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Abstract: This paper presents a new analytical method for obtaining new deformations 

compatibility equations or, new Saint-Venant’s identities, into the relative coordinate system with 

projected deformations by applying the hypothesis of the lineal shell theory in general flexion state. 

The method proposed generalizes the compatibility conditions established by A.L. Goldenveizer for 

the shell theory. On the other hand, the new equations include the deformations compatibility 

equations by other authors: Flügge, Saint-Venant, Love-Kirchhoff, Timoshenko, Goldenveizer, and 

Reissner-Mindlin. The results showed an increase of knowledge in general shell theory, and provide 

inverse and semi-inverse solutions, whose systems solution correspond to the hyper-statics degrees 

of the physical model, and not to their degrees of freedom.  
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1. Introduction 

The “Relative coordinate method” (RCM) was developed for the calculus of shells (Figure 1) [1, 

2] this method allows projecting the internal forces that appear in a shell with arbitrary geometry 

(𝑆∗) on top of another one with simpler geometry (𝑆) only if a scalar function (relative function) 

𝑓(𝛼1, 𝛼2), that relates them as a continuous and bi-univocal form can be defined between them. The 

RCM, which is a generalization of Pücher’s method, provides the possibility of using other reference 

surfaces with projected solicitations by selecting the most adequate reference surface or projected 

surface for the calculus of the same shell in each case [1-3]. 

The real surface of the Shell  (𝑆∗)  either in vectorial, Eq. (1), or parametric form, Eq. (2), is 

expressed according to the basic trihedron (𝑒1⃗⃗  ⃗, 𝑒2⃗⃗  ⃗, 𝑒𝑁⃗⃗⃗⃗ ), the relative equation 𝑓 = 𝑓(𝛼1, 𝛼2), the Lame’s 

parameters  (𝐴1, 𝐴2)  and the relative relations between the two surfaces [1-3]. The fundamental 

expressions of the relative coordinate method are shown for parameters that characterize the 

reference surface(𝑆), Eq. (3),(1) and for the parameters that relate the two surfaces (𝑆 𝑎𝑛𝑑 𝑆∗), Eq. (4). 
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Figure 1. Relative coordinate between the middle real surface of the shell (𝑺∗) and the reference 

surface or projected surface (𝑺)[1-3] 

𝑟∗⃗⃗  ⃗ = 𝑟 (𝛼1, 𝛼2) + 𝑓(𝛼1, 𝛼2)𝑒𝑁⃗⃗⃗⃗   (1) 

 

𝑆∗ = {

𝑋1
∗ = 𝑋1(𝛼1, 𝛼2)

𝑌1
∗ = 𝑌1(𝛼1, 𝛼2)

𝑍1
∗ = 𝑍1(𝛼1, 𝛼2) + 𝑓(𝛼1, 𝛼2)

 (2) 

 

𝐴1 = |
𝜕𝑟 

𝜕𝛼1
| , 𝐴2 = |

𝜕𝑟 

𝜕𝛼2
| , 𝑒1⃗⃗  ⃗ =

1

𝐴1

𝜕𝑟 

𝜕𝛼1
, 𝑒2⃗⃗  ⃗ =

1

𝐴2

𝜕𝑟 

𝜕𝛼2
, 𝑒𝑁⃗⃗⃗⃗  = 𝑒1⃗⃗  ⃗ × 𝑒2⃗⃗  ⃗ =

1

𝐴1𝐴2

𝜕𝑟 

𝜕𝛼1
×

𝜕𝑟 

𝜕𝛼2
 , 𝑒𝑁⃗⃗⃗⃗  ∙

𝜕2𝑟 

𝜕𝛼1𝜕𝛼2
= 0    

𝜌1 =
𝐴1𝐴2
𝜕𝐴1
𝜕𝛼2

, 𝜌2 =
𝐴1𝐴2
𝜕𝐴2
𝜕𝛼1

, 𝑅1 = −
𝐴1

2

𝑒𝑁⃗⃗⃗⃗  ⃗∙
𝜕2𝑟⃗⃗ 

𝜕𝛼1
2

, 𝑅2 = −
𝐴2

2

𝑒𝑁⃗⃗⃗⃗  ⃗∙
𝜕2𝑟⃗⃗ 

𝜕𝛼2
2

  

(3) 

 

 

|𝑑𝑟1⃗⃗⃗  
∗
| = 𝑑𝑠1

∗ = 𝐾1𝐴1𝑑𝛼1 = 𝐾1𝑑𝑠1;   |𝑑𝑟2⃗⃗  ⃗
∗
| = 𝑑𝑠2

∗ = 𝐾2𝑑𝑠2,  

𝐾1 = √[(1 +
𝑓

𝑅1
)
2
+ (

𝜕𝑓

𝐴1𝜕𝛼1
)
2
] ;       𝐾2 = √[(1 +

𝑓

𝑅2
)
2
+ (

𝜕𝑓

𝐴2𝜕𝛼2
)
2
]  

𝐵1 = 𝑡𝑎𝑛𝛽1 =

1

𝐴1

𝜕𝑓

𝜕𝛼1

1+
𝑓

𝑅1

;    𝐵2 = 𝑡𝑎𝑛𝛽2 =

1

𝐴2

𝜕𝑓

𝜕𝛼2

1+
𝑓

𝑅2

,  

𝑒1⃗⃗  ⃗
∗
=

𝑑𝑟1⃗⃗  ⃗
∗

|𝑑𝑟1⃗⃗  ⃗
∗
|
= 𝑒1⃗⃗  ⃗𝑐𝑜𝑠𝛽1 + 𝑒𝑁⃗⃗⃗⃗  𝑠𝑖𝑛𝛽1;  𝑒2⃗⃗  ⃗

∗
=

𝑑𝑟2⃗⃗  ⃗
∗

|𝑑𝑟2⃗⃗  ⃗
∗
|
= 𝑒2⃗⃗  ⃗𝑐𝑜𝑠𝛽2 + 𝑒𝑁⃗⃗⃗⃗  𝑠𝑖𝑛𝛽2  

𝑒𝑁⃗⃗⃗⃗  
∗
=
𝑒1⃗⃗⃗⃗ 
∗
𝑥𝑒2⃗⃗⃗⃗ 

∗

𝑠𝑖𝑛𝑤
= 𝐷(−𝐵1𝑒1⃗⃗  ⃗ − 𝐵2𝑒2⃗⃗  ⃗ + 𝑒𝑁⃗⃗⃗⃗  );   𝐷 =

𝑐𝑜𝑠𝛽1𝑐𝑜𝑠𝛽2

𝑠𝑖𝑛𝑤
, 𝑑𝐴∗ = 𝐾1𝐾2𝑠𝑖𝑛𝑤𝑑𝐴  

𝐶11 =
1

𝑅1
+
𝐵1
2

𝑅1
−
𝐵2

𝜌1
−

𝜕𝐵1

𝐴1𝜕𝛼1
;    𝐶22 =

1

𝑅2
+
𝐵2
2

𝑅2
−
𝐵1

𝜌2
−

𝜕𝐵2

𝐴2𝜕𝛼2
;  𝐶12 =

𝐵1𝐵2

𝑅1
+
𝐵1

𝜌1
−

𝜕𝐵2

𝐴1𝜕𝛼1
;  

𝐶21 =
𝐵1𝐵2

𝑅2
+
𝐵2

𝜌2
−

𝜕𝐵1

𝐴2𝜕𝛼2
;  𝜆1 = 1 +

𝑓

𝑅1
= 𝐾1𝑐𝑜𝑠𝛽1, 𝜆2 = 1 +

𝑓

𝑅2
= 𝐾2𝑐𝑜𝑠𝛽2 , 𝜆2𝐶12 = 𝜆1𝐶21 = 𝐶  

(4) 

 

The value of the RCM depends on the generalization of the coordinate system in ℝ3 [1, 2, 4] 

since it contains the following orthogonal coordinate systems: (a) Gauss’s curvilinear intrinsic 

coordinate, imposing the condition𝑓 = 0 on the relative relation, Eq. (3) and (4). (b) Cartesian 

coordinate, imposing the parametric condition of a Cartesian plane on the relative relation, Eq. (3) 
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and (4). (c) Cylindrical-coordinate, imposing the parametric condition of a Polar plane on the relative 

relation, Eq. (3) and (4). (d) Spherical coordinate, imposing the parametrical condition of a Sphere on 

the relative relation, Eq. (3) and (4). (e) Cartesian intrinsic coordinate, imposing the parametrical 

condition of a coaxial cylinder on the relative relation, Eq. (3) and (4). 

It can be said that when Goldenveizer’s sufficient conditions [5, 6] are not fulfilled, then the 

membranal model (isostatic problem) plus the simple alteration effect does not provide satisfactory 

results in the internal equilibrium of the shell modeling [4, 6, 7]. However, the state equations in the 

relative coordinate system with projected deformations that provide the mathematical operational 

models in displacements both for the Love-Kirchhoff’s flexion (third order) and the Reissner-Mindlin 

(fifth order) were obtained [7]. 

Inverse and semi-inverse models make the solution system coincide with the hyper-statics 

degree of the physical model [4]. Since the solution systems are expressed in the relative coordinate 

system the reference surface that generates the most suitable analytical simplification in the shell 

mathematical modeling of arbitrary geometry (𝑆∗) can be obtained [4]. To get inverse and semi-

inverse mathematical models in the relative coordinate system with projected deformations, it is 

necessary to obtain not only Saint-Venant’s compatibility equations of the deformations but also the 

stress functions. As it can be demonstrated [7] the conditions established by A. L. Goldenveizer [5, 6] 

are not sufficient for obtaining the deformations compatibility equations in the relative coordinate 

system, Eq. (5), as they are only established for Gauss’s curvilinear orthogonal coordinate system [7].   

The analytical method presented in this paper allows obtaining deformations compatibility 

equations or Saint-Venant’s identities. This method generalizes the condition established by A. L. 

Goldenveizer, Eq. (5) for the shell lineal theory [5, 6]. 

 

𝜕

𝜕𝛼2
(
𝜕𝑈⃗⃗ 

𝜕𝛼1
) −

𝜕

𝜕𝛼1
(
𝜕𝑈⃗⃗ 

𝜕𝛼2
) = 0

𝜕

𝜕𝛼2
(
𝜕𝛺⃗⃗ 

𝜕𝛼1
) −

𝜕

𝜕𝛼1
(
𝜕𝛺⃗⃗ 

𝜕𝛼2
) = 0

  (5) 

2. The new analytical method   

Twelve geometric equations, Eq.(6), in components of the shell’s general flexion theory were 

obtained in relative coordinate system with projected deformations considering no dependency 

between the vectors 𝑈⃗⃗ (displacement) and 𝛺⃗  (rotations) [3, 7]. 

