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Abstract

We introduce a new class of weighted generalized inverses, which represent a natural extension of the
EP inverse and the weighted group inverse. Fundamental properties of this new generalized inverse
are established. Furthermore, we investigate the decomposition associated with the weighted EP
element, extending many properties of EP elements to a broader context.
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1. Introduction

A Banach algebra A is called a Banach *-algebra if there exists an involution * : x — x* satisfying
(x +y)* = x* +y%, (Ax)* = Ax*, (xy)* = y*x*, (x*)* = x. An element a € A has a group inverse if
there exists an x € A such that

xa® = a,ax* = x,ax = xa.

Such an x is unique, if it exists, and is denoted by a*, termed the group inverse of a (see [21]).
An element a € A has core inverse if and only if there exist x € A such that

xa? = a,ax* = x, (ax)* = ax.
If such x exists, it is unique, and denote it by a® (see [7,24,26]). Dually, an element a € A has dual core
inverse if and only if there exist x € A such that

a*x = a,x*a = x, (xa)* = xa.
If such x exists, it is unique, and denote it by a4,
Raki introduced the EP element in rings and algebras, integrating concepts from both core and
dual-core elements (see [21]). An elementa € A is an EP element if a € A® N Ay and a® = ag,.
Evidently, a € A is an EP element if and only if there exists x € A such that

a?x = a,x%a = x, (ax)* = xa
(see [25, Theorem 2.7]). The EP element has been applied to many fields such as control theory and
image processing (see [1,10]). It has been extensively studied by numerous authors from various
perspectives, e.g., [4,9,12,13,16-18,22,23,27].
Recently, many authors studied various weighted generalized inverses, e.g., [11,14,15,20]. An
element a € A has w-group inverse if there exists x € A such that

2

x(wa)? = a,a(wx)? = x, awx = xwa.
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We denote the preceding x by af,. The set of all generalized w-group invertible elements in A is
denoted by A% . In [6], Chen and Sheibani introduced a new weighted generalized inverse as a natural
generalization of core inverse and w-group inverse.

Definition 1. An element a € A has weighted w-core inverse if there exists x € A such that

2 2

x(wa)® = a,a(wx)” = x, (awxw)* = awxw.
If such an x exists, we denote it by a®®. Let A“"® denote the set of all weighted w-core invertible
elements in .A. We use A" to stand for sets of all weighted w-(1, 3)-invertible elements in .A. Here

we list some characterizations of weighted w-core inverse.
Theorem 1. (see [6]) Let A be a Banach *-algebra, and let a € A. Then the following are equivalent:

(1) ae AYv®,
(2) There exists x € A such that

2 2

x(wa)® = a,a(wx)” = x, awxwa = a, xwawx = x, (awxw)* = awxw.

3) aecAtNALY.

@) weAlvanda e AEULB).

(5) a€w* A(awa)*a N A(awa).

(6)  There exists a projection p € A such that

pa=0,1—pc Awandaw+pc AL
Dually, we have

Definition 2. An element a € A has dual weighted w-core inverse if there exist x € A such that

(aw)?x = a, (xw)?

a = x, (wxwa)* = wxwa.

If such an x exists, we denote it by a4y,q. Let Ay,q denote the set of all dual weighted w-core
invertible elements in A. Evidently, a has dual weighted w-core inverse if and only if a* has weighted
w*-core inverse. However, the (dual) weighted w-core inverse may not be unique. This motivates us
to consider a subclass that contains the set of all elements whose weighted w-core inverse is uniquely
determined. Consequently, we extend the concept of an EP element to a bordered context and study
the weighted w-EP property.

Definition 3. An element a € A is a weighted w-EP element ifa € AY® (N Ay, e and a¥® = ay, 5.

In Section 2, we establish fundamental properties of the weighted w-EP element. We prove
that a € A“* if and only if there exists some x € A such that (aw)?x = a,awx = xwa, (awxw)* =
awxw, (wxwa)* = wxwa.

In Section 3, we investigate algebraic properties of the weighted w-EP element. Additive and
multiplicative results for this new generalized inverse are proved, and the weighted inverse of an
anti-triangular matrix is thereby obtained. ‘

Let A7 = {x € A | nlgxgo | x ||%: 0} and A — {x € A | wx € A7} In Section 4, we

consider a decomposition associated with the weighted w-EP element.
Definition 4. An element a € A is a generalized weighted w-EP element if there exist z,y € A such that

a=z+yz'y=ywz=02z¢€ A,y € Al
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We prove that a € A is a generalized weighted w-EP element if and only if there exists x € A

such that

2

x = a(wx)?, awx = xwa, (awxw)* = awxw, (wxwa)* = wxwa,

; n__ n+1 % —
nh_r)r;o [|(aw)™ — xw(aw)™ || 0.

