Pre prints.org

Article Not peer-reviewed version

Homology of Rook-Brauer Algebras and
Motzkin Algebras

KhoaTa"
Posted Date: 30 May 2025
doi: 10.20944/preprints202505.2375.v1

Keywords: diagram algebras; homology; homological stability; rook-brauer algebras; motzkin algebras

Preprints.org is a free multidisciplinary platform providing preprint service
that is dedicated to making early versions of research outputs permanently
available and citable. Preprints posted at Preprints.org appear in Web of
Science, Crossref, Google Scholar, Scilit, Europe PMC.

Copyright: This open access article is published under a Creative Commons CC BY 4.0
license, which permit the free download, distribution, and reuse, provided that the author
and preprint are cited in any reuse.



https://sciprofiles.com/profile/4196856

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 30 May 2025 d0i:10.20944/preprints202505.2375.v1

Disclaimer/Publisher’'s Note: The statements, opinions, and data contained in all publications are solely those of the individual author(s) and
contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to people or property resulting
from any ideas, methods, instructions, or products referred to in the content.

Article
Homology of Rook-Brauer Algebras and
Motzkin Algebras

Khoa Ta

CSU Fullerton, 800 N. State College Blvd. Fullerton CA 92831, USA; khoa.ta@fullerton.edu

Abstract: Using the technique of inductive resolution introduced in [1], we prove that the homology
of Rook-Brauer Algebra, interpreted as appropriate Tor-group, is isomorphic to that of symmetric
group for all degrees under the assumption that € in R is invertible; furthermore, we also prove the
homology of the Motzkin algebras vanishes in positive degrees under the same assumption. These
results thereby establish homological stability of both algebras.
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1. Introduction

The Rook-Brauer Algebras and Motzkin Algebras are part of the family of diagram algebras that
includes the Partition Algebra, Rook Algebra, Temperley-Lieb Algebra, Brauer Algebra, and many
more. In recent years, homology of these algebras has been studied extensively by various authors
(see [1] for partition algebras, [2] for Temperley-Lieb Algebras, [3] for Brauer Algebras, [4] for Rook
and Rook-Brauer Algebras with restriction on parameters, see [6] for Tanabe algebras, uniform block
permutation algebras and totally propagating partition algebras).

The results of most diagram algebras mentioned above are parameters-dependent i.e certain
conditions, most notably the invertibility of the parameter, must be imposed to ensure the validity of
these results. The Rook-Brauer algebra has two defining parameters, € and 6 (which will be recalled
later), and in [4], Guy Boyde attempted to use the concept of idempotents to demonstrate that the
homology of Rook-Brauer algebras is isomorphic to that of symmetric groups in all degrees, provided
that € is invertible. However, as noted by Andrew Fisher and Daniel Graves in their paper (see Remark
7.1.1 [7]), the argument presented was found to be incorrect. Fisher and Graves, by additionally
assuming the invertibility of J, were able to refine and correct the approach, ultimately proving that
the homology of the Rook-Brauer algebras is indeed isomorphic to that of the symmetric groups in all
degrees (see Theorem 7.1.5 [7]). Furthermore, under the same assumption on ¢ and ¢, they also proved
that the homology of the Motzkin algebras vanishes in positive degrees (see Theorem 7.1.6 [7]).

In this paper, we employ the technique of inductive resolution pioneered by Boyd, Hepworth and
Patzt in [1] to prove the same results as those of Fisher and Graves for Rook-Brauer and Motzkin
algebras while only requiring the invertibility of . More specifically, under the assumption that € € R is
invertible and for any 6 € R where R is a unital commutative ring, we prove that the homology of the
Rook-Brauer algebra is isomorphic to that of the symmetric group for all degrees and the homology of
the Motzkin Algebras vanishes in positive degrees.

2. Main Result

We now introduce the background necessary to discuss our main results. For a unital commutative
ring R, the Rook-Brauer Algebras #Br, = %Br, (R, , €) with parameters J,e € R is a free R-module
with basis consisting of partitions of the unions of the sets [—n] U [n] whose blocks (components)
have size < 2 where [—n| = {—n,...,—1} and [n] = {1,...,n}. Each basis element of %Br,, may
be visualized by a diagram & with two vertical columns of n nodes each, with the nodes on the
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left representing —n through —1 and the nodes on the right representing 1 through n, with paths
connecting certain nodes. Since each block has size at most 2, each basis element is represented by a
diagram in which each node is connected to at most one other node and isolated nodes are allowed.
Below is an example of a diagram in % Brs.

-5 5
—4 o4
-3 3
—2e 2
-1 1

Figure 1. Visualization of the partition {{—5, -3}, {—4,2},{-1,3},{5,1}, {2}, {4} }.

