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Abstract: It is universally accepted that Maxwell equations do not remain invariant under the Galilean
transformation. This conflicts the principle of relativity which states that the physical law must remain
invariant in the mathematical form in all inertial frames of reference. For this reason, the Lorentz
transformation is invented, and the Galilean transformation is nowadays superseded by the Lorentz
transformation. However, this paper challenges this widely held belief that the Maxwell equations
are not invariant under the Galilean transformation. By applying the Galilean transformation to
Liénard-Wiechert electromagnetic fields it is mathematically proven that the Maxwell equations
indeed remain invariant under the Galilean transformation. In addition, the critical error in Lorentz’s
proof of Galilean non-invariance of Maxwell equations is pointed out, and it turns out that Lorentz’s
conclusion that Maxwell equations are not invariant under the Galilean transformation is the result
of a mathematical error.

Keywords: Maxwell equations; Liénard-Wiechert fields; Galilean invariance; Galilean transformation;
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1. Introduction

The realization that Maxwell equations are not invariant under the Galilean transformation is
credited to H. A. Lorentz who in his landmark paper [1] published in 1904, among other important
findings, reported that Maxwell equations are not Galilei invariant. This important finding motivated
Lorentz to discover the new kind of coordinate transformation between inertial coordinate systems
under which the Maxwell equations remain invariant.

The reason why Lorentz was seeking for this new transformation lies in the principle of relativity
which states that the physical laws must remain the same for all observers in inertial reference frames.
This principle has roots in the works of Galileo Galilei, who in 1632 [2] realized that the mechanical
experiments performed on a ship moving with constant velocity must yield the same results as the
same mechanical experiments performed on the shore [3].

Because Lorentz believed that the Maxwell equations were not invariant under the Galilean
transformation, Lorentz thought that if the Maxwell equations are to obey the principle of relativity he
must then find the transformation of coordinates under which the Maxwell equations remain invariant.
Lorentz indeed derived this new transformation, which is now known as the Lorentz transformation.
The Lorentz transformation was later physically interpreted by Einstein who formulated the theory of
special relativity [4], and the Lorentz transformation was in accordance with Einstein’s theory.

Therefore, the importance of Lorentz’s conclusion that Maxwell equations are not invariant under
the Galilean transformation cannot be understated. Thus, it is important to examine how Lorentz
arrived to this conclusion. Although Lorentz did not explicitly write this, Lorentz realized that the
time derivative under the Galilean transformation transforms as:

0 0 d

o “or o @
By applying the Equation (1) to Faraday’s law, and to Maxwell-Ampere law, Lorentz obtained the
Galilean transformation of these two laws as:
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From the equations above, Lorentz concluded that the Maxwell equations are not invariant in the
mathematical form under the Galilean transformation. This convinced Lorentz that the Galilean
transformation is not physical. Furthermore, Lorentz’s conclusion about Galilean non-invariance of
Maxwell equations was later confirmed by many subsequent researchers [5-9].

However, as shown in the Section 5 of this paper, the Galilean transformation of the time derivative
% is not always given by the Equation (1). This is because, as shown in Section 5, the Galilean
transformation of % is function dependent. Moreover, it was also shown in the Section 5 that if the
electric field E and the magnetic field B are the function of the coordinates of both an observer and the
source then the transformation given by the Equation (1) is obtained when one applies the Galilean
transformation to the coordinates of an observer and forgets to apply the Galilean transformation to
the coordinates of the source. In short, it is demonstrated that Lorentz and subsequent researchers
used incorrect mathematical procedure to demonstrate Galilean non-invariance of Maxwell equations.

In fact, it is also demonstrated in the Section 5 that the only correct way to prove that the Maxwell
equations are not invariant under the Galilean transformation is to prove that any of the following
twenty four equations are not valid:

= 9 =
Pl L 4)
I Y
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where x; € {x,y,z,t} and x/ € {x/,y/,2/,#'}. The reason why the equations (4) and (5) are in fact
twenty four equations is because the vectors E and B each have three Cartesian components and there
are four derivatives for each component.

If one is to use the equations (4) and (5) to prove Galilean invariance, or Galilean non-invariance,
of Maxwell equations then one needs to know the exact mathematical form of the electric field E and
the magnetic field B in advance. For that reason, the Liénard-Wiechert electric and magnetic fields
were selected in order to prove or to disprove the Galilean invariance of Maxwell equations. This
is because Liénard-Wiechert electromagnetic field are the only known closed-form solutions for the
electromagnetic fields of a single charge in arbitrary motion.

As shown in the Section 4 of this paper, it is evident that the Maxwell equations, when applied to
Liénard-Wiechert electromagnetic fields, are invariant under the Galilean transformation. From here,
one can only arrive to conclusion that Lorentz’s conclusion about Galilean non-invariance of Maxwell
equations is the result of a mathematical error, and that Maxwell equations are indeed invariant under
the Galilean transformation.

2. The Maxwell Equations and the Liénard-Wiechert potentials

Maxwell equations that describe the electric and magnetic fields caused by electric charges and
currents are considered one of the greatest achievements of theoretical physics. In modern times
the original Maxwell equations are written in concise mathematical form as the set of four Maxwell
equations governing the laws of electrodynamics:
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where E is the magnetic field, and B is the magnetic field. The electric and magnetic field can be
expressed as the functions of scalar electric potential ¢ and the magnetic vector potential A as:

B=VxA (11)

The closed-form solutions to Maxwell equations are rare, however, there exists the closed form solution
to Maxwell equations for the electric and magnetic fields caused by the single moving charge. If the
electric and magnetic field are caused by the single moving point charge then the potentials ¢ and A
become the retarded in time Liénard-Wiechert potentials [10,11] given as:

VS q

A:E@ﬂ:%¢ (13)

where vector 7 represents the location of the moving source charge at retarded time ¢,

Fo = Falty) = {s(t) ys (), 2s(80)} a4

and where vector 7 represents the location of fixed observer:

7F={xy,z} (15)

The vector B represents the velocity of the source charge at retarded time ¢, divided by the speed
of light ¢, and it is commonly given in the scientific literature as:

1d 1d

Bs = ES(tr) = Eﬁvs(fr) = EaVs(tr) (16)

where 5(t,) is the velocity of the source. The reason why it is emphasized that the vector f; is
commonly given in the literature as the Equation (16) lies in the fact that, as shown in the Section 3 of
this paper, the mathematical representation of the vector s given by the Equation (16) is not the best
possible representation of the vector Ss.
The vector 7 is an unit vector pointing from the location of the source charge at the time ¢, to the
location of the observer:
ﬁs - ﬁs(t, tr) = (17)
One may now note that the potentials ¢ and A are the functions of the time t and not of the retarded
time t,. This is because the time ¢ is the time when the electric and magnetic fields emitted by the
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source charge at time f, propagates to the observer located at position 7. In fact, the time f and the
retarded time ¢, are related by the following equation:

7 = 7s(t)]
[

F=t, + (18)

and the retarded time ¢, is the solution to the Equation (18). Although it may be very difficult to solve
the Equation (18) for retarded time ¢, it is clear that the retarded time ¢, is the function of variables x,
y, z and t, and for this reason it may be written:

tr =t (x,y,2,t) (19)

Hence, the electric and magnetic fields E and B are indeed the functions of the time t because the
retarded time is the function of the time .

