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Abstract: The extended finite element method (XFEM) is now widely used in crack 

simulations and the direction of propagation of the XFEM crack in SS-304 has been quite 

interesting. This paper discusses the direction, 𝛉(+𝐯𝐞 𝐢𝐧 𝐚𝐧𝐭𝐢 − 𝐜𝐥𝐨𝐜𝐤𝐰𝐢𝐬𝐞 𝐝𝐢𝐫𝐞𝐜𝐭𝐢𝐨𝐧), 
of the XFEM crack (under mode-I) propagation based on the von Mises stress-field around 

the crack-tip for static loading under the light water reactors (LWRs) conditions. The Mises 

core region from the crack-tip is chosen for 𝜷 = 𝟗𝟎𝒐, the angle between the load and the 

initial crack. Experimental data for LWRs’environment is obtained and the simulations 

have been carried out applying three different static loads and results for the direction of 

the crack are calculated by measuring the stress-field around the crack-tip. It has been found 

that the direction of the XFEM varies inversely as the stress-field around the crack tip is 

increased. The computational results have been compared with the numerical results based 

on the minimum strain energy density criterion[S-criterion]. 
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__________________________________________________________________________________________ 

1. Introduction 

Moës et al. [1, 2]   proposed the extended finite element method (XFEM) method for crack 

growth simulations without re-meshing, and Farukh et al. [3] proved the capability of the 

XFEM predicting crack growth rate. The XFEM formulation is a powerful tool in numerical 

modeling and is now widely used for studying crack propagation under different loading and 

environmental conditions [4, 5]. With this method, mesh refinement is not required and results 

are closer to the actual values [6]. Unlike other cracks [7, 8], the XFEM cannot propagate at a 

constant rate i.e. the value of stress intensity factor (SIF) is changing at every instant of time 

rendering the XFEM crack direction an important field of research. Merely the presence of 

crack is not enough for the fracture analysis of the mechanical structures [9], the crack 

propagation and the path which would be adopted by the crack under the applied load is the 

key to reach the final destination of the damage. The damage consists of crack initiation, crack 

propagation, and failure [10]. The problem of the XFEM crack direction assuming the arbitrary 

stresses around the crack-tip was an interesting topic for the last few years. The direction of 

propagation of crack is quite necessary to be studied and known to locate the point of failure 

in the structure. The three basic modes of crack propagation; mode-I(opening), mode-II (in-

plane shear/sliding), and mode-III (out-of-plane shear/tearing) are shown in Figure 1 [11]. The 

commonly used criterion, in the literature for the recent research, to predict the direction of the 

crack propagation are; the maximum tangential stress criterion(𝜎0-Criterion) [12], principle of 
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local symmetry [13], the maximum energy release criterion(G-criterion) [14-16], and the 

maximum strain energy density criterion(S-criterion) [17, 18]. The typical aforementioned 

criteria rely on the Stress intensity factors (SIFs) which are determined using the auxiliary 

crack-tip fields [19]. 

 

 

 

 

 

 

Figure 1. Modes of crack propagation. 

Different authors have conducted researches based on simulation to predict the crack direction 

in single and mixed-mode [20-22], but a simple method has not yet been proposed to predict 

the direction of the crack. Apart from mixed mode, the direction of the crack in single-mode 

also varies concerning some arbitrary axis, see Figure 1(a) from the d-e region. In this paper, 

the prediction of the direction (angle, θ) of the XFEM under mode-I is discussed and the results 

are compared with the maximum strain energy density criterion(S-criterion).  It is assumed that 

the specimen is the finite part of the Nuclear power Plants piping. Therefore, the mechanical 

properties of the specimen have been considered at the elevated temperature of 340 oC.   A new 

and convenient technique, which is not available yet in the literature, about the prediction of 

the direction of the crack under mode-I has been introduced, which can be easily visualized by 

using Von Mises stress values around the crack-tip. The crack moves in the core region, not in 

straight line, but in zig-zag manners under mode-I. If the values of Von Mises stress around 

the crack-tip at different points are known, the tendency of the crack to deflect towards a point 

relative to other points can easily be predicted. 

