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Abstract: In this study, a cholera infection model with the bilinear infection rate is developed by
considering the perturbation of the infection rate by the mean-reverting process. First of all, we
give the existence of a globally unique positive solution for a stochastic system at arbitrary initial
value. On this basis, the sufficient condition for the model to have an ergodic stationary distribution
is given by constructing proper Lyapunov functions and tight sets. This indicates in a biological
sense the long-term persistence of cholera infection. Furthermore, after transforming the stochastic
model to an relevant linearised system, an accurate expression for the probability density function of
the stochastic model around a quasi-endemic equilibrium is derived. Subsequently, the sufficient
condition to make the disease extinct is also derived. Eventually, the theoretical findings are shown
by numerical simulations. Numerical simulations show that the impact of regression speed and
fluctuation intensity on stochastic systems.
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1. Introduction

Infectious diseases have always been an important issue in the field of global public health, with
far-reaching impacts on the health of human societies, social order and economic stability. WHO
has been actively promoting in-depth research on infectious diseases, with the aim of understanding
the mechanisms of their occurrence, transmission and control, so as to provide a scientific basis for
global health security [1-3]. Infectious diseases are diseases caused by pathogens that spread among
populations, including viruses, bacteria, parasites, fungi, or other pathogens. These pathogens can
be transmitted through different routes, such as airborne droplets, bloodborne, food and waterborne,
making the control and prevention of infectious diseases extremely complex. One of the typical
diseases transmitted from water sources is cholera [4].

Cholera is an infectious disease brought on by infection with the bacterium Vibrio cholerae
[5]. Typical symptoms of Vibrio cholerae infection: after infection, it usually leads to the damage
of autoimmune cells, which may cause the patient to have moderate or high fever, and if it is more
serious, it may lead to coma or shock. Cholera can be transmitted by a variety of means, including
waterborne, foodborne, contact and mosquito transmission [6]. Moreover, cholera patients and carriers
are usually the major transmission source. This article combines the randomness of infectious diseases
and focuses on the study of human to human contact transmission.

The spread of infectious diseases is a complex process that is influenced by various factors,
such as population density, population mobility, pathogen characteristics, etc. Mathematical models
can take these factors into account and describe the dynamics of infectious disease transmission
by establishing a series of equations [7]. By solving and simulating these equations, scientists can
better understand the laws of infectious disease transmission and develop more effective prevention
and control strategies[8-13]. For instance, Wang et al.[14] proposed a model for spreading cholera
epidemics with chronological age and infection age structures. Jiang et al.[15] constructed a diffusion
cholera model with non-flux boundary conditions for seasonally forced endowment latency and
bacterial hyperinfectivity.

© 2024 by the author(s). Distributed under a Creative Commons CC BY license.
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In [16], Tilahun et al. researched a deterministic SITRS mathematical model for cholera by
considering the direct contact transmission route as follows:

ds
S =A+PR-ES IS,
dI

1)
dT
1 =0l —(C+v+3)T,

dR
a =T - ({+p)R.

where S, I, T and R stand for susceptible, infected, treated and recovered populations, respectively. A
is susceptible to this recruitment rate, f is the rate of contact between vulnerable and infected persons,
p is the rate of immune loss among recovered individuals, ¢ is the natural lethality rate, d is the disease
lethality among infected persons, ¢ is the treatment rate among infected individuals, v is the rate of
recovery among treated individuals, and g is the disease lethality among treated individuals.

There are several conclusions for model (1) as follows:

(1) The number of basic regeneration is Ry = KR EraE

(2) The disease-free equilibrium point Eg = (Sy, In, To, Ro) = (?, 0,0,0) of the system is global
asymptotically stable for Ry < 1. The endemic equilibrium point E* = (S*, I*, T*, R*) of the system is
local asymptotically stable for Ry > 1, where

P o ctp
o oEHp(pA-EErdto)
PEHPE+r+8)(C+d+0)—popy

Additionally, the presence of random noise in ecosystems can also have an impact on population

systems. Therefore random infectious models with environmental noise can more accurately reflect
actual phenomena compared with traditional deterministic infectious disease models [17-21]. To
simulate the influence of random noise on contact rate 8, two techniques have been described by Zhang
et al. [22]. One way is to use Gaussian white noise to interfere with parameter 8. Another approach is
to use the Ornstein-Uhlenbeck process of mean-reverting process to interfere with parameter g.