The electric field E and the magnetic field B are calculated by substituting the Liénard-Wiechert
potentials ¢ and A into the equations (10) and (11) which yields:

- 1 q (ﬁs - Bs) giis X ((ﬁs - Es) X Bs)
E@ 1) =— — + — (20)
(1= ) [F=7P  c(1-7is- ) [F-7
E@ﬂ:%xﬁﬁﬂ (21)
where Bs is the acceleration of the source at time ¢, divided by the speed of light:
= 1d 1 d?
=-_7 =7 22
Bs c dtUS(tr) c dt%”S(tr) (22)
and the function v is given by:
- 3)

RV

The equations (20) and (21) are nowadays considered the standard expressions for time retarded
Liénard-Wiechert electric and magnetic fields [5,12,13] and are widely used for advanced
electromagnetic calculations such as synchrotron, undulator and radar radiation [14-16] and in
high-energy particle physics [17,18].

2.1. Some subtleties regarding the Liénard-Wiechert electromagnetic fields

Many of the subtleties regarding the Liénard-Wiechert electromagnetic fields are both explicitly
and implicitly clarified in the paper about Liénard-Wiechert fields written by the author of this text
[19]. For example, the charge density p in the first Maxwell equation becomes [19]:

p=p(7,t) =qo(F—7s(t)) (24)

when the Liénard-Wiechert electric field is substituted in the Equation (6).
The current density J, when the Liénard-Wiechert electromagnetic fields are substituted into the
Equation (9) becomes [19]:

J=TJ(Ft) = qbs(t) (F — 7s(t)) (25)

where 7;(t) is the velocity of the source at time t.
Furthermore, from the Appendix C.1 of the cited paper [19], specifically from the equation (A42)
of that paper, it is evident that the velocity of the source s (t) can be written as:


https://doi.org/10.20944/preprints202310.0377.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 9 October 2023 doi:10.20944/preprints202310.0377.v1

5 of 30
~ J .,
3(1) = — o (F= R (1)) (26)
If the position vector 7 of the observer is fixed (constant) then the equation (26) reduces to:
5(t) = (1) @)
s ot, s

However, if the position vector 7 is not fixed, such as when transformed by Galilean transformation,
then the Equation (26) must be considered as the correct equation, and the Equation (27) can no longer
be considered correct.

On the final note, in order to calculate the derivatives of the electric field E (7, t) and the magnetic
field B(7,t) with respect to variables x, y, z and t it is necessary to calculate the derivatives of the
function t, = t,(x,y,z,t) with respect to these variables. By differentiating the Equation (18) with
respect to time ¢ one obtains:

ot 1
- =—— (28)
ot 1— Bs - il
Furthermore, differentiating the Equation (19) with respect to variables x, y and z yields:
o, 1 1, (29)

x; €1—fs-iis
where x; € {x,y,z} and ny; € {ns,, ns,, Ns, }, and where 1, ns, and n, are the Cartesian components
of the vector 7.

3. Galilean transformation of Liénard-Wiechert electric and magnetic field

In this section, the Liénard-Wiechert electric and magnetic fields are transformed from the
coordinate system S to the coordinate system S’, both of which are shown in the Figure 1. The
coordinate system S’ moves along x axis of the coordinate system S with constant velocity v. In the
coordinate system S the point P is located at coordinates {x,y,z} and the variables x, y and z do
not change with time. In the coordinate system S, the same point P is described by the coordinates
{x',y',2'}, and the coordinate x’ is the function of the time. The coordinates of the point P in S’ are
related to the coordinates of the point P in S via the following transformation:

S / Y
(x,y,2,t) P

L

Z/ vt Z/

Figure 1. Two reference frames S and S’. The reference frame S is considered the laboratory frame while

S’ is moving along x axis with constant velocity v. The point P is stationary in S and has coordinates
{x,y,z}, while in the coordinate system S’ the point P is moving with velocity —v along x’ axisin S'.
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x =x— vt (30)
y' =y (31)
Z/ =Z (32)
t =t (33)

The equations above are collectively known as the Galilean transformation which transforms the
coordinates from the coordinate system S to the coordinate system S'.

Furthermore, from the equations (30) - (33) it follows that there exists an inverse Galilean
transformation which transforms the coordinates from the coordinate system S’ to the coordinate
system S:

x =x" + ot (34)
y=y (35)
z =7 (36)
t =t' (37)

Because the aim of this section is to transform the Liénard-Wiechert electric and magnetic field
from coordinate system S to coordinate system S’ we start by transforming the vector 7 = {x,y,z}
from the coordinate system S to the coordinate system S’. This transformation can be achieved by the
application of the inverse Galilean transformation to the vector 7:

F={xyz}={x"+ot"y, 2} =7+ {o,0,0} (38)

where the vector 7' = {x/,1/,2'}.
Because of the Galilean transformation the retarded time #, in S is equal to the retarded time #, in
S ie. t, = t;. Then, the application of the inverse Galilean transformation to the vector 7 (t) yields:

7s(tr) ={xs(tr), ys(tr), zs(t) } = {xs’(t;) + Ut’,ys’(t;),zs’(t;)} = (39)
=7.(t,) + {ot',0,0}

where the vector 7! (t,) = {x.(t,),y%(.),z.(t}) } represents the position vector of the source viewed
from the coordinate system S’ at the time ¢’ = t.

Using the equations (38) and (39) it is now possible to convert the difference of vectors ¥ and 7s(t,)
from the coordinate system S to the coordinate system S’ as:

F—7s(ty) =7+ {ot',0,0} — (F(t;) + {ot',0,0}) =7 —F(t) (40)

The equation above means that the distance between the source and an observer in the coordinate
system S’ is the same as in coordinate system S regardless of the time t = ' and regardless of the
velocity v.

Using the Equation (40) the vector 7, in the coordinate system S can be transformed to the
coordinate system S’. By substituting the Equation (40) into the Equation (17) it is obtained:

BT R P -]
S r S T
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The vector 7, in the coordinate system S represents an unit vector pointing from the location of the
source at retarded time ¢, to the location of observer. In the coordinate system S’, one can define the
vector 7/ that has the same meaning;:

2/ 21 (¢!
—/ r—7(t)
= 42
= ) 2
By comparison of the right hand sides of the equations (41) and (42) it follows that:
fis = il (43)

We now arrive to the critical part of the transformation of Liénard-Wiechert electric and magnetic
field from the coordinate system S to the coordinate system S’. The problem here is that the vector
ﬁs (t;) in the coordinate system S, given by the Equation (16), can be defined in at least two ways that
are numerically identical in the coordinate system S:

= 14,
ﬁs(tr) :EErS(tr) (44)
ultr) == Lo =7t us)

Although the equations (44) and (45) produce numerically identical results in S, the expressions
(44) and (45) are not mathematically identical expressions. Furthermore, when the expressions (44)
and (45) are converted to the coordinate system S’ using the inverse Galilean transformation, these
expressions do not yield numerically identical results in S’. For that reason it is crucial to select the
correct mathematical representation of the vector Es (tr).