Multiplying two diagrams, a and j3, involves placing them side by side and identifying their
middle nodes to create a new diagram, y. In this process, any loop that appears in the middle is
replaced by a factor of §, and any contractible component in the middle is replaced by a factor of €.

The Motzkin Algebras M, = My (R, 9, €) is the R-subalgebra of %Br, with basis given by planar
Rook-Brauer diagrams i.e Rook-Brauer diagrams where connections cannot cross.

Diagrams in which every node on the left is connected to a single node on the right are called
permutation diagrams, and are in bijection with elements of the symmetric group &;. This gives us an
inclusion and projection of algebras

1: R&, — #%Br, and T RBr, -+ RG,

where ! sends permutation diagrams to permutation diagrams and 7t does the reverse while
sending all remaining diagrams to 0. Note that 7t o ¢ is the identity map on R&,,.

For each n, #Br;, and M, are augmented algebras equipped with the augmented map that sends
permutation diagrams to 1 € R and all other diagrams to 0 € R. This, in turn, makes R a trivial module
of #Br,, and M, which we denoted by 1. By homology of Rook-Brauer algebras #Br;,, and Motzkin
algebras M,,, we mean the Tor groups Tor?5" (1, 1) and Tor}*" (1, 1), respectively.

The inclusion map ¢ : RS, — %Br, and projection map 7 : %£Br, — R&, also induce the
corresponding maps ¢« and 71, on homology groups such that 7z, o 1 is the identity. Hence, homology
of &, is a direct summand of the homology of % Br,.

We state our main results:

Theorem 1. Suppose that € is invertible in R and for any 6 € R, the inclusion map 1: RS, — #Br,(R,J,€)
induces a map in homology
Lot Ho(Gp; 1) — TorZ P (R0€)(q 1)

that is an isomorphism for all degrees *.
Under the same hypothesis, the homology of the Motzkin algebra vanishes in positive degrees.

Theorem 2. Suppose that € is invertible in R and for any 6 € R,

Tor M (Ro€) (7 1) =~

Combining these theorems with the homological stability of symmetric groups proved by Nakaoka
in [? ] in which the stable range is sharp yields the following corollary.

Corollary 1. Suppose that € is invertible in R and for any 6 € R, the Rook-Brauer algebras satisify homological
stability i.e the inclusion ZBr,_1(R,J,€) — RBr, (R, J, €) induces a map
Tor;%Br”’l(R’(s’e) (1,1) — TorZ B (Ro) (1,1)

i
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that is an isomorphism in degrees n > 2i + 1, and this stable range is sharp.
Under the same assumption, the Motzkin algebras also satisfies homological stability.

3. Rook-Brauer and Motzkin Algebras

In this section, we recall the definition of the Rook-Brauer and Motzkin algebras, certain diagrams
and results that will be used in later sections.

3.1. Rook-Brauer Algebras

Definition 1. For a unital commutative ring R, the Rook-Brauer algebra #Br, = RBr,(R,J,€) with
parameters 6, € € R is a free R-module with basis consisting of partitions of the unions of the sets [—n] U [n]
whose blocks (components) have size < 2 where [—n| = {—n,...,—1} and [n] = {1,...,n}. Each basis
element of #Br,, may be visualized by a diagram « with two vertical columns of n nodes each, with the nodes on
the left representing —n through —1 and the nodes on the right representing 1 through n, with paths connecting
certain nodes. Since each block has size at most 2, each basis element is represented by a diagram in which each
node is connected to at most one other node and isolated nodes are allowed.

For diagrams a and j, we define the product af in the following way. First we conjoin the
diagrams a« and p by identifying each node k on the right of « with the node —k on the left of B, thus
forming a diagram with 3 columns of n nodes each. We then form a new partition y of [—n] U [n] in
which two elements belong to the same block if and only if the corresponding nodes in the left or right
column of the conjoined diagram are connected. We define 8 = §"€® - v where r is the number of
loops and s is the number of contractible components in the middle column (see example below).

Figure 2. Multiplication in #Br5(4, €).