2. Materials and Methods 

Austenitic Stainless steel is an important material used extensively in an aggressive 

environment like LWRs [23]. Low carbon stainless steel-304 is used in this research, which is 

an important type of stainless steel that has been used in many applications [24, 25]. Chemical 

and mechanical properties are shown in Tables 1. and 2. For plastic properties, the tensile true 

stress-strain curve is shown in Figure 2, for which the experimental data is obtained from the 

“Slow Strain Rate Stress Corrosion Testing Machine” available in Fracture Mechanics Lab of 

Xi’an University of Science and Technology, see Figure 3.           

Table 1. Chemical composition of used stainless steel (wt.%). 

STEEL C SI MN P S CR N NI 

304 0.08 0.75 2.00 0.045 0.03 18-20 .10 8-10 
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                                                Table 2. Elastic properties of the Stainless steel used. 
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Figure 2. The tensile true stress-strain curve. 

 

Figure 3. Slow Strain Rate Stress Corrosion Testing Machine. 

MATERIAL ELASTIC 

MODULUS 

MAXIMUM 

PRINCIPAL 

STRESS 

SHEAR 

MODULUS 

POISSON’S 

RATIO 

ELONGATION 

STAINLESS 

STEEL 

GPa MPa    GPa      (v) % 

304 210 550       80 0.34 40 
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Since real structures provide results closer to the practical values [26], therefore, a simple plate 

of 100mm ×50mm, having an embedded extended finite element method (XFEM) crack with 

15mm is used as shown in Figure 4, along with the boundary conditions and loads. All the 

simulations have been performed in the ABAQUS 6.14 software following the instructions 

provided in the manual [27]. The uniformly distributed static-general loads of 200, 240, and 

270MPa are applied separately on the top of the plate vertically which is explained in section 

3.1. While the lower side is fixed, and the right side can elongate in the vertical direction only. 

The stress field is changed by changing the load and the step time and corresponding changes 

in the direction of propagation are estimated. Results are compared with the numerical values 

at the end.  

 

 

Figure 4. A schematic of the plate and loading scheme. 

2.1. Application of Von Mises stress in S-criterion 

The region ahead of the crack-tip is called the core region [28]. To obtain the von Mises plastic 

region(elastic-plastic region from crack-tip) [29] and the relation of crack direction with strain 

energy density, consider an elastic-plastic plate having an inclined crack at an angle,𝛽, to the 

direction of a uniaxial load as shown in Figure 5. 
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Figure 5. A schematic of the cracked plate showing different regions under uniaxial load. 

The stresses around the crack-tip are given by Eq. (1); 
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Where r and 𝜃 are the polar coordinates and R =
Stress intensity factor in mode−II

stress intensity factor in mode−I
=

KII

KI
. The 

energy, T, per unit volume is 

T =
∂W

∂V
=

S(KI,KII,θ)

r(material constants)
                                             (2)                                                                       

Where S is named as strain energy density factor and is expressed as a function of Stress 

Intensity Factors and direction of crack and r is the Mises core region. Following the S-criterion, 

the extreme conditions for T are; 

∂T

∂θ
= 0  Or     

1

r(θ)

∂S(θ)

∂θ
−

S(θ)

r2(θ)

∂r(θ)

∂θ
= 0                               (3)                                         

We assume that the equation of elastic-plastic boundaries is given in terms of distortion 

energy,𝑇𝐷 at .i.e  𝑇𝐷 = 𝑇𝐷,0, where 𝑇𝐷,0 is the critical value of distortion energy and is given 

by  

σ2
1 + σ2

2 − σ1σ2 = 0                                                             (4)                                                                                                      