If one desires to find the correct mathematical expression for the vector fs one must look at how
the Liénard-Wiechert potentials are derived. The scalar Liénard-Wiechert potential ¢ is the solution to
the following inhomogeneous three dimensional wave equation:

1 0%¢
2 _Us5m_=
\% 4)—6—2?—25(7—75(15)) (46)
where ¢ (7 — 75(t)) is three dimensional Dirac delta function. Using the Green’s function method [20] it
follows that the solution to the equation above is:

¢ = g/dv’/dt’é (7' =7 () G, 7, 1) (47)
where the function G(7/,#;7,1) is the free space Green’s function for three dimensional wave equation
given by [21]:

G(F, t;7t) = praT— (48)

Substituting the Equation (48) into the Equation (47) yields:

B

—7

S(t—t —
_ 9 ' Is (20 2 (4l ( ¢
¢ = e/dV /dt&(r 7s(t')) =7

If we first integrate over whole space V’, the Dirac delta function 6 (7 — 7s(t')) selects the point
7' =7s(t'), thus, the equation above becomes:

) (49)

(5 t _ t/ _ |?7?S(t,)|)
_9 / ( ¢
=1 [ = 7] (50)
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To proceed, we now make use of the following identity involving Dirac delta function [22,23]:
6 (u—u
5 () = =l ®Y
duf ()
du u=uop
where 1 is the solution to the equation f(ug) = 0. Note that the following equation is equal to zero:
27 t/
t—t'—|r ZS( )|:0 (52)

only if t =t = t,, which is clear from the Equation (18). Then, by the application of the identity (51)
to Dirac delta function in the Equation (50) one obtains:

c (R R ()
F=Fs ()] b,
B S(t'—t) B
B (F—7s(t) o [T (b)) |
= (2] ‘
S(H —t)

o=¢ ] am (1= L = (F— (1)) = Telt)] -

where the vector Bs is:

14

ps = can [— 7 =7s(tr))] (55)
In the coordinate system S the position vector 7 is not the function of time, and because of this ‘% =
in S. Therefore, in the coordinate system S the following equation holds:
= 14 Lo 1d
ps = can [ F=7(t))] = EdTrrs(tr) (56)

However, the equations (55) and (56) give different results when Galilei transformed to the coordinate
system S’ which means that Equation (56) is valid only in the coordinate system S. Therefore, although
the Equation (56) holds in S, it is clear that the vector Bs is generally given by the Equation (55) and
not by the Equation (56).

Let us now define the vector f. in the coordinate system S’. According to the Equation (55) the
vector Bs is the derivative with respect to retarded time of the difference between the position vector of
the source at time f, and the position vector of the observer 7 divided by c. In the coordinate system S’
we can define the vector B/ in S’ that has the same meaning;

o, 14

Po=cap - (7 —7()] (57)

doi:10.20944/preprints202310.0377.v1
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By substituting the Equation (40) into the Equation (55), and using #, = , one finds the Galilean
transformation of the vector f from the coordinate system S to the coordinate system S’ as:

_1d
T o dt,

1d

ps ==t = g [ (7 =H@)] =B (58)

Clearly, the vector B in S and the vector B/ in S’ are identical vectors. By taking the derivative of the
Equation (58) with respect to time t,, and by using ¢, = t}, it is obtained:

Bs = B! (59)
Similarly, by using s = B it is obtained that:

1 1 ,

VAR iR

We now have all the tools necessary to transform the Liénard-Wiechert electric and magnetic field,
respectively given by the equations (20) and (21), from the system of coordinates S to the system of
coordinates S’. Simply by substituting the equations (40), (43), (58), (59) and (60) into the equations (20)
and (21) it is obtained:

(60)

o 9 (7! BY) il x (7 — L) x Bl)
E (7" ,t) :R ~ <3 + - \3 (61)
(1B AP e (1= B -
>
BI(F,t) == x E(¥',) (62)

Furthermore, note that by substituting the Equation (40) into the Equation (18), and by using t = t/
and t, = ¢, it follows that:
7P (¢
v =gy LB 63
This completes the Galilean transformation of Liénard-Wiechert electric and magnetic fields from the
coordinate system S to the coordinate system S'.

Note that because the equations (61) and (62) are obtained by substituting the equations (40), (43),
(58), (59) and (60) into the equations (20) and (21) one may also write:

E(#,t) =E'(7',) (64)
B(7,t) =B'(¥',t) (65)

The equations above mean that the electric and magnetic Liénard-Wiechert fields in S’ are not only
identical to the electric and magnetic fields in S in the mathematical form, but they are also numerically
identical.

4. The proof of Galilean invariance of Maxwell equations

In this section, despite widely accepted belief that Maxwell equations are not invariant under
the Galilean transformation, the proof is given that the Maxwell equations, when applied to
Liénard-Wiechert electromagnetic fields, are indeed invariant under the Galilean transformation.
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Because the proof is somewhat longer than usual, all the auxiliary mathematical equations are
moved to appendices A, B and C, but the important observations and mathematical identities remain
in this section.

In the subSection 4.1 of this section some mathematical identities that are important for this proof
are derived. The subSection 4.2 brings the summary of auxiliary mathematical identities derived in
appendices A, B and C that are utilized in this proof. Finally in subSection 4.3 of this section it was
shown that all four Maxwell equations remain invariant under the Galilean transformation.

4.1. Some important mathematical considerations

To begin the proof, one may start by considering the derivative of the function t] with respect to
variable x". Because under the Galilean transformation t, = t, one may write:

o ot

dx!  odx!

The function ¢, is the solution to the Equation (18), therefore ¢, is the function of variables x, y, z and ¢,

all defined in the coordinate system S. Another way of stating this is to write t, = t,(x,y, z,t). Thus,
by the application of the chain rule, it can be written:

(66)

ot 9 (2, t) = ot Ox Ot dy | Ot, dz Ot ot
o ox Y ox ox' | oy ox' | 9z ox' ot ox/
Clearly, because the variables y and z do not depend on the coordinate x, they also do not depend on

the coordinate x” and the time #' (this is because x = x’ 4 vt'), hence, the derivatives gx, = % =0.
Thus, the Equation (67) simplifies to:

(67)

ot, dt, dx | Ot, ot

o' " axox | ot ox
Because under the Galilean transformation one can write x = x’ + vt/, the variable x can be interpreted
as the function of variables x’ and t/, i.e. x = F(x/,#'). For this reason, it is not straightforward to
calculate the derivative ax, Nevertheless, to calculate the derivative J ax one may start by differentiating
the Equation (63) with respect to variable x’:

(68)

- P oL o

o ot {10m (P = FL() + (7 = 7)) - [ (7 = FL(1)] 55
@ ~ oy |7—;/ — 7’(t/)|

The Equation (69) can be simplified by using the definition of the vector 7! given by the

Equation (42), and the definition of the vector B! given by the Equation (56). Substltutmg the equations
(42) and (56) into the Equation (69) yields:

(69)

of oty 1, =, _,of

v v T TP Ty 7o)
where 7 is Cartesian x component of the vector 7. Furthermore, because ' = t it follows that:

ot o, 1 =, 0t

5;:5§+”%* Y 7y

Then by replacing the denvatlve in the last right hand side term of the Equation (68) with the

Equation (71), and by replacing the derivative at’ on the left hand side of the Equation (68) with 2 T x,
(which is correct because t, = t/ 1) one obtains:

ox’ ~ 9x ox’ + ot c (72)

ax ol T Py
The Equation (72) can be rearranged as:

ot, ot dx atr<at; 1, ,ﬁ,at’)
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(73)

ot A, otys _,\ ot ox o1,
8x’(18t+8t s'”s)—axax/ 9t e

Substituting the Equation (28), i.e. identity % =1/ (1 — Bs - ﬁs) ,into the expression 1 — % + %Ltr Bl -l

one obtains:
ot, Oty 1— B!
LU T R (74)
1— Bs - s
In the Section 3 it was shown that i/ = 7i; and that Eé = Bs- Thus, substituting 7, = s and /_3;’ = BS
into right hand side of the Equation (74) yields:
ot, ot - 1— -l
PSS R e 0L ) (75)
1— Bs - 1is
Then, by substituting the Equation (75) into the left hand side of the Equation (73) it is obtained that:

oo a1,
dx dx' ot ¢

From the Equation (29) it follows that the derivative %—t; is:

=0 (76)

ot 1 n
DAL AP L S (77)
dx €1 —Bs- s
and from the identity #s = 7/ it follows that the component 7 of the vector 7] can be written as:
ng