(1) In the first case,

B(t) = B+ 0dB(t).

B(t) is denoted as standard Brownian movement, 6 is the intensity of white noise. Integrating the
above equation and dividing by t which gives

92
t

t
L[ et =p+0P s )
This indicates that when t approaches 0, Var[(t)] will reach infinity, meaning that § fluctuates greatly.
This has resulted in very unreasonable results. In [23], Allen’s research shows that compared to
linear functions with white Gaussian noise, the mean-reverting process is better able to demonstrate
environmental diversity.
In the second case,

dp(t) = k(p — B(t))dt + 6dB(t), )
which k, 6 is normal number. k is the regression speed, 6 is the fluctuation intensity. For the above

equation, let m(t) = B(t) — B to get

dm(t) = —km(t)dt + 0dB(t).
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By calculation, it is possible to obtain E[m(t)] = mge™*, Var[m(t)] = %(1 — e~ 2kt) where mg := m(0).
Unlike white noise, as t — 0, Var[B(t)] tends towards 0. However, it is easy to get that m(t) being
ergodic, weakly converges to an invariant density

é(x)—ﬁe , (x eR).

Using the ergodic theorem in [24], we get

t +00
lim %/0 |m(5)|d6:/oo 1x|C () dx = —2 3)

t—o00 — ﬁ

(2) For sufficiently short time periods, the correlation coefficient of the mean-reverting process
isp(Y(t),Y(t+ At)) =1 — o(At), the correlation coefficient of white Gaussian noise is p(Y(t), Y(f +
At)) = 0.

(3) Also, since there are many interacting variables in the environment that affect the infectious
disease system, and these variables are continuously changing. The fact that the Ornstein-Uhlenbeck
process is continuous, as opposed to white Gaussian noise, makes the model more realistic and
interpretable, and more reflective of the continuum of infectious diseases.

Prior to this, some scholars have used a mean-reverting process to study the kinetic behaviour of
some infectious diseases [25-28]. For example, Liu[29] developed and analysed a stochastic model
with two types of competitive prey and a mean-reverting process to better understand population
dynamics. Zhang et al.[30] investigated a reaction-diffusion model of hepatitis B virus (HBV) infection
incorporating a mean-reverting process.

Combining with the (1) and (2), the stochastic model is shown below:

%:A+pR—§S—([3+m)IS,
% =(B+m)IS—(E+d+o)l,

ar (4)

dR
aF =T - ({+p)R,

dm = — kmdt + 6dB(t).

Throughout this paper, we set (Q), {F; }+>0,P) to be a complete probability space whose filtration
{F;}4>0 fulfils the usual conditions ( it is right-continuous and F includes all P-null sets).

The rest of the paper is organised as described below. Section 2 gives the uniqueness and the
existence of the global positive solution for the system (4). The sufficient condition for the existence of
an ergodic stationary distribution for the system (4) when the disease persists is given in Section 3.
With the help of resolving the associated five-dimensional Fokker-Planck equation, Section 4 derives
an explicit expression for the density function of the stationary distribution. Section 5 derives the
sufficient condition for disease extinction. Section 6 illustrates our theoretical results by means of
several numerical simulations and investigates the effects of the regression speed and the strength of
the fluctuation on the system (4).

2. Existence and Uniqueness of the Global Solution

To analyse the dynamical behaviour of the infectious disease system, it is necessary to determine
whether the solution is global.
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Theorem 1. For any initial value(S(0),1(0), T(0), R(0),m(0)) € RY x R, on t > 0, there does exist a
unique solution (S(t),I(t), T(t), R(t), m(t)) to system (4) which stays with probability 1 in R: x R.

Proof of Theorem 1. It follows from the local Lipschitz continuity of the coefficients of model (4)
that there has a unique local solution (S(t), I(t), T(t), R(t), m(t)) € R4 x Ront € [0,7,), where T,
represents the explosion time[31].

