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Binary Superposition Algebra: A Hyper-Complex,
Commutative, and Associative Product

José Antoine SEQUEIRA

Independent researcher/Civil engineer Dakar Senegal; joansera80@gmail.com

Abstract: In this article, we present a novel hyper-complex algebra grounded in a binary
superposition framework. Each algebraic element is represented as a pair (f, S), where f € {0,1}
encodes logical presence and S € {-1, 1} captures a phase or orientation. This formulation enables the
definition of an imaginary product that is both commutative and associative, a rare combination in
high-dimensional algebras. We demonstrate this consistency through a structured binary formalism.
This new product supports the encoding of multi-level logic states and offers potential applications
in quantum information theory and algebraic modeling.

Keywords: hyper complex algebra; superposition; commutativity; associativity; binary logic; qbit;
tbit; quantum mechanics

1. Introduction

Hyper-complex algebraic systems are widely used to model non-trivial physical phenomena,
particularly in quantum mechanics. However, associativity and commutativity are often lost in
classical extensions such as quaternions, octonions, and sedenions. In this work, we introduce a
binary superposition structure that enables a stable multiplication operation. This framework
combines logical consistency, geometric structure, and algebraic coherence. It provides a pathway for
constructing algebraic models that preserve key structural properties essential for advanced
applications in quantum theory.

2. Superimposed Hyper-Complex Number of Level 3 1

2.1. Hyperspace E,;

A superimposed hyper complex number is a number representing points in complex

hyperspaces of dimension n > 2.
In hyperspace E(;,;) = {(Um ; vi); Wr2; vj)} , for any point M there exists a unique

superimposed hyper complex number h € S(2;2) such that h = z; + z,.

* hyperspace E(;,,) is a space composed of two real dimensions v, ; ; v,, and two imaginary
dimensions v;; v;

=z is the complex number that represents a point M; on the plane (0 HETSP vl-) where (0;v,4)
isthereal axisand (0;v;) is the imaginary axis of theplane (0; v,.;; v;) suchthat: z =a; +
bi.

* 7, is the complex number that represents a point M, on the plane (0; v,,; v;) where
(0;v,,) is the real axis and (0;v;) is the imaginary axis of the plane (0; v,,; v;) such
that: z, = a, + ¢j.

We therefore obtain

h=a, +bi+a,+cj

h=a; +a,+bi+cj

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202506.0879.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 11 June 2025

By superimposing the real axes (0;v,,) and (0;v,,) then posing a = a; + a, we then have
the superimposed hyper-complex number h = a+ bi+c¢j which gives us an extension to 3
dimensions denoted C(y, ,) from the set C of complex numbers.

2.2. Hyperspace E3, 3

By the same reasoning; we will also have that; for any point M of the hyper-space E;,3 =
{(vr.15 vi); (W25 v)); (V35 vi)}, there exists a unique superimposed hyper-complex number £ €
S$(3;3) suchthat £=z;+ 2z, + z;.

2y = X1V + XopVops 21 = X3,V3, + Y101 And zyp = Y00+ Y303

k= 31,010 4 X V0p + X303, + V1iV10 + VoV F V3V
k= %10 + X0 Vr + X3,V + Y1010 F VoV F V3iV3,
b= (1 + 2o + X0 )0y + Y1015 + Vo V2i F V3iVs

By asking: x;, + x5, + X3, = X,

We obtain: £ = x,v, + yy,v1; + ¥2,V2; + V3,3

If now we pose v, =1; vy; =i; vy; =j;and v;; = k.

Aswellas: x, =a; y;=b; ypi=c; y3;,=d

We also obtain a writing of the superimposed hyper-complex number:  £=a + bi + ¢j + dk

Which also gives us an extension to 4 dimensions noted &y,; from the set € of complex
numbers.

3. The Imaginary Product ®. and the Real Product ® 1

3.1. The Rules of the Imaginary Product ®}, and the Real Product ®p

We note that the multiplication of superimposed hyper-complex numbers reveals (as the great
Irish mathematician William Rohan Hamilton discovered) additional, hidden, and superimposed
dimensions. These additional dimensions form new superimposed spaces.