If such x exists, it is unique, and we denote it by a”7®. We use A™© to stand for the set of all generalized
weighted w-EP elements in A. Finally, we characterize the generalized weighted w-EP element using
its associated weight generalized Drazin inverse.

2. Weighted w-EP Inverse

In this section, we delineate the foundational properties of the weighted w-EP inverse. We begin
our examination with

Lemma 1. Let a,w € Aand n € N. Then the following are equivalent:

1) a€Aye.
(2) There exists x € A such that

2

x(wa)? = (aw)’x = a,a(wx)? = (xw)?a = x,

(awxw)* = awxw, (wxwa)* = wxwa.
Proof. Straightforward. [

If such an x exists, we denote it by a®. Let A”* denote the set of all weighted w-EP invertible
elements in A. The weighted w-EP inverse a*¢ of a is unique as the following shows.

Theorem 2. Let a,w € A. Then the following are equivalent:

(1) ae A"
(2 awe A®,wa € Ag and

(aw)™a =0, (aw)®a = a(wa) 4,
(aw)® (aw) = (aw)(aw)®, wa(wa) g = (wa)gwa.

In this case,

w,e

0 = [(aw)®a = al(wa)e)* = (aw)®a(wa) .

Proof. (1) = (2) By virtue of Lemma 2.1, there exists some x € A such that

2 2

x(wa)? = (aw)?x = a,a(wx)? = (xw)?a = x,
(awxw)* = awxw, (wxwa)* = wxwa.

2

Then
2

aw(xw)? = xw, xw(aw)? = aw, (awxw)* = awxw,
(wx)?wa = wx, (wa)?wx = wa, (wxwa)* = wxwa.
Therefore
aw € A®,wa € Ag

and (aw)® = xw, (wa)q = wx. We verify that

(aw)®a = xwa = [a(wx)?|wa = aw|(xw)?a] = awx = a(wa) s,
(aw)®(aw) = aw|(xw)?a)lw = (awx)w = (aw)(aw)®,

(wa)pwa = wxwa=w(xw)a=w(aw)®a

waw[(aw)®)?2a = waw(xw)?a = wawx = wa(wa) .
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Then (aw)® = (aw)* and (wa)s = (wa)*. Since aw(aw)®a = aw(xw)a = a(wx)(wa) =
a(wag)(wa) = a(wa)(was) = (aw)’x = a, we deduce that [1 — aw(aw)®]a = 0. Thus
[1 — aw(aw)*]a = 0. That is, (aw)”a = 0. Moreover, we derive that
x = a(wx)? =a[(wa)e)?
= (xw)’a = [(aw)®]?a
(xw)a(wx) = (aw)®a(wa) e
(2) = (1) Set x = (aw)®a(wa)s. Since (aw)®a = a(wa)q, we check that x = [(aw)®]?a =

a[(wa) &)%. Moreover, we have

awxw = aw[(aw)®]?aw
= (aw)®aw = aw(aw)®,
a(wx)? = (awxw)x = (aw)®aw|(aw)®]?a = x,
x(wa)? = a[(wa)e]?(wa)? = a(wa)gswa = (aw)®awa = a,

(awxw)* = awxw.

Moreover, we verify that

wxwa = wal(wa)e]?wa = wa(wa)s = (wa)ewa,
(xw)?a = xwxwa = [(aw)®]2aw[(aw)®]?awa
= [(aw)®]Pawa = aw|(aw)®]?a = [(aw)®)?a = x,
(aw)?x = a(wawx) = awa(wa)s = aw(aw)®a = a,
(wxwa)* = wxwa.

Therefore a € A“* by Lemma 2.1. [

Leta,b,c € A. An element a has (b, ¢)-inverse provide that there exists x € A such that
xab = b,cax = cand x € bAx ﬂ xAc.
If such x exists, it is unique and denote it by a(be) (see [8]). We now derive

Corollary 1. Let a € AY. Then

ave — (waw) ((uw)®,(wa)®) )

Proof. In view of Theorem 2.2, aw € A®,wa € Ag. Let x = a®. Then we verify that

x(waw)(aw)® = = [(aw)®]?a(waw)(aw)® = (aw)®,
(wa) (waw)x = (wa)e (waw)a[(wa)e)* = (wa)e,
x = xwawx = (aw)®a(wa)q € (aw)®Ax N xA(wa)gq.

Therefore, waw has ((aw)®, (wa)q )-inverse x, as asserted. [
Theorem 3. Let a,w € A. Then the following are equivalent:

(1) ae A",
(2) There exists some x € A such that

a(wx)? = x, x(wa)? = a, (wxwa)* = wxwa, (xwaw)* = xwaw.

2

In this case, a¥* = (xw)*a.
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(3) There exists some x € A such that
(xw)?a = x, (aw)*x = a, (wawx)* = wawx, (awxw)* = awxw.
In this case, 1% = a(wx)?.
Proof. (1) = (2) We verify that

xwaw = (aw)®aw = aw(aw)® = awxw.