In the following we prove that the solution is global with the help of 7, = o a.s.. In order to
ensure that $(0), 1(0), T(0), R(0) and ¢™©) are all within [%, ap], we make ay > 0 sufficiently large. For
each integer a > ag, defining the stopping time by

7, = inf{t € [0,7,) : min{S(¢), I(t), T(£), R(t),e" D} < %ormax{S(t),I(t),T(t),R(t),em(t)} > a}

Here @ is the empty set and we define inf@® = oo. 7, is monotonically increasing as a — oo. Here
we assume T, Which satisfies 7o, = lim 7; as well as 7o < Ty a.s.. Ont > 0, T, = o0 a.s. and
a—o0o

(S(t),I(t), T(t),R(t), m(t)) € R* x R a.s. hold because the condition T, = o0 a.s. satisfies.

On the contrary, there are constants 1 > 0 and ¢ € (0,1) that make P{7 < h} > ¢ a.s. hold.
Therefore, suppose that an integer a; > ag makes P{7, < h} > ¢ a.s., Va > ay. Construct the following
function:

4
Hy(S,I,T,R,m) = (S—l—lnS)+(I—1—1nI)+(T—1—lnT)+(R—1—lnR)+mT.

Clearly, this function is non negative. For Va > ag and Vh > 0, let H; use Itd’s formula, which yields
dH(S,I,T,R,m) = LH;dt + m>6dB(t). (5)
From equations 1 to 4 of the system (4), we get

dA(S+I1+T+R)=[A—E&S+I1+T+R)—dT —gT]dt
<[A—E&(S+1+T+R)dt,

S(t) +I(t) + T(t) +R(t) <

|

Next, using the Itd’s formula, the following conclusions can be drawn

LHy =(1— g)[A+ pR — &5 — (+m)IS] + (1 = DI(B+m)IS —(E-+d+0)1] + (1- 1)
o] — (& + 9+ ¢)T] +(1—%)m— @+ p)R| —km4+;92m2—km4+;92m2
B e (rmI - (BmS+ @ Hd+0) - T4 @hr+g) - T+ @ +p)

§A+4C+d+¢7+7+g+p+(/3+m)1—m5—km4+§62m2

A 3 A
§A+ﬁg+4C+d+a+'y+g+p+su1ﬂz(—km4+592m2+2|m|3)
me

<cj.

Here c; is a normal number. Replacing the above inequality with (5) and performing the calculation,
we get
dH;(S,1,T,R,m) < c;dt + m30dB(t).
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The expectation while integrating from 0 to 7; A h yields
E[H(S(ta Ah), I(ta A1), T(ta A1), R(Ta A1), m(Ta A))]

<H1((5(0), 1(0), T(0), R(0),m(0)) + c1E[(7a A h)]
<H4((5(0), 1(0), T(0), R(0), m(0)) + 11
Let O, = { < h} for a > a;, then we get P(Q,) > §, (5 € (0,1). For every r € Q,

S(ta, 1), I(ta,7), T(Ta, 1), R(T4,7) and e™ m(tat) are either equal to a or = Therefore,

H1((5(0), 1(0), T(0), R(0),m(0)) + c1h
>E[1q,H1(S(ta Ah), I(ta A1), T(ta A1), R(Ta A1), m(Ta A D))
>6[(a—1—1na) A (% —1—Ina)A i(lna)zl],
where 1q (, is the indicator function of (3;. As a — oo, the above equation fulfils
co > Hi(5(0),1(0),T(0),R(0),m(0)) + c1h = oo,
which creates a conflict. This finishes the proof. [

Remark 1. It follows from Theorem 1 that there exists a unique global solution (S(t), I(t), T(t), R(t), m(t)) €
R% x R. Consequently
d(S+I+T+R)<[A—E&S+I+T+R)dt

and

S(8) + I(H) + T(H) + R(t) < ? +eE1(8(0) + 1(0) + T(0) + R(0) — ?).
IfS(0) +1(0) + T(0) + R(0) < %, then S(t) + I(t) + T(t) + R(t) < % a.s.. As a result, we always assume

thatT = {(S,I,T,R,m) € ]R‘l+ XR:0<S54I1+T+R< ?} is the invariant set.

3. Stationary Distribution

When studying stochastic models, the stationary distribution is an essential instrument for
studying disease persistence. This section derives the sufficient condition for the existence of a
stationary distribution. Next, we give a related lemma.

Lemma 1. [32] In R?, define a temporally homogeneous Markov process F(t) whose characteristics satisfy a
stochastic differential equation:

dF(t) = g(F(t))dt + Zcpn t))dBy(t).