(𝐼) 𝜀1 = −
𝐵1

𝑅1
𝑈1 +

𝜕𝑈1

𝐴1𝜕𝛼1
+

1

𝜌1
𝑈2 +

1

𝑅1
𝑈𝑁 + 𝐵1

𝜕𝑈𝑁

𝐴1𝜕𝛼1
  

(𝐼𝐼) 𝜀2 =
1

𝜌2
𝑈1 −

𝐵2

𝑅2
𝑈2 +

𝜕𝑈2

𝐴2𝜕𝛼2
+

1

𝑅2
𝑈𝑁 + 𝐵2

𝜕𝑈𝑁

𝐴2𝜕𝛼2
  

(𝐼𝐼𝐼) 𝛾12 = −(
1

𝜌1
+
𝐵2

𝑅1
)𝑈1 +

𝜕𝑈2

𝐴1𝜕𝛼1
+ 𝐵2

𝜕𝑈𝑁

𝐴1𝜕𝛼1
+ 𝜓2𝐵1𝜆1 −𝜓1𝐵2𝜆1 + 𝛿𝜆1  

(𝐼𝑉) 𝛾21 =
𝜕𝑈1

𝐴2𝜕𝛼2
− 𝑈2 (

1

𝜌2
+
𝐵1

𝑅2
)+𝐵1

𝜕𝑈𝑁

𝐴2𝜕𝛼2
− 𝜓2𝐵1𝜆2 + 𝜓1𝐵2𝜆2 − 𝛿𝜆2  

(𝑉) 𝛾1𝑁 = −
1

𝑅1
𝑈1 +

𝜕𝑈𝑁

𝐴1𝜕𝛼1
−𝜓1𝜆1  

(𝑉𝐼) 𝛾2𝑁 = −
1

𝑅2
𝑈2 +

𝜕𝑈𝑁

𝐴2𝜕𝛼2
− 𝜓2𝜆2  

(𝑉𝐼𝐼) 𝜘1 = −
𝜓2

𝜌1
−

𝜕𝜓1

𝐴1𝜕𝛼1
  

(𝑉𝐼𝐼𝐼) 𝜘2 = −
𝜕𝜓2

𝐴2𝜕𝛼2
−
𝜓1

𝜌2
  

(6) 
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(𝐼𝑋) 𝜘12 = −
𝜕𝜓2

𝐴1𝜕𝛼1
+
𝜓1

𝜌1
+

𝛿

𝑅1
  

(𝑋) 𝜘21 =
𝜓2

𝜌2
−

𝜕𝜓1

𝐴2𝜕𝛼2
−

𝛿

𝑅2
  

(𝑋𝐼)  𝜏1 =
𝜓2

𝑅1
+

𝜕𝛿

𝐴1𝜕𝛼1
  

(𝑋𝐼𝐼) 𝜏2 = −
𝜓1

𝑅2
+

𝜕𝛿

𝐴2𝜕𝛼2
  

2.1. Methodological procedure for the new analytical method 

The methodological steps for obtaining the deformations compatibility equations is as follows:  

1. Defining the geometrical equations of the problem 

2. Proposing an operator polynomial of degree N ( 𝑃𝑖
𝑁 = 𝑃𝑖

𝑁(𝑋1, 𝑋2, 𝑋3, … 𝑋m), ∀ 𝑖, 𝑚 ∈ ℕ), in the 

real variable as differential operator of each geometric equation 

3. Operating each geometric equation according to the analytical structure of the operator 

polynomial previously proposed, until obtaining all 𝑃(𝑁)𝑖, being i the quantity of the geometric 

problem equations 

4. Constructing the lineal combination between the operator polynomials (𝑃𝑖
𝑁)  until the 

fundamental identity is obtained 𝑃(𝑁)1(𝜀1) + 𝑃
(𝑁)

2(𝜀2) + ⋯∑ 𝑃(𝑁)𝑖(𝜀𝑖)𝑖=1 = 0, ∀ 𝑖 ∈ ℕ 

5. Applying the Indeterminate Coefficient Method (ICM). 

a. Obtaining of the lineal homogenous equation system that provides the information 

of the fundamental identity in the preceding step 

b. Resolution of the lineal homogenous equation system 

6. Interpreting the solution of the lineal homogenous equation system 

7. Obtaining of the deformations compatibility equations or Saint-Venant’s identities 

The new method (into the Euclidean vectorial space in  ℝ3) [8, 9] also permits obtaining the 

minimal degree of the operator polynomial that generates the sufficient conditions for a symmetric 

tensor of second order 𝐸𝑖𝑗  (e.g. the tensor of Green-Lagrange) which corresponds to a deformation 

tensor and therefore can be integrated so that there is a displacement field from which it originates. 

This guarantees the continuity of the medium during the deformation process. Appendixes A, B, and 

C show the application of the method for typical problems of the elasticity theory in two and three- 

dimension Cartesian and Polar coordinate. 

2.2 Obtaining of the new deformations compatibility equation applying the new method 

1. Implementation of the geometric equations in relative coordinate with projected 

deformations, Eq. (6). 

2. Proposition of the first-degree operator polynomial 

𝑃(1)𝑖 = 𝑃
(1)(𝛼1, 𝛼2)𝑖 = 𝐶𝑖̅𝜀𝑖 + 𝐷̅𝑖

𝜕𝜀𝑖

𝜕𝛼1
+ 𝐸̅𝑖

𝜕𝜀𝑖

𝜕𝛼2
, ∀ 𝑖 ∈ ℕ  (7) 

3. Derivation of each geometric equation of Eq. (6), according to the analytical structure of the 

operator polynomial proposed in Eq. (7), until obtaining all of 𝑃(1)𝑖 . That is, the first 

geometric equation (𝐼) of the Eq. (6): 𝜀1 = −
𝐵1

𝑅1
𝑈1 +

𝜕𝑈1

𝐴1𝜕𝛼1
+

1

𝜌1
𝑈2 +

1

𝑅1
𝑈𝑁 + 𝐵1

𝜕𝑈𝑁

𝐴1𝜕𝛼1
 must be 

derivated successively, Eq. (8); obtaining the first operator polynomial 𝑃(1)1(𝜀1), Eq. (9). Eq. 

(10) shows the other eleven, operator polynomials, of each geometric equation of Eq. (6).   

 
𝜕𝜀1

𝜕𝛼1
= −

𝜕

𝜕𝛼1
(
𝐵1

𝑅1
)𝑈1 + [−

𝐵1

𝑅1
+

𝜕

𝜕𝛼1
(
1

𝐴1
)]

𝜕𝑈1

𝜕𝛼1
+

1

𝐴1

𝜕2𝑈1

𝜕𝛼1
2 + 

𝜕

𝜕𝛼1
(
1

𝜌1
)𝑈2 +

1

𝜌1

𝜕𝑈2

𝜕𝛼1
+

𝜕

𝜕𝛼1
(
1

𝑅1
)𝑈𝑁 +  

[
1

𝑅1
+

𝜕

𝜕𝛼1
(
𝐵1

𝐴1
)]

𝜕𝑈𝑁

𝜕𝛼1
+
𝐵1

𝐴1

𝜕2𝑈𝑁

𝜕𝛼1
2  

(8) 
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𝜕𝜀1

𝜕𝛼2
= −

𝜕

𝜕𝛼2
(
𝐵1

𝑅1
)𝑈1 +

𝜕

𝜕𝛼2
(
1

𝐴1
)
𝜕𝑈1

𝜕𝛼1
−
𝐵1

𝑅1

𝜕𝑈1

𝜕𝛼2
+

1

𝐴1

𝜕2𝑈1

𝜕𝛼2𝜕𝛼1
+

𝜕

𝜕𝛼2
(
1

𝜌1
)𝑈2 +

1

𝜌1

𝜕𝑈2

𝜕𝛼2
+

𝜕

𝜕𝛼2
(
1

𝑅1
)𝑈𝑁 + 

𝜕

𝜕𝛼2
(
𝐵1

𝐴1
)
𝜕𝑈𝑁

𝜕𝛼1
+

1

𝑅1

𝜕𝑈𝑁

𝜕𝛼2
+

1

𝑅1

𝜕𝑈𝑁

𝜕𝛼2
+
𝐵1

𝐴1

𝜕2𝑈𝑁

𝜕𝛼2𝜕𝛼1
  

 

𝑃(1)1(𝜀1) = 𝐶1̅𝜀1 + 𝐷̅1
𝜕𝜀1

𝜕𝛼1
+ 𝐸̅1

𝜕𝜀1

𝜕𝛼2
  (9) 

 

𝑃2
1(𝜀2), 𝑃3

1(𝛾12), 𝑃4
1(𝛾21), 𝑃5

1(𝛾1𝑁), 𝑃6
1(𝛾2𝑁), 𝑃7

1(𝜅1), 𝑃8
1(𝜅2)𝑃9

1(𝜅12), 𝑃10
1(𝜅21)𝑃11

1(𝜏1), 𝑃12
1(𝜏2) (10) 

 

4. Creation of the lineal combination between the differential operators, Eq. (10), involved in 

the process until the formation of the fundamental identity, Eq. (11). 

𝑃1
1(𝜀1) + 𝑃2

1(𝜀2) + 𝑃3
1(𝛾12) + 𝑃4

1(𝛾21) + 𝑃5
1(𝛾1𝑁) + 𝑃6

1(𝛾2𝑁) + 

𝑃7
1(𝜅1) + 𝑃8

1(𝜅2) + 𝑃9
1(𝜅12) + 𝑃10

1(𝜅21) + 𝑃11
1(𝜏1) + 𝑃12

1(𝜏2) = 0 
(11) 

5. Applying the indeterminate coefficient method (ICM) 

a. Obtaining of the lineal homogenous equation system that provides the formation of 

the fundamental identity in the previous step.  