:ns

(78)

X

Then, by substituting the equations (77), (78) and (28) (i.e. %—tt’ =1/ (1 - Bs . fz’s) ) into the
Equation (76) it is obtained:

e v me 1 (79)
C(l—ﬁs'ﬁs>ax 1—Bs-1isC
From the equation above, it clearly follows that:
ox
- 1
5 (80)

Furthermore, by differentiating the inverse Galilean transformation x = x’ — vt’ with respect to
variable x’ one obtains:

dx ot/
Substituting the Equation (80) into the Equation (81) yields:
ot’
5 = 0 (82)

Using the Galilean transformation of time, i.e. t = t’ and t, = ¢}, the Equation (68) can be written as:
an o ox o or
ox’  dx dx’ ot ox'
Substituting the equations (80) and (82) into the Equation (83) yields:

(83)
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ot, ot
- 9x (84)

By using the same approach, one also finds that the following equations hold:

ot, oty
W ~ay (85)
ot, ot
3 5 (86)

As it will be shown in the subsequent sections, and in the appendices of this paper, the equations (84)
- (86), together with the equations derived in the Section 3, are sufficient to prove that the Maxwell
equations, when applied to Liénard-Wiechert electromagnetic fields, remain invariant under the
Galilean transformation.

4.2. Summary of the mathematical identities derived in the appendices

Using the equations (84) - (86), and the Equation (40) derived in the Section 3, it was shown in the
Appendix A that the following equations hold:

Jd . d
g(r—rs) :@ (7’/_7’3/) (87)
i i
d o o, _ 0 4
$|T—7s|zw‘ﬂ—%” (88)
i i

where x; € {x,y,z,t}, x; € {x',y,2/,t'}, and where 7s = 7s(t,) and 7] = 7{(t;). Furthermore, in the
Appendix B it was shown that the following equations hold:

ol o]
s _ 3B
ox;  ox! (%0)
% _0p:
ox;  ox! 1)
Using the results from the Appendix A and from the Appendix B, the following equations were derived
in the Appendix C:
J 2 .=\ _ J gl o=
Tm(l_ﬁs'ns) _Tx; (1_ﬁs'ns) (92)
Iy _97
d = 3\ _ d =/ 3/
aixi (Tls - .BS> ~ox (ns - :Bs) (94)

1

As it will be shown in the following subsection, the equations (87) - (94) are enough to prove the
Galilean invariance of the Maxwell equations.
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4.3. The Galilean transformation of Maxwell equations

The exact proof of the Galilean invariance of Maxwell equations when applied to Liénard-Wiechert
electromagnetic fields is delivered in this subsection. In order to prove the Galilean invariance of
Maxwell equations, one may start by differentiating the right hand side of the Equation (20) with
respect to variables x; € {x,y,z,t}:

a%f(?,f) = (95)
ol (B) s a(ioB)A (o)
47t€ 7 (17175 BS>3|77~S|2 drte 5 (1—?7s 55)4‘7_?;'
JalF-%l o q(i—Be) B

| ((oR) <)
+4m-:c(1_ﬁ A " Ie c (17 Bs) IF—7l
s s S S S S
P (GO Rt ) IR (R LT PR
Es 3|7"—7"s| e C(l fls ES)4|?_?S| o o

On the other hand, the derivative of the Galileo transformed electric field E/(7/,') given by the
Equation (61) with respect to variables x/ € {x’,y/,2/,t'} is:

9y = (%)
X

+ +
5 \3 ~\3
e (i-ag By i -m M (- Bl -7
- Sz 3B! o 5
R ) s ()< o
+R S, =2\3 o _H dx (1—7”!5 ﬁs)
c(1—l-BL) [P -7 c(1—7L-BL) [P —re O
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By substituting the equations (87) - (94) into the Equation (95) and by using 7 = ., Bs = f., ,gs = BS’,
7—7; =7 — 7/ and v = 9/ (all derived in the Section 3) it is obtained:

—EFt) = 97)

i x (7= BL) < BL) o

~\3 /
47rec (1 _ﬁs/'ﬁs/> |?,_?,|2 ox;

By comparing the right hand side of the Equation (97) to the right hand side of the Equation (96) it
follows that:

- J —

—E(7,t) = —E'(7,¢ 98

B = gnE'F.) 8)

Note that because the vectors E(7, t) and E’(7/,t') have three Cartesian components the Equation (98)

represents twelve differential equations (four for each component of the vectors E(7, t) and E’(7/,¢')).
By differentiating the Equation (21) with respect to variables x; € {x,y, z,t} one obtains:

5]

d o i 0
B/= 0x; = s
ZBF ) = 2L X EF ) + = x —
o, (7,1) x E(7,t) + - X o,

Substituting the equations (89) , (64), (43) and (98) into the Equation (99) yields:

Et) (99)

a

=
o1,

0 5 o] = n! 9 - 9 Ti!

74 — %% ElG ¢ s ENG ¢ = 5 wE@ )| = 100

BxiB(r’t) . x EN(7 1) + = x 5 (7,1 —axf [C x E(7 )] (100)
= ai/ B’/(;;/, t/)

It is now fairly straightforward to show that the Maxwell equations remain invariant under the
Galilean transformation. For example, according to the equations (6) and (24), in the specific case of
Liénard-Wiechert electric field, the first Maxwell equation, or Gauss law for electric field, reads [19]:

V.- E@Ft) = 25(7—750)) (101)

The equation above can be rewritten as:


https://doi.org/10.20944/preprints202310.0377.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 9 October 2023 doi:10.20944/preprints202310.0377.v1

15 of 30
Jd . . o N N
gEx(r, £+ @Ey(r,t) + gEz(r,t) = 65(1’ 75 () (102)

where E,(7,t), E,(7,t) and E,(7,t) are Cartesian components of the vector E(7, ). Using the inverse
Galilean transformation x = x’ + vt’ and t = #’ one finds that:

F—T7(t) = (7' + {0t',0,0}) — (7 (') + {ot',0,0}) =7 — 7 (t) (103)

Furthermore, from the Equation (98) it follows that:

2 . ., 0 o

aEx<r, t) :@E;(f’/, t/) (104)
9 _ . o /-

@Ey(r, t) :WE;(VI, tl) (105)
a = a (=2l 4!

gEZO", t) :@EZO/. ,t ) (106)

Substituting the equations (103) - (106) into the Equation (102) yields:

3, 9, D, L
SSELF ) + a—y,Ey’(r’, )+ 5 ELF ) = gé(r’ —7(t) (107)

The equation above can be written in more compact form as:

v CE# ) = e — 7)) (108)
where the operator V’ has the usual meaning V' = {%, aiy" % } This proves the Galilean invariance
of the first Maxwell equation (the Gauss law for electric field).

