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Abstract: It is discovered that the gravitational field on the surface of a neutron star is with a 

relativistic mass density of 2.65 × 1016~5.87 × 1018𝑘𝑔𝑚−3  which can be larger than the 

mass density of the neutron stars (~1017𝑘𝑔𝑚−3 ). And, the total relativistic mass of the 

gravitational field of the Sun is ~107 times the mass of the Sun. For different stars, the relativistic 

mass of the gravitational field is larger as the mass density of the star is larger. In the Milky Way, 

the total relativistic mass of the gravitational fields is much larger than the total mass of the stars, 

planets and gas. And, the relativistic mass density of the observed strongest magnetic field is 

2.17 × 108𝑘𝑔𝑚−3 . This discovery should be a new frame to understand the fundamental 

problem of physics. 
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For a body m freely falling in a gravitational field of M, there is mgh =
1

2
𝑚𝑣2, and for a celestial body m orbiting 

around M, there is 
1

2
𝑚𝑣2 = 𝐺

𝑀𝑚

𝑅
. The energy of a gravitational field can make a body moved with an energy of 

E =
1

2
𝑚𝑣2 and is the reason to make the neutrons degenerated to form the neuron star. Currently, it is thought that 

the concept of gravitational potential energy of a star is correct and useful.[1] The energy density, U =
𝑔2

8𝜋𝐺
, of a 

gravitational field on the surface of a star is determined with the gravitational acceleration 𝑔  and Newtonian 

universe gravitational constant G.[1,2] From E = m𝑐2, it is well known that a gravitational field is with a relativistic 

mass density 𝑑𝑔 =
1

𝑐2

𝑔2

8𝜋𝐺
. Here, it is discovered that the relativistic mass density of the gravitational field on the 

surface of a neutron star is 2.65 × 1016~5.87 × 1018𝑘𝑔𝑚−3 which can be larger than the mass density of the 

neutron stars (~1017𝑘𝑔𝑚−3).[3,4] And, the total relativistic mass of the gravitational field of the Sun or a neutron 

star is ~107 times the mass of the Sun or is ~1021 times that of the neutron star. For different stars, the relativistic 

mass of the gravitational field is larger as the mass density of the star is larger. And, the relativistic mass density of 

the observed strongest magnetic field is 𝑑𝑚 =
1

𝑐2

𝐵2

2𝜇0
≈ 2.17 × 108𝑘𝑔𝑚−3 . This discovery should be a new 

frame to understand the fundamental problem of physics. 

 

The relativistic mass density and total relativistic mass of a gravitational field  

 

On the surface of the Earth, 𝑔𝑒 = 10m𝑠−2, correspondently, 𝑈𝑔𝑒 =
𝑔2

8𝜋𝐺
≈ 5.97 × 1010kg𝑚−1𝑠−2. In this case, 

𝑑𝑔𝑒 =
1

𝑐2

𝑔2

8𝜋𝐺
≈ 6.63 × 10−7kg𝑚−3  is very little. Therefore, it is usually neglected in current physics. For 

example, the mass density of the hydrogen gas is 𝑑𝐻 = 8.9887.5 × 10−2𝑘𝑔𝑚−3. Therefore, the gravitational 

field on the surface of the Earth with the relativistic mass density of 𝑑𝑔𝑒 =
1

𝑐2

𝑔2

8𝜋𝐺
≈ 6.63 × 10−7kg𝑚−3has little 

effect on the mass density of the hydrogen gas. But, for a super strong gravitational field (Here, we call the 

gravitational field with 𝑑𝑔 =
1

𝑐2

𝑔2

8𝜋𝐺
≥ 1 × 103𝑘𝑔𝑚−3 the super strong field), the energy density and relativistic 

mass density are very big. For example, the gravitational acceleration on the surface of a neutron star is 𝑔𝑛 =