Assume that (F), ¢1(F), - -, ¢n(F)(t > to, F € R?) are continuous.
(1) The presence of an v > 0 results in

k
[W(R) = $(B)[+ X [¢n(F) = ¢u(R)| < rlFy = Bl [$(F)| + Z [¢n(F)] < r(1+ |F]).
n=1
(2) In R ,a non-negative C?-function H(x) fulfills that LH(F) < —1 outside some compact set. F(t) is a
stationary Markov process when conditions (1) and (2) are satisfied.

Theorem 2. If RS = Ro > 1 holds, system (4) exists a stationary distribution 7t(-).

_ Al
VkE (E+d+0)
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Proof of Theorem 2. Define the following function:
P PP Pry
=1 P
SR R (el
Applying Itd’s formula to the above equation, it can be concluded that
A6 B pyo
d — d
A9 AB A pyo
= d — =+ — — d
mﬁ(“ +0) =+ gl )+ G )~
A 0 B pyo
— d 5 — = (|m| — E d ,
(@ a+o)(RE—1)+ F(ml = o)+ £lE+d+0) g T
L(—lnS):—?—%—l—C#-ﬁH—ml
A A
§—§+ﬁl+§+|TH|zr
L(—lnT):—%I+(€+’y+g),
L(~nR) = -2+ (¢ +p)
A _A—@(S—i—l—l—T—i—R)—dI—gT dl
H ln(é‘ STI=T=R= 4-5-1-T-R =6 £4-S-1-T-R
Denote )
H(S,I,T,R,m):—ZHz—lnS—lnT—lnR—ln(?—S—I—T—R)+,
and
2 92
_4§+7+g+p+2§2k

where Z is a constant greater than 0 and sufficiently large and satisfies the following inequality:
~Z(E+d+0)(R§—1)+B < -2

H(S,1I,T,R,m) has the least value H(Sy, Iy, To, Ro,mg) because H(S,I,T,R,m) — +oo with
(S,1,T,R,m) close to the boundary of I'. From this, assume the following non-negative function:

H(S, I, T,R,m) = H(S, I, T, R,m) — H(So, 10, To,Ro,Wl()).

Applying Itd’s formula, one obtains

LH < =2 +d+0) (R 1) + 2 (] = =) + 2 +d+0) = s
—‘;‘+ﬁ1+¢+‘§|m\ L err+9- Tt Gep)+i- C_S_dII_T_R—kmuG;
(§+d+a)(R0—1)+4§+7+g+s+2?22k+92+ﬁ1—‘2—‘;I—7RT
_2—S—?—T—R+Z§Kg+w+ﬂ_C@+ﬁ§?;7+9]_k?é+i?U|_v%y
ZA 0

=Q(S,I,T,R,m) + —(|m| —

g
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2 2
QS LT, Rm) = —Z(E+d+0) (RS —1) +4i+ 7+ g+e+ 2+ & 4 ZP1e v a4 0)

28%k 2 ¢
pyo A ol AT dl

_C(C+p)(6+7+g)”+ﬁ1_f_T_?_ A_S_I-T—R

The closed subset of U, is then defined as follows:

A 1
Uy ={(S,T,R,m) €T|S>ua,l>aT>a*>R>a’,S+I+T+R< E—tx2,|m| <-}

In order for the following inequality to hold, make « sufficiently small.

ot Pl d o pyo _
2+Z<’§[(§+ ) <’§(r’§+P)(r;’+“rﬂLg)]aJrﬁ'XS b
o APl o) pyo A pA_A_
2 e ) e G T e T e a s
o ZPrErdy o) Pro A BA o _
2 ) T e T e a ST
P raro - Pre A BA v _
2t ) o e T e e ST
ot PrE i dt o) pyo A BA _d_
S L Ty L S
ot P dt o) pyo A BA k.
SR R Ty L S T B
Partition the complement of U, into the following 6 subsets:
U, ={(S,L,T,R,m) €T|I < a},
Us, ={(S,I,T,R,m) €T|S < a},
US; ={(S,LT,Rm) €T|I >aT<a’},
us, ={(S,I,T,R,m) €T|T >a* R <a’},
U§,5:{(S,I,T,R,m)€F|12a,S+I+T—!—R>?—zx2},
Usg = {(5,1,T,R,m) €T|I > am| > ).
From this we arrive at the following results.
Casel. (S,I,T,R,m) € U{ra, then
B B _ pPyo _
Q(S, I, T,R,m) < 2+Z€[(§+d+a) §(€+p)(g+ly+g)]a+,8a§ 1.
Case2. (S,I,T,R,m) € us ., then
o 7Prerato - pro A _pA_A
QLT Rm < =24 2@t d+0) s erv+g e T ¢ @
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Case3. (5,1, T,R,m) € ug,zx’ then

