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Abstract: This article offers formulas for computing various g-binomial nested sums, give three forms
of results. More importantly, it reveals the three forms of g-binomial and their interrelationships. It is a
powerful tool for g-analysis, which can prove and generalize many classic conclusions in a simple way.
This article also utilized it to obtain a large number of new results, including formulas for g-Eulerian
numbers and polynomials. By taking the limit of g to 1, it can calculate general nested sums and
analyze binomial coefficients.
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1. Calculation Formula

@ -1 (N M 1

=D 1) =1 ), q # 0, 1, abbreviated as G}, [N]; = GV.

g-binomial: [II\\]/I] g =

1—a)(1—aq)...(1—ag"~1),n>0 ; . . ..
(a;9)n = 5,,1:”3( -0, g,gz...gp = Iﬁ??—%, Y_gi = M. The following relationship is
established:
GN=1,6N=6N_,,GN=0,M>N,M<0. 1)
Gh = "Gh ' +Gy1 = Gy +" MG @)
N-1 -
Yoo G =M R K< M. 3)

inv(w)

Gﬁ’l = Zw cn(oM—K 1K) 1 , inv(.) denotes the inversion statistic. [1] 4)

Lemma 1.1.

ZnNz_ol q"[n],Gy %, M >0, M>K

_ qz(M_K)+1G{\A+1GII\\]/IiIZ< —l—qM_KG{VI_KGN_'_K (1)

M+1
- GG 4 oK G KGR G (0
_ (qZ(MfK)+1G{VI+1 _ q2M7K+2G{V17K)GIZtI/IiIZ< 4 quKG{VIfKGAI\/fIiI;Jrl (3)
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Proof.

Z n[ ] Gn+K:Z n”]n_qn_ Gn+K+Z nqn Mk _ Gn+K
4 1Mqbpm 717 M 9 ———7 LM

q q-1
M-K _ M-K _ n—M+K _
:an(qnwaLK_l)q q_ 1G&+K+anq q_l 1G&+K+anq ; 1G}1VI+K

-1
:an(qM—H )GM KGZV\LA++K1+anGi\/I—KGn+K+anGM+1G?A++K1
— (qM K _ )GM+1GJI\\]/1112<17M+1 K_i_GMfKGIICI/IJJrrIl(qM K+G{\/I+1G]I\V/Ii12<qM+l K
2(M— K)+1GM+1G1\Z\/]I-iJ;IZ<+qM KGM KGIICI/I-&J-FIl( (1)
2(M— K)+1GM+1q—M 2(G]1\VII+J-FIZ<+1 G}I;J/{ff)quM KGM KG]I\\IA4+-11<
qM 2K— 1GM+1GI\Z\/IIjrrIz<+1+qM K(GM K qu lGM+1)G]I\V[Ij;Il< (2)
NI KGR GRS — )
qZM K+2GM K)G]I\V/[ié("i_qM KGM KGI\I\/][iIz(+1 (3)

QQ

2(M—K)+1 GM+1 GN

Q

_ (qZ(M K+1GMH _

O

Definition 1.1. Recursively define vF, p € Z; SUMy;(N) = SUM,(N, PS,PT), K;,D; € C, T; € N.

Of(n) = f(n), oo o q"Vif(n+1) = fF(N), o g f(n+1) = V; £(N), V) = V,.

)=
SUMq(N Ky : D1, [Ty =1]) = Y0 ) 4" (Ka + [n]yDy).
SUM,(N,[K; : D1, Kz : Do, [T1, To = Ty +2— p]) = Yo 4" (Ka + [n]4D2) VP SUM (n + 1, [K; = Dy, [T1]).
SUM,(N, PS, [1,2..M]) E Hl L9 (K + [n]yD;).
SUM,(N, P, [1,3.2M —1]) = Y0 1 ™ (Kng + [maa]gDaa) - Lo 4" (Ko + [ma]g D2) Yo q" (Ka + [ma]yDy).
SUM, (N, PS, [1,2,4]) = Y, ~ 4" (Ks + [n3]yDs) Y 4" (K + [n]gD1) (Kz + [n]4 D2).
SUM,(N, PS, [1,3,4]) = ZN 0™ (Ks + [n3]4D3) (Kz + [n3]4D2) Y " (K + [n]yDy).
SUM, (N, PS, [1,4]) = Y~ 4" (Ko + [m3]gD2) Y0 q" Y2 4" (Ky + [m1]y D).
Abbreviations: [Ky : D,Ky : D...Kys : D] = [Ky, Ka...Kp] : D, [Kq, Kp..Kpy] 0 1 = [Ky, Kp...Kpg].
In this paper, the default PS = [Ky : D1,Kp : Dy..Kpp: Dy, PT = [Ty, Tn.. Tm], T; < Tiyq.

Use K, T to represent the set {K;}, {T;}. (K1 + T1)(Ka + T2)...(Kpp + Tng) = ZHI L Xi, Xi = Ty or K;
Definition 1.2. X(T)=Number of {X;1, X5.. X} € T.

Xr1_1=Number Of{Xl, XZ---Xi—l} € T, Xx_1=Number Of{Xl, XZ---Xi—l} e K.
Xr=Number of {X1, Xp...X;} € T, Xxk=Number of {X1, X,..X;} € K.

Obviously, Xt_1 + Xk_1 = i — 1, X7 + Xg = i. Use the auxiliary form and each X; cannot be
exchanged:

Theorem 1.1. H = Ty; — M, SUM,(N, PS,PT) =

1H(T;=T;_ ) X1 L~ XK—1
N+H o) i G’ Di, Xi=T;
PO”’“HZ g)GH+1+g’ BI_{q(T ST, —1)Xp_ 1(K+GT1D)X —x;’

X
M . N+H+g o _ [qTiXk-1g " "K1p, x,=T,
Formy — Zg:[) Hy(8)Chy11gr Bi = {qu(T'XKl)GTiXK_lD- X=K,

1+(T- T; 1)X X T; X1-1

M N+T, VX (XTG4l G T D - KigTi ), X, =T;

FOT’WZ3 § q )G +Tpm— g B q {(q —q ) iq }
Tu+1 g T Tt VX110 (k4 GXT-1 D), Xy=K;

q _ q _ q . . M
H/(g) = H/(g,PS,PT) = H/(g, M), is defined as ZX(T):g Hi:l B;.


https://doi.org/10.20944/preprints202505.0208.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 6 May 2025

Proof.

N-1 N-1 N-1

SUM,y(1,[Ky: D1, [1) =Y, 5 a"(Ky + [n]gD1) = Y 7 q"G{D1 + ) ) q"K
=¢'D1GY + K1GY = ¢ 'D1GY ! + (K —q7'Dy)GY = (¢'Dy — K17)GY + K1 GY L
It’s holds when M=1, suppose that holds when M.
PS1 = [PS,Kpi41 : Dags], PT1 = [PT, Tppyq = Ty +2—pl, X =14+ Ty — M — p.

n+H+1+g P n+H+1+g7p
Iffn+1) =) AgGpyi g then Vif(n+1) =) AsGyly 0"
SUM,4(N, PS1,PT1)

N-1 N-1 M +X+

=Y o 0" (Kns1 + [n)gDpis ) VESUMy(n+1) = Y 7 qn(KM+1 + [n]gDpm11) Zg:() H] (8)G§'<+g g

M CXe—go1 ~X4g+1 N+X+ CX—go1 ~X4g+1 N4+X4g+1
= (Knt1 —q %8716y 87 Dy ) HY(9)G 5+ X816 Dy HY(9)G &

g=0 X+1+g 9= o q X+2+g
_\M —(T, M- Ti1—(M=g) q N+Ty1—(M+1)+g
= g*O (KM+1 —q (Tm1—( g))G M1 DM+1)H2 (g)GTMHAfJE;\/I-&-l)-Q—g-I—l
T, —(M— Tm 17( 7g> q N+TM 17(M+1)+g+1
+ o 0‘7 —(Tm1—( 8))@1 + DM+1H2(8) TM+1—JEM+1)+8+2
M+1 GN+TM+1 (M+1)+g

= Hj(g, PS1,PT1) Proof of Form, completion.

—(M+1)+1+g *
Ha1 p n+H+1 p_—
If f(n+1) = Y AgGEi TS then Vif(n+1) = Y AgGl [ ha?
SLIMq(N PS1,PT1)
M
Zn 0 q KM+1 + [”]qDM-H)Zg (g)G?(X{;q e

_ M X+g+1 _
= g:o (KM+1qg+ng§DM+1)Hf(g)G>I}Iif(+gq pg+z Y e AR DM+1Hq(g)G)I\(]IZX+gq P8

M N+T, M+1) T, -
=) o (KM+1JFG‘%'DM-H)Hq(g)GTMHMJE}VH(l)errg (- pg+2 g2-pigHiglia (M g)DM+1H?(8)G§I2X+g
= MH Hq(g, PS1, PTl)GNJrTMEM_f_Il\/)IELg Proof of Formq completion.
+1+4T, +1+T, _
Iff(n+1) =) AgGr 3 " 8, then Vif(n+1) = Y A,Gp o 87Pg=ps,

SUM, (N, PS1, PT1)

N-1 M 4+ Ty—p—g—
=Y o 7" (Kms1 + [nlgDysn) Yoomg H3 (8)Gry iy 7 59778

M N+1+T,; - N+Tu—p+2-g —
=Z o KnengS HA(Q)Gy S8 mre 4+ Y g8 G D HY ()G F5 ) T2 8 re

2¢+1 ~Tm+2=p _  Ty+3—p+g -8 q N+Ty—p+1-¢g —
G —q M gG1)DM+1H3(g)GTM+3_p qrs

" N+Ty—pt2-g
—o (K148 + 483G Daa1)HY()Gr, st 8778

- N+Ty—p+1-g —
— g™ K g HY(9)Gry st S8

+

—0 Dp+1

N+Ty1— -
—o (Ky1 + Gy DM+1)Hq(g)GTMHAﬁl $qit=pis

N+Ta1— (-1 _
‘igGTM“*QTM”Gg)DMH*‘iTM”KMH)Hg(g)GTN:]Aﬁl s )qH(l P8

Z
Yo
X
)

=2

+

M o(a
(
((g 2g+1GTM+2—P _ qTM+3—p+gG<1€)
(
((

il

=0

ZMH HJ(g, PS1, PTl)GZ\H_T"ﬁ1 & Proof of Forms completion.

