (leader) strives to convince clients
(followers) to participate in the training of a global model by declaring a total payment of τ > 0. Next
in the second stage, participants decide about how much local data they are going to train. [14] proved
that for any τ, the second-stage game has a unique Nash equilibrium, and furthermore, there exists a
unique Stackelberg equilibrium for the game. The edge nodes also incur two costs, communication
cost ccom

n and computation cost ccmp
n given their training data set size xn.

Based on works of [14] and [15], we add a fairness coefficient to the utility functions of clients in
a federated learning incentive mechanism design with the hope that this additive term causes more
fair allocation of resources to clients. [15] argues that the global fairness of a model considers the
full dataset across all clients while in local fairness performance measurement, data sets are typically
non-iid. To address this issue, they propose a global and local fairness metric, i.e.,

Fglobal = Pr(Ŷ = 1|A = 0, Y = 1)− Pr(Ŷ = 1|A = 1, Y = 1)

Where Ŷ is a trained classifier and A is a group, let’s say, gender group. The ideal amount of the above
metric is zero meaning that the true positive rate of the above metric should be equal regardless of the
gender, male or female. The local fairness metric is defined as:

Fk = Pr(Ŷ = 1|A = 0, Y = 1, C = k)− Pr(Ŷ = 1|A = 1, Y = 1, C = k)

Where C denotes the kth client and for Fk, kth clients data set and distribution have been considered
[15]. Furthermore, in FedAvg, [[13]], we have weights when doing the conventional global updates,
i.e., wt

k = nk
∑k nk

. Particularly, [15] discusses that these naive aggregation weights disfavour clients
with lower data set sizes and they propose the following modified version of aggregation weights to
achieve global fairness as follows:

wt
k = exp(−β|Ft

k − Ft
global |)

nk

∑k nk

We adopted this approach and integrated it into the work of [14]. Notations and proofs of the existence
of Nash equilibrium in the modified version of this work have been demonstrated in what follows.

The utility of each client is modified by adding a fairness term to it, i.e.,

u(n,−n) = exp(γn)
xn

∑i xi
τ − Ccom

n xn − Ccmp
n xn

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 6 September 2024 doi:10.20944/preprints202409.0544.v1

https://doi.org/10.20944/preprints202409.0544.v1


7 of 12

Where γn = −β|Ft
k − Ft

global |. To maximize the utility of each client, we take the derivative of the utility
function and put it equal to zero, i.e.,

u′(n,−n) = exp(γn)
∑i xi − xn

(∑i xi)2 τ − Ccom
n − Ccmp

n = 0

To ensure that the answers to the above equation are not saddle points, we derive the second derivative
w.r.t. xn, i.e.,

u”(n,−n) =
exp(γn)(−2 ∑i xi)(∑i xi − xn

(∑ xi)4 )τ < 0

This means that the utility function is strictly concave and the solutions are global optimal, i.e.,

xn =

(
(Ccom

n + Ccmp
n )−1τexp(γn)(∑

i ̸=n
xi)

) 1
2

− ∑
i ̸=n

xi

However, there is a limitation on the amount of clients’ contributions, i.e., it cannot exceed dn,
and it depends also on the τ, hence, we have:

xn =


0 τ <

(∑i ̸=n xi)(Ccom
n +Ccmp

n )

exp(γn)

((Ccom
n + Ccmp

n )−1τexp(γn)(∑i ̸=n xi))
1
2 −∑i ̸=n xi xn ∈ (0, dn)

dn Otherwise

Then, one can derive the best response from the followers, and clients, independent of other
clients, as follows:

∑
n

x∗n =

√
τ(∑n ̸=m x∗n)exp(γm)

Ccom
m + Ccpm

m

Then observe that,

x∗1 = a−
a2(Ccom

1 + Ccmp
1 )

τexp(γ1))

Finally, considering the Mth client,

x∗M = a−
a2(Ccom

M + Ccmp
M )

τexp(γM))

Observe that summing both sides of equations from 1 to M, yields:

a = Ma−
M

∑
n=1

a2(Ccom
n + Ccmp

n )

τexp(γn)

implying that,

a =
M− 1

∑M
n=1

Ccom
n +Ccmp

n
τexp(γn)

Finally, observe that:

x∗m =
M− 1

∑M
n=1

Ccom
n +Ccpm

n
τ(exp(Xn))

−

 M− 1

∑M
n=1

Ccom
n +Ccpm

n
τ(exp(Xn))

2

.
Ccom

m + Ccpm
m

τexp(γm)
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So far, we have found the best responses of followers. At this point, the leader knows that whatever
the payment is there exists a unique equilibrium, the leader strives to derive the maximum profit by
best tuning τ i.e., u(τ) = λg (∑n x∗n)− τ is the parameter serverer utility function as defined in [14].