By combining Eq. (1) and (4), after some algebra, we obtain; 

r =
(1+v)KI

2

6πETD,0
[f 2

1(θ) + f 2
2(θ) − f1(θ)f2(θ)]                              (5)                                                                    

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 9 June 2021                   doi:10.20944/preprints202106.0261.v1

https://doi.org/10.20944/preprints202106.0261.v1


Where 

 f1,2(θ) =
1

2
[fx(θ) + fy(θ)] ±

1

2
[{fx(θ) − fy(θ)}2 + 4f 2

XY(θ)]2             (6)                                       

Let     A= 
(1+v)KI

2

6πETD,0
   and  F(θ) = [f 2

1(θ) + f 2
2(θ) − f1(θ)f2(θ)] then Eq.(5) can be written as   

 F(θ) =
r

A
                                                                                    (7)                                                                                                                           

Where, r, Mises core region can be calculated by using Eq. (5), see Figure 6, and it depends 

upon the applied load direction as well.  

It is obvious from Figure 6, for an angle 𝛽 = 90𝑜 (angle between the load and the initial 

direction of the crack), the Mises core region is uniformly maximum while in the case of 

𝛽 = 60𝑜 , 𝑡ℎ𝑒 core region is slightly larger on some points but not uniform. 

 

Figure 6.  The variations in Mises elastic boundary around the crack-tip, for 𝛽 = 300, 600 and 900. 

2.2. Finite element model and Crack growth simulations  

A typical 4-node finite element mesh model with 12093 elements is shown in Figure 

7a(Global Mesh)  where X-coordinate is parallel to the direction of crack and Y-coordinate 

is normal to the direction of crack. A small subset in circular form is generated around the 

crack-tip to visualize the crack growth rate clearly, see Figure 7b(Local Mesh). 
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Figure 7. (a) Global mesh (b) local mesh. 

The maximum principal stress criterion is used which is represented as follow. 

            f = {
σmax

σmax
0 }                                                (8)                                                          

Where 𝜎𝑚𝑎𝑥
0 represents the maximum allowable principal stress and the damage starts when the 

ratio becomes unity [30]. The damage evolution technique based on power law has been used 

to simulate crack propagation. In the case of Static loading, the step time is 1sec with a 0.001 

increment size. 

3. Results and Discussions 

It can be seen from Figure 8, at constant step-time=1000 (constant stress distribution 

refinement), the starting and ending values of the stresses at minimum load are minimum and 

those at maximum load are maximum. Variations can be seen from the initial crack-tip(0mm) 

to onwards. 

 It is obvious from Figure 9, at step time=100, the difference between starting and ending values 

of the stress is too high while at step-time=1000 the difference between starting and ending 

values of the stress is not too high. This is because the increase in the step-size increases the 

stress distribution refinement. 

Figure 8 shows, as the applied load increases, while keeping the step-time constant, the values 

of the Von Mises stress field around the crack-tip increase concerning the distance from the 

crack. And Figure 9 shows, as the step-time is increased, while keeping the applied load 

constant, the values of the stress field around the crack-tip concerning the distance from the 

crack also increases. Hence the values of the stress field around the crack-tip may be increased 

either by increasing the step-time at constant applied load or applied load at constant step-time. 
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Figure 8. Variations in Von Mises stress at various applied loads. 
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Figure 9. Variations in Von Mises stress at different step-time. 

3.1. Computational results 

Figures 10 and 11 represent the relationship between the direction of crack propagation and 

Von Mises at three different applied static loads. The stress field is increased by increasing the 

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 9 June 2021                   doi:10.20944/preprints202106.0261.v1

https://doi.org/10.20944/preprints202106.0261.v1


step-time and the process is repeated at three different applied loads to validate the decreasing 

trend of angle w.r.t. an increase in the stress field around the crack-tip.  
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Figure 10.Effect of variations in applied on the direction of crack propagation at step-time=1000. 