Then (xwaw)* = xwaw, as required.
(2) = (1) By hypothesis, there exists some x € A such that

a(wx)? = x, x(wa)? = a, (xwaw)* = xwaw.
Set z = (xw)?a. Then we verify that

awz = aw(xw)?a = [a(wx)?|wa = xwa,
zwa = (xw)?awa = xw[x(wa)?] = xwa.

Thus, awz = zwa. Accordingly, we have

awzw = aw(xw)?aw = [a(wx)?|waw = xwaw,
(awzw)* = awzw,
z(wa)?> = (xw)?a(wa)? = xw[x(wa)?jwa = x(wa)?> = a,
a(wz)? = (awzw)z = (xwaw)z = xw(awz) = xwaw(xw)*a

xwla(wx)?|wa = xwxwa = (xw)?a = z.

In light of Theorem 1.2, we have awzwa = a and zwawz = z. Then we verify that

wzwa = w(xw)?awa = wxw|x(wa)?] = wxwa,
(aw)?z = aw(awz) = aw(zwa) = awzwa = a,
(zw)?a = zw(zwa) = zw(awz) = zwawz = z,
(wzwa)* = (wxwa)* = wxwa = wzwa.

This implies that a € A“*. Accordingly, a%¢ = z = (xw)?a, as required.
(1) <= (3) Obviously, a € A if and only if a* € AY"*. By applying the preceding equivalence
to a* and w*, we obtain the result. O

We use a° and % to denote the right and left annihilator of a in A, respectively. We now derive
Corollary 2. Let a € A. Then the following are equivalent:

(1) ae Av*,
(2) There exists some x € A such that a = awxwa, x = xwawx,aA = xA = (xw)*A,a* A = (wx)A.
(3) There exists some x € A such that a = awxwa, x = xwawx,*a =0 x =0 (xw)*,? (a ) :‘) (wx).

In this case, 4 = x.

Proof. (1) = (2) Set x = a™*. Then there exists some x € A such that

x(wa)? = a,a(wx)? = x, awxwa = a, xwawx = x, (awxw)* = awxw,

(aw)?x = a, (xw)?a = x, (wxwa)* = wxwa, AWXWA = 4, XWAWX = X.

Then a = x(wa)? € xA, and so a.A C xA. As x = a(wx)? € aA, we have xA C aA. Hence, a. A = xA.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Since 4 = awxwa = (awxw)*a = (xw)*(aw)*a € (xw)*A; hence, aA C (xw)*A. As xw =
xwawxw, we have (xw)* = (awxw)*(xw)* = awxw(xw)* € aA; hence, (xw)* A C aA. Thus, a A =
(xw)* A.

Clearly, a = awxwa, and so a* = (wxwa)*a* = xwaw(aw)* = wxwaa* € wxA. This implies
that a* A C wxA. On the other hand, wx = wxwawx = (wxwa)*wx = a*(wxw)*wx € a*A; hence,
wxA C a* A. Therefore a* A = (wx).A, as required.

(2) = (3) This is obvious.

(3) = (1) Since xwawx = x, we see that 1 — xwaw €° x, and so 1 — xwaw €° a. Hence,
= x(wa)?. On the other hand, awxwa = a; whence 1 —awxw €% a C° x. Thus, x = (awxw)x =
( x)2. Since a = awxwa, we have a* = (wxwa)*a*, and so 1 — (wxwa)* €° (a*) C° (wx), and so

*

wx = (wxwa) wx. Then wxwa = (wxwa)*wxwa. This implies that (wxwa)* = (wxwa)*wxwa =

wxwa. Since %a =0 (xw)*, we see that (a*)? = (xw)’. Since a = awxwa, we have a* = (awxwa)* =
a* (awxw)*; hence, (1 — awxw)* € (a*)® C (xw). This shows that xw = xw(awxw)*. This implies
that awxw = awxw(awxw)*. Therefore (awxw)* = awxw(awxw)* = awxw. This completes the proof
by Theorem 2.4. [

Theorem 4. Let a,w € A. Then the following are equivalent:

(1) ae Av*,
(2) There exists some x € A such that

(aw)*x = a,awx = xwa, (awxw)* = awxw, (wxwa)* = wxwa.

In this case, 1% = a(wx)?.