B pyo A BA ¢
S 24+ zPEvdro) - S el A
Q(S,I,T,R,m) < 2+ZC[(§+ +0) C(C+p)(§+'y+g)]§+ z o<1
Case4. (S,I,T,R,m) € Uia,then
e Bl rdre) P9 A BA
Q(S,I, T,R,m) < 2+Zg[(<§+ +0) C(§+P)(§+7+3)}5+ =y S
Case5. (S,I,T,R,m) € Ugla, then
ot PrE i dt o) — pyo A pA _d_
Q(S,I, T,R,m) < 2+ZC[(§+ +0) C(€+p)(g+7+g)]g+ : L <1
Case 6. (S,I,T,R,m) € Ug . then
pyo A BA &k

ErnGirig e ¢ mst

Q(S,1,T,R,m) < —2+Z'§[(§+d+0) -
Based on the six cases shown above, there is
Q(S,I,T,R,m) < -1, V(S,I,T,R,m) e T\U,.
Furthermore, assuming c; > 0, then
Q(S,ILT,R,m) <cy < +oo, V(S I,T,R,m)eT.

For the sake of writing, we denote J(t) = (5(t), I(t), T(t), R(t), m(t)). For the arbitrary initial value
J(0) € T, we can have

o <EHUW) _ EHOO) 1 [ L)

t

SV [El0u@)ias 28 [ Elno)] - .

Combining (3) with the infimum bound of the above inequality gives

0<limintt [ E[Q((5))]ds

—00 t Jo
S 1
= liminf [ E[QU(O)g(5cu,1dé + lim inf 5 [ EIQUO)gi5eru, 10

t—o0
1 rt 1 t
on Tim inf L Tyt
_cztll}rgmft/() P{J(d) € Uy }dd tlg&mft/o P{J(6) € T'\U,}do
t
<1+ (c2+1) lim inf%/ P{](5) € U, }do,
—00 0

where 1¢;(5)cq,y and 1¢j(s)er\u, y are the indicator functions of the set {J(d) € Uy} and {J(0) € I'\Ux }-

This suggests that
1/t 1
Y > _ '
tlgglomft OP{I((S)eu“}d&_cz—i—l >0
Therefore,
1/t 1
im inf — > .
tlglc:lomf F s P{s,](0), Uy }do > 51 VJ(0) eT
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Based on the above inequality and the invariant set I', the existence of an invariant probability
measure on I' can be proved using the result in [33]. This suggests that when the illness persists the
system (4) has a stationary distributiononI'. O

4. Density Function

This section presents an explicit representation of the density function of a stationary distribution.

If Rg > 1 holds, there lies a quasi-endemic equilibrium E* = (S*,I*,T*, R*, m*) satisfying the
following equations:

A+eR*—(¢S* — BI*S* —mI*S* =0,

BI*S* +mI*S* — (+d+o)[* =0,

ol = (C+7y+8)T =0,

1T = +Pp)R* =0,

—km* = 0.

Letx; =S —S*x=1—1",x3=T —T*,x4 = R— R*, x5 = m — m* to obtain the linearized system
1 Y

dxy =(—a11%1 — appx2 + a14%x4 — a15xs)dt,

dxy =(a21x1 + a15xs)dt,

dxz =(azpxy — azzxs)dt, (6)
dxy =(ag3x3 — agaxy)dt,

dxs = — assxsdt + 6dB(t).
where

ay = BI" + ¢ a1 = BS", ms = p,ars = I'S",ay = Bl a3 = 0,433 =+ 7 + g,
Ag3 =y, 044 = G + p,as5 = k.