The resolution of the fundamental identity, Eq. (11), offered a linear 

homogenous equation system of sixty-six equations with seventy-two 

incognita, in which the difference provides six free variables indicating the 

number of deformations compatibility equations 

b. Resolution of the lineal homogenous equation system 

This resolution provided six free variables (𝐸3̅̅ ̅, 𝐷4̅̅ ̅, 𝐸5̅̅ ̅, 𝐸9̅̅ ̅, 𝐷10̅̅ ̅̅̅, 𝐷12̅̅ ̅̅̅)  that 

constitute the fundamental solution system (F.S.S), Eq. (12). The eighteen 

coefficients obtained in Eq. (13) show the first-order differential ratios 

between the six geometric equations of Eq. (6) 

𝐹. 𝑆. 𝑆 = {(𝜆𝐸̅3; 𝛾𝐷̅4; 𝛽𝐸̅5; 𝜙𝐸̅9; 𝜔𝐷̅10; 𝜅𝐷̅12); ∀ 𝜆, 𝛾, 𝛽, 𝜙,𝜔, 𝜅 ∈ ℝ} (12) 

 

1 𝐸̅11 = −
𝐴1
𝐴2
𝐷̅12;  2 𝐸̅7 = −

𝐴1
𝐴2
𝐷̅10;    3 𝐷̅8 = −

𝐴2
𝐴1
𝐸̅9;  4 𝐸̅1 = −

𝐴1
𝐴2
𝐷̅4;  5 𝐷̅2 = −

𝐴2
𝐴1
𝐸̅3;  

 6 𝐷̅6 = −
𝐴2
𝐴1
𝐸̅5;  7 𝐶1̅1 = 𝐴1𝜆2𝐷̅4 +

𝐴1
𝑅2
𝐷̅10 −

𝐴1
𝜌1
𝐷̅12;  

8 𝐶1̅2 = −𝐴2𝜆1𝐸̅3 −
𝐴2
𝑅1
𝐸̅9 −

𝐴2
𝜌2
𝐸̅11 

→ By substituting 𝐸̅11 of 1  in 8  we obtain: 𝐶1̅2 = −𝐴2𝜆1𝐸̅3 −
𝐴2

𝑅1
𝐸̅9 +

𝐴1

𝜌2
𝐷̅12 

9 𝐶8̅ = 𝐴2𝐵1𝜆1𝐸̅3 −
𝐴2
𝜌2
𝐸̅9 +

𝐴1
𝜌1
𝐷̅10 −

𝐴1
𝑅1
𝐷̅12;  10 𝐶7̅ = 𝐴1𝐵2𝜆2𝐷̅4 −

𝐴1
𝜌1
𝐷̅10 +

𝐴2
𝜌2
𝐸̅9 +

𝐴2
𝑅2
𝐸̅11 

→ By substituting  𝐸̅11 of 1  in 10  we obtain: 𝐶7̅ = 𝐴1𝐵2𝜆2𝐷̅4 −
𝐴1

𝜌1
𝐷̅10 +

𝐴2

𝜌2
𝐸̅9 −

𝐴1

𝑅2
𝐷̅12 

11 𝐶2̅ =
𝐴1
𝜌1
𝐷̅4 −

𝐴2
𝜌2
𝐸̅3;  12 𝐶1̅ =

𝐴2
𝜌2
𝐸̅3 −

𝐴1
𝜌1
𝐷̅4;  13 𝐶1̅0 = −𝐴2𝐵2𝜆1𝐸̅3 − 𝐴2𝜆1𝐸̅5 +

𝐴2
𝜌1
𝐸̅9 +

𝐴1
𝜌2
𝐷̅10;  

14 𝐶9̅ = −𝐴1𝐵1𝜆2𝐷̅4 − 𝐴1𝜆2𝐷̅6 +
𝐴1

𝜌2
𝐷̅10 +

𝐴2

𝜌1
𝐸̅9  

→ By substituting 𝐷̅6 of  6  in 14  we obtain: 𝐶9̅ = −𝐴1𝐵1𝜆2𝐷̅4 + 𝐴2𝜆2𝐸̅5 +
𝐴1

𝜌2
𝐷̅10 +

𝐴2

𝜌1
𝐸̅9 

(13) 
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15 𝐶4̅ = 𝐴2 (
1

𝜌1
+
𝐵2

𝑅1
) 𝐸̅3 − 𝐴1 (

𝐵1

𝑅1
−

1

𝜌2
) 𝐷̅4 +

𝐴2

𝑅1
𝐸̅5;  16 𝐶3̅ = 𝐴1 (

1

𝜌2
+
𝐵1

𝑅2
) 𝐷̅4 − 𝐴2 (

𝐵2

𝑅2
−

1

𝜌1
) 𝐸̅3 +

𝐴1

𝑅2
𝐷̅6  

→ By substituting 𝐷̅6 of 6  in 16  we obtain: 𝐶3̅ = 𝐴1 (
1

𝜌2
+
𝐵1

𝑅2
) 𝐷̅4 − 𝐴2 (

𝐵2

𝑅2
−

1

𝜌1
) 𝐸̅3 −

𝐴2

𝑅2
𝐸̅5 

17 𝐶5̅ = 𝐴2𝐶22𝐸̅3 − 𝐴1𝐶21𝐷̅4 −
𝐴1𝐵2

𝑅2
𝐷̅6 +

𝐴2

𝜌1
𝐸̅5  

→ By substituting 𝐷̅6 of 6  in 17  we obtain: 𝐶5̅ = 𝐴2𝐶22𝐸̅3 − 𝐴1𝐶21𝐷̅4 + 𝐴2 (
𝐵2

𝑅2
+

1

𝜌1
) 𝐸̅5 

18 𝐶6̅ = 𝐴1𝐶11𝐷̅4 − 𝐴2𝐶12𝐸̅3 −
𝐴2𝐵1

𝑅1
𝐸̅5 +

𝐴1

𝜌2
𝐷̅6  

→ By substituting 𝐷̅6 of 6  in 18 we obtain: 𝐶6̅ = 𝐴1𝐶11𝐷̅4 − 𝐴2𝐶12𝐸̅3 − 𝐴2 (
𝐵1

𝑅1
+

1

𝜌2
) 𝐸̅5 

6. Interpreting the lineal homogenous equation system 

The six free variables (𝐸3̅̅ ̅, 𝐷4̅̅ ̅, 𝐸5̅̅ ̅, 𝐸9̅̅ ̅, 𝐷10̅̅ ̅̅̅, 𝐷12̅̅ ̅̅̅)  obtained in the resolution of the lineal 

homogenous equation system provide the six deformations compatibility equations into the relative 

coordinate system with projected deformations. To obtain each compatibility equation of the 

deformations independently one from the other, it is necessary the contribution of every single free 

variable by annulling the others. For instance, to obtain the contribution of the free variable E̅3, the 

other variables are annulled, that is: 𝐷̅4 = 𝐸̅5 = 𝐷̅10 = 𝐷̅12 = 0 . By substituting 𝐷̅4 = 𝐸̅5 = 𝐷̅10 =

𝐷̅12 = 0 in the general relations, Eq. (13), the coefficients related to the free variable E̅3 are obtained, 

Eq. (14). 

1 𝐶1̅ =
𝐴2

𝜌2
𝐸̅3, 2 𝐶2̅ = −

𝐴2

𝜌2
 , 3  𝐶̅3 = −𝐴2 (

𝐵2

𝑅2
−

1

𝜌1
) , 4  𝐶4̅ = 𝐴2 (

1

𝜌1
+
𝐵2

𝑅1
) 𝐸̅3, 5  𝐶̅5 = 𝐴2𝐶22𝐸̅3  

6 𝐶6̅ = −𝐴2𝐶12𝐸̅3, 7 𝐶8̅ = 𝐴2𝐵1𝜆1𝐸̅3, 8 𝐶1̅0 = −𝐴2𝐵2𝜆1𝐸̅3, 9  𝐶̅12 = −𝐴2𝜆1𝐸̅3, 10  𝐷̅2 = −
𝐴2

𝐴1
𝐸̅3  

(14) 

By orderly adding the coefficients obtained, Eq. (14) and taking into account the analytical 

structure of the operator polynomial, Eq. (7), is gets the first deformations compatibility equation, Eq. 

(15): 

𝐴2
𝜌2⏟
𝐶1̅

𝜀1−
𝐴2
𝜌2⏟
𝐶2̅

𝜀2−𝐴2 (
𝐵2
𝑅2
−
1

𝜌1
)

⏟          
𝐶3̅

𝛾12+𝐴2 (
1

𝜌1
+
𝐵2
𝑅1
)

⏟          
𝐶4̅

𝛾21 + 𝐴2𝐶22⏟  
𝐶5̅

𝛾1𝑁 − −𝐴2𝐶12⏟    
𝐶6̅

𝛾2𝑁 ++𝐴2𝐵1𝜆1⏟      
𝐶8̅

𝜅2 

−𝐴2𝐵2𝜆1⏟      
𝐶1̅0

𝜅21 − 𝐴2𝜆1⏟
𝐶1̅2

𝜏2−
𝐴2

𝐴1⏟
𝐷̅2

𝜕𝜀2

𝜕𝛼1
= 0  

(15) 

Where: C̅i:  Coefficient that accompanies the geometric equation i; D̅i:  Coefficient that 

accompanies the partial derivative with respect to coordinate α1; E̅i: Coefficient that accompanies 

the partial derivative with respect to coordinate α2. 

If Eq. (15) is operate the by 
1

A2
 will obtain Eq. (16): 

1

𝜌2
𝜀1 −

1

𝜌2
𝜀2 −

1

𝐴1

𝜕𝜀2

𝜕𝛼1
− (

𝐵2

𝑅2
−

1

𝜌1
) 𝛾12 +

1

𝐴2

𝜕𝛾12

𝜕𝛼2
+ (

1

𝜌1
+
𝐵2

𝑅1
) 𝛾21 + 𝐶22𝛾1𝑁 − 𝐶12𝛾2𝑁 + 𝐵1𝜆1𝜅2 − 𝐵2𝜆1𝜅21 −

𝜆1𝜏2 = 0  

(16) 

The other five deformations compatibility equations are similarly obtained, Eqs. (17)-(21). 

The free variable  D̅4 provides the second equation, Eq. (17): 

1

𝜌1
𝜀1 +

1

𝐴2

𝜕𝜀1
𝜕𝛼2

−
1

𝜌1
𝜀2 − (

1

𝜌2
+
𝐵1
𝑅2
) 𝛾12 + (

𝐵1
𝑅1
−
1

𝜌2
) 𝛾21 −

1

𝐴1

𝜕𝛾21
𝜕𝛼1

+ 𝐶21𝛾1𝑁 − 𝐶11𝛾2𝑁 − 𝐵2𝜆2𝜅1 + 𝐵1𝜆2𝜅12

− 𝜆2𝜏1 = 0 

(17) 

The free variable E̅5 provides the third equation, Eq. (18): 
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1

𝑅2
𝛾12 −

1

𝑅1
𝛾21 − (

𝐵2

𝑅2
+

1

𝜌1
) 𝛾1𝑁 −

1

𝐴2

𝜕𝛾1𝑁

𝜕𝛼2
+ (

𝐵1

𝑅1
+

1

𝜌2
) 𝛾2𝑁 +

1

𝐴1

𝜕𝛾2𝑁

𝜕𝛼1
− 𝜆2𝜅12 + 𝜆1𝜅21 = 0   (18) 

The free variable E̅9 provides the fourth equation, Eq. (19): 

1

𝜌2
𝜅1 −

1

𝜌2
𝜅2 −

1

𝐴1

𝜕𝜅2
𝜕𝛼1

+
1

𝜌1
𝜅12 +

1

𝐴2

𝜕𝜅12
𝜕𝛼2

+
1

𝜌1
𝜅21 −

1

𝑅1
𝜏2 = 0 (19) 

The free variable D̅10 provides the fifth equation, Eq. (20): 

1

𝜌1
𝜅1 +

1

𝐴2

𝜕𝜅1
𝜕𝛼2

−
1

𝜌1
𝜅2 −

1

𝜌2
𝜅12 −

1

𝜌2
𝜅21 −

1

𝐴1

𝜕𝜅21
𝜕𝛼1

−
1

𝑅2
𝜏1 = 0 (20) 

The free variable D̅12 provides the sixth equation, Eq. (21): 

1

𝑅2
𝜅1 +

1

𝑅1
𝜅2 +

1

𝜌1
𝜏1 +

1

𝐴2

𝜕𝜏1
𝜕𝛼2

−
1

𝜌2
𝜏2 −

1

𝐴1

𝜕𝜏2
𝜕𝛼1

= 0 (21) 

3. Results and discussion: Particular cases and theoretical results  

The new general deformations compatibility equations were obtained by applying the new 

method in the general shell flexion theory into the relative coordinate system with projected 

deformations, Eq. (22). 