Proof. (1) = (2) Let x = a¥“*. Then (aw)?x = a, (awxw)* = awxw and (wxwa)* = wxwa. In view of
Theorem 2.2, we derive

awx = awa®® = aw((aw)®)%a = [(aw)®]?(aw)a = a“wa = xwa,

as required.
(2) = (1) Set z = a(wx)?. Since awx = xwa, we see that

(zw)?a = [a(wx)*w]?a = awxwxw|(aw)?x]wx
= [(aw)?x]wxwx = a(wx)? = z,
(aw)?z = awawa(wx)? = aw[(aw)?x]wx = (aw)?x = a,
awzw = awa(wx)?w = [(aw)?x]wxw = awxw,
(awzw)* = awzw,
wzwa = wa(wx)*wa = wawxw(xwa) = wawxw(awx) = waw(xwa)wx
= waw(awx)wx = w[(aw)*x]wx = w(awx) = w(xwa) = wxwa,
(wzwa)* = wzwa.

In light of Theorem 2.4, a € A™*. In this case, a¢ = a(wx)?. O
Corollary 3. Let a,w € A. Then the following are equivalent:

(1) ae AV~

(2) There exists some x € A such that

2

a = (aw)*x = x(wa)?, (awxw)* = xwaw, (wxwa)* = wawx.

In this case, a¢ = a(wx)?.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Proof. (1) = (2) In view of Theorem 2.6, there exists some x € A such that
(aw)*x = a,awx = xwa, (awxw)* = awxw, (wxwa)* = wxwa.
Hence,
x(wa)? = (xwa)wa = (awx)wa
= aw(xwa) = aw(awx) = (aw)’x = a.
and
(awxw)* = (awx)w = (xwa)w = xwaw, (wxwa)* = w(xwa) = w(awx) = wawx,
as desired.
(2) = (1) By hypothesis, there exists some x € A such that
a = (aw)*x = x(wa)?, (awxw)* = xwaw, (wxwa)* = wawx.
Thus, we have a = x(wa)? = (xwaw)a = (awxw)*a, and then awxw = (awxw)*awxw. This implies

that xwaw = (awxw)* = (awxw)*awxw = awxw. Thus, we have

awx = [(aw)*x]wx = awl[awxw]x

= awlxwaw)x = [awxw|awx = xw(aw)?

X = xwa.

Moreover, (awxw)* = xwaw = awxw and (wxwa)* = (wawx)* = wxwa. Therefore we complete the
proof by Lemma 2.6. [

#)*

As is well known, a is EP if and only if a € A* and (aa*)* = aa* (see [25, Lemma 2.1]). We now

extend this result to the broader context of the weighted w-EP inverse.
Corollary 4. Let a € A. Then the following are equivalent:

1) e AV~
2) aec A", (awa*Pw)* = awa®Pw and (wawa®®)* = wawa*®.

In this case, a®¢ = a*®.
Proof. (1) = (2) Set x = a™*. Then we have

2

(aw)*x = a, (xw)?a = x, awx = xwa, (awxw)* = awxw, (wxwa)* = wxwa.

25 = x,awx = xwa. Therefore

Hence, awxwa = aw(awx) = (aw)?x = a, xwawx = xw(xwa) = (xw)
a € A% and a*¥ = x = a¥*, as required.

(2) = (1) By hypothesis, (awa**w)* = awa*“w = a*“waw and (wawa®®)* = wawa** =
wa*®“wa. Obviously, we have a = (aw)?a*® = a*¥(wa)?. In light of Corollary 2.7, a € A®¢ and

ave = g*® asasserted. [

3. Algebraic Properties

In this section we establish the multiplicative and additive properties of generalized weighted
core inverse in a Banach algebra with involution.

Lemma 2. Let a € AV, x € A. If xa = ax and xw = wx, then xa®*® = a“*x.

Proof. Since xa = ax and xw = wx,, we have xa®™® = a#*%x. In view of Corollary 2.8, a®* = a*? This
completes the proof. [

We are now ready to prove:

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Theorem 5. Let a,b € AY°. If ab = ba, aw = wa and bw = wb, then awb € AY*. In this case,
(awb)™* = a“Cwb™*.

Proof. Since ab = ba,aw = wa, by virtue of Lemma 3.1, ab™*® = b"“a. Likewise, wb"* = b™*w. By
using Lemma 3.1 again, we derive a®*b"* = b**a™*, wa"* = a“*w and wb"* = b *“w.
Set x = a%*wb"*¢. Then we check that

awb(wx)? = awb[wa“ wb**)?
[a(wa™)?|w[b(wb®*)?]
av bVt = x,

x(wawb)? = a“ wb¥*(wawb)?
= [a"*(wa)?Jw[b" (wb)?]
= awb,
wxw(awb) =  wa fwbV wawb
= [wa%fwa][wb™wb),
(wxw(awb))” = [wb¥wb][wa“ wa] = [wa®* wa)[wb®* wb]
= w[a*fwb?*|lwawb = wxw(awb),
xw(awb)w = a“fwb" w(awb)w = [a“ waw][b¥ wbw),
(xw(awb)w)” = [bwbw][a“ waw] = [a“ waw] b wbw] = xw(awb)w.