O

oo g I, (Ki + Dig") = SUM(N, [Ky + Dy : Di(q —1)...Kpt + Dt : Daa(q — 1)), [1,2...M])
{q“XT-l G, KDi(g-1)=¢*1G, T Dy(g-1)=¢*T G T Dy (g-1)=*T (4*T 1) D}, X,=T;
Ki+Di+Gy T D;(g—1)=Ki+D;+G.T D;(q—1)=Ki+%T D;, X;=K; '
Following a similar form, we are able to prove inductively:

= ngzo H‘f(g)Gﬁg B =

Theorem 1.2. T3 TTY, (K; + Dig") = Tty £(5)GY + NTIK;, f(g) = ZT1B;
B — DirXTq:O,’iXT*l (¢¥T1-1)D;,Xr_1>0,X;=T;
e Ki'XT71:0;Ki+qXT7171D,’,XT,1 >0,X;=K;

Definition 1.3. lim, ,; H(g) = H(g), SUM;(N) = SUM(N).
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lim; n]y =n, GJ\Z\/]I = (11\\]/[) which yields the nested summation formula for K; + nD;.

2. Property
Definition 2.1. [n],— = q "G}, [n!];— = [n]4—...[2];-[1]4—, [0!]4— =1, [n]4+ = q" G}, similarly defining
[n!]g+.

Theorem 2.1.

(1). V4SUM,(n +1,PS, [1,2..M]) = TTM, (K; + [n]4Dy).

(2). At SUMy(N, [...PS..], [..T, T+ 1..T + M — 1...]), K; : D; can exchange orders.

(3). ViSUM,(N) = Lylo H{ ()G 17 0478 = Lo H3 (9)Gxl1vy = Lato HI(®)Gxiait 7,
X=Ty—-M—p.

(4). SUMy(N, [[L1]g—, [L2]g—---[Lglq—, PS], [L1,Ly...Lg, PT]) = Hinl [Li]4—SUM4(N). So Ty can great
than 1, T; € N.

(5). SUM(N, [[Ti]g—, [Ta)g—[Ttlg—], [T1, TowTna]) = T4, [Ti}q_GIT\IJE‘”.

(6) At H1(g), Lx,ex [14%T = G}, = G}.

Proof. (1) and (2) is derived from the definition of SUMj,.

(3) is derived from YN ! "Gl K =qM~ KG]I\\’Aff, which has already used in the proof of [1.1].

PS1 = [[Li]y—, [Lo)g—--[Lolq—, PS], PT1 = [Ly, Ly...Lo, PT)),

Hi(g < Q,PS1,PT1) =0, Hi(g > Q,PS1,PT1) = [12, [Li];— HI(g — Q), which proves (4) and (5).
(6) is actually G = LweQ(0M-K 1K) g™, 0

L]x—l qn_l qn+x_1 Cx
+ = = n + x],. From (5):
-1 gq-1 q”(q =7

PT = [1,2..M], PS = [[Ti];-] — Zn o 0"+ gl + 2)g..[n+ My = [1]4[2]5.-.[M], G
PT = [1,3.2M 1], PS = [[T}},-] » Y0 1. Y02 g~ R T [ + 2 — 1 = [1]g[8]g--[2M — 1],GN2M 1.

[x]q, + [”}q =q"

PS =[0,—[1], —[2]g... — [M —1]4] = H] (g < M) = H](g < M) =0,
H;](M) — Hg(M) — qM+(Tsz1)+2(T3—T2)+.4.+(M—l)(TM—TM,1) H G;Fi _ qM'*'(M_l)TM—Z?iIl T, H Gf".

N-1
=[L,2.M] = Y " g [nlgn — g [n — M+ 1], = g™ [1]4[2]4...[M], G 1.
PT = [1,3.2M — 1] — @120+ M=) y0 1 g7 guman [T [ +1 - ]

_ —1)— —1)2
_ qM+(M 1)(2M—-1)—(M-1) [114[3]q"'[2M_1}qG£\]1\j£M 1y
N—-1 X M . M(M+1)
Ean()“'Z:Z ()q i= 1”’ Hi:l [ni+171]q =q 7

Theorem 2.2. PT = [1,2..M],

3]g-..[2M — 1], G M1,

(1). H](g) = g8le*) yM o H3 (k)G

). H‘?(g) — Zk OHQ(k)GM kq(g+1)(g k).

(3). Hq(g)zzliwg( 1)k+gqu k(k+1)+ (2 )H‘f() ZkM (— 1)k+gqu8g+1 (k+3)7kgH‘17(k)'

(4_) HQ(g) _ ( )k+gGM k (g+1) 8§— k)— (§ ) ( ) Zk ( )k+gG]1t/I/I:§qg(g+3);k(k+3) H?(k)
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Proof.

Direct verification when M=1, assuming M holds. PS1 = [PS, Kps11 : Dpy1], PT1 = [PT, Tagy1)-
H](g,M+1) = H{(g — 1)g" "1 G{" " D141 + H] (8) (Knt+1 + Gy " D)

— X GI XD gs(e D) EkM:O Hg(k)Gg_l + (Kpts1 + GXT Dy )g8(8+ ) Z‘d‘:/io HJ (k)GE

= g8G{Dpr19%6 V) Y00 HI (k) (GEH! — g8GE) + (Kagy1 + G D1 )g8@ ™0 Y B (k)G

= 8G{ Dy 11956 ZkM:o HJ (k) GEY! 4 K188+ Z}i\io H (k)G (1%)

Hi(g, M +1) = Hi(g — 1)g 8G{ Dys1 + H3() (Knrar — 4~ VG D).

g8 Y M BT (k, M+ 1)GE =

1 _
= &) Y M (HI (k — 1) ¥ GEDager + HI () (Kpar — g~V GE D)) GE

M+1 _ M _
= 8@ YT (HY (k= 1) *GEDaa GE + 86D Y HI (k) (K1 — g~ KV G Dy 1)) GE

= s Y (HY (K~ (G Dy GE 4 g8 D Y CHE () (Kygr — 4~ ) GE D 41)GE. (15 %)
(1) = (1% %))/ (g3 Dpgy) =
Zzlcvio Hg(k)(q’gcéfog‘,H g0 G”kG"“ +q —(k+1) Gk+1Gk Zk . HY (k
() = quGigGngl — gFt1=84= (1K) G}*kGiﬁ_l = 0. Proof of (1) is complete.
Hi(g,M+1) =
438G Dppi ZkM_O Hi (k) Gy~ g+]qg(g 1) 4 (Kys1 + G§ D) Z;](Vio HZ(k)G%:gq(g“)(g‘k).(2*)
M+1 Hq(k M_‘_l)G]\A//IIiL;q(gH)(g—k)

= Zk:Oq qufAJrl — qM+1GIf)DM+1 — KM+1L]M+1)Hg(k)G% g+ q(ngl)(g*k*l)

M _ _
+ Yo (Knis1 + GiDpgy1 ) HY (HG%iLquWMg M. (2% %)
Items containing Kpyy1 :

KMHG%H:?@H)@—H _ KM+1qM+2GM+1 gq(g+1)(g—k—1) = KM+1G]\A//II:§5](g+1)(g_k)-

Items does not contain Ky, 1 in (2%):
= qSG DM+1G qg(g 1=k) 4 GgDM+1GM kq(g+1)(g k).
Divide by DMHngg(g 1K (g —1)71

= (@~ 1)GME_ 4+ (g3~ 1)GMEgsF = (8 - )GMHE.

Items does not contain K41 in (2*%):

M+2 _ k+l
- %DMHG%;’;H,]@H)(X%A) + GDp 4 G151,

Divide by DMHngg(g*l*k) (g—1)"

= ("G (@ — s TGM T = (-6

(2*)=(2**), proof of (2) is complete.
HY (g, M+1) = H}(g —1)q 8G§ Dy 1 + H(8) (K1 — 4~ S VG Dy ).

—k(k1)+ (57871
G Dy M~k 1Hq<k>c§,1q (e (37)

_ k=g
T (Kntor — g TG Dy 1) T, (1R (0 Ghg () (34
M+1 —k(k+1)+
ML (1) (K, M+ 1)Ghg T (2 ‘)
M+
- k=0

— (k1) (k+2)+ (5 5
_ Zk, 1)k+s- 1q1+kG1+kDM+1Hq(k)G§+kq (k1) (k+2)+ ( )

—k(k+1)+ (578
(—1)*8 (¢ GE Dy HI(k — 1) + (Kniys + G¥Dagn) HI (k)G 640+ ()

_ k=g
Y () Ry + Dy HIGE ) (3
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O

k—g
Items containing Kyy(1 in (3%) and (3**) = (—1)F"8 Ky, Ggq (kHH(Z )
Items does not contain Ky 1 in (3%):

k—g+1 _ -8
:quchMH(*l)Hgfng— q KD+ )*’f(Hg)GFgDMH( 1)f*eGEg k4G )

_ k=g
Divide by DMHq_(“’g)(fl)k*'g_lq KD+ (57 (g 1y
= (48 = 1)Gg_1g" 8™ + (g8 = 1)Gg = 4Gy — 4Gy, + "8Gy — Gy (A%)
Items does not contain Ky 1 in (3**):

_ k—g+1 -8
:(71)k+g71ql+kG}+kDM+]G;+kq (k+1)(k+2)+ ( )+(71)k+gG§DM+1G§q k(k+1)+ ( )

_ k—g
Divide by Dp1q~(1F8) (—1)k+87 1y KD+ (3 %) (g—1)"
= (" = 1)(g8GE+ Gk 1) — "8 (q" —1)GE = g"TFGE_ —q8GE — Gy + 9" TEGE. (A% %)
(Ax) = (Axx) = = 81GE_, — GE — (qucg -Gt ) =—-G{'' + G =0
(3*)=(3**), proof of (3) is complete.
—1
Hi(g, M+1) = ((¢5GM"! — gM*2G ) D1 — Kiag™ ™) HI (g — 1) + (K1 + G D1 ) HI(2)
goMA1 _ Mi2-8-1 M+2) yM ktg-1oM—k  ge—k-1-(§""1) g
=((q Gy -9 Gy )Dm+1 — Km419 Ek, (1) GMngrﬂ Hy (k)

—k
(KM+1+G D) Zk k+gGM gq(gﬂ)(g k)— ( )Hf(k). (4%)

M+1( 1)k+ngl(k M+1)GM+1 kq(8+1)(8 k)— ( )
K- (5*
Y (1) (g GE Dy (K — 1) 4 (Kngo + GEDir ) H (k) GAH kg 816 =0-(17)

1) (g—k—1)— (§7F1
*Zk N 1)Es 1Rk D, HT () GME gq(g )g—k-1-(5"")

8§k
+Ek +g KM+1+GkDM+1)Hq(k)G%i%:lg(q(g+l)(g k)— ( ) (4% %)

Items containing Kp1 in (4):

M+2(_1)k+g71 GAA//II—k

1y (8 k-1 o (gk
7g+1q8(8 k—1) (2 )_,’_( 1)k+gKM 1GM kq(g+1)(g k) (2 )

= —Km+19

(_l)k+gq(g+l)(8*k)*(§ik) gMH1-sGM- k+1+GM k_ GM—k+1

Divide by Kps41 M_g+1

(57
=Items containing K11 in (4**) divided by K41 (7l)k+gq(g+l)(g k) (2 ) .