2 × 1011~3 × 1012𝑔𝑒 .[5,6] Correspondently, there are U𝑔𝑛 =
𝑔2

8𝜋𝐺
≈ 2.39 × 1033~5.37 ×

1035𝑘𝑔𝑚−1𝑠−2  and 𝑑𝑔𝑛 =
1

𝑐2

𝑔2

8𝜋𝐺
≈ 2.65 × 1016~5.90 × 1018𝑘𝑔𝑚−3 . We know, the density of water is 

103𝑘𝑔𝑚−3; the largest mass density in the Earth is 2.259 × 104𝑘𝑔/𝑚3 (the osmium). The relativistic mass 

density of the gravitational field on the surface of a neutron star is about 1013~1015 times the density of the water 

and 1012~1014 times the largest mass density in the Earth. The author is extremely astonished and fascinated by 

this discovery. It shows that the relativistic mass of the gravitational field is very important to well understand the 

total mass in a galaxy. 
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It is very significant and interesting that the relativistic mass density of the gravitational field of a neutron star 

can be larger than the mass density of the neutron stars.  

 

For a star with the relativistic mass density 𝑑𝑔 =
1

𝑐2

𝑔2

8𝜋𝐺
 of the gravitational field and the mass density of the 

star 𝑑𝑚 = 𝑀/(
4

3
𝜋𝑟3), for 𝑑𝑔 ≥ 𝑑𝑚, there is 

 

 𝐺
𝑀

𝑟
≥ 6𝑐2                                (1) 

or 

          r ≤
1

6

𝐺𝑀

𝑐2                                  (2) 

 

𝑟𝑠 =
2𝐺𝑀

𝑐2   is the Schwarzschild radius. It indicates that, as the radius of a star is less than 
1

12
  times the 

Schwarzschild radius, the relativistic mass density of the gravitational field on the surface of the star is larger than the 

mass density of the star. 

 

    From the energy density, the total relativistic mass of a gravitational field can be known. 

 

As shown in Figure 1A, the energy density U =
𝑔2

8𝜋𝐺
 is determined with the radius r of the star. In the volume 

of dV =
4

3
𝜋[(𝑟 + d𝑟)3 − 𝑟3], because of 𝑔 = G

𝑀

𝑟2, the energy density U =
𝑔2

8𝜋𝐺
 is not uniform. But, as the 𝑑𝑟 

is very little, approximately, the average energy density can be determined with 𝑔 = 𝑔(r) ≈ 𝑔(𝑟 + 𝑑𝑟) . The 

energy density in dV can be treated as uniform. Therefore, in dV, the energy density can be taken approximately as 

U =
𝑔2

8𝜋𝐺
. In this sense, the energy density in the whole field can be described with a line as shown in Figure 2A. The 

energy in dV can be simply written as dE = 𝑑
𝑔2

8𝜋𝐺
𝑑𝑉. Therefore, the total energy in the whole volume V =

4

3
𝜋𝑅3 

is E = ∬ 𝑑
𝑔2

24𝜋𝐺
𝑑𝑉. It is clear, the total energy in V also is E = 𝑈𝑉, where 𝑈 is the average energy density of 

the field in the whole field V. From U =
𝑔2

8𝜋𝐺
 and 𝑔 = G

𝑀

𝑟2, in Supplementary Information 1, it is obtained that the 

average energy density is 

 

 𝑈 =
𝑔2

24𝜋𝐺

𝑟

𝑅
                               (3) 

 

where r is the radius of the star, R is the radius of the gravitational field as shown in Figure 1A. Therefore, from E =

𝑈𝑉 and V =
4

3
𝜋𝑅3, the total energy of the gravitational field of a star is E =

𝑔2

18𝐺
𝑟𝑅2. 
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Figure 1. The energy density of a gravitational field. A. r is the radius of the star. R is the radius 

of the gravitational field. dr is a height above the surface of the star and dr → 0. Therefore, there 

is the 𝑔 = 𝑔(𝑟) ≈ 𝑔(𝑟 + 𝑑𝑟). The energy density in the volume of dV =
4

3
𝜋[(𝑟 + 𝑑𝑟)3 −

𝑟3] can be approximately written as U(dr) =
𝑔2

8𝜋𝐺
. B. The total energy in the volume V =

4

3
𝜋𝑅3 

is larger than that in 𝑉1 =
4

3
𝜋𝑅1

3. 