〈1〉
1

𝜌2
𝜀1 −

1

𝜌2
𝜀2 −

1

𝐴1

𝜕𝜀2

𝜕𝛼1
− (

𝐵2

𝑅2
−

1

𝜌1
) 𝛾12 +

1

𝐴2

𝜕𝛾12

𝜕𝛼2
+ (

1

𝜌1
+
𝐵2

𝑅1
) 𝛾21 + 𝐶22𝛾1𝑁 − 𝐶12𝛾2𝑁 + 𝐵1𝜆1𝜅2 − 𝐵2𝜆1𝜅21 −

 𝜆1𝜏2 = 0  

〈2〉
1

𝜌1
𝜀1 +

1

𝐴2

𝜕𝜀1
𝜕𝛼2

−
1

𝜌1
𝜀2 − (

1

𝜌2
+
𝐵1
𝑅2
) 𝛾12 + (

𝐵1
𝑅1
−
1

𝜌2
) 𝛾21 −

1

𝐴1

𝜕𝛾21
𝜕𝛼1

+ 𝐶21𝛾1𝑁 − 𝐶11𝛾2𝑁 − 𝐵2𝜆2𝜅1 

+𝐵1𝜆2𝜅12 − 𝜆2𝜏1 = 0  

〈3〉
1

𝑅2
𝛾12 −

1

𝑅1
𝛾21 − (

𝐵2

𝑅2
+

1

𝜌1
) 𝛾1𝑁 −

1

𝐴2

𝜕𝛾1𝑁

𝜕𝛼2
+ (

𝐵1

𝑅1
+

1

𝜌2
) 𝛾2𝑁 +

1

𝐴1

𝜕𝛾2𝑁

𝜕𝛼1
− 𝜆2𝜅12 + 𝜆1𝜅21 = 0  

〈4〉
1

𝜌2
𝜅1 −

1

𝜌2
𝜅2 −

1

𝐴1

𝜕𝜅2

𝜕𝛼1
+

1

𝜌1
𝜅12 +

1

𝐴2

𝜕𝜅12

𝜕𝛼2
+

1

𝜌1
𝜅21 −

𝜏2

𝑅1
= 0  

〈5〉
1

𝜌1
𝜅1 +

1

𝐴2

𝜕𝜅1

𝜕𝛼2
−

1

𝜌1
𝜅2 −

1

𝜌2
𝜅12 −

1

𝜌2
𝜅21 −

1

𝐴1

𝜕𝜅21

𝜕𝛼1
−
𝜏1

𝑅2
= 0  

〈6〉
1

𝑅2
𝜅1 +

1

𝑅1
𝜅2 +

1

𝜌1
𝜏1 +

1

𝐴2

𝜕𝜏1

𝜕𝛼2
−

1

𝜌2
𝜏2 −

1

𝐴1

𝜕𝜏2

𝜕𝛼1
= 0  

(22) 

The proposed method has a cyclic character, as each proposal of the operator polynomial of 

degree N (𝑃𝑖
𝑁) represents one solution, either trivial (null) or not. One of the purposes of this 

method is to find the minimal degree of the operator polynomial that generates the nontrivial 

solution. 
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3.1. Reissner-Mindlin’s deformations compatibility equations in Gauss’s intrinsic coordinates 

By substituting the condition 𝑓 = 0 in the new general deformations compatibility equations, 

Eq. (22), Reissner-Mindlin’s deformations compatibility equations of the thick shell theory are 

obtained, Eq.(23) [4, 10-12]. The condition 𝑓 = 0  indicates that the reference surface in Gauss’s 

intrinsic coordinates matches with the middle shell surface (S∗) (Figure 1), Eq. (24). 

(1)
1

𝜌2
𝜀1 −

1

𝜌2
𝜀2 −

1

𝐴1

𝜕𝜀2

𝜕𝛼1
+
𝛾12

𝜌1
+

1

𝐴2

𝜕𝛾12

𝜕𝛼2
+
𝛾21

𝜌1
+
𝛾1𝑁

𝑅2
− 𝜏2 = 0  

(2)
1

𝜌1
𝜀1 +

1

𝐴2

𝜕𝜀1

𝜕𝛼2
−

1

𝜌1
𝜀2 −

𝛾12

𝜌2
−
𝛾21

𝜌2
−

1

𝐴1

𝜕𝛾21

𝜕𝛼1
−
𝛾2𝑁

𝑅1
− 𝜏1 = 0  

(3)
𝛾12

𝑅2
−
𝛾21

𝑅1
−
𝛾1𝑁

𝜌1
−

1

𝐴2

𝜕𝛾1𝑁

𝜕𝛼2
+
𝛾2𝑁

𝜌2
+

1

𝐴1

𝜕𝛾2𝑁

𝜕𝛼1
− 𝜅12 + 𝜅21 = 0  

(4)
1

𝜌2
𝜅1 −

1

𝜌2
𝜅2 −

1

𝐴1

𝜕𝜅2

𝜕𝛼1
+

1

𝜌1
𝜅12 +

1

𝐴2

𝜕𝜅12

𝜕𝛼2
+

1

𝜌1
𝜅21 −

𝜏2

𝑅1
= 0  

(5)
1

𝜌1
𝜅1 +

1

𝐴2

𝜕𝜅1

𝜕𝛼2
−

1

𝜌1
𝜅2 −

1

𝜌2
𝜅12 −

1

𝜌2
𝜅21 −

1

𝐴1

𝜕𝜅21

𝜕𝛼1
−
𝜏1

𝑅2
= 0  

(6)
1

𝑅2
𝜅1 +

1

𝑅1
𝜅2 +

1

𝜌1
𝜏1 +

1

𝐴2

𝜕𝜏1

𝜕𝛼2
−

1

𝜌2
𝜏2 −

1

𝐴1

𝜕𝜏2

𝜕𝛼1
= 0  

(23) 

 

𝑓 = 0 ⟹ 𝐵1 = 𝐵2 = 𝛽1 = 𝛽2 = 0, 𝐾1 = 𝐾2 = 1⟹ 𝜆1 = (1 +
𝑓

𝑅1
) = 𝐾1𝑐𝑜𝑠𝛽1 = 1,   

𝜆2 = (1 +
𝑓

𝑅2
) = 𝐾2𝑐𝑜𝑠𝛽2 = 1  

(24) 

3.2. Love-Kirchhoff’s deformations compatibility equations in Gauss’s intrinsic coordinate  

By substituting the thin shell condition  γ1N = γ2N = 0 in Eq. (23) we obtain Love-Kirchhoff’s 

compatibility equations of the deformations that belong to the thin shell theory, Eq. (25) [5, 6, 10-15]. 

The most recent researches on the flexion theory of cylindrical thin shells is shown in Eq. (25) for its 

geometric description [28].   

(1)
1

𝜌2
𝜀1 −

1

𝜌2
𝜀2 −

1

𝐴1

𝜕𝜀2

𝜕𝛼1
+

1

𝜌1
𝛾12 +

1

𝐴2

𝜕𝛾12

𝜕𝛼2
+

1

𝜌1
𝛾21 − 𝜏2 = 0  

(2)
1

𝜌1
𝜀1 +

1

𝐴2

𝜕𝜀1

𝜕𝛼2
−

1

𝜌1
𝜀2 −

1

𝜌2
𝛾12 −

1

𝜌2
𝛾21 −

1

𝐴1

𝜕𝛾21

𝜕𝛼1
− 𝜏1 = 0  

(3)
1

𝑅2
𝛾12 −

1

𝑅1
𝛾21 − 𝜅12 + 𝜅21 = 0  

(4)
1

𝜌2
𝜅1 −

1

𝜌2
𝜅2 −

1

𝐴1

𝜕𝜅2

𝜕𝛼1
+

1

𝜌1
𝜅12 +

1

𝐴2

𝜕𝜅12

𝜕𝛼2
+

1

𝜌1
𝜅21 −

𝜏2

𝑅1
= 0  

(5)
1

𝜌1
𝜅1 +

1

𝐴2

𝜕𝜅1

𝜕𝛼2
−

1

𝜌1
𝜅2 −

1

𝜌2
𝜅12 −

1

𝜌2
𝜅21 −

1

𝐴1

𝜕𝜅21

𝜕𝛼1
−
𝜏1

𝑅2
= 0  

(6)
1

𝑅2
𝜅1 +

1

𝑅1
𝜅2 +

1

𝜌1
𝜏1 +

1

𝐴2

𝜕𝜏1

𝜕𝛼2
−

1

𝜌2
𝜏2 −

1

𝐴1

𝜕𝜏2

𝜕𝛼1
= 0  

(25) 

The equations from Eq. (25) correspond to the equations 20.11 obtained by Goldenveizer [5, 6, 

10] when the shell twist curvature 𝜅12  is disregarded being 𝛾12 = 𝑤
(1), 𝛾21 = −𝑤

(2)  the angular 

deformations assumed by Goldenveizer [5, 6]. Overlooking the shear deformations 𝛾1𝑁 and 𝛾2𝑁 in 

Love-Kirchhoff’s theory of the thin shell implies a dependence ratio between the lineal displacement 

vectors (𝑈⃗⃗ ) and the rotations (𝛺⃗ ), Eq. (26) [7]. 
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ψ1 =
𝜕𝑈𝑁

𝐴1𝜕𝛼1
−

1

𝑅1
𝑈1

ψ2 =
𝜕𝑈𝑁

𝐴2𝜕𝛼2
−

1

𝑅2
𝑈2

𝛿 =
1

2
(w2 − w1) =

1

2𝐴1𝐴2
(−

𝜕(𝐴2𝑈2)

𝜕𝛼1
+
𝜕(𝐴1𝑈1)

𝜕𝛼2
)}
 
 

 
 

⇒
Relation between 𝑈⃗⃗  𝑎𝑛𝑑 𝛺⃗ 

𝛺⃗ =
1

2
𝛻⃗ × 𝑈⃗⃗ 

  (26) 

 

3.3. New compatibility equations of the projected deformations in Cartesian coordinate system   

New compatibility equations of the projected deformations on a Cartesian plane, were obtained, 

Eq. (28), by substituting the geometric characteristics, Eq. (27), in the new general compatibility 

equations of the deformations, Eq. (22), (Figure 2). In Eq. (28), the six compatibility equations satisfy 

themselves identically. These equations may be used for the construction of the second-order new 

surface with inverse formulations (parabola, ellipse, etc.) [11-15]. 