Items does not contain Ky, in (4%):
1 M- —k-1)—(§7F1 _k (g+1)(g—k)— (57K
= (@G — 26 D ()G, ) Dy (1) sl R 6,

K- (87
Divide by DM+1(7l)k+g71q(8+1)(8 k) (2 )(qfl)*l
1 - _ - .
=[G — g™ 26 )G kg T = GiGM (g - 1) = (¢ =g )G R, — (¢ — 1)GHTE (B)
Items does not contain Ky in (4**):

(en)e—-1-(7") | (71)k+gG11<DM+1GM+1—kq(8+1)(X*k)*(§ik).

:( 1)k+q 1q1+kcl+kDM+1G M

M+1 e
Divide by DMH(7l)k+3_1q(8+1>(37k)7(Zik)(q71)_1

= (GG 0 P = GIGHTI (= 1) = (0" a7 )GHTT  — (4 = )G g (B )
(Bx) — (Bxx) = (q" 871 —g")GME, = (¢ —1)GME + (¢ = D(GY b + a5 *GMY)
= ("5 DG, — (FF - DG =0.
(4*)=(4**), proof of (4) is complete.

In the calculation of H1(g), [T X; = (ITX;, X; € T)(IT1X;, X; € K).

Definition 2.2. H(g,".T) = H7(g, LT, PS,PT) = H(g,L.T,M) = LlycrBi H(g, LK) =
ZHXiGKBi
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Definition 2.3. FX =1, EX =1,
JK — g N _ p{12.N} pK _ g N _ p{12.N}
- 21<A1< <Ag<M l_[~, KA"F =Fg : E = Z1<A1< <Ag<M Hi*l K/\"E = Eg :
q _qi-
Zl<A1< <A <NH _y [Ailg = S3(N+¢,N 21<A1< <A <NI_L 1 Ailg— =55 (N+g,N).

Theorem 2.3. PT = [T,T+1..T+M-1] and D; = LH] (g, Y. K) = Fyj_ Ej" + . Ef" + .. + FE} o
Proof.

PS1 = [PS,Kp141], PT1 = [PT, Tp141]- Using induction to prove.

H(g, Y K,M+1) = H{(g— 1, Y K) + H](3,}" K) (Kpi11 + GY).

FI‘L{‘K”KZ'"KM’KM“} in H(g,} K, M + 1) has three sources.
KEg_lEq )-aT F]/I-xglEg'q_ —(A- 1)KM+1 + EM 8- AGg

1,
:FA(E]gVH-lqg atEM o AGY) +FiEff —g—aKum1

_ F{KHKZ Km K1} pga

_ Kpsa
=FaEy o At EXE _g—aKmy1 = M+1-g— A

O

So PT = [1,2...M], we can always choose K, prSUMq(X —p,PS,PT) = Z 1o HI(9)q” Gl+p+g,
Hq(M) = [M!]y4, H] (g < M)pPg can take any value. So Z ~0 agGng, 1+ p > 0, can be converted
g "MV, PSUM, (X — p, PS, PT). For an arbitrary PT1, SUM,(N, PS1, PT1) can be converted

to [M']

into constant fo(TMfM)SUMq(N, PS,PT).

X+ X+M-—
In this article, if Zg OagGl+p+g Z ob G1+;§+g Zg:() chHerMg,
ag = c x H}(g,PS,PT)qb$, by = ¢ x HJ (g, PS,PT), cg = ¢ x Hi(g,PS, PT)qP8. From [2.2], [2.1(3)]:

1+ p > 0, then cis a constant,

Theorem2.4. X, K € N, M > K, 1+p>0a*:agq"’ C*:ng—pg‘

X+g X+M~-g
IYloasG g = gm0 beGiilye = TgtoCeGrypat  then

a; = qf (g+1) Zk gkak Zk on\\AA gq(g+1)(g k) o ci.

g(g+1) k+3> k(k+3)
by = (—1)3GE" 7 Y0 (<Gl 2 Map.cp = (—1)8

g+3 _k = %
Zk 0 Mfgq 2 .

M—K X+K .
Z ~0 ”gG1+p+g can be coverted to Zg:O )G1+p+K+g is equivalent to

M —k(k+1)+(578)
Y (~1)Ghg (k+D+(z >ak =0,0<g <Kk
k(gD (g—k)—(578) .
Y (el 00 <M g <k
The latter part refers to the necessary and sufficient conditions for merging, which correspond to
by =cp—g =0.
8§~ "M-g

3. Application

Proposition 3.1.

(1). Tocn<rae. capen 4o = GNFM — 7M (- 1)3qMa+ 558 GMGNi2M-s,

(2). Lacrycnyenciy<s Pt = q(#)+AMGE-A+L 4 Be 7, Yi<a <. <Ag<MqZI 1A —q(QH)GQA.
(3). TI, (a + g iz) = Z?:o q(z) (AH)gGMzgaM 8.

4). Gh K =M, (_1)gq(M—K)g+@G§/IG£\fgl\/fK K8 N>M>K>0.
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Nﬁg =9 Y-, N>M>K>0.

(5). LM, (~1)8 qg(g“)
)8

(6). Yoty (—1 q GMGM+1 =y N MM N > M +1,M > 0.
N+M| _ +M N+2M— g

(7). [ LZ =Yg (-1 )8g8° [g ]q Gom

Proof.

PS =[1,1..1] : 0, PT = [1,3..2M — 1], H{ (¢ > 0) = 0, H](0) = 1, SUM(N + 1) = GY;™ — pre-equation of (1).

A+(A+1)+..+(A+M-1) 20</\1 Ai 2).

Y TMA quil
A<A <..<Ay<BY q < <AM<B—A—M+1

X T X (_ 4i—1 ,Xi:Ti
At Hq(g) B; = {qxi(—; o )X P Extract ¢’ ' form B;, after extraction, B; = {Z’;'E )z *Izi ,
M+1\_ M—g+1 _ g o M+1 M—g+1 + + g+1
Hg(g) = ‘7(2 ) (2 >(_1)g‘7(2 ) ng§A1<...<AgSM grat = (_1)gq(2 - (2 ) @) ( )Gg['
SUM(N +1) = GN*M = ZM HI( )GN+2M7g — post-equation of (1)

=5M T Le=013\8)2m p q .
Comparing the coefficients of z8 on both sides of (3), combined with (2), proves that (3).

o ey ’ . . M i—1.\ _ M 8 ~M M—
A = —1,it’s Rothe’s g-Binomial Theorem [ [, (a +¢''2) = Zg:o q(Z)Gg z8a™ 8.

Using the post-equation of (1) and VK to obtain (4) - K= M, Z -1)8 q =1
M slgtl) N-g-1 N 1 ta)
=2 0 (—1)8q" 2 GM(qMG &1y GMji )= q + Zg:O (-1)8q 7 GMG
— ZA{ (—=1)%g . GMG =1- qM. Continuing the same process — (5).
M glg1) N- iy :
=0, . 0( 1) q =(gmK=M, =0 (-1)8q = GQAGM § =1, it’s a special case of (4).

Using the same recursive and inductive methods can obtain (6).

SUM,(N +1,[1,1..1] : g — 1,[1,3.2M — 1]) =

2y A _ |N+M
=M qZ'

ZogAlg...gAMgN q

g ITDXr 6] Ti=Xk— 1Dy =g X1 (1 X1 1) =X (X1 1), X,=T,

q(Tl-—Tl;l DXr_1 (K, +G) X 1D;)=¢?T1 =g?X1 X;=K;

At H](g), B; :{ ,
Unable to derive a concise expression for qu (g), the same applies to HJ (g).

At Hq(g),Bi _ q1+XT 1{(q XT lGi 11 iG, X7 1)D Kq },ﬂiuzxpl:7q71+2XT’Xi:TX_.
’ g1 (K46 T D) =g 1 (146, T (g-1)) =g 1 =7 X,=K;

Hi(g) = (~1)8q s 2EL 0y TTa27 = (—1)3° [ Lf

O

EA§A1<A2<...<AM§B q):f£1 MP = q( )D+AMD [ﬁ;A+1} qD'

I—LA:1 1+ chiz) _ Z;:o 45¢ ZlgAlg...gAggA qu;l AD g — ZA:O q(g)mgmgc [?]quzg,

H?:l (a+q@-0Dz) = 2;74:0 &P [?]qZDZgaA—g,Hf:1 (a1 4 q2i=DDy-1) = Z§=o ¢&’P [E]qmz—g“_(B_g)'
Hle (a+q@1Pz) H?:l (a " 4qDP ZkffB

£l = ZA+B [zALzD [134] ZDq,-qu( i—k)? DaA—zu—(B—(i—k))

kZD aA—B- sz+B H [ kLZquD(i(ifk» quD A-B— k[£+f]q
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The last step used g-Vandermorde identity. 2 = D = 1, it's MacMahon's g-binomial theorem. [2] pp 74.
1
lq], x| <1, T =(1+x+224+ )0 +xg+ 227 + .00+ xg* + +x2g* + ) (1T + xgM + +226M ).
When we multiply this out, the coefficient of x% will be Zq“qb ,0<a<b<M,and so forth.
1 = M-+k . k 1 _ = xk sy d hv’s id .
1) — Gimn = kZE) G, N kZ;) Gr it’s Euler and Cauchy’s identity [2] pp 121-123.
co q(g)xk

, it’s Euler’s identity [2] pp 129.