 

 

 

U =
𝑔2

8𝜋𝐺
  is related with 

1

𝑅4 . Therefore, it is reduced sharply as shown in Figure 2A. For a certain 𝑔 , the 

average energy density 𝑈 =
𝑔2

24𝜋𝐺

𝑟

𝑅
 is a proportional to 

1

𝑅
 as shown in Figure 2B. From Figure 1, it can be clearly 

known that, as R is increased, the energy is correspondently increased. The total energy  E =
𝑔2

18𝐺
𝑟𝑅2  is a 

proportional to 𝑅2 as shown in Figure 2C. The increased rate of the total energy is exponential. 
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18𝐺
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Figure 2. The energy density, average energy density and the total energy of a gravitational field. 

r is the radius of the star. R is the radius of the field. A. The energy density. In the case of 𝑔 = 𝑔(𝑟) ≈

𝑔(𝑟 + 𝑑𝑟) , in the volume dV =
4

3
𝜋[(𝑟 + 𝑑𝑟)3 − 𝑟3] , the gravitational field can be treated as a 

uniform field. The energy density can be expressed as U =
𝑔2

8𝜋𝐺
. B. The average energy density. As 

∆r is large, 𝑔(𝑟) > 𝑔(𝑟 + ∆𝑟), in the volume of ∆V =
4

3
𝜋[(𝑟 + ∆𝑟)3 − 𝑟3], the gravitational field 

cannot be treated as a uniform one, the average energy density 𝑈 =
𝑔2

24𝜋𝐺

𝑟

𝑅
 can be obtained from U =

𝑔2

8𝜋𝐺
. C. The total energy. The total energy is the sum of the energy in the whole gravitational field. The 

volume of the gravitational field is determined with V =
4

3
𝜋𝑅3 . Therefore, the total energy is a 

proportional to 𝑅3. Because the average energy density 𝑈 =
𝑔2

24𝜋𝐺

𝑟

𝑅
 is a proportional to 1/R, thus, the 

total energy is at last a proportional to 𝑅2 

 

 

 

Now, it is believed that, the radius of a gravitational field is infinite. Therefore, in current theory, the relativistic 

mass of any gravitational field should be infinite large. However, that is not true. 

 

It is noted that, the energy density, U =
𝑔2

8𝜋𝐺
 , of a gravitational field is determined with the gravitational 

acceleration 𝑔 of the field. Thus, as the action of a gravitational field on another ones is not 𝑔, the boundary of the 

gravitational field can be defined. From Newtonian orbital perturbation theory, we know, out of the Hill radius, the 

gravitational acceleration of a celestial body on others is not g = G
𝑀

𝑅2 .[7,8,9] Therefore, the total energy of a 
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gravitational field could be written as 

 

E =
𝑔2

18𝐺
𝑟𝑅𝐻

2                                 (4) 

    

Where 𝑅𝐻 is the Hill radius of the star or planet. 

 

It is noted that, Equation (4) only is valid to describe a special case of the energy of a gravitational field, i.e., the 

total energy of the gravitational field inside the Hill sphere of the field. Therefore, the energy of the field out of the 

Hill sphere need be further studied elsewhere. 

 

From Equation (4) we know, the total relativistic mass 𝑚𝑓𝑖𝑒𝑙𝑑  of a gravitational field is: 

 

𝑚𝑓𝑖𝑒𝑙𝑑 =
1

𝑐2

𝑔2

18𝐺
𝑟𝑅𝐻

2                                (5) 

 

From Equation (5), the relativistic mass of the field of the Sun, Earth and Neptune it is calculated as shown in 

the Table 1. 

 

 

Table 1: The relativistic mass of gravitational fields in the solar system 

 Sun  Earth  Neptune  

mfield (kg) 4.30× 1037 1.28× 1019 8.03 × 1024 

M (kg) 1.989× 1030 5.97× 1024 1.02× 1026 

mfield/M 2.16× 107 2.14× 10−6 7.87 × 10−2 

RH 1 light year 1.5 × 109𝑚 5.4 × 1011𝑚 

𝑔 (m/s2) 273.20 9.80 11.15 

 

 

 

It is noted that, the Hill radius of the Sun has not been known. Here, for the Sun, the 𝑅𝐻 is taken as the distance 

between the Sun and the Oort Cloud which now is thought to be the boundary of the Sun's gravitational influence.[10] 
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But, it is clear, the distance for the action of the Sun on other body with g = G
𝑀

𝑅2 is larger than that on the Oort 

cloud. So, the relativistic mass of the field of the Sun is larger than 4.3 × 1037kg. 