By virtue of Theorem 2.4, awb € A“* and

(awb)®* = (awb)*
a#,wwb#,w

= glegpe,

as asserted. [

It is convenient at this stage to include the following additive result for the generalized weighted
core inverse.

Theorem 6. Let a,b € AY°. If awb = bwa = 0, then a + b € AY*. In this case,

(ﬂ + b)w,e — aw,e + bw,l?.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Proof. Set x = a%* + b%°. Then we check that

(a+Db)(wx)?> = [awa™* + bwb™|wx

[awa™* + bwb™*|w[a™* + b**]
awa” wa”*f 4+ bwb™ wb*

= a(wa“*)? + b(wb®*)?

ave 4 pe — X,

[

xw(a+b)? = [a“w+ b¥w](awa + bwb)
= [a*w + b w](awa + bwb)
= a“fwawa + bV wbwb
+ afwbwb + b fwawa
= a“®(wa)?+ b“*(wb)?
= a-+b,
wxw(a+b) = w(a + b)) (wa+ wb)
= wa%*wa + wb¥fwb,
(wxw(a+b))" = wxw(a+b),
xw(a+b)w = (4% 4 b)) w(aw + bw) = a““waw + b wbw,
(xw(a+b)w)" = xw(a+b)w.

Therefore a + b € A%*. In this case,

(a+b)"* (a+b)*"" = [((a+b)w)*|*(a +b)
[((aw)*)? 4 ((bw)*)?](a + b)

— a#,w + b#,w — qWe + bw,e’

This completes the proof. O
Theorem 7. Let a € AV*. Then a®* € A"Y*. In this case, (a“*°)"* = a.
Proof. We easily check that

1% (wa)? = a,a(wa®*)? = a*, (awa®w)* = awa““w, (wawa®*)* = wawa®*.
In view of Theorem 3.4, ¥ € A%*. In this case, (a¥¢)"* = g, thus yielding the result. [
Corollary 5. Let a € AV, Then [(a™*€)We|W* = a®*.
Proof. Straightforward by Theorem 3.4. [

Lemma 3. Let a € A® and b € A. Then the following are equivalent:

(1) a™b=0.
2) (1—a®a)b=0.

Proof. (1) = (2) Since a™b = 0, we have that b = a*ab. Then a®ab = [a*aa1?)]ab = a*ab. Hence
(1 —a®a)b =0, as required.

(2) = (1) Since (1 — a®a)b = 0, we have b = a®ab. Thus, b = a*aa(1¥)ab = a*ab. This implies
that a™b = 0, as desired. [

Theorem 8. Let & = 4
0 b

¢ ) with a,b € A, If (aw)™c = 0 and c(wb)™ = 0, then « € Mp(A)**h

and

we  _ ,we w,e
gevh _ [ @ a““wcwb
- 0 pwe :
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Proof. In view of Theorem 2.2, aw, bw € A®. Since (aw)"cw = 0, by virtue of Lemma 3.6, we have
[1— (aw)(aw)®]cw = 0. By using [24, Theorem 2.5], we have

where
s = —(aw)®cw(bw)®.
On the other hand, (wa)™wc = [1 — wa(wa)*|we = [1 — waw((aw)*)2a)wc = w(aw)™c = 0. Dually, we

have
_ (wa)q t
(wha)e = ( 0 (b >,

[ (aw)® s' a c (wa) g t
Setp = ( 0 (bw)® )(o b)( 0 (wh)y )‘The“

avc  z
(7 )

z = (aw)®at+ sb(wb)e + (aw)®c(wbh)
—a“we(wb) g — (aw)®cwb™ + (aw)®c(wbh) 4
—a"we(wb) g — (aw)®@c(wh) g + (aw)®@c(wb)
—a%*fwc(wb) 4

where

= —a%fwcwb¥~e.

Since z € aA and awa®”wa = a, we have awa®’°wz = z. Moreover, we have

awzwb™® + c((wb) g )?
—awa®wc(wbh) o wb[(wh) & + c((wh) & )?
—awa((wa) e (wb) )2+ c((wh).p 2
1= a(awa) g wle((wh).

1 — aw((aw)®)?aw]c((wh)q)?

[1 - (aw)®aw]c((wb)g)? = 0.