(3) = (v = Elo a6 = (~x)e = Ly 5

Py

q *l]CXT*1+1,Xi:7?
C>2,PS=[1,1.1]:q~1,PT=[1,C+1,2C+ L.CM~1) +1], AtH{(g), B =y & " =

= L five — yM +CE8 N TM] AN+C(M-1)+1-¢
X=CM=1)=M+2,M>13 50 o oy oy g Y = 0 (FD) 7 [g ]qCGC(Mfl)JrZ /

fi=2i=1 (modC—-1);fi=1i#1 (modC—1).

Proposition 3.2.

N+M _ M 1)g~M~N N+M+p _ 1 MAN+p ¢ MAp 1)g~M+p ~N
(1). GNM — M g8+ gG G i Gainy = Zg g8+ +p)gG Gt = Lomo g8t )gc i
M+p >0.

2. 2, (-1 GEGMg )85 = 0,6 < My (-1)FGMEGM(E) = 0,8 > 0.
(3). M > g+, XL (~1)FGEGMg(2) stk = 0; M > g, 7 M (—1)kGEGMq(2) M-k — g,
(4). g > x, 55y (~DFGM=EGMgE) =% = 0; ¢ > 0,55 (—1)fGMEGMg(h) =Dk =,

Proof.

PS = [[1]4-, [2]g—..[M]y-], PST = [M],—, [M —1]4—..[1]4-], PT = [1,2..M]
SUM,(N, PS,PT) = [M1],_GN* ) = ng: o H{(8)GY. , = SUM, (N, PS1, PT).
In H!(g,PS1,PT),X; €K, B; = [M+1—i]g_ +G"" =g (M- GMH1-it X,

q MGM-1 g+l _—(M+1)(M— AMFod Ay
Hl(g ) K)=G"G"'.G{" g (M+1)(M—g) 21<A1< g 1 Mg,
M—-g+1

_ —(M+1)(M— i
_ gMgM-1, s+ (BT M OGM o H(3) = q= gty Hi (3, LK)

HT M-g+1) _ B M 8
1(8) q(z 8 ) (M+1)(M g)+2?ilz+2?:11G%_g _ qg(g+1)G£/I, this and [2.1(3)] yields (1).

[M!];—

It’s g-Vandermorde identity: G]\I\/]Iftw GN+M = ;{w: q (g"'t)GMGg " ¢- (2) is obtained from [2.4].

It is obvious from q-Binomial theorem that Zk o (=1 q(Z)Gk =0.

ZIICVIg (—1 kG ngM Zk () ngM 1+qMZ qu(z) ngM 1q—k
M> 1+g,2k o 1)kGkg(®) ngM 10 Zkf ~1)*cEg()- <8“>"G{(‘{;1 —0.

Zk:g - gq(z) ~skGMyk = Zk:g ~1)fcEg()- ngM 1 +Z (~1)kGlq(8)~s+kgM1 —
Similarly, M > g + x, Zi/fg (—1)¥GlgB)cMy~s+9k =0 s (3).

Y¥ o (—1FGMEGMaE) = Y8 (—)FGM kg GMT L My —1)"(;%;;5,(5)*(31\4—1 =0.

- - M—1—(k=1) (k1
(—1)kGM- kq() kg 1:q H=nf eyt gt GMt = g > 0,7 (—DFGM k)Gt <o,

M-1-(g-1)
—k —k (% - - k~M—1—(k=1) (k-1 -1 _
Yo (“1F G- k G =30, ( 1)kG5\wA—g‘7(2)G1€w P L (5D GM—l—(g—liq(z JeMit =o.

Similarly, g > x, Zk o (—1)FGY k() kM .
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O

Proposition 3.3. If 31 agGy = T/, (K; + [n]yD;) then T3 Oagc;”gcﬁg ITM, (K; + [n]yD;) G T

Proof.

PT1=[1,2..M],PT2=[T+1,T+2.T+ M],

VySUM(n +1,PS,PT1) = [T, (K; + [n]4D;), VoSUM(n + 1,PS, PT2) = [ [, (K; + [n]4D;) G},

X CX.—T. X T+Xr
At H](g), B; of PT1 = chlxD,,x,—n Biof PT2 = {776 DL Xi=Ts.
(Ki+G, T Dy),X;=K; (K+G D)), Xi=Ki
T GT+g

T+, _
H] (g, PS,PT2) = Hj(g,PS, PT1)W = H{(g,PS,PT1)G,; ¢, ag = constant x H{(g, PS,PT1)q~¢

O

For D; = (g — 1)K;, PS = [T, T+ D..T + (M —

1)D], Hi(g) and T are not related, similar equa-
tions exist.

Proposition 3.4. x > 0,

(1). Z}I{Vio (*1)k+gG}i\AG§qk(kz_l) —gk-+xkk qS(g;l)
T k(-1

2). iy (_1)kGII<MGAA;II—§‘7 7okt = G (z0%;9)s-

¢ (207 9) m—gZf.

Proof.

For (1): g =0, it’s [3.1(3)]. When g = M, it clearly holds. Prove by induction.
M _ k(k
Zk:o (_1)k+g(GII<VI 1 + qM kGM 1)qu —8k+xk k

81 _ _ _ k(k=1) _
=g g2+ng§/I 1(26] ?Q)M—l—g2g+q Zk:o (71)k+gG11(V£11G§q 7 —gk+xk—k k

= " S PGM T (2 g g2 — MY (1) FEGM TN (GE 4 IS GE_ g sl ) 1
glg-1) _ o _
—q 7 8 +"g(GM Yzqq)mo1-g28 — 2T MG T (20 ) M1 )

g ZZ k+gGM 1gk+1- gGk y D g (k1) +x(k+1)—1

— qw*é’Z*’CgGéVI*l(zq ;q)Ming + qM+x72gZ ZII(VLO (_1)k+g71 G]I{\/IflG(]é_lqk(kz—l) ,(gfl)kﬂckzk

_ E=DE=2) _(,_ _ B 3
+q S8 —(g-1)*+x(g 1)qM+x 2gGév£11)

_ x; M 28 g(x; ) _
a9 g% \q
&= _ 2 _ _ _

=q 7 & '*""g(qu;q)l\/l,é(;,zg(Gé,vI Ly gM gGgill) = (1).

For (2): g = M, it’s [3.1(3)]. When g = 0, it clearly holds.

k(k

Zk 0 kGM 1+GM 1)GM kq +Xk k

_Zk 0 GM 1GM kq( +(x+1)k k"’Zk 0 GM 1G :E(];:qu(k 1)+xk k
M—-1~M-1—k K1 Dk k M—1_g—k ~M-1-k KED 4 (x4 1)k _k

_Zk o )Gy Gy (g-1)1 ? e +Zk o )G g RGNl g1 2 (x+Dk
M—1,~M— 1 k KD (k1) k

ZZk o G Gy 1-(g—1) Dz
=Gy, 1(zq “i0)g1 — 2" f;,” Hzg " q)g1 + 8GyT (20" )g — (2).

O
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Proposition 3.5.
GM(W? ) M—g M+8=0 (mod 2) GM(g:4%) ¢,8=0 (mod 2)
M k Mck e M k+goMeM—k _ ) 8T s
Yizo (=1) JrgGk Gg B {O,MJr =1 (2 d 2) Y=o (1) +8G Cm -8 {O,gzl (m%)d 2) '
Proof.
- D)8 (g 9)m - M—k+
Mg s odd, (—1)F2GMck = — . = —(—1)$tMkrsgM G = Sum = 0.
& (FDTEGG (@D (@ Di—g (4 9) M-k ) M-ktg™8
M-+g is even, use induction to prove. Sum = ZkM: 1)kFeGM- 1Gk + Z 1)FFeGMY 1quM k
M
70_‘_2 ( 1 k+gGM 1G§QM k Zk:o (_1)k+gGM 1Gk 1 M k+27 _ )k+gG£f11G§qu g
:Zk 1)k+g 1GM 1Gk 1 M k +Z k+gGM 1Gk 1q
k 1) ~M—1~k 1 1 M 1 k—
_Zk +8+)G Gk (1 =8 +Zk=0 —1)k=D+(s— )G Gk “IgM
= Gé\il (‘Wi )(m—g—2)/2(1 = 81) + qM_gGg{\ﬁl(W ) (M—g)/2 = (GQA ! ‘HIM gG(Q{_ll)(q; ) (m—g)/2-

Replace k by M — k, g by M — g to complete the proof. g = 0, It's Gauss’s g-Binomial theorems [2] pp 61.
O
Proposition 3.6. [TM, (b + ¢4*iz) = Eg oI, (M= — 1) Hﬁzg b+ qA+1—iZ)Gé\/Izgqg(g+A—M).
Proof.

PS=[b+q%z: (q—1)gzb+q" z: (g—1)g* 2z b+ g Mz (g —1)g4 M2, PT = [1,2..M].
M i M - M _
ViSUMy(M +1) =[5, (b+ M7 2) =TT, (0+9%2) = Y 7 H] (9)Gy'q .
XT(qXT_l)qA—iJrlZ,X’,:Ti

At Hll] (g)’ Bi = {Z+qu—1qui+1z:b+qA’XKflz,X,':Ki'

Hl(g) = gstAtt J¥EL g8 Hg (- 1)[Z—M§/\1<...</\ <-1 qE;il M] H1M1g( +qt170z)
:qg(A+1)+(2 )q() MM TS, (¢ — DTV (b + g7+ 72).

Hl{\il (b+qA+1 _ Eg OH q —1) 1—[ (b+qA“ i )GMGng(g+A M+l)q7gzg.