Theorem 3. If RS > 1, the solution (x1,x2, X3, x4, X5) of the system (6) satisfies the normal probability density
function ®(x1, X2, X3, X4, X5), which has the following form:

®(x1, 32, 33, %4, %5) = (271) F|Z| T Rlmmam T s )

where
Y = (m15a50102) 202 (Y]aJ3Jo 1) 21 [(Y]aJ3)21) )7,
and
00 0 01 1 0 0 0 O
1 0 0 0O 01 0 0 O
= 01 000 |, L= 0110 01,
0 01 0O 00 0 10
00010 00 0 01
1 0 0 0 O 1 00 0 O
01 0 0O 01 0 0 O
=00 1 00|, u=l001 0 of,
0 0 % 1 0 000 1T O
00 0 01 000 & 1
where

w1 = —an1 +ap +ay, wy= —aj;+day +4as3,
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—ai5a3nqiwy  —bangiw; h3 hy hs

0 anqiwy P2 (g + g3 — ar) hy hy
Y = 0 0 ﬂszjillwz 7 (qz + 43) ﬂ14ﬂ32Q1 4 q ,
0 0 0 q1 qz
0 0 0 0 1
where
agz(—apsazmags 4+ wiwy(—ass + ag + wy)) AWy — 414432043
q1 = 2 g2 = — ’
wlwz w1
_ _ (33Wiw) + (14037043
& wi1wr ’
114032 114032043 a14a32q1W32 | 1443291
I = 1302+ 45) + qua + G 2 = Ty = g3 TSR 4 BRI (04, 4 g5),
A1903001W w
hz = —apazqiws — M(q +q3 —ap) + 22 2h1,
a14azpa
hy = —a14a32a43q1 — 14743!11(‘12 +q3 —an2) + g3 + q1ha,
a1aa w 44

hs = ay4azpq1ws + %ﬂhz(qz +4g3 —a) + 32h + goho,

a0 ji3 0 jis
0 -3 0 —ji5 O
i=| hs 0 ji5 0 Jss |,
0 —jis 0 —j5 O
s 0 jss 0 s

where

~

] = ka(kiko — k3) — ky(kiks — ks), ] = (kiko — k3) (ksks — koks) — (kiks — ks)?,

_ ko(ksky —koks) — ka(kiky —ks) . kskg—koks . kiky —ks
Jin = b ,J13 = T /J15 = Y
] ] ]
jas = _M j55 = L
35 T 55 2]’

by = ay1 + a3 + ag, by = a12a21 + a33044 + a11(a33 + a44), b3 = a11033044 + a12a21(a33 + asa),
by = 112021033044 — 0140210372043, k1 = as5 + by, ko = assby + by, k3 = assby + bs,

ky = assbz + by, ks = assby.

Proof of Theorem 3. Firstly, by setting dx = Axdt 4+ GdB(t), the system (6) is rewritten as:

—a11  —agp 0 a4 —ais 00 0 0 O
an 0 0 0 ais 0 0 0 0 O
dx = 0 azy  —ass 0 0 xdt+ | 0 0 0 0 O [dB(t).
0 0 as3 —a44 0 0 0 00O
0 0 0 0 —ass 0 00 0 0
By calculating the characteristic polynomial of matrix A, we have
PA (/\) = ()t + a55)()\4 + b1A3 + bz/\z + b3)L + b4),
where by = ay + a3 + s, by = aypay + aszas + a11(azs + as), bz = ay1a33a4 + appax (a3 +

A44),bs = A12a1033044 — A14071a32043. Clearly, A is a Hurwitz matrix because all of its eigenvalues
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have negative real parts, and one of the eigenvalues is A\ = —a55 < 0. According to [34], the density
function ®(x1, x2, X3, x4, x5) of model (6) can be substituted by the following Fokker-Planck equation:

6% 92 d
_?@ + E[(—a55x5)¢] + E[(_’lllxl — 12X + a14X4 — A15X5) D]

0 0 0
+E[(ﬂlzx1 + a15x5) D] + 873[(“32362 — a33x3) D] + 874[(”43?63 — a44x4)P] = 0,

which can be approximated as the following Gaussian distribution:
1 T
P(x) = cexp{—ExDx }.