As clearly stated in the article "Complex Superposition Algebra" the imaginary product of
superimposed hyper complex numbers is indeed commutative and associative in the superposition
phase. However, the property of associativity is lost in the de-superposition phase of hyper complex
numbers. This is mainly due to the appearance of a negative sign for the squares of imaginary
numbers. After a year of reflection I noticed that the mixing of negative signs (—) in the imaginary
product was the cause of the loss of associativity. This means that, they are also superimposed and
must be defined for each rotation plane.

Recall that the multiplication of imaginary bases is defined by the imaginary product noted
®., (in the article: Complex Superposition Algebra)l; is associated with the applications f and S;;
defined as follows:

Letthesets H={0+4p;1+4p;2+4p;3+4p} (p€’) ; 1={-1;0;1} and J ={-1; +1}
and the applications f; S; be defined by:

f(O+4p)=0
1+4p) =1

f(H) =1Such as: {;EZ +4g —0
\F 3 +4p) = -1

S+ ={0+4p;2+4p}) =] suchas: S, 4 :{ 0,4( P)

$+(2+4p)=-1

So the imaginary product application for two hyper-complex numbers

v, = eal@ e tazvs) oo g A o2 (@1 V1, a2 vy, a3 050) o Jefined by:

®é (Vl ; Vi,) - e%(“l”l,i"'azvz,i"'aﬂai) X e%(“l'"1,i+a2'172,i+0!3'173.i)

®é = 51'(“1 + al') X Si(az + azl) X S; (0(3 4 as’)e%(f(aﬁall)><V1,i+f(0¢2+012')><U2,i+f(a3+a3')><"3,i)
If wenote [[; = Si(ag + a;) x Si(ay + @) X S;(az + a3")

So we have ®é(Vi ; Vi') =II; x e;—r(f(“l+a1')><U1,i+f(a2+a2')XVz,i+f(a3+a3')><U3,i)
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3.2. New Rules and Notations

To maintain associativity let's make the following changes:

We will modify: f(3+4p)=-1by f(3+4p)=1

We will use the signs: S; (1 +4p) = +1 and S;.(3 + 4p) = —1; each in its plane of rotation.

Which logically, changes nothing; because this is an inversion of the sign of:

f(B+4p)=—1 towards S3.(3+4p)=-1 and S;,(1+4p)=+1 is positive, so there is no
change.

Finally let's add an index notation to f what we get f;, and replace the notation S, with S,,.
Which corresponds the positions of f;, to those of S, .

This means that it will no longer be necessary to raise the sign (—) in the imaginary
exponential, but leave it in front. We just want to adapt the imaginary product to a notation of
superimposed hyper complex numbers that offers associativity.

So the applications associated with the imaginary product will now be:

f(O+4p)=0 S0+ 4p) = +1

_ . _Jfa+4p)=1 B e _JSa+4ap=+1
fo(H) =1 such that: f,, = £ +4p) =0 ;and S,(H) =] such that: S, = SQ+dp) = —1
f@+4p)=1 SB+4p)=-1

We will also change the sign []; = S;(a; + a;') X Sy(ax + @) X S3(a3 + a3') and define as a
superposition of signs; in their rotation planes. We will use the following superimposed notation:

l_[i = (S] (a{l + a1’)|52(a2 + a2,)|53(a3 + a3'))

This allows us to maintain the rules of signs of multiplication in each plane of rotation. This
superposition allows us to avoid multiplying signs that are not in the same plane of rotation. I remind
you that; the fact that multiplication is linked to rotation in the plane defined by Jean Robert Argan
among others. 2

We will define the modified imaginary product as follows:

Let the sets H={0+4p;1+4p;2+4p;3+4p} (p€’) ; I={0;1}and J={-1; +1} and
applications f, ; S; defined by:

f(O+4p)=0 S0 +4p) =+1

_ L JfQ+4p)=1 _ ]S +4p) =+1
fn(H) =1 such that: FQ+4p)=0 and S,(H) =] such that: SQ 4+ 4p) = —1
fB+4p) =1 S +4p)=-1

Then the imaginary product application is defined by:

®L (Vi ; Vi') = e;-r(aW1,i+a2Vz,i+a3V3,i) x e%(al'vl‘i+a2'v2’i+a3'1;3'i)

®L(Vi; Vi) = (S1(ar + ar)[S2(ar + @3 )[Sy(as + 0‘3’))eg(fl(“lml’)le’i+f2(a2+a2’)xv2'i+f3(a3+a3’)xm)

If we note []; = (51 (al + a1')|52(0(2 + azl)|53(a3 + a3/)) this on the assumption that the signs
were positive to begin with.