The second Maxwell equation, or the Gauss law for magnetic field, written in the coordinate
system S reads:

V-B(Ft) =0 (109)
Written in terms of Cartesian components the Equation (109) becomes:

I R N
ng(r,t) + @By(r,t) + gBZ(r,t) =0 (110)

where By (7,t), B,(7,t) and B;(7,t) are Cartesian components of the vector B(#,1).
From the Equation (100) it follows that:

aa Bo (1) Z%B;(?a v) (111)
9B (7 1) =2 B/, 1) (112)
Iy YA ay v
3B (7, 1) :iB’(?’ t) (113)
oz N7 9z v

Substituting the equations (111) - (113) into Equation (110) yields:

o _, . o . 0 L.
WB;(r’,t’)+a—y,By’(r’,t’)+@Bz'(r',t’) =0 (114)

The equation above can be written in compact form as:
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V' -B'7,t') =0 (115)

which proves the Galilean invariance of the second Maxwell equation.
The third Maxwell equation, or Faraday’s law, can be written in the coordinate system S as:

V x E(7 1) = —%B’(m) (116)

The Equation (116) is in fact shorthand notation for the following three partial differential equations:

;yg,_(?, b - aigy(?, b = %Bx(?, t) (117)
I B )~ LB 8) =~ S By (7Y (118)
%Ey(?, b — %Ex(?,t) __ %BZ(?,t) (119)
From the Equation (98) it follows that:
aayE (1) = aay,EZ’(?’, V) %Ey(?',t) _ %Ey'(“’ ¢)
aa Eu(Ft) = %E,ﬁ(?’, V) %EZ(T’, b = %E;(?’, V) (120)
SeE 0 = BN LB 7, 1)

Furthermore, from the Equation (100) it follows that:

2 . 0

S Bu(7, 1) == BT E)

d =4 9 1rinr

gBy(r,t) —yBy(T ) (121)
Jd_ d

&BZO’/ ) at/B ( )

Substituting the equations (120) and (121) into the equations (117)-(119) yields:

0 0

WE<>f?@w>=f@B<> (122)
9o . o . 0

@E;(r//tl) a /E ( ' ) = @By( ) (123)
% () — ;}/E;(?’, ) =— %BZ’ #',t) (124)

The equations (122) - (124) can be written in the compact form as:

0 =

ot/
where the Equation (125) is the Galilean transformation of the third Maxwell equation, also called
Faraday law, from the coordinate system S to the coordinate system S’. This proves the Galilean
invariance of the third Maxwell equation.

V' xE'(#,¢)=—-=B'(7,t) (125)


https://doi.org/10.20944/preprints202310.0377.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 9 October 2023 doi:10.20944/preprints202310.0377.v1

17 of 30

Finally, the fourth Maxwell equation, or Maxwell-Amperé equation, in the system of coordinates
S reads:

|

V x B(7,t) = uJ(7,t) + E@t) (126)

1
2

[oF]

t

According to the Equation (25), in the specific case of Liénard-Wiechert fields, the current density J (7, t)
becomes:

- -

T=T(t) = q.(t)d (F — 7:(t)) (127)

and according to the Equation (26) the velocity s(t) of the source at time t is given by:

8.(1) = — 5 (=7 (1) 128)

To prove that the Equation (126) is invariant under the Galilean transformation one may start by
applying the Galilean transformation x = x’ 4+ vt and t = ' to the Equation (128) as:

5u(t) = — o (7' + {ot',0,0)) — (L) + {01',0,0})) = — o (7' ~71(1")) (129)

According to the Equation (128), in the coordinate system S, the velocity of the source 7s(t) means the
velocity of the source located at 7 (t) relative to the observer located at position 7.

In the coordinate system S’ one can also define the velocity of the source at time ' relative to the
location of observer at time #' as:

~ o o
B = 2 (7 () (130
Clearly, by the comparison of the right hand sides of the equations (129) and (130) it follows that:
3(t) = oL() (131)

The equation above represents the Galilean transformation of velocity ¥s(t), as defined by the
Equation (128), from the coordinate system S to the coordinate system S'.

By substituting the equations (103) and (131) into the Equation (127) one obtains the Galilean
transformation of the current density J as:

J'(#,t) = q3'(t)s (7' —7'(t)) = J(7,1) (132)

Furthermore, the Equation (126) can be written in terms of its Cartesian components as:

9 ., Jd ., - - 19, .

LB0) — B =)+ B (139
Jd ., Jd , o 19 .

&BXO'/ t) - aBZ(r/ t) :]]/<r/ t) + CﬁgEy(T/ t) (134)
d S d . S 10 ,
gBy(T’r t) — @Bx(rlt) =2(7,t) + szgEz(T, t) (135)

where [, (7, t), J,(7,t) and J; (7, t) are Cartesian components of the vector T(?, t). From the Equation (100)
it follows that:
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0 o 90 o 0 o 0 i
@Bz(r,t) ~ 3y (7 ) %= y (7, 1) = 3 y (7 t)
0 - d - d . d -
&Bx(r,t) == gB;(TI, tl) aBZ(I", t) = ﬁBé(f’,t/) (136)
d . d - 0 . 0 o
gBy(r, t) = @B;(T‘/,t/) @Bx(r, t) == W ;(1”, t/)
Furthermore, from the Equation (98) it follows that:
d R 0 o
gEx(r, t) :@E;(r,, t,)
J . 0 o
gEy(r,t) :@Ey’(r’, t' (137)
J . d o
gEZ(r, t) :yEZ/(T’/, t/)

Substituting the equations (132), (136) and (137) into the equations (133) - (135) yields the Galilean
transformation of the Maxwell-Ampere Equation (126) from the coordinate system S to the coordinate
system S':
/ Bzl 4! T!(32! 4/ 1 a Tzl 4
VxB(r,t):y](r,t)ch—zWE(r,t) (138)
which completes the proof that the Maxwell equations, when applied to Liénard-Wiechert
electromagnetic fields, are invariant under the Galilean transformation.

5. Critical error in standard proofs of Galilean non-invariance of Maxwell equations

The aim of this section is to expose the critical mathematical error in the proofs of Galilean
non-invariance of Maxwell equations present in many scientific books and papers. The proofs of the
Galilean non-invariance of Maxwell equations [1,5-9] typically rely on what is considered the Galilean
transformation of the derivative with respect to time ¢, i.e. the transformation of %:

0 d d
- _ ;2 139
ot of  ‘on (139)
In addition, it is often correctly stated in the literature that the operator V = {aa—x, %, %} transforms
from the coordinate system S to the coordinate system S’ as:
V=V (140)

I I Jd d d
where the operator V' reads V' = {Tx" Tk 87}

To transform, say the third Maxwell equation (or Faraday’s law), from the coordinate system S to
the coordinate system S’ one may start by writing the third Maxwell equation in the coordinate system
S as:

V xE(Ft) = —%E(?,t) (141)

where 7 = {x,y,z}. Because 7 = {x,y,z} both vectors E(7, ) and B(7, ) are considered as the functions
of variables x, y, z and t:
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I_E’(_’, t) :E(x, Y,z,t) (142)
B‘(_’, f) :§(x, v,z,1) (143)

By substituting the inverse Galilean transformation x = x" +vt/, y = ¥/, z = z/ and t = t’ into the
equations (142) and (143) one obtains:

E@#t) =E(x,y,z,t) = E(x' +ot',y/,2/,¥') = E'(7', V) (144)
B(7,t) =B(x,y,z,t) = B(x' +ot,y/,2,t') = B'(¥',¢) (145)

where 7/ = {x’,y/,z'}. Furthermore, substituting the equations (144) and (145) into the Equation (141)

yields:
Dl 4l a
VxE(r,t):—atB( t') (146)
Then by replacing the operator V with operator V', and by replacing the operator % with the operator
32, vax, one obtains:
Vo EF 1) = — (2 — 0L ) Bt (147)
’ ar o ’

The Equation (147) is then usually taken as the proof that Maxwell equations are not invariant under
the Galilean transformation. Moreover, the Equation (147) is the modern version of the three equations
found at page 812 of Lorentz’ 1904 paper [1].

Clearly, the main reason why the Maxwell Equation (141) appears not to be invariant under
the Galilean transformation is the Galilean transformation of the derivative %, which according to
scientific literature, under the Galilean transformation always becomes the operator % — v%.