𝛼1 = 𝑥; 𝛼2 = 𝑦;  𝑓 = 𝑧(𝑥, 𝑦); 𝐴1 = 𝐴2 = 𝜆1 = 𝜆2 = 1; 𝑅1 = 𝑅2 = 𝜌1 = 𝜌2 = ∞  

𝐵1 =
𝜕𝑧

𝜕𝑥
;  𝐵2 =

𝜕𝑧

𝜕𝑦
; 𝐶11 = −

𝜕2𝑧

𝜕𝑥2
 ; 𝐶22 = −

𝜕2𝑧

𝜕𝑦2
;  𝐶12 = 𝐶21 = −

𝜕2𝑧

𝜕𝑥𝜕𝑦
  

(27) 

 

(1)
𝜕𝜀𝑦

𝜕𝑥
+
𝜕𝛾𝑥𝑦

𝜕𝑦
−
𝜕2𝑧

𝜕𝑦2
𝛾𝑥𝑁 +

𝜕2𝑧

𝜕𝑥𝜕𝑦
𝛾𝑦𝑁 +

𝜕𝑧

𝜕𝑥
𝜅𝑦 −

𝜕𝑧

𝜕𝑦
𝜅𝑦𝑥 = 0  

(2)  −
𝜕𝜀𝑥

𝜕𝑦
+
𝜕𝛾𝑦𝑥

𝜕𝑥
−

𝜕2𝑧

𝜕𝑥𝜕𝑦
𝛾𝑥𝑁 −

𝜕2𝑧

𝜕𝑥2
𝛾𝑦𝑁 +

𝜕𝑧

𝜕𝑦
𝜅𝑥 −

𝜕𝑧

𝜕𝑥
𝜅𝑥𝑦 = 0  

(3)
𝜕𝛾𝑥𝑁

𝜕𝑦
−
𝜕𝛾𝑦𝑁

𝜕𝑥
+ 𝜅𝑥𝑦 − 𝜅𝑦𝑥 = 0  

(4)
𝜕𝜅𝑦

𝜕𝑥
=
𝜕𝜅𝑥𝑦

𝜕𝑦
  

(5)
𝜕𝜅𝑥

𝜕𝑦
=
𝜕𝜅𝑦𝑥

𝜕𝑥
  

(𝟔)  0 ≡ 0   

(28) 

 

Figure 2. Cartesian plane as reference surface 

3.4. Bi-dimensional elasticity problems in rectangular coordinate. Saint- Venant’s equation in plane state   

By substituting the geometric characteristics of the Cartesian plane, Eq. (27), and making 𝑓 =

0 simultaneously in the new general compatibility equations, Eq. (22), is obtain the compatibility 

equations of the deformations for the plane state, Eq. (29). Likewise, the geometric equations for this 

case are obtained, Eq. (30).  
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(1) − 
𝜕𝜀𝑦

𝜕𝑥
+
𝜕𝛾𝑥𝑦

𝜕𝑦
= 0 

(2)  −
𝜕𝜀𝑥
𝜕𝑦

+
𝜕𝛾𝑦𝑥

𝜕𝑥
= 0 

(29) 

 

𝜀𝑥 =
𝜕𝑈𝑥

𝜕𝑥
,     𝜀𝑦 =

𝜕𝑈𝑦

𝜕𝑦
,   𝛾𝑥𝑦 =

𝜕𝑈𝑦

𝜕𝑥
,   𝛾𝑦𝑥 =

𝜕𝑈𝑥

𝜕𝑦
  (30) 

By defining 𝜔𝑥𝑦 = 𝛾𝑥𝑦 + 𝛾𝑦𝑥 like in the bi-dimensional elasticity theory in Cartesian coordinate, 

the geometric equations, Eq. (30), become in Eq. (31), and therefore, the typical Saint-Venant’s 

equation in Cartesian coordinate for the plane state is obtained, Eq. (32) [16, 17]. 

𝜀𝑥 =
𝜕𝑈𝑥
𝜕𝑥

,     𝜀𝑦 =
𝜕𝑈𝑦

𝜕𝑦
, 𝜔𝑥𝑦 = 𝛾𝑥𝑦 + 𝛾𝑦𝑥 =

𝜕𝑈𝑦

𝜕𝑥
+
𝜕𝑈𝑥
𝜕𝑦

 (31) 

 

𝜕2𝜔𝑥𝑦

𝜕𝑥𝜕𝑦
 =

𝜕2𝜀𝑥

𝜕𝑦2
+
𝜕2𝜀𝑦

𝜕𝑥2
  (32) 

3.5. New compatibility equations of projected deformations on a polar plane 

New compatibility equations on a polar plane, Eq.(34), were obtained, by replacing the 

geometric characteristics, Eq. (33), (Figure 3) in the general compatibility equations, Eq. (22).  

𝛼1 = 𝜌; 𝛼2 = 𝜃;  𝑓 = 𝑧(𝜌, 𝜃); 𝐴1 = 1,𝐴2 = 𝜌, 𝑅1 = 𝑅2 = ∞; 𝜌1 = ∞,𝜌2 = 𝜌  

𝐵1 =
𝜕𝑓

𝜕𝜌
;   𝐵2 =

1

𝜌

𝜕𝑓

𝜕𝜃
;    𝐶11 = −

𝜕2𝑓

𝜕𝜌2
 ;  𝐶22 = −

1

𝜌

𝜕𝑓

𝜕𝜌
−

1

𝜌2
𝜕2𝑓

𝜕𝜃2
;    𝐶12 = 𝐶21 =

1

𝜌2
𝜕2𝑓

𝜕𝜃2
−
1

𝜌

𝜕2𝑓

𝜕𝜌𝜕𝜃
  

𝐾1 = [1 + (
𝜕𝑓

𝜕𝜌
)
2
]

1
2⁄

= 𝑠𝑒𝑐𝛽1 , 𝐾2 = [1 + (
1

𝜌

𝜕𝑓

𝜕𝜃
)
2
]

1
2⁄

= 𝑠𝑒𝑐𝛽2;  𝜆1 = 𝜆2 =  1  

(33) 

 

(1)
𝜀𝜌

𝜌
−
𝜀𝜃

𝜌
−
𝜕𝜀𝜃

𝜕𝜌
+
1

𝜌

𝜕𝛾𝜌𝜃

𝜕𝜃
+ (−

1

𝜌

𝜕𝑓

𝜕𝜌
−

1

𝜌2
𝜕2𝑓

𝜕𝜃2
) 𝛾𝜌𝑁 − (

1

𝜌2
𝜕𝑓

𝜕𝜃
−
1

𝜌

𝜕2𝑓

𝜕𝜌𝜕𝜃
) 𝛾𝜃𝑁 +

𝜕𝑓

𝜕𝜌
𝜅𝜃 − −

1

𝜌

𝜕𝑓

𝜕𝜃
𝜅𝜃𝜌 = 0  

(2) −
1

𝜌

𝜕𝜀𝜌

𝜕𝜃
+
1

𝜌
𝛾𝜌𝜃 +

1

𝜌
𝛾𝜃𝜌 +

𝜕𝛾𝜃𝜌

𝜕𝜌
− (

1

𝜌2
𝜕𝑓

𝜕𝜃
−
1

𝜌

𝜕2𝑓

𝜕𝜌𝜕𝜃
) 𝛾𝜌𝑁 −

𝜕2𝑓

𝜕𝜌2
𝛾𝜃𝑁 +

1

𝜌

𝜕𝑓

𝜕𝜃
𝜅𝜌 − −

𝜕𝑓

𝜕𝜌
𝜅𝜌𝜃 = 0  

(3)
1

𝜌

𝜕𝛾𝜌𝑁

𝜕𝜃
−
1

𝜌
𝛾𝜃𝑁 −

𝜕𝛾𝜃𝑁

𝜕𝜌
+ 𝜅𝜌𝜃 − 𝜅𝜃𝜌 = 0  

(4)
1

𝜌
𝜅𝜌 −

1

𝜌
𝜅𝜃 −

𝜕𝜅𝜃

𝜕𝜌
+
1

𝜌

𝜕𝜅𝜌𝜃

𝜕𝜃
= 0  

(5) −
1

𝜌

𝜕𝜅𝜌

𝜕𝜃
+
1

𝜌
𝜅𝜌𝜃 +

1

𝜌
𝜅𝜃𝜌 +

𝜕𝜅𝜃𝜌

𝜕𝜌
= 0  

(𝟔)  0 ≡ 0   

(34) 
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Figure 3. Polar plane as reference surface [1, 2, 18] 

3.6. New compatibility equations of the projected deformations on a general cylindrical surface of radius 𝑟0 

The new compatibility equations on a general cylindrical surface of radius r0 are obtained, Eq. 

(36), by substituting the geometric characteristics, Eq. (35), (Figure 4) in the general compatibility 

equations, Eq. (22). The practical applications of the new compatibility equations, Eq. (36), relies on 

the calculus of the rotational bodies with Non-axial-symmetric character of directresses: straight 

(coaxial cylinder), breaking (Güira tank) (Figure 5), hyperbolical (Cooling Towers), among others [19-

21]. 

𝛼1 = 𝑡, 𝛼2 = 𝑧, 𝑓 = 𝑧(𝑡, 𝑧), 𝐴1 = 𝑟0, 𝐴2 = 1, 𝑅1 = 𝑟0, 𝑅2 = ∞, 𝜌1 = 𝜌2 = ∞  

𝐵1 = 𝑇𝑎𝑛𝛽1 =
𝜕𝑓(𝑡,𝑧)

𝜕𝑡

𝑟0+𝑓(𝑡,𝑧)
,   𝐵2 = 𝑇𝑎𝑛𝛽2 =

𝜕𝑓(𝑡,𝑧)

𝜕𝑧
  

𝐾1 = [(1 +
𝑓(𝑡,𝑧)

𝑟0
)
2

+ (
1

𝑟0

𝜕𝑓(𝑡,𝑧)

𝜕𝑡
)
2

]

1
2⁄

;    𝐾2 = [1 + (
𝜕𝑓(𝑡,𝑧)

𝜕𝑧
)
2

]

1
2⁄

  

(35) 

 