M— —i _
-1 l_L 1 A+z :Zg OH M+1 Z)Hi:1g(1iqA+1 z)GQ/qu(g+A M)
— GA+M = Zg 0 GMngg qg( gHA=M) jps g-Vandermorde identity.
M _ —i M— —i
I—L . (b qAJrz _ Zg:() H§:1 (qu+A M ql z+g+Az) Hi:lg (b o qAJrl lZ)Gﬁ/I.
=Y OH ' (qu+A7M _ qgfiqAJrlz)HM—g (b— qA+1fi7(g+A7M)zqg+A7M)GM.
a=g""sd =z M S [T (00— = DL T, (df — ) [T S (0 — g5 g )Gy,
It can be compared to Jacobi’s g-binomial theorem [2] pp 71, c is any number,
Mo .
Hl (b—q" 2 o[ T (= ') [TZ 5 (0 — g™ 87 T) Gy
8=
Proposition 3.7. PS = [[T;];-], PS1 = [[K];—, [K+1];—..[K+M—1];_|,PT1 = [T, T+ 1..T+ M —1].
(1). HI(g, PS, PT) = [T, [T 4—q(s+1+P)SGM, p = Ty — M.
M-g+1
(2). HI(g,PS1,PT1) =TS, [T — 1+, T ¥ [K+ M — i, GMq( )M+ ()

M-g+1 _ _
(3). K = {PS1}, iy ES"+ Fi B+ ..+ F§<E§;;Lg — IS K+ M- i]qugVIq(2 )~ (M) (M—g)
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Proof.

224:0 Hf (g) Gﬁ;ﬂg = H (Ti]g— Gg;ﬁd = H [Ti]g— Gﬁiyﬁp, [3.2] yields (1), [2.4] can also reach the conclusion.

At (2), K; can exchange order, let PS = [[K+ M — 1], ..[K+ 1], [K];-].

T+Xp_
qXT Gl T 1rXi:Ti

g+1
Biof H{(g) = {q(w,.) M g Hi(g) = q(z ) [T, [T—1+i,H] (g, Y K).

M—g+1
2

H(g, Y K) = [TY5 [K 4+ M — ilgq~ 60190 ) 6M and 23] yields (2) and (3).

§)—(remy(M—g)+ (55!

If K=T, then p=T-1, q(z ) = qg<3+1+”)*):?il (T=1+0) it's compatible with (1).

0
For Hi(g), (1) = [TT:(3), (2) =TI, (T 1+ ) [T, (K M- ) (3).

_ 4\A+M
%V'JSUM(N’[[1]4*'[2}51*"-[1‘1]477/[3-&-1%*/[3+2]q7...[B+M}qf]/[l,Z...A,A+1,A+2...A+M])
=Gy "+M+B:w N N _

GGy @G a @M [A!];- VoSUM(N, [[B + 1]g—..[B+ M];—], [A + 1..A + M]).

(1—g)AtM
o)y TaSUMN, (Xl X~ g [X = A4 2]g, Y]y Y 4 2]g Y + M= 1]y 1,24+ M)
0 <Y <M,PST = [[tg-, [2]g[Y]g—, [Olg—, [=Ug—/ [-2g— o[- (M = Y) + Ug, [X]g—, [X = g [X = A+ 1]g-],
— GHXgntY — wv SUM(N, PS1,[1,2...A + M])
4 @)algm 1 ,PS1,[1,2..
_ (=t Y X—A+1 X Y 1A+ M
= ) Yl Vg SUMN, [0y [=(M = ¥) + 2y, [X = A g [X]g L Y+ 1A+ M]).

If H](g) > 0, then X7, Xo..Xp—y € T, so Hi (g < M — Y) = 0. It’s not difficult to deduce Hj (g > M — Y).

They can obtain the formula for G4 4G}M 8 and G4T¥GY, 0 <Y < M.

HI(g, [[1]g-, [2lg—M]o-], [1,2..M]) = T2, [Tilg—q8 V3G = ¢ e Y, GiGH.

=Ty Ti+Xr g i XK-1 5 G XK1y (g+1)

) q _ JaligitiTGy Xi=T; o JaG Xi=T; HM o et HM i ~M

B hs) = {qTiGT"+XT1 X;=K; - Bi= G 1 xokg ’EX(T):g i Bi=q =1 G1Cs
1 s A= 1 A=

—M(M+1)
2

i—X7 o XK-1 _ Xy o7 XK-1

o )aTTG =7"K Gy Xi=T; M o _TIM ~i~M ; o

— B = {Gi+XT1 ek ’EX(T):g [[.-, B = ]._, GiGy" Promote this conclusion:
1 A=K

Definition 3.1. Set T come from p Source: Sy, S3...Sp.

Diff(Sy,Sx) = 0,Diff(Sx,Sy) = —Diff(Sy,Sx) = 1, x > y. Diff(T; T;) = Diff(Sx,Sy), T; €
Sx, T €5y,

Ti+ Y Diff(T3,Ti) Yjcipifrcr,ry—-11 M M ~T; i
. j<i q j<i,Dif f(T;T;) — Hi*l Gll’ T, >i.

e e M
Proposition 3.8. Yot tg=Mg=|s;| [ 121 G =Gy 009
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Proof.

Record the sum as W (g1, 82, ---&p, PT).

W(1,1,[Th, Tr)) = GlTl GlT2+1 + GlTl Gsz_lq = GlTl GszGz, it’s holds. Suppose W (g1, 82, PT) holds,
Wq (gl,gz +1, [PT TM+1]) = TM+1 S SOMT’Cel + TM+1 S SOMTCEZ

- Wﬂ(glfgz, PT) TM+1+31 W (81 o 1’g2 +1, PT)GIM+1*(82+1)qg2+l.

_ M Tmi1t+81 M AT Trp1—(g2+1) S2+1
= Hi:1 Gl Ggllng + Hi:l Gll) 182+1G q

Just need to prove: Gé\fGlTM“+g1 + Gg{lGlTM“ (M= ng)quglﬂ = GlTMJrl Gg“.

(Right side) x (gM—81F1 — 1)/(3;;1I = (gt g+ D (M 1) = (1).

(Left side) x (78141 —1)/GM = (gM=8171 — 1)U 781 4 (g1 1) G M1~ (Mt gM gt
= (@S =) (g L g 1) 4 (g8 = 1) (T T L g2 4 M) = (2),
(1) — (2) =0 — It's holds when p=2. W,(g1,2 + g3, PT) Gg};fi;& Hl . G

Every product has g, + g3 factors come from Sourcey, divide them to g» x Sourcep + g3 x Sources,
g1-factors are invariant, (g» 4 g3)-factors are variant.

ZH (variant factors) = W, (82,83, [X1, X2... Xg, 145]) ‘%gs ng+g3 G

G81+82+83G82+83H G Gg1+82+83
i=1

T.
Wy(81,82,83/[T1, T2...Tm]) = Gy o5t e; Goags 81,8283 11

G,
O

Proposition 3.9. K € N,K > 0, N ! gkn G M

gg+
=Yg Hg (M“f )Gg Gl g
_ _ N+M+
=q (M+1)( S (g M+ 1) [g 1] G1+M+gg

_ gg+1 N+M+K—-1-
=Y R (—1)8q 2 G "Gk e

Proof.

SUMy(N, [[1]g-, [2]— oM =1]g—,1:g—1,1:g—1..1:g—1],[1,2.M = 1,M+1,M+2..M+ K — 1))
= [(M=1)]g- Yl q" (140" = 1)1+ 4" = )G ™ = (M= 1)1, Y01 g "G,
= [(M—1)1],-SUM,y(N,[1,1..1] : g — 1, [M+ 1, M+ 2..M+ K — 1]) [2.1(4)]

y 1qK"G”+M — SUM,(N,[1,1..1] : g — 1, [M+1,M+2..M + K —1])

g=0
_ q N+M _ vK-1,.49 N+M+g _ K-1 149 N+M+K-1— -8
= Lom H (g)G1++M+g Zg:O Hz(g)G1+M+g *Zg:o H3(8)Gpsk

M X
B — qHXr 1GMTT R (g 1) =T (gMHXT —1), X, =T, H(g) = qs(s;l) 8 (M _1)GK-1
f LG T )= T =0T Xi=K; T i=1 4
—(M+XT) (gM+XT _ =T (g+1 )
. Ja (q 1),X=T, q —Mg—(M+1)(K-1-¢) T8 M+i K-1
B; = {q’(MJrl*XT—l):qf(MJrl)q—XT’X‘_:KI/H &) =aq 8~ 8 ] (q -1) g -

gt X1 — X7 X =T, 8(g+1) _
_ - gxr, Q00 K1
Bi= {ququr,x,-:m C U Hy(g) = ()8 TGy

O

. . 1 1
Definition 3.2. (}{)” =0, <§4> = Chpidgu—M—g T {171+ Al 4+ A1+ Aage[1+ A + o+
Aglg, A > 0.

Easy to obtain: <§’I> M — g] <M 1>q + g+ 1]q<§/1_1>q, o) <£A>q = <%7g71>q.
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Proposition 3.10.
-3) _ q (M-
N2 = £, (g1, S3(M, g)q M (1M [gl],s] (M, g)g 5N e = et (MYl g,
Proof.
1 1, 9" "1 —M[nM
VySUM(N, [[1]g-, [1g—-[1]g-], [1,2..M]) = H(ﬁ + qT) =q "[NI;
_ 1 vM-1 - - N
= q"'VgSUM(N, [1]-, [1]g-[1]g-], [2,3..M)) = L HI@)GN 078 =7 Lo HI(9)G
q1+XT,1G§‘+1) XK1 quGHXT,q—quXTGHXT X;= T

1+X7_1

In H;I(g)/Bi = {

_ 8l
H(g) = q78[(g +1)!]gq" "
_ _ _ _ (g+1)
g MINI = g Mg+ 1) g

—(1+X )G1+XT’ X;=T;
In Hg(g)rBi = {q T i+1-Xg_q
—1—¢ —(M—-1— 1g9—
Hi(g) = [(§+1)!g-/ (14~ H3 (g, LK) = ql(g + 1)!]g— ()M~ =8q~ (M=) EF U™

q,liq—(Hl—Xk,l)Gl
B _ M-1 11— +1 N+
MING =7 gy al(g + 1)ty (-)M g M ERTE G > Form,

q—l_,’_Gi(T—l =4-1G, qu”XTX =K;

_ g(g+1) 1,
/q'H{(g, Y K) = [(g+1)!]gq Vg2 g~ (M0 B

S(M, g+ 1)G{\’+gq’g — Formy.