Let us now examine how the Galilean transformation of the derivative % is derived. For that
purpose, let the function u be the function of coordinates x, y, z and ¢ defined in the coordinate system

S as:

u=u(xy,zt) (148)

The function u can be any of the Cartesian components of the electric field E(7, ) or the magnetic field
B(7,t). By substituting the inverse Galilean transformation x = x’ +vt',y =y, z = 2’ and t = ¢’ into
the function u(x, y, z, t), the function u(x, y, z, t) becomes:

u=u(x,yzt)=ulx+ot v, 2,t")=d,y, 2, (149)

where the function u/(x/,y/,2/,t') is simply the Galilei transformed function u(x,y,z,t). By the
application of the chain rule to the function u'(x’,y/,2/, ') one finds that the time derivative of the
function u(x,y, z, t) can be written as:

d d ox' 0 oy’
gu(x,y,z,t) :wu’(x',y’,z’,t )W + —u’(x y,Z,t) ayt + (150)
9 ,, ., oz’ 8 ot’
gu(x,y, , )g‘F@”( 'th)at
From the Galilean transformation x' = x —vt, y' =y, z/ =z, t' = t, it follows that aa"t, = —v, aa—yt/ =0,

a - =0, aatt = 1. By inserting these derivatives into the Equation (150) it is obtained:
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3u(x z,t) = —viu(x' 2 ) + iu(x' "2 1) (151)
at ryr ’ ax/ /y/ 7 atl /yr 7
From here, one concludes that the partial derivative % under the Galilean transformation transforms
as:
0 d d
— == — U= 152
ot af  ‘ox (152)

Using the equation above, one shows that the Maxwell equations do not remain invariant under the
Galilean transformation.

To illustrate what is wrong with the Equation (152) let us define the function g(x,y,z, t) in the
coordinate system S as:

h(t)
t) = 1
gy zt) = — (153)
where h(t) is any differentiable function, and where xy is deliberately undefined for now and is
considered simply a real constant. Clearly, in the coordinate system S the derivative of the function
g(x,y,z,t) with respect to time is:

) 9 h(t)  Sh(t)
ﬁg(x, vzt = otx—xy X—xg (154)

By substituting the inverse Galilean transformation x = x’ + vt' and t = #' into the Equation (154) one
finds that:

arh(t)

—= - 1
x' + ot — xg (155)

0
gg(x, y,z,t) =

The Galilean transformation of the function g(x,y, z, t) can be achieved by substituting the inverse
Galilean transformation x = x’ +vt’, y = y/, z = 2 and t = t’ into the Equation (153) to obtain:

h(t')

x4+ ot + xg (156)

gy zt) =g +ot',y,2,t") =g (¥, y, 2, ) =

According to the transformation of the derivative % given by the Equation (139) one finds that the
derivative of the function g’(x’,/, 2/, ) with respect to variable ¢ is:

LA Mo ) )
ox' x' +ot' +x9 ot x' +ovt' +x9  x' + ot +xg

%g’(x’, y,Z, ) = (157)
By comparing the right hand side of the equation above to the right hand side of the Equation (155),
one naively concludes that the Galilean transformation of the derivative % given by the Equation (139)
is the correct transformation.

Let us now assign the physical meaning to the variable x and to the parameter x( by letting x be
the Cartesian x coordinate of the observer and by letting x( be the Cartesian x coordinate of the source.
In this case, both x and x( transform according to Galilean transformation:

x =x"+ ot (158)
xo =x( + ot’ (159)

Substituting the equations (158) and (159) into the Equation (153), and substituting t = t’ into the same
equation yields:
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R P S E— () (160)

x' ot —x( -t X —x]

Furthermore, by substituting the equations (158), (159) and t = #’ into the right hand side of the
Equation (154) one finds that the derivative of the function g(x,y, z, t) with respect to variable  is:

9 arh()
58y zt) = < (161)

Let us now apply the Galilei transformed derivative & = 22 — v.% to the function g’ (x',y/, 2/, t')

to find the derivative of the function g(x, y, z, t) with respect to time ¢:

0 o)
§g(x,y,z,t) —v—g "y, 2 )+ @g’(x’,y’,z’,t’): (162)
9 k() |9 () _ oh(t) +aat,h(t’)

Il — ol U v — o 2 / ]
ox' x' — x5 ot X' — x; (x' — x}) x' —x;

Obviously, the right hand side of the Equation (162) is not equal to the right hand side of the
Equation (161). This also means that the Galilean transformation of the derivative % given by
% = azi, va?c, is no longer correct. This begs the question, why the transformation given by the
Equation (139) is not correct when the physical meaning is assigned to x(?

The correct approach here is to consider the function g be the function of variables x, xq, y, z and t.

In that case, the function g can be written as:

g(x,x0,y,2,t) = ht) (163)

X — X0

where functions g(x,y,z,t) and g(x,xo,y,z2,t) are identical, i.e. g(x,x0,y,2,t) = g(x,y,z,t). By
substituting the inverse Galilean transformation x = x" + v/, xo = xj+ot', y = y/, z = 2/ and
t = t’ into the Equation (163) it is obtained:

!
g(x,x0,y,2,t) = g(x' + ot , x{ +ot',y, 2/ t') = ¢ (X, xp, v/, 2, t) = hg J)c’ (164)

where ¢/ (¥, x{, v/, 2/, t') = §' (X', v/, 2, t'). Although the functions ¢'(x',y/,2',t') and ¢’ (¥', x{, v/, 2/, V')
are identical, the application of the chain rule to the function g’ (x/, x{,, v/, 2, t) yields the derivative of
the function g(x, xo, y, z, t) with respect to time ¢ as:

d d
5:8(% 2 t) = 228(x x0,y,2,t) = (165)

_ a a a WA ) a
=58 (3,2, ) S + af,g (', x0,y, 2 ) 20+

i/ A al g oz’
S W+ D 2

0 ot’
t/g (JC xO’y Z t ) ot
Substituting t' = t into the equations (158) and (159) and rearranging yields:
g q gmngy

x =x — vt (166)
x() =xo — vt (167)
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By differentiating the equations (166) and (167) with respect to time f it is obtained:
ox’
a5 =0 (168)
x|,
-0 _ _ 1
o v (169)

Substituting the equations (168) and (169) into the Equation (165), and substituting the derivatives

W _ 0, % = 0and 2 = 1 into the same equation yields:
oF — Y or = oF — q y :

a _ a / / ! ! 4/ a ! / / ! 4!
atg(x,xo,y,z,t) = vax,g(x X0,y 2, 1) vaxég(x,xo,y,z ) (170)

P)
+ 578 x, 2 )

Furthermore, by differentiating the function g’(x’, x;,y’, z’, ') with respect to variables x’ and x{, one
finds that:

%g'(x’,xé,y',z’, ) = —;xég’(x’,xé,y’,z’,t') (171)

By substituting the Equation (171) into the Equation (170) it is obtained:

] d
— t) = =g, x},y,2,t 172
= 80302 0) = Shg(3, 5,2 ) (172
From the equation above, one concludes that the Galilean transformation of the derivative % is:
0 d
- = 17
ot ot (173)

Using the Galilean transformation of the derivative % given by the Equation (173) we now correctly
find the derivative with respect to time of the function g(x,y,z,t) = g(x, x9,y,z,t) as:

0 9 h(t) _ H()
gg(x,y,z,t) Ty —x) ¥ —x (174)

Clearly, the Galilean transformation of the derivative % given by the Equation (173) is the
correct transformation in this example, and widely accepted transformation % — v% is incorrect
transformation if x( is considered the Cartesian x coordinate of a source located in 3D space.

There are two key points that can be observed from the example given in this section:

(i) asshown in the given example, the Galilean transformation of the time derivative % depends on
the function u(x, y, z,t) and on the physical meaning of variables in that function. This means

: J _ 0 9
that the transformation §; = 57 — v}y is not always correct.