Here D is satisfied with DG?D + ATD + DA = 0. Assuming it is positive definite and D~! = &, we
can obtain
G*+ AT +XAT =0. 7)

Next, we prove that X is positive definite matrix. Let

0 0 0 01 1 0 0 0O
1 0 0 0O 01 0 0 O
= 01 000 |,h= 01 10 01,
0 01 0O 0 0 0 1 0
0 0 010 0 0 0 01
then
—ass 0 0 0 0
—a15 —aj1 + a1 —a;p 0 a4
A= (A0 = 0 —ap+aptay —ap O a14
0 —az az  —azz 0
0 0 0 a43 —a44
Next, let
1 0 0 0O
01 0 00O
r=]l00 1 00|,
0 0 %2 1 0
00 0 01
where w1 = —ay1 + a1p + a1, we have
—as5 0 0 0 0
—a15 —a;p+ap —ap 0 a14
Ay = [A]3 = 0 w1 —ap 0 a14
0 0 % —as3 %
0 0 —% ag3  —0a4
Then
1 00 0 O
010 0 O
L=l001 0 o/,
0 0 0 1 0
0 0 0 & 1


https://doi.org/10.20944/preprints202406.0187.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 5 June 2024 d0i:10.20944/preprints202406.0187.v1

12 of 21
where wy = —ayy + ap; + azz, we get
—dass 0 0 0 0
—a15 —aptap —ap PR oy
Az = J4Ag]{ = 0 wy —app a4y |,
N
0 0 0 71 q2
where g; = a43(— 111411321143-&-311(:;22( a33+a44+w))) Gy = 7%# _ 7!133601?:%. By
following the steps in [34], the standard R; transformation matrix Y of A3 can be obtained,
—aisapqiwy  —biazngiw; h3 hy hs
0 anpqiwy 2 (g + g3 — an) hy hy
Y = 0 0 ﬂ32£11w2 71 (112 + %) ﬂ141132¢71 + l] ,
0 0 0 q1 ‘72
0 0 0 0 1
where
14032 114032443 a1443201W2 | 41443291
h = q1493(92 + q3) + (13 + 73 — 0 =3+ 2 4 (292 + 43),
w1 wq w
a12a32q1W2 azpwy
hz = —apa3q1ws — 7&](51 +4q3 —ap) + hi,
11403204341
hy = —a14a32a43q1 — Tg'q(bh +q3 — a1z) + qzh1 + qihy,
14032412 14432
hs = a14a32q1w; + Tq(lh +4q3 —a) + 1 h1 + q2hs.

Then, using the standard R; transformation matrix for calculatlon, it can be obtained that

B=YA;Y ! =

where k1 = ass + by, ko = assby + by, ks = assby + b3, ky = assbs + by, ks = assby. Then (7) can be
written in this form below:

(Y]aJ3]2J1)G*(YTaJs ]2 1) T + (YTaJ3 )2 ) A(Y JaJ3)2J1) " (Y TaJs 1) Z(Y a3 )2J1) T
+(YTaJ3J2 ) Z(Y JaJ3J2 1) T [(Y]aJ3)2J1) A(Y aJs)2J1) 1T =0,

which can be expressed as
G3+ B +2BT =0,

where ¥; = (Y]4J3J2J1)Z(Y]4J3)2J1)T. Using the Lemma 3 in [? ], £; may be stated as

(ﬂlsaszthwz )262
below:

m o 0 ji3 0 s
0 —ji3 0 —ji5 O
1= 0 jps 0 js |,
0 —ji5 0 —js O
s 0 jss 0 55
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where
J = ka(kiky — k3) — ky(kiky — ks), ] = (kika — k3) (ksky — kaks) — (kikg — ks)?,

 kolksky —koks) —ky(kiky —ks) . ksky—koks . kikg—ks
11 = = JB= (= /JI5= — =
2j 2j 2j
o kk—ks .
135 2]7 1 ]55 2k5]7'

Using [35], the matrix X is positive definite. It is possible to determine the precise expression of
¥, which is the positive definite matrix & = (a15a391w2)?60%(Y]4J3J2J1) ' Z1[(Y]4J3)2J1)~]". This
finishes the proof. O

Remark 2. According to Theorem 3, the solution (S(t),1(t), T(t), R(t)) of the system (4) is known to obey
the normal density function ®(S,1,T,R) ~ N((8*,I*, T*,R*)T,£®)). Here, we define £*) as the forth-order
principal subform of . As a result, S(t), I(t), T(t) and R(t) will have their respective convergence to the
marginal density function:

1 _(5-5%)? 1 _a-?
O (s) = \/2714)16 w1, Pp(i) = \/2?4)26 25
1 _(1-1%)? 1 _ (R=R*)?
Or(t) = m%e 23, Pp(r) = Tore e 9
4

where ¢? is the element in row i, column i on L. Namely, S(t), I(t), T(t) and R(t) will be convergent to the
marginal distributions N(S*, ¢2), N(I*, ¢3), N(T*, 93) and N(R*, ¢3), respectively.