Taking into account the previous signs we will have:

[T = (Si(a) x Sy (@) x Si[fi (a1 + a1 )][S2(@2) X Sy(a2) % S, [fo( @2 + @ )][S3(@z) x S3(@s") x Ss[fa(as + a3)])
We once again obtain a long notation:

I = Si(a) x Si(ay) x Si[fi(q + 1)
This is why we will also note: { [T, = Sy(a) X Sy(@,) X S, [fo(ar + )]

[Is = S3(as) x S3(as’) x Ss[f5(as + a3)]
So we have ®2(Vi : Vl’) =I; X eg(fl(a1+¢11')><V1,i+f2(az+012')><172,i+f3(0!3+a3')Xvs,i)

L(V;; Vz) = (L | T | TIs) X e%(fl(“l"'al’)xvl,i+f2(a2+a2/)sz,i+f3(a3+a3')><"3.i)
If we note
- , , , , , '
ej(f1(a1+a1 Yxvgi+fa(artan Yxvy i+ fa(as+az )xvz;) <f1 (al +ay )|f2(az +a, )|f3(0(3 +a; ))

We willhave ®%(V;; Vi) = (ITi | TI2 | TIs) * (fi(a1 + a1 )| fo(@2 + @) | f3(a5 + @3))
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Since this notation can be long, we will propose a simpler notation of the imaginary product as
follows:

®L(Vi; V) = <f1(a1 +a))|fo(ar + a;)|fs(as + a3')
e L L H1 l_[2 1_[3

Each hyper complex unit is defined by a pair of overlapping values:

(i) A logical component resulting from a binary function f,

(ii) A phase component associated with [], , representing the sign resulting from the
superposition and desuperposition phases.

These two values are encoded in overlapping lines. The imaginary product is defined by the

rule:
' ’ filar + a;)|fo @ + @ )|fs(as + a3)
®l V.; V.)=
i i) < [ [ [15
Thisrating ( | | ) indicates an overlapping concatenation.

3.3. Demonstration of Commutativity and Associativity

Let us try to show that imaginary product is commutative and associative.
To begin, let's note that the applications:

o fi, far faeeee- fn are equivalent; the index notation is there to specify that each application f, is
associated with a base v;,,.

o S5 8y S S, are equivalent; the index notation is there to specify that each application
S, is associated with the application f, and therefore with the base v;,,.

o Wewill generalize the notation for a level superposition n with the notation:

3.3.1. Commutativity

For commutativity we have:

QL(V;; V) = <f1(051 +a;) folan + an’)>

[T

Addition and multiplication being commutative we have:

<f1(051 +a) folan + an’)> _ <f1(0f1’ +ay)
[k [In [k

We can then conclude that: ®:(V; ; V;) = ®L(V; ; Vi)

Therefore the imaginary product is commutative for all levels of superposition.

fola' + an)>
[In

3.3.2. Associativity
For associativity we have:

folan + ')

filay + ;') iy ><51(a1”)| ......

®Llv; vyl =t

filfilay + a") + "] | ......
[T x S1(ay") x Si[filay + ') + ;']

)

folfa(an + an’) + a,”'] >
[T1 X Sp(an') X Sp(fu(an + ') + @)

®LIWis ViVl = (

Then we have:

fla' + Ofn”)>
I’
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filay + filay' + ay")] | ------ falan + falayn' + a,")] )
Si(ay) X1y X Silay + filay" + ;")) Sp(en) X [Tn' X Splan + fulay' + ay')]

To say that: ®L[V;; (Vi V)] = ®:[Vi; (V;;V;)]; is equivalent to having the following two
equalities:

41V (v 5V)] = (

{ Alfiles + &) + ay"] = filay + filey" + y )]
[T % Sa(ay") X Silfilas + ar") + "] = Sy (@) X [1y' X Sylaq + fiey" + ;)]

We will try to test all possible cases. The three elements «a;; a;; a;" belong to the binary
set {0; 1}, and the set of arrivals is also binary; so the number of possibilitiesis 23 = 8. We will study
this equality in the form of a table.