Here, the final diagram is multiplied by a factor of J for the red loop and a factor of € for the
isolated node in the middle.
We also point out here three specific types of diagram (see Figure 3) that will be used later:

e Forl <i<n-—1,S;isthe permutation diagram corresponding to the partition with blocks of
pairs {—j,j} for j # i,i+ 1, together with {—(i+1),i} and {—i, (i + 1) }. These generate the
group ring of the symmetric group, &, as a subalgebra of #Br;,.

e Forl<i#j<n—1,Vjisthediagram corresponding to the partition with blocks of pairs { —k, k}
for k # i, j and two blocks consists of {—7, —j} and {i, j}.

e Forl < i < n, T is the diagram corresponding to the partition with blocks of pairs {—j,j}
for j # i and two singleton blocks {—i} and {i}.

o0 o0 o0

[ ] [ ]

el N

r—e [
S2 Vi3 T3

Figure 3. The elements S, Vi3, T3 € #Bry.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202505.2375.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 30 May 2025 d0i:10.20944/preprints202505.2375.v1

40f13

Recall that permutation diagrams of %Br,, are diagrams where each node on the left is connected
to a node on the right i.e there are no isolated nodes or same-side connections in these diagram.

Definition 2. (Trivial module 1) For any n, we define the trivial % Br,,-module 1 to be a single copy of R where
permutation diagrams acts as the identity and all other diagrams acts as zero.

Definition 3. For m < n, we can view X Bry, as a subalgebra of #Bry, as follows: given a diagram « in £ Bry,,
we can add n — m horizontal connections below « to form a diagram in RBr,,. Then, under the action of this
subalgebra, R Br,, can be viewed as a left R Br,-module and a right RBr,,-module, and we obtain the induced
left ZBr,-module £Br;, @By, 1.

It turns out that the left ZBr,-module ZBr; ®#g;,, 1 is a free R-module whose basis are given in
terms of special diagrams as described by the following Proposition from [9].

Proposition 1. ([9], Proposition 3.1) #Br, @gp;,, 1 is a free R-module with a basis consisting of diagrams with
n nodes on the left, m nodes on the right under a box containing the top n — m nodes subject to these conditions:

e Each node is either connected to the box, to another node, or remains isolated. The box must be connected to
exactly n — m nodes.
e Any diagram in which the box is connected to fewer than n — m nodes is identified with 0.

Some (non-)examples of these basis diagrams in %#Brs @ #g;, 1 are given below.

®
.
/ ‘ , D =0 € RBrs Qgpr, 1
o

3.2. Motzkin Algebras

Definition 4. A Motzkin n-diagram is a planar Rook-Brauer n-diagram i.e diagrams where connections
cannot cross. The Motzkin algebras, M, = M, (R, d,€), is an R-subalgebra of #Br,(R, 6, €) with basis
given by all Motzkin n-diagrams.

Note that, due to the restriction of planarity, the only permutation diagram in M, is the identity
diagram i.e diagram with all horizontal left-to-right connections. Since M, is a subalgebra of #Br;,,
we also have the trivial M,;-module 1 as in Def. 2.

We recall the definition of link states for a Motzkin diagram below. Although this concept can be
defined more generally for Rook-Brauer diagrams, our focus here is solely on the Motzkin diagram.

Definition 5. By slicing vertically down the middle of a Motzkin n-diagram, we obtain two "half-diagrams”
which are called left link state and right link state of the diagram. Explicitly, a link state consists of a column
of n nodes where at each node, we have one of the following situations:

®  The node has a hanging edge called a defect i.e an edge whose other end is not attached to anything.
®  The node is connected to exactly one other node.
*  The node is an isolated node.

Since a Motzkin diagram is a planar diagram, the right and left link state of it is also planar. Below
is an example of a Motzkin diagram and its right link state.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Figure 4. A Motzkin 4-Diagram and Its Right Link State

Definition 6. Given a right link state of a Motzkin n-diagram, we can remove two defects and replace them
with a right-to-right connection joining the two vertices. This operation is called a splice. We can also remove a
defect, leaving an isolated vertex. This operation is called a deletion. Note that all splice operations must respect
the planarity condition.

4. Inductive Resolution

A key tool in many proofs of the homological stability of groups is Shapiro’s Lemma. However,
when dealing with algebras that do not arise as group algebras, Shapiro’s Lemma does not always
apply as the algebra A may fail to be flat over its subalgebras (see sect 4 of [3] and sect 1 of [2]).
To address this issue, we will use inductive resolution prove an analogue (more general) version of
Shapiro’s Lemma for the Rook-Brauer Algebra.

Simply put, the technique of inductive resolution provides a method for proving the vanishing
of Tor2 (M, —) of a given module by resolving it through modules that already possess this property-
hence the term "inductive" resolution. We formally state the principle of inductive resolution as
introduced in [1].

Theorem 3 ([1], Theorem 3.1). Let A be an algebra over a ring R, and let M be a right A-module. Suppose
that N is a left A-module equipped with a resolution Q. — N with the following two properties:

o Torl(M, Q) vanishes in positive degrees for all j > 0.

e M®aQi— M® N isa resolution.

Then Tor (M, N) vanishes in positive degrees.