Then we easily verify that

alwa®wz + wzwb™*] + c((wb) 4 )?
awa®wz + awzwb®* + c((wbh) 4 )?

z,
Thus we have
2 a c wa"®  wz ?
I =
#(whp) 0 b 0 whor
B alwa®*)?  alwa“*wz + wzwb®¢] + c((wbh) 4 )?
B 0 blwb®*)?

|
=
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It is easy to verify that
a“*(wa)> = a“‘wawa
= [a“wawa"*]a%wa
= [a“*]?wa
= a
Likewise, b™*(wb); = b. Furthermore, we check that
a®*[(wa)(wc) + (wc)(wb)] — wcwbwe(wb)

= [(aw)®)?(aw)?c + a®*(wc)(w ) ©ercwb|(wb) ) (wh),

= (aw)®(aw)c+ a™*(wc)(wb) — wc[wb(wb)®wb]

= c

Therefore
B(wha)?
_ a%t  —a%Cwcwb?e wa
N 0 pwe 0

Clearly, we have

awaCwcwb™w
awa®Cwewb®ew

2
we
wb )

a“*(wa)?  a®¢[(wa)(wc) + (wc)(wb)] — a® wcwb™* (wh), )

b™€(wb),

— cwbfw

— cwb™w

aw[(aw)**awcwb™ w — cwb™ w
[(aw)*aw — 1]cwb™ w

—[(aw)™clwb®w = 0.
Thus, we derive that
aw cw av*w  —a%fwcwb¥fw
I I =
a(w 2),3(10 2) 0 bw ) < 0 bWy )
awa®fw

Therefore
(a(wh)B(wh))”

Analogously,
((wh)p(wh)a)” =

4 0
0 bwb%ctw |°

=wa(wh)p(wl).

(wh)B(wh)a.

ns CC BY license.
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In this case,
WL
= [B(wh)]*a )
_ avfw  —aYCwcwb¥fw a c¢
N 0 b 0 b
- avfw  —aYCwcwbfw a% wa  a“wc — aY*wcwb¥Cfwb
N 0 b 0 b wh
a¥  (a“*w)%c[1 — (wb)swb] — a“Fwcwb®
- 0 pwe
ave  _gWelcwb™e
- 0 pwe !
as asserted. [
Corollary 6. Let « = @ c € My(A), and let a,b € A be EP. If a™c = 0 and cb™ = 0, then
Y 0 b

a € Mp(A)is EP.
Proof. Straightforward by choosing w = 1 in Theorem 3.7. [J

4. The Associated Decomposition
Recall that a € A™@ if and only if there exists x € 4 such that

2 2

a(wx)* = x, xw(aw)*x = awx, (awxw)* = awxw,
1
n

lim {|(aw)" — (aw) (xw) (aw)"||# = 0.

The preceding x is denoted by @ (see [6]). Dually, a € Ay, q if and only if a* € AY"®. We use ay,q
to stand for [(a*)®"@]*. We now derive

Theorem 9. Let a,w € A . Then the following are equivalent:

(1) ae AvO,
(2) There exists x € A such that

2

x = a(wx)?, awx = xwa, (awxw)* = awxw, (wxwa)* = wxwa,

lim || (aw)" = xw(aw)" | = 0.
Proof. (1) = (2) By hypothesis, there exist z,y € A such that
a=z+yz'y=ywz=02z€ A%,y e Al
Set x = z¥¢, Then x = z%¢ = z® = 7%V  Asin the proof of [6, Theorem 4.1], we check that

x = a(wx)?, (awxw)* = awxw,
; n__ n+1 L _
tim ()" — o (awy 1)1} =0
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Moreover, we verify that
awx = (z+y)wz"® =zwz¥® = zwzt®,
xwa = z9®Pw(z+y) = z2%Pw(z +y) = 2 Pwzwz"®w(z + y)
= z9®w(zwz"®w)*(z +y) = z"®Pw(wz"®w)*z*(z + y)
2P (wz"Pw)*z* z = 2V Pw(zwz"Pw)*z = Zfwz.
Then awx = xwa. Hence, we have lim || (aw)" —xw(aw)"“H% = 0. Since wxwa = w(xwa) =
n—oo

wz®®w, we see that (wxwa)* = wxwa, as required.
(2) = (1) By hypotheses, there exists x € A such that

2

x = a(wx)?, awx = xwa, (awxw)* = awxw, (wxwa)* = wxwa,

; n__ n+1)(1 _
lim ||(aw)" — xw(aw)" |7 = 0.
2

Then xw(aw)’x = aw(xwa)wx = aw(awx)(wx) = awla(wx)?]

nlgn [|(aw)™ — (aw)(xw)(aw)”H% = 0. This implies thata € AY®. Set z = awxwa and y = a — awxwa.

= awx. Moreover, we have

As in the proof of [6, Theorem 4.1], we have

a=z+y,z y—waz—OzGAw®,y€Aqml

Explicitly, z/® = x. This implies that (aw)?x = a, (awxw)* = awxw. Moreover, we verify that

wxwz = wxw(awxwa) = wxwawxwa = wxwa; hence, (wxwz)* = wxwz. Since awx = xwa, it is easy
to check that

zwx = (awxwa)wx = (awxw)(awx) = (awxw)(xwa) = [a(wx)*|wa
= xwa = awx = awa(wx)? = aw(awx)wx = aw(xwa)wx
= (awx)w(awx) = xw(awxwa) = xwz.