- 2+X - 14X :
=q1—q (z+XT)G1+ T——g-1g71 XTG1+ T X:=K;

q
VISUM(N, [[1]4-, [1]g-[1]g-], [1,2...M]) :ZMz Hi(g)Gy ™M 188

B {q(ﬂx“Gi—q"GX“—M =gt G, =T,

q ~(M-g) S5 /MNT oy
q71+G1XT—1 q,1G1+XT g 1G1+XT,X K, H3(g) q q <g > ,H3(M) 0.

— M-1 9 86D _(m N+M-1—-
g MIND = YT (M) g g (Mg gy M,

M vM-1/pm\7 &) N4+M-1-g —M-1/Mm 9 M-1-g9)M-g) N-+g
INIZ" = Ym0 <g>’1 2 Gy =Y 0 (M1g)q Gy’

O

This can be compared to NM = 2 1 8! 1S5,(M, g)( > ZQA 1 (— )M’gg!Sz(M,g) @HSil) = ZQA:Bl <§A> (I\A/IIJrg)'

S$2(M, g) is Stirling number of the second kind. S,(M, g) = E3, Mg < i,w > is Eulerian number,

g+1 A
< > Lonenpeingoontog LT P4 A M - A2)o (14 A1+ 4 Ag) 3]

Proposition 3.11.
-M 8 -iy _ VM ~-M H +M—
g™ Zg 0 Gg H " —q") Z oqg[ L,l i (4" —q Z)*Zg 0Gg (= l)gq(Z)GX/I £
Proof.

gM" =V SUM,(n+1,[1,1..1] : g — 1,[1,2..M])
M — M M-g _
= Yo HI(9)GEg§ = Y oL HA()Gy ™ = Yo HA(2)Gy ™ Eg 8.

X116y K (1) =T (XT 1), X,=T, 14 q M
B, =1 1 JH = (g—1)8[¢!s+H (¢, Y K) = (g — 1)8[¢!],:. GM.
i {HGIXN (1~ 1)=*T1 —gT X K, 1(8) = (4= 1)8[8Yq+ H{ (&) _K) = (g — 1)3[g4+ Gy

B = { g O TN i) — (g - 18t Y]
B= {0 ) = sl e T = s ey
O
Proposition 3.12.

(1). (K+gD)M = (9 = 1)D 35" (K4 D)3 (K +gD)M~178 + (K + D)M
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(2). (K+D)M = Dy )T K8 (K + D)M~1-8 + KM,
(3). (K+qD)™ = q(q = 1)D? Loyt =M 2 b0 K (K+ D)?(K+4D) + D L3" K8 (K + D)M~178 4 KM,

Proof.
PS=[K+D,K+D..K+D)]:(q—1)D,PT = [1,2..M].

B = {100 UPR=T H1(0) = (K DM, HI(1) = (41~ DD Xy pr_1pm0 (K+ D) (K-+ D).
SUM,(2) — SUM,(1) = H{(1) + H{(0)G} — H{(0) = H{(1) + qH{ (0) = q(K+ D)™ — (1).

From [1.2]: (K+ D)™ = f(1)G} + KM — (2).

From [1.2]: (K+¢D)M =Y T[(K+¢'D) - Y _ [T (K+4"D) =

f@)GE + fF(1)GE +2KM — (£(1)G] +KM) = £(2) +qf(1) + KM — (3).

Hi(
)

O

Proposition 3.13.

(D.0<A<MO<T, LG TGN g861+D) = Tt GATT G G g 1D,
(2.0< A,B,T,0<A+B<M, ZMOGMGA+T+gGgq( )=8(A+B)(_1)8 = 0.

M+1-g
(3).0<K,T, Zg:O( ) GMGI\A;III§+T+gq( >+(M g)K _ (71)MG£+M+K'

Proof.

PS=[[T+1)4-, [T+2)4—.[T+M];-,PT=[T+A+1,T+A+2.T+A+M)),

g(1+g) M— ToM1 M+1-¢
SUM,(N) :Zg o CATANL [T+ A+ 1) [T+ A+ gly [Tt gt 1y T+ Mg 2 Moe)TeM +(2 )GQ/I[3,7]
8(1+g)

GDAGA D ma oM M—g)(T+M+1)+(MF178) 144
= DAl G g T ) Tl o)

=TIV T+ A+ i)y SUM(N, ([T + g [T + Alg-], [T+ M+ 1..T + M + A)). [2.14)]

—(M—A)(T+A+1+T+M) M A . A NAMAT &zi) —(A—k)(T+A+1)+(4+1k
=g~z
q [T 7 (T+A+i Y GhliTiia )

[T+ M+ 1] [T+ MKy x [T+1+k]...[T+ A], G

_ Mo AT ARTM) NaMaT O (A (T A1) ($1F) M o
=1q Zk o OMiT144 (&) [T [T +k+iGE. (+)
Compare (*) and (**) :
N+A+T 804+ -(M-g)@+M+1+2T) AL Tye a1

Zg 0 CaiT11gd 2 Gy °Gyg

~(M=A)YTLA+IAT+M) ) BN E At e KK —(A—K) (k4 A+14+2T) (gL )M
- 2

! =0 UMk @M D) Mm-a (@D (959) a—k

(M) TEATIAT +M) NAMaT KOHR—(A-REHAIRT) _rmp a0

=1 Zk 0 OMET 1469 2 Gyt Girr

Proof of (1) completed, the two sides correspond to merging and unfolding.
A+ B < M, From [2.4] and (1):

Zg 0G§/IGA+T+‘ZGgqg(1+g+T)q*é’(g*l) (5 )7(A+T)g(71)g

A+T+ A+ (5B M A+T+ ) _o(A
=Y, GG TG ) c1s—0- Yoary GIGA T GE ) s B) ()8 — g,
This is (2), when A=0, it’s [3.2]. Similar expressions about G B can also be obtained.

SUMy(N,[[T+1]y—, [T+2)y— . [T+ M];- ], [T+ K+M+1L,T+K+M+2.T+K+2M]).

g(1+g) M-g+1
Hi(g) = g7 MG Iy ey Mg, TTYS S[T+M+1—i,GM.
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Direct calculations yield Hj (0) = (—1)Mq*M(T+K+M+1) Hf\il K+,
HY(0) = Y0 (~1)8H] (g)q U8+ )+ S5 - (THkaMs o 4 3]
. Mgt L (M—g)K . - .
(DM, K+, = 224:0(—])811(2 )+(M=g) TE, T +K+ M+, TS T+ M+1-i],GM.
. . M=) L (M—g)K
M Ky TS [T+ Moy = (sl ) OO T g 62
M—g+1 _
(COMTTE, [T+ M), = 2210(71)85,(2 JHMOK TR g T, (K il x GM
M—g+1
(—1)MGIMIK 2;‘4:0(71)% ) rm-gr Gk MHEGM — (3).1t's the case of A + B > M of (2).
O
g-Vandermorde: ~ K=T+1+M, A=0, X=N+T, Zévl 0 GM GN +(T )qg (+1+T) = ZQA:O

Ggﬂcgigq(M—g)(K—g) — GI><<+M,

Proposition 3.14. YN -1 .. Y2 TTM [K — 14+ 2n]gq 57" = g W-DMITM (K4 N =2 4 i],GMHN-L,

Proof.

PS = [[Kly_, [K+ 1], . [K+M—1],_],PS1 = [K+ M —1],_, [K+ M —2], ..[K],_], PT = [1,2..M].
B; = K; of Hi(g, PS, PT) = g~ (KoIH) GRAAH | GXr — = (K1) GR-1HHXT Bypand by definition:
—(K=1)(M=g)—L;3 % -y S

H{(g,Y_K,PS,PT) =Y " 7{{:0 2 OH [K—1+i+2n4q
g -3 1 (M-g)k+m) (37F) am
= H!(g, YK PS1,PT) = [V 5 [K+g —1+i]g~ M8 g /GY.[3.7]
2 n M—g , g(M-g)-xM ¥ n; _ Mg 2 M
Mp—g=0"" X izo [T2° [K=1+i+2niq Y =TTn K+ g —1+1],Gy
M . M—YM. n; M M+
iM:O "'ZZ?:O g [K—=1+i+ Zni]qqg Yt _ Hi:l [K+g—1+i],Gp g
N-1 n M . (N-D)M-YM n; 1M 4 ~MEN—1
ZnM=O 2n?=0 [ T2 [K=1+i+2neq = =TTL K+ N =2+, Gyt
O

K=1,M=1— YN [1+2n),qg7" =g N-V[N].

4. The Extension of q-Euler Polynomials and the Relationship Between Three

Forms

In this section, a # 1, q’l, q’z, .y q’M.

N+A-M)gN+A-1-¢
NZM q( )chig

a p—
(a;q)g+1 + (a;q)M+1’O <A<MN>M-A.

Lemma 4.1. Zi;];ol a”GR‘/IJrA
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Proof.
N
N 1

A=MM=0,), ;a"=s—+ 17—, holds.
A=MM=1Y oGt = ZN1”(1+q+ 44"

N-1 N-2
:(1+q+ +q Zno nian 0(1 —q ZnO e 1Zn:0an
_oNl=a¥ q(l-a) (1-a?) NI -aNT)

114 1—a 1—a 1—a
_oni-at N LT+ag+..+aV N 14g4. gV GY - GlaN N 1-aVg¥ G}
11— 1—a 1—a 1—a (1-a)1—aq) 1-—a
Sl 1 ! holds
T (1-a)1-a 1—a 1—a)(1—agq)’ '
q q
g —agM _ g

A:M,N:l,—ﬂl A{O q + 1 = 1 aq —ﬂl ]Viol 76]

80 (39)er1 @M1 @@mn 8=0 (a;9)g11

o oMY(1 _ aM—1 B g
= (1—ag™)(1—aq ) —al A{OZ T ... = 1, holds. Suppose it’s holds when N.
(@q9) M+ 5=0 (4;9)g+1
Z nGn+M Z MGn 1+M+Gn 1+M quZN 1 nGn—&-M_i_ZSI o nG;zVItA{I—l
N+M-1-¢ N+1)g ~N+M-1-¢
— _gMaN+1yM AN ag™  NpiyMol gNEGy, T, 1
=0 (4q)g41 (4;9) M1 §=0 (4;9)g+1 (4;9)m
N+M—1— N+M-1—
_NHyM MGy, q(NH)gGMflfg ¢ 1
§=0 (@9)g+1 (4;9) M+1
o ~N+M—1— N+M-1—
B N1 M q(N+1)ng gGMfg 8+q(N+1) GMflfg 8 1
T e @4) @
g+1 7q)M+1
q(N+1)gG(N+1)+M 1-g
—agNt1 A{O 3 + . Proof of A=M completed.
8= (2;9)g+1 (@ 9) M1

N-1 yn-~n+A _ aM-A NM+A1nn+M .
ano a"Gy Z Gy, complete the remaining proofs.