 

The Table 1 shows: 1) the relativistic mass of the gravitational field of a celestial body could be larger or less 

than the mass of the body. 2) the relativistic mass of the gravitational field of the solar system is 107 times the total 

mass of the Sun and the planets in the system for that the mass of the Sun is larger than 90% of total mass of the 

bodies and gas in the solar system. 

 

From Equation (5) we know, for the stars with the same mass, the relativistic mass of the gravitational fields is 

related with the mass density of the stars. From M = ρv, where ρ and v =
4

3
𝜋𝑟3 are the density and volume of 

the star, and from 𝑚𝑓𝑖𝑒𝑙𝑑 =
1

𝑐2

𝑔2

18𝐺
𝑟𝑅𝐻

2   and 𝑔 = G
𝑀

𝑟2 , the relationship between the relativistic mass of the 

gravitational field and the density ρ of the star can be expressed as 

 

𝑚𝑓𝑖𝑒𝑙𝑑 =
1

𝑐2

2𝜋2G

81
𝑟3𝑅2𝜌2                              (6) 

 

For the stars with different mass density and with the mass of 1 Sun and the gravitational boundary of R=1 light 

year, the relativistic masses of the gravitational fields of them are shown in the Table 2: 

 

 

Table 2. The density of the stars and the relativistic mass of the fields 

 Red giant star[11] Sun White dwarf star[12] Neutron star[3,4] 

ρ(103kg/m3) 10-2 1.4 106 4.75× 1014 

r(m) 3.62× 1010 6.96× 108 7.81× 107 1.00× 104 

𝑔(m/s2) 1.01× 10−1 2.73× 102 2.19× 104 1.33× 1012 

mfield(kg) 3.06× 1032 4.30× 1037 3.10× 1040 1.47× 1052 

mfield/M 1.54× 102 2.16× 107 1.55× 1010 7.39× 1021 

 

 

From Table 2, we have Figure 3 
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Figure 3. The density of the stars and the relativistic mas of the field of them. The red giant star, Sun, 

white dwarf star and neutron star are with the mass of 1 Sun and the radius of the gravitational field is R=1 

light year. The density of the neutron star is almost 1016 times that of the red giant star while the relativistic 

mass of the field of neutron star is almost 1020 times that of the red giant star. 

 

 

 

Table 2 and Figure 3 is helpful to estimate the total relativistic mass of the gravitational fields in a galaxy. 

 

The Sgr A* of the central of the Milky Way is with the mass of 4 × 106 times that of the Sun and the radius 

of 2.2 × 1010m.[13] The gravitational acceleration on the surface of the Sgr A* is 𝑔 = 1.1 × 106m/𝑠2. The 

gravitational boundary of the Sgr A* is almost 105 light year. From Equation (2), it can be calculated that the 

relativistic mass of the field of Sgr A* is 𝑚𝑆𝑔𝑟𝐴𝑓𝑖𝑒𝑙𝑑 = 7.01 × 1055kg and 𝑚𝑆𝑔𝑟𝐴𝑓𝑖𝑒𝑙𝑑/𝑀𝑆𝑔𝑟𝐴 ≈ 8.81 × 1018. 

There are almost 5.8 × 1011 stars in the Milky Way. The Table 2 shows, the relativistic mass of the neutron star is 

almost 1021 times the Sun. But, up to now only ∼2 × 103 neutron star have been observed.[14] Therefore, the 

relativistic mass of the field of the Sgr A* is larger than the sum of both the masses of the observed red giant stars, 

white dwarf stars and neutron stars and their fields in the Milky Way.  

 

Table 2 and Figure 3 and 𝑚𝑆𝑔𝑟𝐴𝑓𝑖𝑒𝑙𝑑/𝑀𝑆𝑔𝑟𝐴 ≈ 8.81 × 1018 should indicate that, in a galaxy, the total mass 

of the celestial bodies and gas is much less than the total relativistic mass of the gravitational fields in the same galaxy. 
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Discussions and conclusions 

 

The energy density of the gravitational field on the surface of a star was presented early in 1950.[2] The energy 

density of the gravitational field of a star is not uniform. Instead, it is varied with 
1

𝑅4  as shown in Figure 2A. 