(1) −
1

𝑟0

𝜕𝜀𝑧

𝜕𝑡
+
𝜕𝛾𝑡𝑧

𝜕𝑧
+

1

𝑟0

𝜕𝑓

𝜕𝑧
𝛾𝑧𝑡 −

𝜕2𝑓

𝜕𝑧2
𝛾𝑡𝑁 − (

1

𝑟0
2+𝑟0𝑓

𝜕𝑓

𝜕𝑡

𝜕𝑓

𝜕𝑧
−

1

𝑟0

𝜕2𝑓

𝜕𝑡𝜕𝑧
) 𝛾𝑧𝑁 +

1

𝑟0+𝑓

𝜕𝑓

𝜕𝑡
(1 +

𝑓

𝑟0
)𝜅𝑧 −

𝜕𝑓

𝜕𝑧
𝜅𝑧𝑡 −

(1 +
𝑓

𝑟0
) 𝜏𝑧 = 0  

(2) −
𝜕𝜀𝑡

𝜕𝑧
−

1

𝑟0
2+𝑟0𝑓

𝜕𝑓

𝜕𝑡
𝛾𝑧𝑡 +

1

𝑟0

𝜕𝛾𝑧𝑡

𝜕𝑡
−

𝜕

𝜕𝑧
(

1

𝑟0+𝑓

𝜕𝑓

𝜕𝑡
) 𝛾𝑡𝑁 + [

1

𝑟0
+

1

𝑟0
(

1

𝑟0+𝑓

𝜕𝑓

𝜕𝑡
)
2
−
1

𝑟0

𝜕

𝜕𝑡
(

1

𝑟0+𝑓

𝜕𝑓

𝜕𝑡
)] 𝛾𝑧𝑁

𝜕𝑓

𝜕𝑧
𝜅𝑡 −

(1 +
𝑓

𝑟0
)

1

𝑟0+𝑓

𝜕𝑓

𝜕𝑡
𝜅𝑡𝑧 + 𝜏𝑡 = 0  

(3)
𝛾𝑧𝑡

𝑟0
+
𝜕𝛾𝑡𝑁

𝜕𝑧
−

1

𝑟0
2+𝑟0𝑓

𝜕𝑓

𝜕𝑡
𝛾𝑧𝑁 −

𝜕𝛾𝑧𝑁

𝜕𝑡
+ 𝜅𝑡𝑧 − (1 +

𝑓

𝑟0
) 𝜅𝑧𝑡 = 0  

(4) −
1

𝑟0

𝜕𝜅𝑧

𝜕𝑡
+
𝜕𝜅𝑡𝑧

𝜕𝑧
−

1

𝑟0
𝜏𝑧 = 0  

(5) −
𝜕𝜅𝑡

𝜕𝑧
+

1

𝑟0

𝜕𝜅𝑧𝑡

𝜕𝑡
= 0  

(6) −
1

𝑟0
𝜅𝑧 −

𝜕𝜏𝑡

𝜕𝑧
+

1

𝑟0

𝜕𝜏𝑧

𝜕𝑡
= 0  

(36) 
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Figure 4. General cylindrical reference surface [1, 2] 

 

Figure 5. General cylindrical reference surface [1, 2] 

3.7. New compatibility equations of the projected deformations on a coaxial cylinder of constant radius R 

The compatibility equations of projected shell deformations on a coaxial cylinder, Eq. (38), were 

obtained by substituting the geometric characteristics of the coaxial cylinder, Eq. (37), in the general 

compatibility equations, Eq. (22). In Eq. (37), the parameter 𝜃 is measured in a positive trigonometric 

direction and the relative function 𝑓 = 𝑓(𝛼1, 𝛼2) only depends on the independent variable z. The 

practical application of the deformations compatibility equations, Eq. (38), lies in the calculus of the 

rotational bodies with axial-symmetric character [11-15]. 

𝛼1 = 𝜃, 𝛼2 = 𝑧, 𝑓 = 𝑓(𝑧), 𝐴1 = 𝑅, 𝐴2 = 1,𝑅1 = 𝑅, 𝑅2 = ∞,𝜌1 = 𝜌2 = ∞,𝐵1 = 𝑇𝑎𝑛𝛽1 = 0,  

𝐵2 = 𝑇𝑎𝑛𝛽2 =
𝑑𝑓(𝑧)

𝑑𝑧
, 𝐾1 = 1 +

𝑓

𝑅
, 𝐾2 = [1 + (

𝑑𝑓(𝑧)

𝑑𝑧
)
2

]

1
2⁄

, 𝜆1 = 𝐾1, 𝑐𝑜𝑠𝛽1 = 1,  

𝜆2 = 1, 𝑐𝑜𝑠𝛽2 =
1

𝐾2
, 𝐶11 =

1

𝑅
, 𝐶22 = −

𝑑2𝑓

𝑑𝑧2
, 𝐶12 = 𝐶21 = 0  

(37) 

 

(1) − 𝑅
𝑑𝑓

𝑑𝑧

𝑑𝜀𝜃

𝑑𝑧
+ 𝑅𝜅𝜃 +

𝑑𝑓

𝑑𝑧
𝛾𝑍𝑁 = 0  

(2)
𝛾𝑍𝜃

𝑅
− 𝐾1𝜅𝜃𝑍 +

𝑑𝛾𝜃𝑁

𝑑𝑧
= 0  

(3)
1

𝑅
(
𝑑𝑓

𝑑𝑧
)
2
𝜅𝑍 −

𝑑2𝑓

𝑑𝑧2
𝜅𝜃 +

𝑑𝑓

𝑑𝑧

𝑑𝜅𝜃

𝑑𝑧
= 0  

(4)𝛾𝜃𝑍 −
𝑑𝑓

𝑑𝑧
𝛾𝜃𝑁 = 0  

(38) 
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4. Conclusions 

The new deformations compatibility equations, Eq. (22), using the mathematical assistant 

“Wolfram Mathematic 9” can be programmed in the construction of the inverse formulation (type 

Airy) for the mathematical modeling of different shell problems [19, 20, 22-26]. The integration of the 

non-linear geometrical expressed in the relative coordinate system with projected deformations may 

be included in the inverse formulation. 

The deformations compatibility equations can be obtained at a time, either first or second type 

Saint–Venant’s relationships through the method proposed (appendix case C) [9, 16, 17, 27]. 

The proposal of the operator polynomial 𝑃𝑖
𝑁 = 𝑃𝑖

𝑁(𝑋1, 𝑋2, 𝑋3, … 𝑋m), ∀ 𝑖, 𝑚 ∈ ℕ provides 

deformations compatibility equations of different orders. The method can be applied to cases of 

geometric equations involving on lineal terms. 

The deformations compatibility equations of Reissner-Mindlin, Eq. (23), and Love-Kirchhoff 

flexion theory, Eq. (25), constitute particular cases of the new general compatibility equations, Eq. 

(22). 

The general equations, Eq. (22), provide the possibility to obtain new compatibility equations 

when selecting the reference surface (𝑆). They also offer the advantage of choosing the reference 

surface (𝑆)  that generates the least analytical complexity for each problem, so that complex 

geometric shells can be calculated. 

The compatibility conditions of the deformations established by A.L. Goldenveizer, Eq. (5), are 

only valid when the middle surface of the shell is expressed in Gauss’s curvilinear orthogonal 

coordinate system (𝜔 = 𝜋 2⁄ ). 

The new method allowed to obtain the compatibility equations with projected deformations into 

the relative coordinate which includes the orthogonal coordinate system (𝜔 = 𝜋 2⁄ ) (Figure 4). 

The principle of the indeterminate coefficient made it possible the formation of the new method 

since the geometrical equations constitute elements of a Euclidian’s vectorial space (E). 
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Appendix A. Bi-dimensional problem in Cartesian coordinates 

In this case, the geometric equations (A.1) are made of differential operators that directly operate 

on the displacements (𝑈 𝑎𝑛𝑑 𝑉). 

1. Geometric equations in Cartesian coordinates for the plane state 

(1)𝜀𝑋 =
𝜕𝑈

𝜕𝑋
 ;  (2)𝜀𝑌 =

𝜕𝑉

𝜕𝑌
 ;  (3) 𝛾𝑋𝑌 =

𝜕𝑈

𝜕𝑌
+
𝜕𝑉

𝜕𝑋
  

𝛿 (𝑥, 𝑦) = 𝑈(𝑥, 𝑦)𝐼 + 𝑉(𝑥, 𝑦)𝑗  → Displacement field 
(A.1) 

2. Proposition of the operator polynomial 

2.1. Starting with a first-degree  (𝑃(1)𝑖)  (A.2) operator polynomial and following the steps 

already described, the solution obtained is trivial (A.3), which implies the non-existence of 

first-degree deformations compatibility equations for this problem. 

𝑃(1)𝑖 = 𝑃
(1)(𝑋, 𝑌)𝑖 = 𝐴𝑖𝜀𝑖 + 𝐵𝑖

𝜕𝜀𝑖

𝜕𝑋
+ 𝐶𝑖

𝜕𝜀𝑖

𝜕𝑌
, ∀ 𝑖 ∈ ℕ  (A.2) 

𝐴1 = 𝐴2 = 𝐴3 = 𝐵1 = 𝐵2 = 𝐵3 = 𝐶1 = 𝐶2 = 𝐶3 = 0  (A.3) 
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2.2. Proposition of the second-degree operator polynomial (𝑃(2)𝑖) (A.4) 

𝑃(2)𝑖 = 𝑃
(2)(𝑋, 𝑌)𝑖 = 𝐴𝑖𝜀𝑖 + 𝐵𝑖

𝜕𝜀𝑖

𝜕𝑋
+ 𝐶𝑖

𝜕𝜀𝑖

𝜕𝑌
+ 𝐷𝑖

𝜕2𝜀𝑖

𝜕𝑋2
+ 𝐸𝑖

𝜕2𝜀𝑖

𝜕𝑌2
+ +𝐹𝑖

𝜕2𝜀𝑖

𝜕𝑋𝜕𝑌
∀ 𝑖 ∈ ℕ  (A.4) 

3. Derivation of each geometric equation (A.1) according to the analytical structure of the 

operator polynomial proposed in the previous step  (𝑃(2)𝑖) until obtaining all the (𝑃(2)𝑖), 

being i the quantity of the problem geometric equations. Successive derivations of the first 

geometric equation of (A.1), (A.5). 

𝜀𝑋 =
𝜕𝑈

𝜕𝑋
⇒ 𝑎)

𝜕𝜀𝑋

𝜕𝑋
=
𝜕2𝑈

𝜕𝑋2
, 𝑏) 

𝜕𝜀𝑋

𝜕𝑌
=

𝜕2𝑈

𝜕𝑌𝜕𝑋
 𝑐)  

𝜕2𝜀𝑋

𝜕𝑋2
=
𝜕𝑈3

𝜕𝑋3
;  𝑑) 

𝜕2𝜀𝑋

𝜕𝑌2
=

𝜕𝑈3

𝜕𝑌2𝜕𝑋
, 𝑒)  

𝜕2𝜀𝑋

𝜕𝑋𝜕𝑌
=

𝜕𝑈3

𝜕𝑋2𝜕𝑌
  (A.5) 

Obtaining the first operator polynomial 𝑃(2)1(𝜀𝑋) (A.6): 

𝑃(2)1(𝜀𝑋) = 𝐴1
𝜕𝑈

𝜕𝑋
+ 𝐵1

𝜕2𝑈

𝜕𝑋2
+ 𝐶1

𝜕2𝑈

𝜕𝑌𝜕𝑋
+ 𝐷1

𝜕𝑈3

𝜕𝑋3
+ 𝐸1

𝜕𝑈3

𝜕𝑌2𝜕𝑋
+ 𝐹1

𝜕𝑈3

𝜕𝑋2𝜕𝑌
  (A.6) 

The rest of the operator polynomials (𝑃(2)2(𝜀𝑦) 𝑦 𝑃
(2)

3(𝛾𝑋𝑌)) is obtained for the second and third 

geometric equations respectively (A.7) by doing the successive derivation with respect to the second 

and third geometric equations (A.1). 