Therefore z € A" by Theorem 2.6. This completes the proof. [J

We denote x in Theorem 4.1 by 4™ ®, and call it a generalized weighted w-EP inverse of a.

Corollary 7. Let a € A“®. Then
a?® = g% Cwawa®®

Proof. By virtue of Theorem 4.1, we have 4" ®wa = awa®®wa. Hence, a*"®wawa™® = a(waw'©)2 =
a%®, as asserted. O

Corollary 8. Let a,w € A. Then the following are equivalent:

(1) aeAvo,
(2) There exists some x € A such that

2 2

(xw)*a = x = a(wx)*, (awxw)* = awxw, (wxwa)* = wxwa,

; n__ n+1 %:
Jim || (aw)" — xw(aw)" |x = 0.

In this case, a¥® = x.

Proof. (1) = (2) This is obvious by Theorem 4.1.
(2) = (1) By hypothesis, there exists some x € A such that

(xw)?a = x = a(wx)?, (awxw)* = awxw, (wxwa)* = wxwa,

_ nH G =
Jlim [[(aw)" — xw(aw)"*||x = 0.
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Then we verify that
awx = aw[(xw)?a] = [a(wx)?|wa = xwa.

By virtue of Theorem 4.1, a € A“* and a®® = x by Theorem 4.1. [
Theorem 10. Let a,w € A . Then the following are equivalent:

1) ae Ave,
(2 ae AN Ay and a¥® =ay .

Proof. (1) = (2) Let x = a™*. In view of Theorem 4.1, there exists x € A such that

2

x = a(wx)?, awx = xwa, (awxw)* = awxw, (wxwa)* = wxwa,

; n_ n+ly)L
Jlim [|(ac0)" — xw(aw)" 1] = 0.

According, we verify that the equalities

x = a(wx)?, (awxw)* = awxw, xw(aw)?>x = awx,
1
. n__ nily — -
r}l_r)r;o [|(aw)" — awxw(aw)"||n = 0;
x = (xw)? 2

a, (wxwa)* = wxwa, x(wa)*wx = xwa,

1
i n__ n =
r}l_r}]f;“(ﬂ)d) (wa)"wxwal| 0.

Therefore a € AY® N Ay,@ and a® = ay q.
(2) = (1) By hypothesis, there exists x € A such that the preceding equalities hold. Then we

verify that

awx = aw[(xw)?a] = [a(wx)?|wa = xwa.

Therefore a”® = x, as desired. [
Corollary 9. Leta € AY®. Then aw € A®,wa € Ag and
a®® = [(aw)®a = a[(wa)e ) = (aw)®a(wa) .

Proof. By virtue of Theorem 4.4, a € AY® (N Ay, . It follows by [6, Corollary 4.2] that aw € A®.
Dually, we have wa € A®. Set x = a*»©. Then we derive that

2 2

x = a(wx)® = af(wa)e)
(xw)?a = [(aw)®]?a

= (xw)a(w_x) = (aw)®a(wa) g .
O

We are ready to prove:
Theorem 11. Let a,w € A. Then the following are equivalent:

(1) ae AV,
(2) awe A®,wa € Ag and

(aw)®a = a(wa) g, (aw)® (aw) = (aw) (aw)®, wa(wa) g = (wa)gwa.

Proof. (1) = (2) Set x = a®“®. In view of Corollary 4.5, aw € A®,wa € Ag. Moreover, we have

a(wx)? = x = (xw)?a. Hence
2 2

aw(xw)” = xw, (wx)“wa = wx.
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Thus
(aw)® = xw, (wa) g = wx.
We verify that
(aw)®a = xwa = [a(wx)?|wa = aw[(xw)?a] = awx = a(wa) g,
(aw)®(aw) = aw|[(xw)?alw = (awx)w = (aw)(aw)®,
(wa)gwa = w(xw)a =w(xwa) = w(awx) = wa(wx)wa(wa) g,

as desired.

(2) = (1) Set x = (aw)®a(wa)q. Since (aw)®a = a(wa)y, we check that x = [(aw)®]?a =

a[(wa) g )?. Moreover, we have

2

awxw = aw|(aw)®|*aw
= (aw)®aw = aw(aw)®,
a(wx)?> = (awxw)x = (aw)®aw[(aw)®]?a = x,
(awxw)* = awxw.
1
nlg{}o [|(aw)" — awxw(aw)"™||" = 0.
Furthermore, we verify that
xwaw = wal(wa)g]?wa = wa(wa)e = (wa)ewa,
(xw)?a = xwxwa = [(aw)®]2aw[(aw)®]?awa
= [(aw)®]Pawa = aw|(aw)®]?a = [(aw)®)?a = x,
(xwaw)* = xwaw.

1
: n __ n n =
nll_r>1;10||(wa) (wa)"wxwal| 0.