(ii) if the function u(x,y,z,t) is the function of the coordinates of both an observer and the source,
the Galilean transformed time derivative % = % - U% is only correct if the coordinates of the
observer are transformed by the Galilean transformation and if the source coordinates are not

transformed using the Galilean transformation.

Because of the points (i) and (ii) the only guaranteed way to show that Maxwell equations are not
invariant under the Galilean transformation is to prove that any of the following twenty four equations
is incorrect:
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0 (= _ d T2l 4l
a—XiE(r,t) = BTc;E (7',t) (175)
d = 0 2y
a—xiB(r,t) = a—x;B (7, (176)

where x; € {x,y,z,t} and x} € {x',y/,2/,t'}. In the case of Liénard-Wiechert electric and magnetic
field, this is not possible because it is already proven in this paper that the equations (175) and (176)
are correct.

In conclusion, because of the arguments given in this section, the proof that Maxwell-equations
are not invariant under the Galilean transformation given by Lorentz [1] must not be considered correct
because the transformation % = % - v% is not always correct. For the same reason, any of the proofs
of Galilean non-invariance of Maxwell equations commonly found in the scientific literature, and
which rely on the Galilean transformation of the derivative % = % — v%, must also be considered

incorrect.

6. Conclusion

Lorentz’s conclusion that Maxwell equations are not invariant under the Galilean transformation
was pivotal moment in physics, and had far reaching consequences and implications. It motivated
Lorentz to discover the new kind of space-time transformation called the Lorentz transformation, and
the Galilean transformation was no longer considered physical. Furthermore, Lorentz discovery is
now considered as foundation of Einstein’s theory of special relativity.

Despite the significance of Lorentz conclusion, it is undoubtedly shown in this paper that the
Lorentz’s conclusion about Galilean non-invariance of Maxwell equations is the result of mathematical
error. It is also shown that it is not possible to use Lorentz’s mathematical procedure in order to prove
or disprove the invariance of Maxwell equations under the Galilean transformation. This conclusion
applies not only to Lorentz, but to all subsequent researchers that used a procedure similar to Lorentz’s
in order to show that Maxwell equations are not invariant under the Galilean transformation.

As shown in this paper, the correct mathematical procedure to either prove (or disprove) the
Galilean invariance of Maxwell equations is to show that the derivatives with respect to space and
time of each component of the electric and magnetic field are equal (or not equal) to the corresponding
derivatives with respect to space and time in the Galilean transformed coordinate system.

The only way one can perform this procedure is if one knows in advance the closed mathematical
form of the electric and the magnetic field. For that reason, this procedure was applied to
Liénard-Wiechert electromagnetic fields as closed form of these electromagnetic fields is known. It was
undoubtedly shown that the Maxwell equations, when applied to Liénard-Wiechert electromagnetic
fields, remain invariant in the mathematical form under the Galilean transformation.

Because of the principle of the superposition, which states that the total electromagnetic field is
the sum of electromagnetic fields of the individual charges, the conclusion that Maxwell equations
are invariant under the Galilean transformation when applied to Liénard-Wiechert electromagnetic
fields caused by the single moving charge can be raised to the general conclusion that the Maxwell
equations are indeed invariant under the Galilean transformation.

Finally, a word of caution: this paper does not claim, nor implicates, that the Lorentz
transformation is incorrect as the correctness of the derivation of Lorentz transformation was not
examined in this paper. However, it does claim that the Maxwell equations are invariant under
the Galilean transformation. This means that, for the time being, the Maxwell equations are to be
considered invariant under both Lorentz and Galilean transformation.


https://doi.org/10.20944/preprints202310.0377.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 9 October 2023 doi:10.20944/preprints202310.0377.v1

24 of 30

Declarations
Data Availability Statement: The author declares that the data supporting the findings of this study are available
within the paper.

Conflicts of Interest: The author declares that there is no conflict of interest.

Appendix A. Galilean transformation of the derivatives of the vector ¥ — 7s(,) and the scalar
7 —7s(t)|

To derive the Galilean transformation of the derivatives of the vector 7 — 7(t,) and the scalar
|7 — 7s(tr)|, first note that by differentiating the Equation (40) (i.e. the equation 7/ — 7/(t,) = ¥ — 7s(t,))
with respect to time #, and by using ' = t it can be written:

J 21 2l 2 ., J .
ﬁ(f _rs(tr>) :y(r_rs(t”) :ﬁ(r_rs(tr)) (Al)

Similarly, by differentiating the Equation (40) with respect to time t, and by using ¢, = t, it is obtained:

9 o o
o (7 =7
r

Furthermore, by differentiating the vector difference 7/ — 7/ (t,) with respect to variable x’ it is obtained:

1)) = 5 (F= 7)) = 51 (F=Ta(t) (A2

r

o0 ., - o o o ot
o (7= 70) = (10,0} + | 3 (7 ~72(e)| 52 (a3)
Next, note that the derivative of the vector ¥ — 7 (t,) with respect to variable x in the coordinate system
Sis:
0 . B o . ot,
52 (F=7:0)) = (10,0} + | 5 (F=7.0) | 5 (A%
Substituting the Equation (A2) into the Equation (A3) yields:
d =1 I\ J . . at;
@ (1’ rs(tr)) - {11010} + anr (7 I’S(tr)) @ (AS)

In the Section 4, subSection 4.1, the Equation (84) was derived. The Equation (84), repeated here for
clarity, reads:

ot, ot
" 9 (A6)
Substituting the Equation (A6) into the right hand side of the Equation (A5) yields:
2 . - 20 ., ot
527 (7 = TL(E)) = {1,0,0} + | (7)) | 5 (a7)
By comparing the right hand side of the Equation (A4) to the right hand side of the Equation (A7) one
finds that:
9 . - J .
Y% (7' =7(t)) = o (F—7s(tr)) (A8)

Clearly, using the same approach used to show that the Equation (A8) is valid, one can also show that
the following two equations are valid:
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J d .., Jd .,
3y (7" —7(t})) =gy 7= 7s(t)) (A9)
O —7(H) =2 (77 A10
@ (1’ - s(tr)) _E (r_r5<tr)) ( )
Furthermore, differentiating the scalar |7’ — 7!(t.)| with respect to variable x’ yields:
g r p y
RPN - Gt (G0 R G A CO) .
aw 7 0= )] (ALD)

By substituting the Equation (40), i.e. 7/ — 7(
into the Equation (A10) it is obtained:

% (?_?s(tr)) : (?_?s(tr))

By differentiating the scalar |¥ — 7 (t,)| with respect to variable x one finds that:

2
3 |

d 2 = > o
2 (& 7 =7t - 7= Fult))
7P =7(t)] = _ A13
x| s(t)] |7 —7s(t))] (A13)
Clearly, the right hand side of the Equation (A12) is equal to the right hand side of the Equation (A13),
hence:
o -, - J _
@}r/_rs/(t;)} = ah’_rs(tr” (A14)

Using the same approach, one can also show that:

o . - o -
W 7 = 7(t)] “ay |7 —T7s(tr)] (A15)
o0 o o o . o
o |7 —7i(t))] = |7 —7s(t)] (A16)

9 (7 _ (4 21 24l
d Sl =l */(r _rs(tr)) '(r _rs(tr))
av " (1) = Iw_?}'(t;)l (A1)

By substituting the Equation (40), i.e. 7/ — 7/(t,) = 7 — ¥;(#,), and by substituting the Equation (A1)
into the Equation (A17) it is obtained:

9
ot

2 (7_ 7S(tr)) ' (7_ 7S(tr))

|7 —7i(

Evidently, the right hand side of the Equation (A18) is equal to the derivative 3 [¥ — 7s(t,)|, hence:

9
ot

2/

Finally, using the equation 7/ — 7/(t.) = 7 — #;(¢,) and using t. = t, one finds that:
Y & q sy &ty

7

D)= 2 [F—Fults) (A19)
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o L . 3 . .
au [P =F @) = 5 P =F(tr)] (A20)
]

Appendix B. Galilean transformation of the derivatives of the vectors 7i’, 5/ and f!