For the rest of this section, we will use the technique of inductive resolution to prove Tor of certain
modules vanishes for positive degrees.

4.1. Inductive Resolution for Rook-Brauer Algebras

Definition 7. Suppose that X is a subset of the set {1,...,n}. Define Jx to be the left-ideal in RBry, that is the
R-span of all diagrams in which, among the nodes on the right labeled by elements of X, there is at least one
singleton or a right-to-right connection. For m < n, let Ji,, 11, ny be denoted by Jy.

Notice that J, C #Br,, is spanned by all non-permutation diagrams of #Br,, so ZBr,,/ ], = RS,,.

We will use inductive resolution to establish the following theorem, which will play a key role in
proving the analogues of Shapiro’s Lemma.

Theorem 4. Let X C {1,...,n} and suppose € € R is invertible and 6 € R, then the groups
TorBrn (1, #Br,, / Jx) vanish in positive degrees.

The proof of this result will occupy the rest of this section and we follow a similar outline
as Section 4 of [1] with some modifications. Below, we prove a short lemma that is necessary
for Theorem 2.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Lemma 1. Let | be a left ideal of #Br,, that is included in [,. Then
1 ®%Br, #Br,/] = 1.
In particular,
Tory ™ (1, #Bry/Jx) = 1
forall X C {1,...,n}.

Proof. Since | C [, elements of | acts as zero on 1 and this gives 1 ® gp,, ZBr,/] = 1. O

We will prove Theorem 2 by induction on the cardinality of | X| and to do that, we will resolve
RBr;, / [x in term of these special modules introduced below.

Definition 8. Let {a,b} C X C {1,...,n}, and let x € X, define three left % Bry,-submodules of #Bry,
as follows:

o Ay is the span of all diagrams in which x is a singleton.
*  Bx is the span of all diagrams in which x is connected to some element of X.
* My, is the span of all diagrams in which nodes a and b are connected.

We also define the quotients:

A Bx Mo}
A X B X %
X X Mgy N IX— (a0}

= Ax N ]X—{x}l

pr— y M pr—
Bxx N Jx—{x} XAat}

We prove some results about these special modules.

Lemma 2. Let € € R be invertible. The modules Ax x, Bx x, and Mx y behave as follows under tensor product
with 1.

o Letxe XCA{l,...,n}. Then 1 @gpy, Axx = 0and Ax x is a direct summand of RBry/Jx_fx)-

e Letxe XCA{l,...,n}withn > 2. Then 1 @gp,, Bxx =0.

* Letab € X then 1 Qgpy, Mxqpy = 0. Furthermore, My ;1\ is a direct summand of
%Brn/]X_{a,b}.

Proof. Since Ax r, Bx x, MX/{a,b} are quotients of Ay, Bx x and M (ab} respectively, we show that these
modules vanish when tensoring with 1.

To show 1 ® gy, Ax = 0, let a be a diagram in A, which means node x is a singleton. This means
« also has another singleton on the left or right side, say x’. If x’ is on the left, then « = Tsa’ and if x’
is on the right, then « = a/Ty where in both cases, a’ is the diagram obtained from a by connecting x
and x/ together while leaving all other connections unchanged. Then, in both cases,

1a=10Tya' =1-Ty®@a’'=0 and 10a=10aTy=1-d/ @Tx=0

because T,s and &’ in the second case are both non-permutation diagrams and hence, acts as
Oon 1.

For the second part, we prove that Ay , is a direct summand of %Br,/[x_ (x}- Since right-

multiplying by e 1Ty takes Jx_ (x) toitself, this induces the map #Br,/Jx_(x ﬂ) Ax x. This map
is surjective because for any diagram « € Ay ,, we have aTy = eu; it also splits because e Ty is
idempotent with splitting map Ax » — #Br,/Jx_(,} induced by the inclusion Ax < %#Bry.

To show 1 ® By, Bxx = 0,leta € Bx , be a diagram, then the node x is connected to some node y
of X. Since each node is connected to at most one other node in any Rook-Brauer diagram, this implies
that there is either a left-to-left connection or a pair of isolated nodes on the left.

Case 1: If there is a left-to-left connection from x’ to y’ , choose a/ to be the diagram obtained from
a by removing the connection from x to y. Notice that & = e 1o/ Vyy,.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Case 2: If there is a pair of isolated nodes {x’, '} on the left, choose &’ to be the diagram obtained
from a by removing the connection from x to y, then either connect x” with x or y’ with y but not both.
Notice that & = a'Vyy,.

In both case, &’ is a non-permutation diagram which gives 1 ® & = 0.