O

(NJrAflfg)
N—1 M \M-g a
Taking the limit g — 1, Z "("M+A) = —aV §=0 (1 g)g+1 + (1 —a)M+1’

M N+A-1—
Zg:() q(NJrA M)(g+1)GM+g g(qg+2 ‘J)M +1

M—-A

0<A<M.

ZN 1 nGn+A quAGN+A N+A-M.
n=0

M+1 (q S M+1 =

Theorem4.1l. X =Tyy— M-y > -1,0<Y <1, f(g) = (aq2+X+g;q)M,g = (aq”TM—M_yJFg;q)M,g,

(1. Tolo Hi (9)a%q ¥ £(g) = Tglo H3 (8)(8) = Lo H3(8)asq ¥ define as A}(PS, PT, ).
(2). N a"ViSUMy(n+Y) = —aN T gV 1)kvy*"swqu(sz 1) | aYAYPSPTy)

(@49)k+1 (@9) Tpp+2-y
e _ a Y AY(PS,PTy)
(3). lal, |q] < 1,250 a"VySUMy(n +Y) = Tty
Al(PS,PT 1) Al(PS,PT1+y)

(4). SUM (o0) = , ViSUM,(o0) =

(@) Y+ @D Ty+1-y
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Proof.

N-1 q N-1 Y+X
Yo A"ViSUM(n+Y) = Zg oHI(@) Yo a"Glixiga ¥

N+Y—-1+X—k
=M HI(g)(—aN YK gk s Gy " Xig K alt8=Yy-us
g0 k=0 (49)k+1 (@ 9)2+x+g
Y ZM gAY =Dk M ()= (k) gG1N++y+g1+x k Z 1 HY (g)al =Y ¥ £(g)
(@ q)k41 (@) Twi2—y
vy AR SUM (N Y - 1) B HI(9)a g f ()
k=0 (@ 9)k+1 (4;9) Ty 42—y

N_1 M N-1 +Y+X+
Yoo AVESUM(n+Y) = Y " HJ(9) Yo g 9"Crixig ©

N+Y—1Dk~N+Y-1+X+g—k
_yM HI(g)(—aN 1+X+g gVt )G1+X+g—k N al=Y .
§=0""2 k=0 (@ 7)k+1 (@ 9)21x+4
k
. N TRVETSUM (N +Y 1) | 0 Do 3 () (9)
(@ @)k (a,q)TM+2_y

ZN 1 ”VySUMq 1’1+Y Zg OHq ZN 1 nGﬂ+Y+TM pP— gqug

Tm+1—-p
NAY- 1k - (yk)e ~N+Y 1+ Ty—p—g—k
=Y M HI(g)(—aN Y M 7 Yl )gGTM+1—p—k alt8Yqmu8 :
§=077 k=0 (4;9)Ty+2-p (@) Tyt2—y
k q Y —
_ 7aNZM (,](N+Y 1)kv}/+ SuMq(N+Y—1) Z OH ( ) 1+g q Vg
(ll q)TM+27y (a q)TM+27y

The three summations are identical, which leads to (1) and (2). (3) is obvious.

SUM,(N) = 221;01 q"VéSUMq(n +1) = (4). limy e GY = can draw the same conclusion .

1
(Ta)m
O

Yot = (}‘311‘;)(71%)1 Eni(a,q) is gq-Eularian polynomials.[2] pp 332. From [3.10], we can get
three expressions for Ep(a, q). In particular, we can get expressions for Eularian polynomials:

Lo 1M = G200 Ayi(a) = Tilo Hi(9)as(1 = a)M=8 = T o Hy(g)(1 — a)M~8 = T} Hy(g)a8
= T 8152(M, g)as (1 — a)M~8 =TI, (—1)M-8g15, (M, g) (1 — a)M~8 = T}, (M)as.

More clearly, we can reformulate (1) as: if Zg 0 ”gG1+p+g Zg:O beG f:;ig ):M 0 08G1+p+Mgf then
Y¥oagq ¥8as (ag* P )y g = Yl be(ag* PV )y g = Yl cgq ¥8as, 2+ p—y > 0.

At [2.4], some relationships have been obtained, and now the remaining ones can be deduced:

Theorem 4.2. X € N, ifZéVI 0beG ﬁrpﬂg Z ~0 chi(:pAfM , then
38(g
(n%w%—<> ao%mek (—1)8g S M My Glgk
). (~1)8g 5" T g PhGEg (M, by = (~1)Mosg IR EM gk

G'j/f,gq (M+1)k.
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Proof.

At[4.1], PT = [1,2..M], f(g) = (1 — ag®t8)(1 — ag®*8)...(1 — ag™M*1),

M M M—-g ~M—g k81 £ D (2+49)k M _
Zg:O bg-f(g) - Zg:O bg Zk:O Gk ( ) q +(2re) Zg:O Cgagq PE,
Compare a8 on both sides and yields (1).

M M x(x+1) M
Zx:gCXZZX g(_l)xq F(Mtp+)x Zk bM kaq

M x = (Mg p1)x , Etlls ) xS (Mg pt2)x—gx
Zx:g cxGgq™ q = ZX ngGgq .

M x 88 (M4p42)x—gx gx+x M Cge ) L oxty k—xk
Zx:gcxcgq 5 —(M+p+2)x—g g8 :ing( 1)*G q s Zk bp—kGxq

19 of 22

M 8(g+1> Qg )
Y Gl MUY S Sy Y (F1FGEGE g T = (1) g [320)]

Theorem4.3. 0 < g < M,
k—g
(1). ag = Z}(\ig kak < by = Zl](\/ig (_1)k+gG§q(2 )ak-

gk
@0 = Egalily 5 e e = I (1Sl < 6 .

(3). cg = LM b1 Glg 85 & by g7~ = =l (=) q e

Proof.
By combining [2.4] and [4.2], the inversion formula can be obtained.
ag‘fpg: k= ockGM kﬂl(ngl)(g k)q Pk ,Ceq ”g—Eg (- 1)k+g61]t44:§‘7(g+1)(g_k)_(gik)ﬂkqipk'
Replace ag, with agq™ 8, ¢ with cgq™F$, then
ag = Z}%:o CkGM—kq(g-H)(g—k) _ (g+1)g Zg:O CkG]\A//II gq—(g+1 g+1 gzg —(g—k) kGM k
co= Y8 (~1)F8GY- kq(8+1)(8 -5 )ﬂk e IE Y (qykreG- kq*(gf")k*@f )ﬂkq_

Replace ag with agq ~(gt+1)g, cg with cgq ~(8+12 5 (2). Other proofs are similar.

O
M X+g o M X+M-g
Theorem 4.4. 1+ p > 0. IfZ 0a8Gl+p+g Zg:O bgGl+p+g = Zg:[) ch1+p+M ,g
cg = cgp™ P8, then
(1. Tylgagq 5 HAsaMosat = M T bg(—g4415g)g = Dy g5+ AsaMsas (g4

8(8+3)
2

(2). ZMObqugaM gzg*aMZg o (=1)8akq~

(qA g+1z. ) ,qAM MZM C*q—(M+1)g(q A%;E]) .
(3). EQ/IO qugaM ng_ZM()a quzgaM g(qA+2+gz q)M g=a ZM b (b]A+2+g§1'Q)M7g

—(k+1)k

’

agqrs,
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Proof. From [2.4] and [4.2]:

Z{;’IO atgss ) %Y 88 4 (At1)g Mg ,g _ ZA{O M bkcléqg(ggl)+(A+l)gaM—gzg

= Zk:o braM—k M Ggqm 1)+(A+1)gak 878 — ZkM:O beaMk Hle (a+ qA+iZ).

Z;Mo afaM =828 _Z Ozk Netes kq (8+1)(8K) M—88 q(g+1)(g—k) :q(«g”‘)wzﬁgzﬂ

Zﬁ{oagq*MJr(AJrl Mosgs — Y KER3) | (At 1)k k GM q( ) HATD ) f(M—k)— (3-k) 3k

,Zk e M LAk kHM k a+qA+1 ) = (1).

Z "o beq8aM 828 :2‘21 oMz Y M (L )krsGlg k)T oo

_Ek 0 k . ,k<k+3)aM k qu() (A—k+1)gak7g(_z gzzﬁfio (~1)ka v 1 A k+i 2).

Yol b M 828 = Y g gaM-gng)M-gq R D B e ARV RLLL

= Ek ol WDk 210 ”Mﬁgzg(*l)Mngﬁ/I, q%+Ag, replace g with M-g —

_Zk, M+1k; Q/IO Mg (— )gqug(gz Dy A(M—g) _qAMZ}P ~(M+1)k,, M- kH _ g Ay S (2).

22/1:0 ngAgaMfgzg _ Zg:O Zﬁio (—1)F*Sa; GM kqg(g+3) Kk43) A M-g,8

k(k+3) (8+3)
kgrg==7— 22/1:0( )gGM kqg +AZaM=828, veplace g with g+k —

= 21[:10 (=

_ Ek o (=1 7ﬂ}3> 22/1:0 (71)g+kG£/17quM+A(g+k)zg+kaM7k7g
= Zk:oakqu kzg GM k ?8
ZM C*quaM ({ngzk Okag 0( 1) q
= Do Lol (- Ak G kMt — Y e [T (0= g 4142) - (3),

1)

+(A+k+2)g ( ) M—k—g:ZM Akzkl—[ A+k+1+z 2).

qgk+AgaM 8,8

oM X M X+g | _ M X+M
aFtzA 00 )" a <1+p+g) =Y obs (1+p+g) =20 <1+p+M> then
M _ M _ M _
Zg:(] agaM828 = Zg:() bea™8(a +2)8 = Zg:() cgz8(a+z)M78.
From [4.4][4.1][4.4] and the mutual transformation of ag, bg, cg [2.4][4.2], many equations can be obtained.