Let us remember that the applications fi; f2; f3...... fn are equivalent and so are the
applications S;; S;; Ss...... Sy. So we will limit the comparison to the application f; and the
application S;.
> Let's start with the application f;

Table 1. Possible results of associative equalities for the application f;.

Possibilities filfilay + ay") + a;"'] filas + filay" + ay"")]
a=0;0,/'=0;a,"=0 0 0

a’l=1;a’1’=1;a’1”=0

a1=1;0(1'=0;a1 =1

a1=0;a1'=1;a{1”=1

— ook |m|m
= OO |=

alzl;().’l':l;a’l”:l

We can deduce from this table that: fi[f;(a; + a;") + ;"] = filay + fi(a,' + a;")]
>  Let's finish with the application §;

Table 2. Possible results of the associative equalities of the application S;.

Possibilities ITe X S1(ay") x S [filay + ") + a,"11S: (@) X [T X Sqley + filay' + ay")]
a,=0;a,"=0; ;" =0 +1 +1
a,=1;a,"=0; ay" = +1 +1
o, =0; 0, =1; a4 = +1 +1
a,=0; 0, =0; a;" =1 +1 +1
a,=1;a,=1; a;"=0 -1 -1
a,=1;a,"=0; a;" =1 -1 -1
o, =00, =1;a,"=1 -1 -1
a,=1;0a,=1; a," =1 -1 -1

We can deduce from this second table that:

[Th X Si(ay") x Si[fi(ey + ") + a;"'] = S (ay) X [11" X Si[aq + filay + ")
From the results of Tables 1 and 2: the equality ®L[V;; (V/;V/)] = ®L[V;; (V{;V{)]is true

Therefore the imaginary product is associative for all levels of superposition.

3.3.3. The Actual Product ®%

For the real product ®; to multiply two real parts together; we will no longer need a
transformation (rotation and a transformation from imaginary to real writing as proposed in the first
article). This is for two reasons: the first because all the real axes are united on a single one and second
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the new rules (new notation) allow the de-superposition. Thus the basis of the real part for a
superimposed hyper-complex number for a level superposition n is written as follows:

me={ 102

n

4. Notation and Structure of Algebraic Spaces S(;;zand S(3,3

4.1. Algebraic Space S, , 7

The set of complex numbers € and its 3D extension C;;,) as defined in the article “Complex
Superposition Algebra” 1 are subsets of the algebraic space S, ;). Here is the commutative table

of (C(l ;2) :
Table 3. Commutative table in C(q;,)1.
T . T . T, . - T,. .
x 1 ezl ezt 67(L+1) 67(1—1)
1 1 o7l ezl e 20+ )
T . T . T,., - T . T .
ezt ez! -1 e 20D ez’ e?’
T . T . T,., - T . T .
ez’ ez’ e 2D -1 -e2! ez’
T, - T, . . T . T .
e 20D e 20D —e2) ezt -1 -1
T, . T, . T . T .
e AU e =5 ez’ ezt -1 -1
. . . T . T .
The imaginary numbers i =ez' and j=e?z’ are the primary bases.
Here we note the appearance of new superimposed imaginary numbers e z*? and e 27,

To simplify their representation we will note:
T

» s the first superimposed imaginary number s = e 2+

s
>t the second imaginary superimposed number t =e?2

(i)
This will allow us to give the superimposed notation of the imaginary product and consequently
of the hyper-complex numbers in (;, »)
=415 = (Gh) s =] g)emae= 1)
111/ 111/ 111 11-1

For real numbers we have

Unity 1= ( (1) | (1)> and its opposite —1 = <_(i | (1)> = < (1) | _01> = <_(1) |_01>
So some will think that it is multiplying the signs — to obtain the number 1; in the writing of the
0| 0
number <_1 |_1>.

What we need to understand here is that this number is the square of the imaginary numbers of
level 2, so it is logically negative. This being the very definition of an imaginary number.

Let's note here that this looks a lot like binary code. Some people, like myself, will wonder what
binary code is doing in a geometric structure. I keep thinking, dear Euler, how did you discover the
imaginary exponential?