Finally, we conclude that 1 ® My, ;, = 0 by applying the second part above. To see that Mx ;1
is a direct summand of #Br, /Jx_(, ), note that right-multiplication by T,V,;, takes Jx_, ;) into itself
so this induces the map

-1
RBtn/ Jx_{ap} £ T, Mx (0}
we will show that this map is surjective and splits. To see that the map is surjective, pick any
diagram & € My ¢, 1, we then have aT,V,, = ex which shows that the map is surjective.
This map also splits because e 1T,V,;, is idempotent with the splitting map ¢ : M X {ab} —
RBr/ Jx_ {4 induced by the inclusion My, ;) < %Br,. [

One can readily verify that By, decomposes as a direct sum of M r,)’s as follows.

Lemma 3. Forany b,e € R, there exists a left Bry-modules isomorphism @ My (1 = Bxx.
xo€X

Proof. The isomorphism is givenby ¢: @ My ;. } = Bx,x where, on each summand, ! is the map
Xo€X
My (xx,} = Bx,x induced by the inclusions

M{x,xg} — Bx,x and ]Xf{x,xo} — ]Xf{x}'

To see that ¢ is surjective, observe that for any diagram & € By », the node x must be connected
to some node x, € X. This means « lies in the image of the direct summand My ¢, , , indexed by
Xo € X, which shows that 1 is indeed surjective.

Note that images of diagrams from different direct summand are distinct because for x, # x),
diagrams in My, ., has node x connected with x, while diagrams in M, ./, has node x connected
with x{,. Hence, to show that ¢ is injective, we can show for each direct summand, My (x50} — Bxx
is injective. Pick a diagram « in the kernel of this map i.e « = 0 in By . This implies a lies in Jx_ )
which means, two nodes of « labeled by elements of X — {x} must be connected or a node labeled by
X — {x} is isolated.

Since « lies in M {x,%0)7 Xo is not isolated and is connected with x. Hence, x must have a right-to-
right connection between two nodes labeled by X — {x, x, } or an isolated node among nodes labeled
by X — {x, x,}. But this implies « € Jx_, v} so this map is injective, hence ¢ is also injective. [

We now resolve #Br,,/ [x in terms of Ax , and By .. The proof of the following proposition is
almost identical, with small modifications, to the proof of Proposition 4.6 presented in [1].

Proposition 2. Let X C {1,...,n}, let x € X, and assume n > 2. The following sequence, in which all maps
are induced by either an inclusion or an identity map, is a resolution of ZBr, / Jx.

co—>= 00— Axx & Bxy —= EBrn/Jx_(ny —> #Bra/]x
2 1 0 -1

Moreover, applying 1 ® g, — to the sequence gives a resolution of 1 @ gpy, ZBrn/Jx.

Proof. Since all maps are induced by either inclusion or identity, all maps are well-defined because
Jx—{xy € Jx, (Ax N Jx—x1) € Jx—fxy @and (Bx,x N Jx_{x}) € Jx—{x}- The surjectivity of the map
RBr/Jx_(xy = RBry/]x is clear so the complex is exact at degree —1. To see the complex is exact at
degree 0, we observe that the kernel of the map #Br,,/Jx_ () — %#Bry/]x is spanned by diagrams in
RBr, that lies in Jx. For a diagram a € %#Br;, to be in Jx, there must be a right-to-right connection
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or an isolated node among nodes labeled by X. For it to also not be in Jx_,,, among nodes labeled
by X, it must have exactly one right-to-right connection between x and another node in X or x must
be the only isolated node. If « has a right-to-right connection between x and another node in X, then
« is in the image of the inclusion Bx , < %Bry. If x is an isolated node in «, then « is in the image
of the inclusion Ay — %Br,. Hence, the complex is exact at degree 0. To show exactness at degree
1i.ethe map Axy ® Bx,x — %#Brn/Jx_(y} is injective, note that if « € A, and p € Bxy such that
v+ p € Jx_(x}, thena, p € Jx_,) because A, and By, have no basis elements in common. Hence,
the complex is exact at degree 1 and it is a resolution of #Br;,/[x. To prove the second claim, after
applying 1 ® #p;,— and by Lemmas 2 and 1, the resolution becomes

and the claim now follows. [

We use this proposition to prove the vanishing of Tor’s group of %Br;, / Jx, Theorem 4. The proof
below follows a similar outline with some modifications to that of the analogous statement for Partition
algebras. (see section 4.4 of [1]).