Therefore, the average energy density of the field is needed to obtain the sum of the total energy in the whole volume 

of the field. But, the average energy density has not been known till know. In this work, the average energy density 

of the gravitational field is first studied. 

 

   From the average energy density of a gravitational field, in this work, the total energy of a whole gravitational 

field is first calculated. It is noted that the formula E =
1

2

𝐺𝑀2

𝑅
 [1,2,15] is only the energy in the field of dr → 0 

above the surface of the star. In the case, the average energy density in the sphere can be expressed as U =
𝑔2

8𝜋𝐺
, 

where 𝑔 = 𝑔(𝑟)  as discussed in the Figure 1. And, it is known that the energy E =
3

5

𝐺𝑀2

𝑅
 [16,17] is the 

gravitational self-attracted energy which makes the neutrons degenerated to form the neutron star. Therefore, E =

1

2

𝐺𝑀2

𝑅
 or E =

3

5

𝐺𝑀2

𝑅
 is not suitable to calculate the total energy of one whole gravitational field. If it should be valid 

for the total energy of the whole gravitational field, the total energy in a whole field should be less than the part energy 

in the part field. For example, in the Figure 1B, if E =
1

2

𝐺𝑀2

𝑅
 should be valid, there is 𝐸𝑅 =

1

2

𝐺𝑀2

𝑅
<𝐸𝑅1 =

1

2

𝐺𝑀2

𝑅1
. 

That is clearly not true. 

 

The observed strongest magnetic field is with the magnetic flux density of B ≈ 7 × 109T.[18,19,20] From 

the energy density of the magnetic field U =
𝐵2

2𝜇0
, it is known that the relativistic mass density of this magnetic field 

is 𝑑𝑚 =
1

𝑐2

𝐵2

2𝜇0
≈ 2.17 × 108𝑘𝑔𝑚−3. Usually, the radius of the neutron star is ~104m and the “radius” of the 

magnetic field of a star is about 10 times the radius of the star. From V =
4

3
𝜋𝑅3, we know, as the “radius” of the 

magnetic field is R = 1 × 105m, there is V =
4

3
𝜋 × 1015𝑚3. Thus, the relativistic mass of the magnetic field of 

the neutron star could be 𝑚𝑚𝑎𝑔𝑛𝑒𝑡𝑖𝑐𝑓𝑖𝑒𝑙𝑑 = 9.1 × 1023𝑘𝑔 which is ~
1

10
 times the mass of the Earth. However, 

it is noted that this is a very rough estimation: 1) the magnetic field is not uniform. B ≈ 7 × 109T is not suitable 

for the whole magnetic field. 2) the volume of the magnetic field has not been accurately known. But, this estimation 

can imply that the relativistic mass of the magnetic field of a neutron star could be larger than the mass of the star. 

 

Therefore, the two natures: 1) the relativistic mass density of field is very large and 2) the relativistic mass of the 

field can be larger than the mass of the star, are not unique to the super strong gravitational field, but is common to 
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the super strong magnetic field. Because the gravitational field is full of all the space while the magnetic field only 

exist in the part space, and, the relativistic mass density and the total relativistic mass of the gravitational field of the 

neutron star is much larger than that of the strongest magnetic field, the gravitational field is more fundamental to the 

mass of a galaxy. 

 

It is well known by almost every physicist that, according to E = m𝑐2, a field is with a relativistic mass. But, 

it is the first time that the relativistic mass of the gravitational and magnetic fields is calculated in this work. The result 

is extremely astonishing and fascinating: The relativistic mass of the gravitational or magnetic field of a star can be 

much larger than the mass of the star. 

 

This result shows a new frame to understand the total mass of a galaxy. It indicates that, in a galaxy, the total 

mass of the bodies and gas is very little. Now, the total mass of the Milky Way is estimated to be 5.8 × 1011 times that 

of the Sun.[21] From Table 2 and Figure 3, it is shown that the relativistic mass of the gravitational field of a neutron 

star could be 7.39 × 1021 times the mass of the Sun. It is much larger than the total mass of the stars and gas in 

the Milky Way. Although it is astonishing, it is understandable. It is easy to know that the mass density in the Milky 

Way is only 𝐷𝑀𝑌 = 2.5 × 10−17𝑘𝑔/𝑚3 as the total mass in the Milky way is taken as 5.8 × 1011times the 