The vector 7] is given by the Equation (42) in the Section 3, and its derivative with respect to
variable x’ can be written:

dL_d P —F g (T (P g P -7 &)
or o[ -7 -7l 7 — 7P

where 7] = 7/(t,). Substituting the Equation (40) derived in the Section 3, i.e. 7/ — 7/ = ¥ — 75 (where
7s = 7s(tr)), into the Equation (B1) and substituting the equations (A8) and (A14) into the same
equation it is obtained:

o] *aax (F—75) (F—7) *aax |7 — 75|
o _ o\ s (B2)
ox |7 —7s [==A

On the other hand, the derivative of the vector #s, given by the Equation (17) in the Section 2, with
respect to variable x is:

dis 2 (F-F) (F—F) L [F—7
. — = = - 2 (BS)
ox |7 —7s 7 — 7|

Clearly, by comparing the right hand sides of the equations (B2) and (B3) it follows that:

dil; o]
Eraa Y
By using the same approach, one finds that:
dit; o,
ay oy (59
dit; o,
=] (B6)
Similarly, the derivative of the vector 7, with respect to time #' is:
oit! o 7 7 i(?/_—»/ (?/_?/)i ?/_7;/|
9% _ Y s _ ot s/ s/ ot s (B7)
of ot |7 — 7! |7’ —7! 7 — 7!
Substituting the equation 7/ — 7/ = 7 — 7;, and the equations (A1) and (A19) into the Equation (B7)
yields:
ai;:%(?—?s)_(?—?s)%w—?s\ _ 97T _ s (B9)
ot/ |7 — 7| 7 — 7 ot |7 — 75| ot

To proceed, note that according to the Equation (55), derived in the Section 3, the vector Bs is
written as:

= 1d S S 10 S o
s:EdTr[_(r_rS)]:EaTr[_(r_rs)] (B9)

By differentiating the Equation (B9) with respect to variable x it is obtained:
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Bs 19 [0
dx  cox

o (7 — T’s)} (B10)
Because for any differentiable function F(x,y) it can be written that [%F (x, y)} == [%F (x, y)]

the Equation (B10) can be written as:

Bs  1afo .
= ) B
By substituting the Equation (A8) into the Equation (B11) and using t, = ¢t it is obtained:
op 19 ., . 9 (19 P B!
ETxS:_EaT; [ax/ (r/_rs/)] :ax’{cat;[_ (r/—rsl)}}: ™ (B12)

where the vector B/ is given by the Equation (57) in the Section 3. Furthermore, by using the similar
procedure it can also be shown that:

s _0p!
o (B13)
s _0p!
oz oz (B14)

The derivative of the vector s with respect to variable ¢ can be written:

Bs o9 (1o . . .\ _ 1a[a . .
at_at{cat,[_ (V—Vs)]}——cat {atr (V—Vs)] (B15)
Substituting the Equation (A2) into the Equation (B15) and using + = t' yields:

Y 190 ., . 9 (19 L B!
=t | = G - = 5 (B10

According to the Equation (55), given in the Section 3, the derivative of the vector B with respect to
retarded time t, can be written as:

5142 1 0?
,Bs = cdr [_ (7_75)] = cor [_ (?_?S)] (B17)

Differentiating the Equation (B17) with respect to variable x yields the derivative of the vector Es with
respect to variable x as:

Bs 9 [1 . . L\ 1P[d . .
ax_ax{cat%[_(r_rs)]}__cat% a(r—rs) (B18)
Using t, = t, and substituting the Equation (A8) into the Equation (B18) yields:
B 1P [0 oy ] _ 0 12 o ) 0Pl
= aam e O )] = su { oo ¢ A} = 52 (B19)

By using the similar procedure it also follows that:
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= —'»,
9Bs _ 95 (B20)
ady oy
s P!
The derivative of the vector Es with respect to variable ¢ can be written as:
B o (1. . 102 [0 ..
s _ Tl (7= = |=(7— B22
ot ot {cat%[ (F=75)] cot2 | ot (F=F) (B22)
Substituting the Equation (A1) into the Equation (B22) and using t, = #, yields:
Bs 1P2T[d ., (1% . ., . B!
ot cot? [t (F=7) o’ | c ot? = -%)] ot/ (B23)
Appendix C. Galilean transformation of the derivatives of miscellaneous functions
Here, we first find the derivative with respect to variable x of the function 1 — Es - s as:
) = N Bs . o Ol
g (L= Poiie) = =50 i —Be 50 )

By substituting the equations (B4) and (B12) into the Equation (C1) and by using #i; = 7’ and Bs = Es’
it is obtained:

J 32 .7\ — a_)s{ = 3l aﬁs,_ J gl =/
ow (1= Boie) = =50 il - 55 = 5 (1= o) )
Using the similar procedure, one also finds that:
0 = 0 =
oy (1= Boit) =5 (1= B t) (C3)
a g = _ a Bl =/
az (1o ) =5 (1=Bi %) ©
The derivative of the function 1 — f; - is with respect to time ¢ is:
) N S A
O e )
Substituting the equations (B8) and (B16) into the Equation (C5) and using 7is = 7’ and Es = Es’ yields:
d 5 = _ aﬁs/ =/ 3/ aﬁs/_a 31 =
i (1= o) = =50 =BGy = 5p (1B (o)
Furthermore, in the Section 2 the function 7 is given by the Equation (23) as:
1
V= 7
\/1=Bs-PBs
Differentiating the Equation (C7) with respect to variable x yields:
= a”s
N _ P a (C8)

NI

-y
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By substituting the Equation (B12) into the Equation (C8) and using Bs = BZ it is obtained:
=, 98!
o _ By o
= _ ;= (C9)
dx 2, 3/\2 dx
(1 —Bs- .Bs>

where the factor ' is defined by the Equation (60) given in the Section 3. Using the similar procedure,
one also finds that:

oy 9y
oy oY
=5 (C11)
Similarly, by differentiating the factor -y with respect to variable ¢ one obtains:
- a‘B‘S
oy . 9Bs
ai: - —ﬁi o : (C12)
(55
Substituting the Equation (B16) into the Equation (C12) and using Bs = B! yields:
d B9 '
97 _ e atﬁ ;= a% (C13)
(1- BB
Finally, the derivative with respect to variable x of the vector difference s — Bs can be written as:
d (. =\ _ dis 0B
e (- B) = 5 -5 S8
Substituting the equations (B4) and (B12) into the Equation (C14) yields:
d (. N _ Ol 9Bl D (., =
g (o) = 35— 50 = 3w (U F) (€15)
By using the same procedure one also finds that:
a = - a N —
3y (7= Bs) =57 (il = BY) (C16)
a — = a N —=
az (s =) =5 (72 ) )

Similarly, by taking the derivative of the difference 7is — Bs with respect to variable ¢ one obtains:

d (. =\ Ofs 9Ps
i (1= Be) =5~ %F (C18)
By substituting the equations (B8) and (B16) into the Equation (C18) it is obtained:
/. = ol 9B 9 (., =
i (7= F) = 55 5 = o (0= F) (€19)
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