Proof of Theorem 4 For the case when n = 0, we have %£Br,, = R and the result follows imme-
diately. For the case when n = 1, we either have X = @ or X = {1}. If X = @, then Jx = 0 so that
RBr,/Jx = ABr, and the result follows. If X = {1}, then Jx is spanned by T; which implies Jx = Ax
and we have a SES

0 Ax RBry, RBtn/Jx —0.

Since € is invertible, Ax y = Ay and %#Br,,/Jx are direct summand of %#Br, and the result now
follows. Assume that n > 2 and X C [n]. We prove the theorem by using strong induction on
cardinality of X. From above, the result is clear when X = @. Assume |X| > 0 and the result holds
for any subset X’ C [n] of smaller cardinality. By Proposition 2 and Theorem 3, it suffices to show
that the three modules Ax y, Bx » and #Br,/]x_(y) all vanish under Tor/®™ (1, —) for i > 0. But

i
this is immediate since Tor‘i%Br" (1, #Bru/]x_(x}) = 0for i > 0 because of the induction hypothesis
RBry,
i
which vanishes under Tor

and Tor (1, Ax,) = 0 fori > 0 because Ay x is a direct summand of %Br,,/Jx_{,} by Lemma 2,

RBry
i
My (xx,)'s for X, € X and Lemma 2 implies M 1, . } is also a direct summand of #Br,/Jx_(, 1}
RBry,
i
M x,x,) also vanishes under Tor;%Br" (1,—) and so does Bx ,. O

(1, —) so Ax x does as well. By Lemma 3, Bx , is a direct summand of

which vanishes under Tor (1, —) because of the induction hypothesis. This, in turn, implies

4.2. Inductive Resolution for Motzkin Algebras

This subsection is similar to the subsection 4.1 above and we will prove the analogue of Theorem 4
for the Motzkin algebras.

By replacing %Br,, with M, in Definition 7 and 8, we obtain similar left M,-submodules of
M, namely [x, Ay, Bx x and the corresponding quotients Ay ,, Bx x. We also introduce a new left
M ;-submodule tailored specifically to the structure of Motzkin algebras.

Notational Remark: For g,b € [n] with a < b, define [a,b] = {i € [n] | a < i < b}.

Definition 9. Let a,b € [n] with a < b, if P is a partition of [a, b] into subsets of size at most 2, define Yp to
be the right-link state of a Motzkin n-diagram in which all right-to-right connections and isolated nodes are in
one-to-one correspondence to pairs and singletons, respectively, in P (labeled by pairs and singletons in P) while
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all other nodes have defects.
If any of the above connections violate planarity, there is no right link state for that particular P.

For example, ifn =6, a =1, b =5and P = {{1,5},{2,3}, {4} }, then Yp is given below.

4.6

Figure 5. Yp whenn =6, a =1, b =5and P = {{1,5},{2,3}, {4}}.

Definition 10. Given a right-link state Yp, define a left M-submodule Yp spanned by diagrams having
right-link state obtained from Yp by a (possibly empty) sequence of splices and deletion (see Def 6). If no
right-link state exists for P, define Yp to be the zero module.

Definition 11. Given a,b € X C [n] with a < b, let P be a partition of [a, b] as above with {a,b} € P and the
corresponding right-link state Yp, define the quotient

_ Yp

Yp ap} = m

We prove the analogue of Lemma 2 for Yp ¢, 1.
Lemma 4. Let x,y € X and P be a partition of [x,y| if x < y or [y, x] if y < x as above with {x,y} € P, then

] % where X' C [n] with | X'| < |X].
X/

1®m, Ypry) = 0. Furthermore, Yp (. 1 is a direct summand of

Proof. To show 1 ®a, Yp (1) = 0, we show 1 ® 4, Yp = 0. For a diagram & € Yp, define ' to be
the diagram obtained from « by preserving all right-to-right connections of & and for the other nodes,
make all horizontal left-to-right connections without violating planarity.

)\ .

Figure 6. « and &
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Note that « = efaa’ where k is a nonnegative integer that depends on the number of right-to-
right connections and isolated nodes on the right of . Since any diagram in Yp has a right-to-right
connection from node x to node y, it is a non-permutation diagram. Hence,

Iea=1®c" =la®ea =0

so 1 ®aq, Yp = 0 as needed.

To prove the second claim, WLOG, assume x < y and let X’ = X — (XN [x,y]). Note that
X' < [X].

To see that Yp r, 1 is a direct summand of j]\;l,”, observe thatif {a,b} € Pand {a,b} C X — {x,y} i.ea

right-to-right connection between two nodes labeled by X — {x, y}, then
YpN ]X—{x,y} =Yp
because no sequence of splices/deletions can remove a right-to-right connection. Similarly, if
{a} € Pand {a} C X — {x,y} i.e an isolated node labeled by X — {x,y}, then
YpN ]X—{x,y} =Yp
because of reason similar to above. Hence, in both cases, Yp (xy} = 0 and is trivially a direct
summand of M,/ [x:.
For the last case, assume there is no {a,b}, {d} € P such that {a,b},{d} C X — {x,y} i.e no
right-to-right connections or isolated nodes labeled by X — {x, y} inside the connection x to y.
Let ¥ € Yp be a diagram obtained from the right-link state Yp by making all defects into left-to-
right horizontal connections. For ex, if P = {{1,3}, {2} } and n = 5, then

e — o
e — o

Yp = Y= e
. o o

Figure 7. Yp and 7.