Sun and the radius of the Milky Way is 5 × 104  light year. While the average relativistic mass density of the 

gravitational field of the neutron star is 𝐷𝑛
̅̅̅̅ =

1

𝑐2

𝑔2

24𝜋𝐺

𝑟

𝑅
= 4.13 × 104𝑘𝑔/𝑚3. This is a very large density. It is 

larger than the largest mass density in the Earth which is 2.259 × 104𝑘𝑔/𝑚3  of the osmium. But, it was 

discovered, the relativistic mass density of the gravitational field on the surface of a neutron star is approximately 

𝑑𝑔𝑛 =
1

𝑐2

𝑔2

8𝜋𝐺
≈ 2.65 × 1016~5.87 × 1018𝑘𝑔𝑚−3 which can be larger than the mass density of the neutron 

stars. So, although the average relativistic mass density of the gravitational field of the neutron star is so large that is 

far beyond expectation, it is possible. 

 

A new frame is needed to understand both that the relativistic mass density of the gravitational field on the 

surface of a neutron star can be larger than the mass density of the star and that relativistic mass of the gravitational 

field of a star is much larger than the mass of the star. 

 

In the new frame, the main mass in a galaxy should be the relativistic mass of the gravitational field. As we 

consider the mass of a galaxy or the whole universe, not only the mass of the bodies and gas is important but also the 
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relativistic mass of the field is significant.  

 

The two problems are very interesting and important: 

 

1) For body (including star and planet) and gravitational field, which one is the premise? It is usually thought 

that a gravitational field is emitted by a body. But, now, it is known that the relativistic mass of the 

gravitational field of a body is much larger than the mass of the body. Why a body can emit a field with the 

mass that is much larger than the mass of the body? 

2) What is the mechanism that can make the matter with the relativistic mass density larger than the mass 

density of the neutron star a field? 
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Supplementary Information 1 

The average energy density of a gravitational field 

 

From Figure 1 and the energy density of U =
𝑔2

8𝜋𝐺
 and 𝑔 = G

𝑀

𝑟2, the average energy density of the field can be 

obtained from 𝑈 =
∫

𝐺𝑀2

8𝜋𝑟4
𝑅

𝑟

𝑅−𝑟
 . As shown in Figure 1, r and R are the radius of the star and the field respectively. 

Therefore, there are three kinds of the average energy density of the field: 

 

First, as discussed in the Figures 1 and 2, as dr → 0 , R = r + dr ≈ r , 𝑔 = 𝑔(𝑟) ≈ 𝑔(𝑟 + 𝑑𝑟) , in the 

volume dV =
4

3
𝜋[(𝑟 + 𝑑𝑟)3 − 𝑟3], the gravitational field can be treated as a uniform field. The average energy 

density can be approximately expressed as  

 

 𝑈 =
𝑔2

8𝜋𝐺
                                (s1) 

 

Second, as 𝑅 − 𝑟 need be considered, from 𝑈 =
∫

𝐺𝑀2

8𝜋𝑟4
𝑅

𝑟

𝑅−𝑟
, there is  

 

𝑈 = −
1

3

𝐺𝑀2

8𝜋𝑅3−
𝐺𝑀2

8𝜋𝑟3

𝑅−𝑟
                           (s2) 

 

From Figure 1 we know, Equation (s2) is the average energy density of the field in the shell of V(R) =
4

3
𝜋(𝑅3 −

𝑟3). 

 

Third, as R is very large relative to r, 𝑅 − 𝑟 ≈ 𝑅 and 
𝐺𝑀2

8𝜋𝑅3 is very little relative to 
𝐺𝑀2

8𝜋𝑟3. Thus, there is 
𝐺𝑀2

8𝜋𝑅3 −

𝐺𝑀2

8𝜋𝑟3 ≈ −
𝐺𝑀2

8𝜋𝑟3. Therefore, (s2) approximately is 𝑈 =
1

3

𝐺𝑀2

8𝜋𝑟3𝑅
. Let 𝑔2 = 𝐺2 𝑀2

𝑟4 , it can be rewritten as 

 

𝑈 =
𝑔2

24𝜋𝐺

𝑟

𝑅
                             (s3) 
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