It is clear from these two figures, as the values of the stress field increases, the crack 

propagation direction tends to be small. The computational results have been calculated directly 

from the ABAQUS by using Eq. (9) 

     ϑ(radians) = lim
∆a→0

∆uy

∆a
                                                        (9) 

Where 𝜗 is the angle with the positive x-axis(axis parallel to the propagation direction) and it 

is measured in radians and lim
∆𝑎→0

∆𝑢𝑦

∆𝑎
 is the ratio of the vertical displacement to the horizontal 

true distance. 
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Figure 11. Effect variations in applied load on the direction of crack propagation at step time=500. 

3.2. Comparison with numerical results and validation 

Figure 12 shows the comparison of the computational and numerical results. The numerical 

results are calculated by using Eq. (7).r is measured by taking the Mises core region directly 

from ABAQUS as shown in Figure 6, for 𝛽 = 90𝑜and  SIF for pure mode-I in factor A is 

measured by using the following process: from Eq. (2) it is clear that S is the function of SIFs 

and angle which can be described as  

 

S = a11K2
I + 2a12KIKII + a22K2

II                                           (10)                                                                            

Where  

 a11 =
1

16πG
(k − cos θ)(1 + cos θ),  

a12 =
1

16πG
sin θ {(2 cos θ) − (k − 1)}, and  

 a22 =
1

16πG
{(k + 1)(1 − cos θ) + (1 + cos θ)(3 cos θ − 1)}    (11)     

                                                      

Where k=
3−v

1+v
 for plane stress and   3 − 4v for plane strain. From Eq. (10) and (11), for 

pure mode-I.  

KI = [
16πGS

(k−cos θ)(1+cos θ)
]

1
2⁄                                                       (12)     

Using Eq. (12) in terms of angle is used into Eq. (7), and the results are computed, see Figure 

12. Because the values of stress intensity factors in the case of XFEM are changing at every 

instant of time, so they cannot be computed by traditional formulas and here the strain energy 

density values are calculated from ABAQUS. 

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 9 June 2021                   doi:10.20944/preprints202106.0261.v1

https://doi.org/10.20944/preprints202106.0261.v1


Figure 13 shows the validity of the work according to minimum strain energy density(S-

criterion) which states that the direction of crack growth is towards the region with a minimum 

value of strain energy [31].  
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Figure 12. Comparison of computational and theoretical results. 
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Figure 13.The validity of the S-criterion. 
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4. Conclusions 

A new technique to visualize /predict the direction under mode-I based on Von Mises stress 

has been introduced which is helpful to predict the direction directly from simulation results 

rather than formulating or calculating the results of the direction of the crack based on direction 

predicting criteria. 

The XFEM is now being used widely in crack simulations and is well known for taking its path 

even in a single direction unlike debonding crack and this technique helps to judge the direction 

of the crack in a single mode (along one direction) based on the visual observations (von Mises 

stress values) directly from the software being used for simulations [The relationship between 

von Mises stress (directly from the ABAQUS) and the direction of the crack]. The following 

conclusions can be drawn. 

With an increase in the applied load, slight variations were observed in the immediate vicinity 

of the crack-tip for the values of the Von Mises stresses around the crack-tip. With an increase 

in the distance from the crack-tip, a different pattern was observed for maximum load in 

contrast to the minimum load wherein Von. Mises stresses drop sharply at lower load for a 

relatively larger distance from the crack-tip. 

With the increase of the step-time at constant loading, the values of the Von Mises around the 

crack-tip increases. Relatively large variations in the values of Von Mises stresses are observed 

and the pattern for the drop of Von Mises at a relatively larger distance from the initial crack-

tip is the same as it was observed at constant step-time with different applied loads. 

As the values of Von Mises stress increase, the values of the direction of propagation of XFEM 

crack decrease but the absolute values increase which satisfies the minimum strain energy 

criterion theoretically as well i.e., crack tends to move towards the decreasing region of strain 

energy. 
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