Note that 7y = efoy where k, is a fixed nonnegative integer. Assume first that X’ is nonempty,
then any diagram in [y has a right-to-right connection or isolated node labeled by X’ i.e these
connections or isolated nodes are outside the connection {x,y}. This implies right-multiplying by
e ko takes Jy into Yp N | X—{xy} and this induces the map

n e foy
T Cpdea)
Since there isno {a,b}, {d} € P such that {a, b}, {d} C X — {x,y}, any diagram in Yp N Jx_{y 3
has to have a right-to-right connection or isolate node labeled by X’ and hence, we have an inclusion

YpNJ X—{xy} Jxr. Along with the inclusion Yp < M,,, these induce the map

My,
YP,{x,y} — —.

Jxt
The map induced by right-multiplying by e % is surjective because for any diagram a € Yp,
ay = efon. Since yy = €koy, this maps also splits with the splitting map
n
Ve gy 7 T
n

X/

as above. Therefore, Yp (. .1 is a direct summand of

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202505.2375.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 30 May 2025 d0i:10.20944/preprints202505.2375.v1

11 0f 13

My,

X/
no right-to-right connections or isolated nodes labeled by X — {x, y} inside the connection x to y so

If X' = @, then

= M,, and we also have Yp N Jx_,,} = @ because of the assumption that

Yp (xy} = Yp. The same map as above implies that Yp is a direct summand of M,,. [

Similar result holds for Ay , and Bx .

Lemma 5. Let € € R be invertible.

o LetxeXC{l,...,n}. Then1®@p, Axx = 0and Ax y is a direct summand of Mu/Jx—(x}-
o LetxeXCA{l,...,n}withn > 2. Then 1®, Bxx = 0.

Proof. To show that 1 ®, Ax . = 0, it suffices to show that 1 ®, Ax = 0. This follows because
aTy = e for any diagram & € Ay. The proof that Ay  is a direct summand of M,/ Jx_ {x} mirrors
that of Lemma 2 with #Br,, replaced by M,,. It suffices to show 1 ®y, Bxx = 0. Any diagram «
in Bx , has x connected to some element y € X — {x} which implies « € Yp for some partition P
containing {x,y}. The result then follows because 1 ® 4, Yp = 0 by the proof of Lemma 4. O

Analogue of Lemma 1 also holds with identical proof where #Br;, is replaced by M,,.

Lemma 6. Let | be a left ideal of M, that is included in [,. Then
1@, Mn/] = 1.
In particular,
Toré\/l”(]l,/\/ln/fx) =1
forall X C {1,...,n}.

We also have a similar resolution of =" in terms of Ax y and By 4.
X
Proposition 3. Let X C {1,...,n}, let x € X, and assume n > 2. The following sequence, in which all maps
are induced by either an inclusion or an identity map, is a resolution of M,/ [x.

o0 Axx B Bxy ——= M/ Jx_(ny —= Mu/Jx
2 1 0 —1

Moreover, applying 1 ® pq,— to the sequence gives a resolution of 1 ® nq, M/ Jx.

The proof of this proposition is identical to that of Lemma 2 with %#Br;, replaced by M;, Lemmas 5
and 6 in place of Lemmas 2 and 1, respectively.

Lemma 7. Let x € X C [n] with n > 2, then the map

Y — B
y &g @ i) = B

induced by inclusion maps Yp — By , is an isomorphism of left M-modules where the outermost direct
sum runs over all y € X — {x}; with y fixed, the inner sum runs over all partitions P of [x,y] (or [y, x] if
x < y) into subsets of size at most 2 such that {x,y} € P.

Proof. Sincey € X — {x}, Jx_(,,) is sentinto Jx_y,,. Since {x,y} € P, diagrams in Yp have node y
connected to node x so these diagrams are also in Bx y and Yp N Jx_ {xy) 18 sent into Bx N Jx_ (x}-
The map above is well-defined following from these facts.

To see that the map is surjective, any diagram in Bx , has a right-to-right connection from node x
to another node y € X — {x}. Inside this connection, there might be more right-to-right connections
which, taken all together, can be identified with a partition P of [x, y] (or [y, x]) into subsets of size at
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most 2 such that {x,y} € P. Hence, the diagram is in the image of the direct summand Yp, {xy) With
the specified y and P above so the map is surjective.