∂u(τ)
∂τ

= λg′(X)
∂X
∂τ
− 1

and we have that

∂x∗m
∂τ

=

 M− 1

∑n
Ccom

n +Ccmp
n

exp(xn)

−
 M− 1

∑n
Ccom

n +Ccmp
n

exp(xn)

2
Ccom

m + Ccmp
m

exp(xm)

And,
∂2x∗m
∂τ2 = 0

Hence, we have,

∂u(τ)
∂τ

= λg′(x)

 N

∑
m=1

 M− 1

∑n
Ccom

n +Ccmp
n

exp(xn)

−

 M− 1

∑n
Ccom

n +Ccmp
n

exp(xn)

2
Ccom

m + Ccmp
m

exp(xm)

− 1


Given that ∂2g(x)

∂x2 < 0, we have,

∂2u(τ)
∂τ2 = λ

∂2g(x)
∂x2

 N

∑
m=1

 M− 1

∑n
Ccom

n +Ccmp
n

exp(xn)

−

 M− 1

∑n
Ccom

n +Ccmp
n

exp(xn)

 Ccom
m + Ccmp

m
exp(xm)

2

< 0

Since u(τ) is a concave function and its value is equal to zero when τ = 0, then it has a unique
maximize, and the proof is done.

4. Summary

In this project, we studied the fairness issue in federated learning. Two different notions of
fairness were examined: (1) fair (uniform) model performance across local clients and (2) fair incentive
mechanism. To achieve the first type of fairness, a novel optimization objective q-FFL was introduced.
We tried to fit this federated learning task into the FedAvg framework and derived the convergence
rate.

At first, we thought we had proven it by following a similar procedure from previous literature.
However, after a careful examination of the new objective function, we realized that some parts in the
proof procedure of [12] cannot be used in this case due to the change of objective. For example, we do
not know Eζi∼Di [

1
q+1 Fq

i (x; ζi)] when only knowing Eζi∼Di [Fi(x; ζi)] = fi(x). Therefore, we could not
use SGD for a local update as in FedAvg. Either we need more assumptions or find a suitable structure
of Fi(x) to make Theorem 1 hold.

As for the fairness in the incentive mechanism, we modeled the training process as a Stackelberg
game where the server is treated as the leader and the clients are followers. Once the server announces
a payment for training the global model, the followers decide the amount of data (and effort) they
would like to contribute to the training task to maximize their payment. We have proven that the
system could reach a unique Stackelberg equilibrium.
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Appendix A

This part gives also an upper bound which is looser than the proved bounds above. The techniques
used in this proof could be used whenever one would want to bind each loss function differently.
Lipschitz coefficient is local and defined as follows at every point x:

L′ = L f q(x) + q f q−1(x)(||∇ f (x)||2)

[11]. They further assume that step size is s = 1
L′ for every local agent. Either considering such a

dynamic Lipschitz coefficient or such a dynamic step size makes it super difficult to simplify all the
above terms. What we assume is that we have a fixed stepsize s and Lipschitz constant defined at a
point such as xT

Assumption 2. Let assume that the functions fi are bounded s.t. maxi,x f q
i (x) ≤ M (This could be

generalized to a specific bound on each loss function)
Due to the assumption 2, now we have client drift simplified as follows:

E[∥xt
i − x̄t∥2]

≤ 2s2(t− t0)E[
t

∑
τ=t0+1

(
1
N

N

∑
i=1
∥Hτ

i ∥2) + ∥
t

∑
τ=t0+1

Hτ
i ∥2]

≤ 2s2(t− t0)E[
t

∑
τ=t0+1

(
1
N

N

∑
i=1
∥ f q

i (xτ−1
i )Gτ

i ∥2) +
t

∑
τ=t0+1

∥ f q
i (xτ−1

i )Gτ
i ∥2]

≤ 2s2(t− t0)ME[
t

∑
τ=t0+1

(
1
N

N

∑
i=1
∥Gτ

i ∥2) +
t

∑
τ=t0+1

∥Gτ
i ∥2]

≤ 4M2s2K2G2

Previously, we showed that

E[∥∇g(x̄t−1)− 1
N

N

∑
i=1

f q
i (x

t−1
i )∇ fi(xt−1

i )∥2]

≤ 1
N
E[

N

∑
i=1

f 2q
i (x̄t−1)∥∇ fi(x̄t−1)−∇ fi(xt−1

i )∥2] +
1
N
E[

N

∑
i=1

( f q
i (x̄

t−1)− f q
i (x

t−1
i ))2∥∇ fi(xt−1

i )∥2]

We know that

E[
N

∑
i=1

f 2q
i (x̄t−1)∥∇ fi(x̄t−1)−∇ fi(xt−1

i )∥2]