Thus, a € A”® N Aw,e and a® = x = 4y q. Therefore we complete the proof by Theorem
44. O

Corollary 10. Let a € AY®. Then
a0© — (waw)((”w)@’(w“)@).

Proof. In view of Theorem 4.6, aw € A®,wa € Ag. Let x = a®®. Then we verify that

x(waw)(aw)® = = [(aw)®)?a(waw)(aw)® = (aw)®,
(wa)o (waw)x = (wa)q(waw)al(wa)e]* = (wa)q,
x = xwawx = (aw)®a(wa)g € (aw)®Ax N xA(wa)q.

Therefore, waw has ((aw)®, (wa) g )-inverse x, as asserted. [

An element a € A has generalized w-Drazin inverse x if x satisfies the equations
awx = xwa, xwawx = x and a — awxwa € A™!
We denote such x by a% (see [14]).
Theorem 12. Let a € A. Then the following are equivalent:

(1) ae Av©,
(2) ae€ A% and g% ¢ Ave,

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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(B) a€ A, (awa® w)* = awa® w and (wa®Pwa)* = wa®Cwa.

In this case, a¥© = g4,

Proof. (1) = (2) By virtue of Theorem 4.6, aw € A®. Hence a € A" and a** = (aw)%a(wa)? =
[(aw)™?a = a[(wa) ]

Let x = a%®. Then we have

2

x = a(wx)?, awx = xwa, (awxw)* = awxw, (wxwa)* = wxwa,

; n_ n+1yL
Jlim || (a0)" — xw(aw)" 1]} = 0.

We verify that

? || (aw)" [(aw)]" — awxw(aw)" [(aw)]"|]

|| (aw)" — awxw(aw)"| ||| (aw)*]"]].

||aw(aw)? — awxw(aw) (aw)?||

IA

i = lim || (aw)" — xw(aw)"“H% = 0, we deduce that

Since lim ||(aw)" — awxw(aw)"||
n—o0 n—o0

lim ||aw(aw)? — awx(aw) (aw)d||% =0.
n—oo

Hence, awxw(aw) (aw)? = aw(aw)?. Let z = (aw)?x. Then

aPwz = a*w(aw)?x = [(aw)?2aw(aw)?x = (aw)?(aw)?x = awx,
a®(wz)? = (a® wz)wz = (awx)w(aw)?x = xw(aw)3x = (aw)’x = z,
z(wa®)? = (aw)*xwa®Pwa®? = [(aw)?xw(aw)?][(aw)?)?at P wa®
= [(aw)*(aw)] [(W)d]2ad’wwtld’w
= [(aw)*(aw)T]a® wa®™ = o,
(a*wzw)* = (awxw)* = awxw = a*Pwzw,
wzwa® = w(aw)?xwa'® = wxw(aw)?[(aw)®]?a = wxwa,
(wzwa®™®)* = wzwa®?
Accordingly,

d

diN2 — gl (g zw)* = P wzw, (wzwa®P)* = wzwa®

2™ (wz)? = z,z(wa

Then a%% € AY* and (a%®)"¢ = z = (aw)?a®®, as desired.
(2) = (1) Let z = (a%®)®*. Then

(¥ w)?z = 2™, 4" wz = zwa", (a¥Pwzw)* = a"wzw, (W wz)* = wa wz.

Moreover, we verify that

awal = aw|(atvw)2] = aw((atw) (@ wz)
= aw[(a®™w)(zwa® )] = aw[(aw ) ] 2awzwa®
= zwud = zwa®® (wa\wa) = a®Cwz(wa®®)wa)
= aw(zwa®)wa = a®Pw(a dwwz)wa
(a*Pw)?zwa = a®Pwa
By hypothesis, we have
2" wzw = a(wa®? ) wzw = aw((aVw)?z|w = awa" " w.
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Likewise, we have wawa®® = wa®*wz; hence, wawa = wa®Vwz. Accordingly, we have

a (wad,w)z _ ad,w,
(awa®Pw)* = awa®"w,
(wa®™Pwa)* = waPwa.

Obviously, we have

. .
lim [[(aw)" —a

1 . 1
P (aw)" |7 = lim || (aw)" — (aw) (aw)" |7 = 0.
Therefore a® = a%, as required.
(1) = (3) Set x = a™©. By virtue of Theorem 4.1, we have

2 . 1,1
x = a(wx)*, awx = xwa, nlg:r(}o || (aw)" — xw(aw)" |7 = 0.

Therefore a € A%% and g% = x = a®®, as required.
(3) = (1) By hypothesis, (awa®*w)* = awa®“w and (wa®“wa)* = wa®“wa. Obviously, we
have
g — a(wudfw)z,awad'w = a%Wwa

. n_ dw n+1) L _
tim [|(a0)" — a®o(aw)" 41| =0,
In light of Theorem 4.1, 4 € AY® and a“® = a%%  as asserted. [
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