To see that the map in injective, note that two diagrams from different direct summands Yp ;, ,1's
have to be distinct in By ,. This is because for different y’s, node x of the two diagrams is connected to
two different nodes so the diagram can’t be the same. When y’s are the same, different partitions P’s of
[x,y] (or [y, x]) yields different right-to-right connections inside the right-to-right connection of node x
and y and hence, two diagram also can’t be the same as well.

Therefore, to show that the map is injective, it suffices to show that for each direct summand
Yp,(xy}, themap Yp 1,y — Bx is injective. This is clear because in order for a diagram a in Yp ;,
to be zero in By y, there must be at least a right-to-right connection or an isolated node among nodes
of a labeled by X — {x}. Since « has node x connected to node y, this implies that the right-to-right
connection or isolated node must occur among nodes of « labeled by X — {x, y}. But this implies & = 0
in YP,{x,y}' [

We are now fully equipped to establish the analogue of Theorem 4 in the context of Motzkin
algebras.

Theorem 5. For invertible e € R and any & € R, let X C [n], then the groups Tor (1, M,/ Jx) vanish in
positive degrees.

Proof. The proof of this is almost identical to that of Theorem 4 with the following changes:

e Replace all #Br;,, by M,,.
e  Replace Proposition 2 by Proposition 3.
* Ay, isadirect summand of M, /Jx_ () by Lemma 5.
* ByLemma7, By (y) is a direct sum of Yp ;, ,1's and by Lemma 4, Yp (, .1 is a direct summand of
M,/ Jx where X' C [n] with | X'| < |X].
O

5. Proof of Main Results

In this section, we present the proofs of our main results, Theorem 1 and Theorem 2. We give the
proof of Theorem 2 first as it is an immediate consequence of Theorem 5.

Proof of Theorem 2 For invertible € € R and any § € R, we can apply Theorem 5 with X = [n]
to yield Tor;"" (1, M,/ J,) = 0 for * > 0. Since M,/ ], is spanned by permutation diagram namely
the identity diagram, we see that as a left M,,-module, M,/ ], is isomorphic to the trivial module, 1.
This implies Tor;"" (1, 1) = 0 for * > 0 and it’s also clear that Tory " (1,1) = 1. [

To prove Theorem 1, we need the analogue of Shapiro’s Lemma for the Rook-Brauer algebras.

Theorem 6. Let n > m > 0. Suppose € is invertible in R and 6 € R, then the maps
Lt TorR®n(1,RG, @re,, 1) — Tor?P™ (1, #Br, @4p;,, 1)

and
m.: Tor?B (1, #Bry, @gpy,, 1) — Tork®"(1,RG, ®re,, 1)

are mutually inverse isomorphisms.
We can see that Theorem 1 follows immediately from Theorem 6 by choosing m = 1 and noting

that RS, Qre,, 1 = 1 and %#Br, ®gp;,, 1 = 1. For the rest of this section, we will establish preliminary
results to prove Theorem 6.
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Recall from Def 7 that [, C #Br, denotes the left ideal spanned by all diagrams in which among
the nodes on the right labeled by {n —m +1,...,n}, there is at least one singleton or a right-to-right
connection. Furthermore, [, is also a right &,,-module via the inclusion &,, C %Br;,, C %Br, and
this implies %#Bry, / ], is a right &,,-module.

Lemma 8. For m < n, ZBry,/ |, is free when regarded as a right RS ,,-module.

Proof. Any nonzero diagram in #Br;, / |;; has no singleton or right-to-right connection among nodes in
{n—m+1,...,n}ieeachnodein {n —m+1,...,n} is connected to a distinct node. These diagrams
form a basis of #Br, / |, as a right R-module and since &, acts freely on these diagram, #Br;,/ [, is a
free RG,;,-module. O

Lemma 9. For m < n, there is an isomorphism of left & Br,,-modules
RBry,/ m QRG,, 1= %ABry, &Q BBy 1
where (b+ Jm) @1 € RBru/ | @rs,, 1is mapped to b © r € RBry @ gy, 1.

The proof of this Lemma is almost identical to that of Lemma 5.3 of [1] with P, replaced by %Br;
and P, replaced by %Bry,.
Proof of Theorem 6: Under the assumption of Theorem 6, we have

1 ifx=0

Tor?B (1, #Bry/ J ;) =
e PR
by Theorem 4. The proof now follows exactly as that of Theorem 4.1 of [3] with #Br, replacing Br;,
and using Lemma 9, Theorem 4 in place of Lemma 4.4 and Theorem 3.2, respectively. [
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