≤ M2L
′2

N

∑
i=1

E[∥x̄t−1 − xt−1
i ∥2]

≤ 4NM2s2K2G2L
′2
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Subsequently,

E[∥∇g(x̄t−1)− 1
N

N

∑
i=1

f q
i (x

t−1
i )∇ fi(xt−1

i )∥2]

≤ 4M2s2K2G2L
′2 +

1
N
E[

N

∑
i=1

( f q
i (x̄

t−1)− f q
i (x

t−1
i ))2∥∇ fi(xt−1

i )∥2]

Observe that
f q
i (x̄

t−1)− f q
i (x

t−1
i )2 ≤ M2

Thereby,

E[∥∇g(x̄t−1)− 1
N

N

∑
i=1

f q
i (x

t−1
i )∇ fi(xt−1

i )∥2]

≤ 4M2s2K2G2L
′2 +

M2

N
E[

N

∑
i=1
∥∇ fi(xt−1

i )∥2]

Observe that now:

E[g(x̄t)]

≤ E[g(x̄t−1)]− s− s2L′

2
E[∥ 1

N

N

∑
i=1

f q
i (x

t−1
i )∇ fi(xt−1

i )∥2]− s
2
E[∥∇g(x̄t−1)∥2]

+ 2M2s3K2G2L
′2 +

sM2

2N
E[

N

∑
i=1
∥∇ fi(xt−1

i )∥2] +
L′s2σ2

2N2

N

∑
i=1

E[ f 2q
i (xt−1

i )] (10)

Now, we simplify − s−s2L′
2 E[∥ 1

N ∑N
i=1 f q

i (x
t−1
i )∇ fi(xt−1

i )∥2] assuming that s < 1
L′ . Since s < 1

L′ ,

we have 1
s > L′, thus, s2L′−s

2 <
s2 1

s−s
2 = 0. Consequently, by removing the negative term, we obtain:

E[g(x̄t)]

≤ E[g(x̄t−1)]− s
2
E[∥∇g(x̄t−1)∥2]+

2M2s3K2G2L
′2 +

sM2

2N
E[

N

∑
i=1
∥∇ fi(xt−1

i )∥2] +
L′s2σ2

2N2

N

∑
i=1

E[ f 2q
i (xt−1

i )]

≤ E[g(x̄t−1)]− s
2
E[∥∇g(x̄t−1)∥2]+

2M2s3K2G2L
′2 +

sM2

2N
E[

N

∑
i=1
∥∇ fi(xt−1

i )∥2] +
L′M2s2σ2

2N2 (11)
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To simplify sM2

2N E[∑N
i=1 ∥∇ fi(xt−1

i )∥2], we use ||a− b||2 ≤ 2||a||2 + 2||b||2. Observe that,

sM2

2N
E[

N

∑
i=1
∥∇ fi(xt−1

i )∥2] =

sM2

2N

N

∑
i=1

E[∥∇ fi(xt−1)−∇ fi(xt−1
i )−∇ fi(xt−1)∥2]

≤ sM2

N

N

∑
i=1

E[∥∇ fi(xt−1)−∇ fi(xt−1
i )∥2] +

sM2

N

N

∑
i=1

E[∥∇ fi(xt−1)∥2] (12)

Due to the client drift, we have:

sM2

N

N

∑
i=1

E[∥∇ fi(xt−1)−∇ fi(xt−1
i )∥2]

≤ 4L2s3M2K2G2 (13)

Rewriting (11) due to (12) and (13), we obtain:

E[g(x̄t)]

≤ E[g(x̄t−1)]− s
2
E[∥∇g(x̄t−1)∥2]+

2M2s3K2G2L
′2 +

sM2

2N
E[

N

∑
i=1
∥∇ fi(xt−1

i )∥2] +
L′s2σ2

2N2

N

∑
i=1

E[ f 2q
i (xt−1

i )]

≤ E[g(x̄t−1)]− s
2
E[∥∇g(x̄t−1)∥2] +

sM2

N

N

∑
i=1

E[∥∇ fi(xt−1)∥2] + 4M2s3K2G2L2

2M2s3K2G2L
′2 +

L′M2s2σ2

2N2 (14)

Due to [16], we have:

1
N ∑

i
E[||∇ fi(x)||2] ≤ G2 + B2E[||∇ f (x)||2]

We rewrite (14) due to the above inequality, i.e.,

E[g(x̄t)]

≤ E[g(x̄t−1)]− s
2
E[∥∇g(x̄t−1)∥2] + sM2(G2 + B2E[||∇ f (x̄t−1)||2]) + 4M2s3K2G2L2

2M2s3K2G2L
′2 +

L′M2s2σ2

2N2 (15)

Then we know an upper bound for E[||∇ f (x̄t−1)||2].
By iterating over t and dividing both sides by T we obtain the upper bound □
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