𝑃(2)2(𝜀𝑦) = 𝐴2
𝜕𝑉

𝜕𝑌
+ 𝐵2

𝜕2𝑉

𝜕𝑋𝜕𝑌
+ 𝐶2

𝜕2𝑉

𝜕𝑌2
+ 𝐷2

𝜕𝑉3

𝜕𝑋2𝜕𝑌
+ 𝐸2

𝜕𝑉3

𝜕𝑌3
+ 𝐹2

𝜕𝑉3

𝜕𝑋𝜕𝑌2
  

𝑃(2)3( 𝛾𝑋𝑌) = 𝐴3 (
𝜕𝑈

𝜕𝑌
+
𝜕𝑉

𝜕𝑋
) + 𝐵3 (

𝜕2𝑈

𝜕𝑋𝜕𝑌
+
𝜕2𝑉

𝜕𝑋2
) + 𝐶3 (

𝜕2𝑈

𝜕𝑌2
+

𝜕2𝑉

𝜕𝑌𝜕𝑋
) + 𝐸3 (

𝜕𝑈3

𝜕𝑌3
+

∂V3

∂Y2 ∂X
) + F3 (

∂U3

∂X∂Y2
+

∂V3

∂X2 ∂Y
)  

(A.7) 

Formation of the lineal combination between the operator polynomials (A.6 and A.7) until the fundamental 

identity is formed (A.8): ∑ 𝑃(2)𝑖
𝑛
𝑖=1 = 0 ⇒ 𝑃(2)1(𝜀𝑋) + 𝑃

(2)
2(𝜀𝑌) + 𝑃

(2)
3( 𝛾𝑋𝑌) = 0 

𝐴1
𝜕𝑈

𝜕𝑋
+ 𝐵1

𝜕2𝑈

𝜕𝑋2
+ 𝐶1

𝜕2𝑈

𝜕𝑌𝜕𝑋
+ 𝐷1

𝜕𝑈3

𝜕𝑋3
+ 𝐸1

𝜕𝑈3

𝜕𝑌2𝜕𝑋
+ 𝐹1

𝜕𝑈3

𝜕𝑋2𝜕𝑌
+ 𝐴2

𝜕𝑉

𝜕𝑌
+ 𝐵2

𝜕2𝑉

𝜕𝑋𝜕𝑌
+ 𝐶2

𝜕2𝑉

𝜕𝑌2
+ 𝐷2

𝜕𝑉3

𝜕𝑋2𝜕𝑌
+ 𝐸2

𝜕𝑉3

𝜕𝑌3
+

𝐹2
𝜕𝑉3

𝜕𝑋𝜕𝑌2
+ 𝐴3 (

𝜕𝑈

𝜕𝑌
+
𝜕𝑉

𝜕𝑋
) + 𝐵3 (

𝜕2𝑈

𝜕𝑋𝜕𝑌
+
𝜕2𝑉

𝜕𝑋2
) + 𝐶3 (

𝜕2𝑈

𝜕𝑌2
+

𝜕2𝑉

𝜕𝑌𝜕𝑋
) + 𝐷3 (

𝜕𝑈3

𝜕𝑋2𝜕𝑌
+
𝜕𝑉3

𝜕𝑋3
) + 𝐸3 (

𝜕𝑈3

𝜕𝑌3
+

𝜕𝑉3

𝜕𝑌2𝜕𝑋
) +

𝐹3 (
𝜕𝑈3

𝜕𝑋𝜕𝑌2
+

𝜕𝑉3

𝜕𝑋2𝜕𝑌
) = 0  

(A.8) 

4. Application of the indeterminate coefficient method (ICM) 

4.1. Obtaining of the lineal homogenous equation system that provides the formation of the 

fundamental identity (A.8) in the previous step. The solution of the fundamental identity 

(A.8), offered a lineal homogenous equation system of 3 equations with 2 unknown factors 

(A.9). 

𝐸1 + 𝐹3 = 0
𝐷2 + 𝐹3 = 0

 (A.9) 

 Resolution of the lineal homogenous equation system (1.10) 

𝐸1 + 𝐹3 = 0 ⟹ 𝐸1 = −𝐹3
𝐷2 + 𝐹3 = 0 ⟹ 𝐷2 = −𝐹3

} 𝐸1 = 𝐷2 = −𝐹3 ⇒ 𝑆: {(𝐸1, 𝐷2, 𝐹3) ∈ ℝ: 𝐸1 = 𝐷2 = −𝐹3} (A.10) 

5. Interpretation of the solution of the lineal homogenous equation system. The solution of the 

lineal homogenous equation system (A.10) provided only one free variable, which implies 

the existence of one deformations compatibility equation. By recalling the analytical 

structure of the second-degree operator polynomial (𝑃(2)𝑖) (A.4), the Saint-Venant’s 

equation for the bi-dimensional elasticity theory in Cartesian coordinates is obtained (A.11) 

(A.15). 

𝐸1 = 𝐷2 = −𝐹3 ⇒
𝜕2𝜀𝑋

𝜕𝑌2
+
𝜕2𝜀𝑌

𝜕𝑋2
−
𝜕2𝛾𝑋𝑌

𝜕𝑋𝜕𝑌
= 0  (A.11) 

 If a third-degree (𝑃(3)𝑖) operator polynomial (A.12) were used instead of a second-

degree (𝑃(2)𝑖) (A.4) polynomial the solution (A.13) would be obtained. 
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𝑃(3)𝑖 = 𝑃
(3)(𝑋, 𝑌)𝑖 = 𝐴𝑖𝜀𝑖 + 𝐵𝑖

𝜕𝜀𝑖

𝜕𝑋
+ 𝐶𝑖

𝜕𝜀𝑖

𝜕𝑌
+ 𝐷𝑖

𝜕2𝜀𝑖

𝜕𝑋2
+ 𝐸𝑖

𝜕2𝜀𝑖

𝜕𝑌2
+ 𝐹𝑖

𝜕2𝜀𝑖

𝜕𝑋𝜕𝑌
+ 𝐺𝑖

𝜕3𝜀𝑖

𝜕𝑋3
+ 𝐻𝑖

𝜕3𝜀𝑖

𝜕𝑌3
+ 𝐼𝑖

𝜕3𝜀𝑖

𝜕𝑋2𝜕𝑌
+

𝐽𝑖
𝜕3𝜀𝑖

𝜕𝑋𝜕𝑌2
  

(A.12) 

 

𝑆: {(𝐸1, 𝐷2, 𝐹3, 𝐻1, 𝐼2𝑦𝐽3) ∈ ℝ: 𝐸1 = 𝐷2 = −𝐹3;  𝐻1 = 𝐼2 = −𝐽3}  (1.13) 

The solution (A.13) expresses the existence of two deformations compatibility equations 

(A.14) which contain the Saint-Venant’s equation (A.11), due to the fact of using a third-

degree (𝑃(3)𝑖)  operator polynomial (A.12) that has a second-degree (𝑃(2)𝑖)  operator 

polynomial (A.2) in its analytical structure that was used for obtaining the Saint-Venant’s 

equation (A.11). It can also be observed in the solution (A.14) that the identity obtained from 

(𝐻1 = 𝐼2 = −𝐽3 ) is not a new compatibility equation since it is the same Saint-Venant’s 

derivative equation (A.11) with respect to the independent variable Y. 

𝐸1 = 𝐷2 = −𝐹3 ⇒
𝜕2𝜀𝑋

𝜕𝑌2
+
𝜕2𝜀𝑋

𝜕𝑋2
−
𝜕2𝛾𝑋𝑌

𝜕𝑋𝜕𝑌
= 0⏟              

𝑆𝑎𝑖𝑛𝑡−𝑉𝑒𝑛𝑎𝑛𝑡

  

𝐻1 = 𝐼2 = −𝐽3 ⇒
𝜕

𝜕𝑌
(
𝜕2𝜀𝑋

𝜕𝑌2
+
𝜕2𝜀𝑋

𝜕𝑋2
−
𝜕2𝛾𝑋𝑌

𝜕𝑋𝜕𝑌⏟            
𝑆𝑎𝑖𝑛𝑡−𝑉𝑒𝑛𝑎𝑛𝑡

) = 0  

(A.14) 

The solution (A.14) expresses that the geometric equations of the bi-dimensional problem in 

Cartesian coordinates do not require deformations compatibility equations higher than the 

second order. The expression (A.15) shows a summary of the results of the operator 

polynomial of different orders, and the convergence to the Saint-Venant’s solution (A.11) 

obtained with an operator polynomial of second degree(𝑃(2)𝑖). 

 𝑃(1)(𝑋, 𝑌)𝑖 ⇒ Null solution 

𝑃(2)(𝑋, 𝑌)𝑖 ⇒ 
𝜕2𝜀𝑋

𝜕𝑌2
+
𝜕2𝜀𝑋

𝜕𝑋2
−
𝜕2𝛾𝑋𝑌

𝜕𝑋𝜕𝑌
= 0 (problem solution)  

𝑃(3)(𝑋, 𝑌)𝑖 ⇒ {

𝜕2𝜀𝑋

𝜕𝑌2
+
𝜕2𝜀𝑋

𝜕𝑋2
−
𝜕2𝛾𝑋𝑌

𝜕𝑋𝜕𝑌
= 0

𝜕

𝜕𝑌
(
𝜕2𝜀𝑋

𝜕𝑌2
+
𝜕2𝜀𝑋

𝜕𝑋2
−
𝜕2𝛾𝑋𝑌

𝜕𝑋𝜕𝑌
) = 0

  

(A.15) 

 

Appendix B. Bi-dimensional problems in Polar coordinates 

In this case, the geometric equations (B.16) are made up of functions that multiply the differential 

operators, which function directly on the displacement𝑠 (𝑈𝜌 𝑎𝑛𝑑 𝑈𝜃), and of displacements that are 

not operated by differential operators. 

By applying the proposed procedure to the geometric equations (B.16) using the second-degree 

operator polynomial (𝑃(2)(𝜌, 𝜃)𝑖) (B.17) in polar coordinates the solution set (B.18) is obtained. The 

solution set (B.18) offered only one free variable; which represents the existence of one deformations 

compatibility equation. In addition, by means of the analytical structure of the operator polynomial 

of second degree (𝑃(2)(𝜌, 𝜃)𝑖) (B.17), the Saint-Venant’s equation for the bi-dimensional elasticity 

theory in Polar coordinates is obtained (B.19). 