But we will come back to this later to give a logical and geometric explanation but above all its
possible applications.

In the meantime, let's give an example of calculation

=)

Px= (g JOEO 0 +1) >
T =\ 8,01) x $,(0) x S, (1 + 0) | 5,(0) x S,(1) x S,(0 + 1)
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A

ixj=<51(1)x51(0)x51(1) e > <1| >

52(0) x 55(1) x S,(1)

Let us try to calculate the applications f and S directly.

N M HERHEHE Rk
xS = (1LY = (L

The imaginary product is a binary code generator

4.2. Algebraic Space S, 3

To simplify their representation we will note:
% Real numbers superposition level 3
_ 4 _/[010]0\
> v.=1= < 1| 1| 1>. the real number v,
% Its opposite is:
_/ 0 0p O\_/0] 0 O\_/O 00}, o
—1—< | | >—< |_ | 1>—<1| 1|_1>.Superposmonoflevell

—1=< 1| 1| > ( | |_(1)>=<(1)|_(1)|_(1)>:SuperpositionoflevelZ

—1= <—1| _1| _1> : Superposition of level 3

% Imaginary numbers
=  Superposition of level 1
> =v = ezt = < 1' (1)| (1)> : the first primary imaginary number
Py = Uy = ezizt = < 1| }| (1)> : the second primary imaginary number
7 13 i1

> i3y =vg;=ez ¥t = <(1)| (1)| 1) : the third primary imaginary number

=  Superposition of level 2

> Qp=s5,=e Flisating) - < | (1)| 1) : the first superimposed imaginary number of level
2

> iy =S =e 3lantiza) = < | | (1)> the second superimposed imaginary number of
level 2

> iz, =53, =e 3(iza+iaa) < | | > the third superimposed imaginary number of level
2

P g =Sy = e 3(isn=ina) = < | > the fourth superimposed imaginary number of
level 2

> 5y =S5; = e 7(in=iza) = < | > the fifth superimposed imaginary number of
level 2

> gy =Sei = e 2lizniz) = < > the sixth superimposed imaginary number of

level 2:
=  Superposition of level 3

> g =Uy = ea(inatizg +iza) - <1| H 1) the first superimposed imaginary number of
level 3
- — palizatina-iza) — (1] 1|1 ; ; ;

> iz =up = ez TR = 112111 the second superimposed imaginary number
of level 3
, _ _ Migatiza-izg) _ (111 1 . . . .

> g3 =uz; = ez tATRATEU = 11l-1 the third superimposed imaginary number of

level 3
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P g3 = Uy = e3lizatiaaing) = <_1| }| }) the fourth superimposed imaginary number
of level 3

The imaginary number i, will designate the nth superimposed imaginary number of level p
Calculation example:

B LSRN IR

Here we must note that the result is level 1 superposition. The associated negative real number
of < 0| 0| 1> is < 0| 0 | 0>'sowehave:
1111-1 —1l-111/

ixi = (1S TS = (91 010

Which means that in the table established in the article "Complex Superposition Algebra" 1; we
must make some modification related to the rules of superposition of signs. However this table is
indeed commutative; the negative signs have been multiplied between them so in some related to the
de-superposition we will have an inversion of the sign. The new rules established show that the
imaginary product is commutative and associative. So there is no longer the need to establish a table
related to commutativity or associativity for real and imaginary products.

5. Logical and Physical Interpretation:

This superimposed binary product models a regular logical operator in a leveled superposition
space. The preservation of fundamental algebraic properties opens a path towards a representation
of gbits and tbits in a discrete geometric structure, where each level encodes an extended binary logic.

6. Conclusion

We have introduced a superimposed hyper-complex multiplication that maintains the essential
algebraic properties of commutativity and associativity, even in higher-dimensional settings. This
advancement lays the groundwork for a logical and geometric formalization of quantum operators
beyond the traditional complex state space. The proposed structure bridges binary logic and
geometric representation in a unified framework.

7. Perspectives

Future work will explore how this algebraic framework naturally integrates quantum concepts
such as superposition, spin, and dynamic evolution. By extending the current structure, we aim to
develop a more comprehensive model of quantum systems rooted in discrete geometric and logical
operations.
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