We can arbitrarily specify a set of values, calculate the other two sets, and obtain the corresponding relationships.

M X _ X+g M
Zg:O 4Gl pyg = Z bsGr g = Zg 0C8G1+p+M 1+p=0.

(M—g)(M—g-1)
am=cm=1,a5cm =cgem =0— bg = (—1)M+gcgfq*M(l+M)+%
zZ _ M(M+1) M z B

T L= obg(*qAHE?Q)g ="M MM o= obg(qA+g+ZE;q)M—g = gAMMg~M,
by =1beepy =0 — ag = qg(s+n+1)G£/I

M M po 8813 o412 _
— =0 ﬂgzg(zq“”g;q)mfg =1. Zg:O (,1)gagq L (qA gH;;‘i)g _ qAMZMa M
* * * ( * o — yy - -
ay=by=1,a50=bg=0=0—cg = (—1)8q . 0 ciq (M+1)g(q AE;Q)g:q AM,—M M

k M ~M—k T“““) —k Mk K k+1) Mk

- Z‘k 0 (F1)°GE G £=0g>0 Zk )Gi'G g 7 = 0,8 < M — special case of [3.2(3)(4)].

by = (-1)8 GM ag = g8 (g+1) Zka kag, [3.5] will lead to some special identities.

k k— M+1 * 1 M k~k 2) ~AM+1
be = g8, Zk OG g_(;g++1 _mg:qg(ng)Zk:gq Gg:qg(ﬁ)cgﬂ-

k—g
calculate by using u; — ZkM:() (fl)HgG’é;q(2 )qué‘ﬁl = g8,

M e a1+g M g(s+]) gMt1( 1+, u EIGY
Lo 80550 = Yoo 7 VG (050 Mg = (@)w1 Loy~ =
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g(g+1)GM
M Dg~M~N M 9 T _ 1
From [3.2(1)], GNHM = §M (e+sGMGN. 7™ =
M g0 ¥ Ols = Lo (@a)gr1  (@a)mn
M 1+ M 78 1 :
— Y " g8 s; e=1=) " = ———(%). Itis a known formula [2].
gm0 11005 g Lo (@:9)g G
It can be proven through induction that: Z}i\io GM*kq(gH) GMJrl —cg=(-1) qg(gm
M 8lg+1) M+1 " .
- Zq 060 =Yg (F1Fg T GEA = -} T =1-(9%9)m+1 = 1, get (*) again.
M x =88 _ ,—1 _ =1/, aqg — 1 ; : *
28:0 Ceq fa¥ =a a(a;9)me1, [41(2)] = 1+ Zg:[) @ 'q)g+1 @D , generalization of (*) [2] pp 113.
k(k k(k
ag and cg %G(g/fll Zk o GM kG%jl K —Zk o GM kGﬁth%ﬂ’g(k“).
M, M (g+1)g

[442)] = Yglybeg § = M+1 =g MY crgm M (gg) = Y (—1)8 Ggﬁlq 7 Mt (g;9),.
If we replace g by g1, we will still get M + 1, which is Euler’s 1dent1ty Z q,q) ¢-1 = M[2] pp 83.

* * z (8+3) k(k
ag:Gqugﬂ’%cg— - Zko Y- kaq [32}%coflcg>07

YM, GMgs® +878 (ag)8 (aq x qz*m;q)M-g 1 M GMgS* a8 (ag'+8; g) ;- 1
= — =
(aq;9) m-+2-y (@q;9) m-+2-y (aq;9)m (ag; q)m

It's a finite form of Jacobi’s Durf identity [2] pp 158-159: Y = 95 ras 1 2-y>0

s a finite form of Jacobi’s Durfee square identi -159: = ,r=2—y>0.

a yIpp 50 (4 9)s(ag; g r  (ag;9)e0 Y

[32(4)], 8 > x, Zk o GM ka q( )k = 0, further promotion can be done. Calculating by is also acceptable.
[4.4] is flexible. We can consider A, a, z as an independent variable or as a part of ag, by, cg, for example:
ag’l = qg(g“Hg"GM w2 = *’123 [34] —

* * * 343 *
Bt = S GM (% q)mig, b2 = 48 GM (245 )i-g2, € = (—1)80° 5 GM (g% 9)g, 12 = (—1)84"5 GM(zg%; ).

M 1 _8lg+D) M 4o _8lg+D)
Eg:oﬂg’lq Zg:Eg:O”g'zq T = (="M
M M
=Y. Oq"gGM(q";q)Mfg(*zq;q)g (¥) = Yogmo 1825 Gy (207 0 ma—g (— 05
M X
—Z —1)8¢828Gy' (4% 9)g(— Mg =), o (FDEEGY (2% 0)g (—q:9) Mg
(23 9)w _ yoo 95(=Zq)g
=) G
1)

x = 1,replace zg by z, (x) —
place zq by z, () 1) =0 )

M z M _ ( z
[44@1aMy. 7, bg(fq“‘“f;q)g = Yol +A2M=828(—g +1;}q)M—g

- 2/’:0 q S8 1 ag M- 828(—q +1§;q)M,S(71) #ar3) Zk o kG kg%, let by s =0 —

M(—gh 1250k = Yoty a5 M (g 2 g (—2)S G ()i = Lot (50 w20 GY g,

(3) — 210 cp = 224_0 ag(q Mo = 22/1:0 bg(q“g;q)M,g. Leta; = bg = xg, calculate ¢g by ag and by —
Zk o (CDFGHC kq k= ZQ{O

—k(k+3) M M g(g+3) _
E M (18t G Zgzg(—l)gq : Gfg” "qgk-
In the previous text, T; € N, but excluding the actual meaning of SUM,(N), T; can be any number.

PS=bg T,bg T.bg7 T :bg7T(q—1),PT=[T,T+1..T+M—1],a=bg" T, dueto T, a and b are independent.

G
AtH(g),B; ="
1(8), Bi {q(T Tie1=DX7-1 (Ki4-G; X1 D) =agXT Xi=K;

a

g g+3 —k(k+3)
2

GMk

For any x,, Zg 0 q *x.

More basically, x¢.x =0 — ¢q

T+i-1-Xg_q T_ X7 (poXT-1_ T
T N () = Gt (0~ a) (bg — ). (bt

At Hﬂ (g) B — {"71{<‘7XT1 G1i*'7TiG1 Tﬁl)Di*Ki"iTi}:*“”]XTr Xi=T;
3 1 Di =

8t ap
2 ar.

X

(Ki+Gy T Dy)=ag™T, X;=K;

JH}(9) = Gg'(—1)%q

Hoq ViGN g S5 (b ) (bg — a)...(bg= 1 — a)(bg~T)M8 (bx)8 (bx x g TM-M-vEE; )

(bx;q)TM+2 v
pMg MM g=3GMg S (b — ) (bg — 0)...(bgs ™ — )38 (bx x ¢80
(bx;9)m
My H(9) (bx)Sg % aMEM) GM(—1)3g" 5 (bx)sg % aMEM, GM(-1)3" T (b )8
(bx;9)m (bx;q)m (bx;9)m

M Ty =T+M—1,

Ty+2—y=My=T+1— M8
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(g=1)
M Gg/lqggi (b—a)(bg —a)..(bgs ! —a)x8(bx X g%;9)m ¢ (ax;q)m

Yo=0
That is to say: —= = .
Y (bx;9)m (bx;q)m
(g=1)
. . . (ax;9) o o0 qg 7 x8(b—a)(bqg — a)...(bg8 7! —a)
This proves Cauchy’s identity [2] pp-260 : = . .
P Y yiSpP (bx;9) oo Lo (4:9)5(bx;q)g

5. An Example

We can verify various propositions and theorems. PS=[A,B,C] ,PT=[1,3,5], M=3, p=5-M=2.
N-1
Y. =0 L — 0" (A [m]g) (B + [n2]g) (C + [n3]g)

m3=0 L=inip=0

=Y G HI(Q)G =Y HI)G T =Y Hi()Gy .

3+¢ g=0 3+g g=0
HI(0) = ABC.
HI(1) = ABg'G} + Ag'G}(C+1) +4'Glq" (B+1)g" (C+1).
H{(2) = 4'Gi4°Giq*(C + G}) +4'Giq' (B +1)g°G} + Aq' Gi¢°G{.
H{(3) = 4'Gi{’Gi°Gy.
HJ(0) = (A—q7'G})(B—¢q72G})(C—4°G)).
HI(1) = (A=q7'G))(B—q2G})q G} + (A—q7'Gl)q *GH(C—q7*G{) + 47 'GI(B—q°G})(C — g *GY).
HJ(2) =4 'Glq°G{(C—q°G}) + 4 'G{(B—q°G})g *Gi + (A —q7'Gi)q *Giq *Gi.
H](3) =4 'Glq°Glq°G}.
HJ(0) = ABC.
H](1) = ABq' (G} — °C) + Ag*(G} — ¢°B)(C+1) + ¢*(1 — q' A)(B+1)(C+1).
HI(2) =q°(1-q"'A)(q'G] — ¢ —°B)(C+G]) +4* (1 —4' A) B+ 1)(4'G} —¢° —4°C) + A (G} — ¢°B) (4" G} —¢° — ¢°C).
HI(3) = 4°(1-¢'A)(¢'G} — ¢ - ¢°B)(°G} — °G} — ¢°C).

PS = [A,B],PT = [1,3].

Yoo L g (A+m)(Bam) =Y (Hi(@) (M) = Yo o Ha(9) (3 ) = Lo Ha(@) (477).
Hy(0) = AB,H;(1) = Ax2+1x (B+1),H;(2) =1x3.

Hy(0) = (A—1)(B—2),Hy(1) = (A—1)x2+1x (B—3),Hy(2) =1 x 3.

H3(0) = AB,H3(1) = A(3—B)+(1—-A)(B+1),H3(2) = (1—- A)(2— B).
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