Geometric equations in Polar coordinates (B.16) 

(1)    𝜀𝜌 =
𝜕𝑈𝜌

𝜕𝜌
 , (2)𝜀𝜃 =

𝑈𝜌

𝜌
+
1

𝜌

𝜕𝑈𝜃

𝜕𝜃
, (3) 𝛾𝜌𝜃 =

1

𝜌

𝜕𝑈𝜌

𝜕𝜃
−
𝑈𝜃

𝜌
+ 

𝜕𝑈𝜃

𝜕𝜌
  (B.16) 

Proposition of the second-degree operator polynomial type 𝑃(2)(𝜌, 𝜃)𝑖  in Polar coordinates 

(B.17). 

𝑃(2)(𝜌, 𝜃)𝑖 = 𝐴𝑖𝜀𝑖 + 𝐵𝑖
𝜕𝜀𝑖

𝜕𝜌
+ 𝐶𝑖

𝜕𝜀𝑖

𝜕𝜃
+ 𝐷𝑖

𝜕2𝜀𝑖

𝜕𝜌2
+ 𝐸𝑖

𝜕2𝜀𝑖

𝜕𝜃2
+ 𝐹𝑖

𝜕2𝜀𝑖

𝜕𝜌𝜕𝜃
  (B.17) 

Solution set for the proposal 𝑃(2)(𝜌, 𝜃)𝑖 (B.18) 
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𝑆: {𝐵1, 𝐹3, 𝐵2, 𝐶3, 𝐷2, 𝐸1}, ∈ ℝ:

{−𝐵1 =
𝐸1

𝜌
= 2𝐵2 = 𝜌𝐷2 = −

𝐶3

𝜌
= −𝐹3}

  (B.18) 

Compatibility equation of the deformations in Polar coordinates (B.19) 

−
𝜕𝜀𝜌

𝜕𝜌
+
1

𝜌

𝜕2𝜀𝜌

𝜕𝜃2
+ 2

𝜕𝜀𝜃

𝜕𝜌
+ 𝜌

𝜕2𝜀𝜃

𝜕𝜌2
−
1

𝜌

𝜕𝛾𝜌𝜃

𝜕𝜃
−
𝜕2𝛾𝜌𝜃

𝜕𝜌𝜕𝜃
= 0  (B.19) 

Similarly to case A (bi-dimensional problems in Cartesian coordinates), if a first-degree operator 

polynomial [𝑃(1)(𝜌, 𝜃)𝑖]  had been used in Polar coordinates, then the solution obtained would have 

been trivial, which implies the nonexistence of first-degree compatibility equations for this problem. 

Equally, if an operator polynomial higher than second degree were used, the solution of the lineal 

combination of the partial derivative equation (B.19) would be obtained. 

Appendix C. Bi-dimensional problems in Polar coordinates 

In the previous cases (A and B), operators polynomial were proposed in two independent 

variables (A.4, A.12 and B.17), either for Cartesian coordinate problems (case A) or Polar ones (case 

B). The application of the proposed procedure to the tridimensional elasticity theory geometric 

equations (C.20) for an operator polynomial in three independent variables (𝑋, 𝑌, 𝑍) (C.21) is shown 

below. 

1. Geometric equations in Cartesian coordinates 

(1)  𝜀𝑋 =
𝜕𝑈

𝜕𝑋
 , (2)𝜀𝑌 =

𝜕𝑉

𝜕𝑌
 , (3)𝜀𝑍 =

𝜕𝑊

𝜕𝑍
, (4) 𝛾𝑋𝑌 =

𝜕𝑈

𝜕𝑌
+
𝜕𝑉

𝜕𝑋
 (5) 𝛾𝑋𝑍 =

𝜕𝑈

𝜕𝑍
+
𝜕𝑊

𝜕𝑋
, (6) 𝛾𝑌𝑍 =

𝜕𝑉

𝜕𝑍
+

𝜕𝑊

𝜕𝑌
  

(C.20) 

Proposal of the second-degree polynomial type 𝑃(2)(𝑋, 𝑌, 𝑍) (C.21) 

𝑃(2)(𝑋, 𝑌, 𝑍)𝑖 = 𝐴𝑖𝜀𝑖 + 𝐵𝑖
𝜕𝜀𝑖

𝜕𝑋
+ 𝐶𝑖

𝜕𝜀𝑖

𝜕𝑌
+ 𝐷𝑖

𝜕𝜀𝑖

𝜕𝑍
+ 𝐸𝑖

𝜕2𝜀𝑖

𝜕𝑋2
+ 𝐹𝑖

𝜕2𝜀𝑖

𝜕𝑌2
+ 𝐺𝑖

𝜕2𝜀𝑖

𝜕𝑍2
+ 𝐻𝑖

𝜕2𝜀𝑖

𝜕𝑋𝜕𝑌
+ 𝐼𝑖

𝜕2𝜀𝑖

𝜕𝑋𝜕𝑍
+ 𝐽𝑖

𝜕2𝜀𝑖

𝜕𝑌𝜕𝑍
  (C.21) 

2. Formation of the lineal combination between the six operator polynomials (C.22) 

∑ 𝑃(2)(𝑋, 𝑌, 𝑍)𝑖
𝑛
𝑖=1 = 0 ⇒ 𝑃(2)1(𝜀𝑋) + 𝑃

(2)
2(𝜀𝑌) + 𝑃

(2)
3(𝜀𝑍) + 𝑃

(2)
4( 𝛾𝑋𝑌) + 𝑃

(2)
5( 𝛾𝑋𝑍) +

𝑃(2)6( 𝛾𝑌𝑍) = 0  
(C.22) 

3. Application of the Indeterminate coefficient method (ICM) 

The resolution of the fundamental identity (C.22) offered a lineal homogenous equation system 

of 18 equations with 24 unknown factors, whose solution is shown in the expression (A.12). The 

solution (C.23) offered six free variables, which imply the existence of six deformations compatibility 

equations. 

𝑆: {𝐻4, 𝐺4𝐼5, 𝐹5, 𝐸6, 𝐽6} ∈ ℝ: {(𝐹1 = 𝐸2 = −𝐻4); (𝐸3 = 𝐺1 = −𝐼5); (𝐺2 = 𝐹3 = −𝐽6)}   

{(𝐻6 = 𝐽4 = −𝐹5 ∪ 𝐼2 = 2𝐹5);(𝐽5 = 𝐼6 = −𝐺4 ∪ 𝐻3 = 2𝐺4);  𝐼4 = 𝐻5 = −𝐸6 ∪ 𝐽1 = 2𝐸6}  
(C.23) 

The six Saint-Venant’s equations for the tridimensional elasticity theory in Cartesian coordinates 

are obtained at a time (C.24 and C.25). 

First- type Ratios (C.24) 

(𝐹1 = 𝐸2 = −𝐻4) ⇒
𝜕2𝛾𝑋𝑌

𝜕𝑋𝜕𝑌
=
𝜕2𝜀𝑋

𝜕𝑌2
+
𝜕2𝜀𝑌

𝜕𝑋2

(𝐸3 = 𝐺1 = −𝐼5) ⇒
𝜕2𝛾𝑋𝑍

𝜕𝑋𝜕𝑍
=
𝜕2𝜀𝑋

𝜕𝑍2
+
𝜕2𝜀𝑍

𝜕𝑋2

(𝐺2 = 𝐹3 = −𝐽6) ⇒
𝜕2𝛾𝑌𝑍

𝜕𝑌𝜕𝑍
=
𝜕2𝜀𝑌

𝜕𝑍2
+
𝜕2𝜀𝑍

𝜕𝑌2

  (C.24) 

Second type Ratios (C.25) 

(𝐻6 = 𝐽4 = −𝐹5
∪ 𝐼2 = 2𝐹5)

⇒  
𝜕2𝜀𝑌

𝜕𝑋𝜕𝑍
 =  

1

2

𝜕

𝜕𝑌
(
𝜕𝛾𝑋𝑌

𝜕𝑍
−
𝜕𝛾𝑋𝑍

𝜕𝑌
+
𝜕𝛾𝑌𝑍

𝜕𝑋
)  

(𝐽5 = 𝐼6 = −𝐺4
∪ 𝐻3 = 2𝐺4)

⇒  
𝜕2𝜀𝑍

𝜕𝑋𝜕𝑌
 =  

1

2

𝜕

𝜕𝑍
(−

𝜕𝛾𝑋𝑌

𝜕𝑍
+
𝜕𝛾𝑋𝑍

𝜕𝑌
+
𝜕𝛾𝑌𝑍

𝜕𝑋
)  

(C.25) 
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(𝐼4 = 𝐻5 = −𝐸6
∪ 𝐽1 = 2𝐸6)

⇒  
𝜕2𝜀𝑋

𝜕𝑌𝜕𝑍
=   

1

2

𝜕

𝜕𝑋
  

If an operator polynomial of first degree[𝑃(1)(𝑋, 𝑌, 𝑍)𝑖] had been used, the solution would be 

trivial. This involves the nonexistence of first-degree deformations compatibility equations for this 

problem. Likewise, if an operator polynomial higher than second degree were used, the solution 

obtained would be the lineal combination of the partial derivative equation (C.24 and C.25). 

 

Nomenclature 

𝑆∗: Real surface (arbitrary geometry) 

𝑆:  Reference surface (simpler geometry) 

 

Parameters 

(𝛼1, 𝛼2): Gauss’s Curvilinear orthogonal coordinate 

(𝐴1, 𝐴2): Lame’s parameters 

(𝑑𝑠1, 𝑑𝑠2): Arc differentials of the reference surface S 

(𝑅1, 𝑅2): Radius of Gaussian curvature of the reference surface S 

(𝜌1, 𝜌2): Radius of the geodesic curvature of the reference surface S 

(𝑑𝐴, 𝑑𝐴∗): Area differentials of reference surface S and middle surface (𝑺∗) 

(𝐶11, 𝐶22, 𝐶12, 𝐶21): Inverses of the principal curvatures radius of the surface (𝑆∗) expressed in 

relative coordinate 

𝜀1, 𝜀2: Longitudinal Projected deformations 

𝛾12, 𝛾21: Tangential Projected distortions 

𝛾1𝑁 , 𝛾2𝑁: Projected distortions by shear 

𝜘1, 𝜘2: Projected distortions by flexion 

𝜘12, 𝜘21: Projected distortions by twisting 

𝜏1, 𝜏2:  Projected distortions by twisting according to the normal axis (𝑒𝑁⃗⃗⃗⃗ ) 

𝑈⃗⃗ :  Displacement vector 

𝑈1, 𝑈2, 𝑈𝑁: Displacement vector components 𝑈⃗⃗  

𝛺⃗ : Rotation vector 

𝜓1, 𝜓2, 𝛿: Rotation vector components 𝛺⃗  

 

Acronyms  

HD: Hyper statics Degrees 

FD: Freedom Degrees 

RCM: Relative Coordinate Method 

ICM: Indeterminate Coefficient Method 

F.S.S: Fundamental Solution System 
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