5. Extinction

This section provides the sufficient condition for cholera extinction.

Theorem 4. If Rg =Rp+ % < 1 holds, then

lim sup <(E+d+o)(RE-1)<0 as.

t—o0

InI(t)
t

That means that the contagiousness of the disease will vanish. Moreover,

. A . .
tli}rgloS(t) 7= So, tll}rglo V(t)=0="Vp, tlgglo R(t) =0 = R,.

Proof of Theorem 4. By making use of It6’s formula, we can calculate that

o A B pyo _
LHy =mS — (E+d+0)+ z +§[(§+p)(§+7+g) (E+d+0)]I
<m 2 Etrdto)+ 2P ®)
¢ ¢
:|m|?+(§+d+a)(Ro—1).

Integrate the two sides of (8) separately, then divide by t to generate:

Hy(t)  H(0)
t t

SEHa+AR-1+7 [ Fln@)]de
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Then, using (3) and taking the limit, the following result can be obtained:
lim sup In I(£) < lim sup(Lz(t) - 7H2(0))
t— o0 t t—ro0 t t
1 tA
<(@+d+0)(Rg—1)+ lim - —|m(5)|dés
t—=oo t Jo g
Af
=(C+d+o (R() + -1
( ) Vaki(+d+o) )
<0,
which indicates
lim I(t) =0 as.. 9)
t—o0

Using (9),
dT = [-(¢+ v+ g)T|dt,

can be determined from the third equation of the system (4), so that

lim T(t) =0, as.

t—o0

The same reasoning leads to

lim R(£) =0, lim S(¢) = ?, as.

t—ro0 t—oco

The argument for this theory is done. [

Remark 3. Observing that the expression for RS can be easily extrapolated from RS < 1to Ry < 1, which
means that the condition that makes the disease extinct in both deterministic and stochastic systems can be
uniformly expressed as R§ < 1. Similarly, the fact that it can be inferred from R§ > 1to Ry > 1 implies that
Rg > 1 can be thought of as a uniform threshold which allows the disease to be prevalent in both deterministic
and stochastic systems.

6. Numerical Simulation

In order to verify the correctness of the above proof, numerical simulation results are provided in
this section. To begin with, we chose to simulate the model numerically using the Milstein method.
Some of these parameter values are selected from [8-13]. We then discretize the model (5) to obtain the
following corresponding discretized model:

Sit1 =5+ [A— (B+m;)S;l; — {S; + pRi|At,
Liyr =L+ [(B+m)SiT; — (G +d +0)[j]At,
Ti1 =T+ [c]li — (§+ 7+ 8)Ti]At,
Riy1 =R;+[7T; — (¢ + p)Ri]At,

02

Mg =m; — km;At + 0hi/ At + ?(hf —1)At.

Example 6.1 Assume the parameters A = 0.5, = 0.75, = 0.15,p = 03,d = 0.015,0 =
0.05,y = 02,8 = 004,k = 08,8 = 0.05 and the starting points in the below examples are all
(5(0),1(0),T(0),R(0), m(0)) = (0.02,0.5,0.03,0.06, —0.9). Note that R(S) ~ 11.1389 > 1 satisfies
the requirement of Theorem 3.1. Intuitively, it can be seen that the values of the histogram
revolve around P* = (S*,I*, T*,R*) ~ (0.286667,2.309177,0.296048, 0.131577) of the deterministic
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model. The solution (S(t),I(t), T(t), R(t),m(t)) of system (4) obeys the normal density function
®(S,I,T,R,m) ~ N((0.28667,2.30918,0.29605,0.13158,0)T, ). The matrix X is represented as:

10.197829  —9.762230 —0.177322 —0.082040 —39.042279
—9.762230  9.360669  0.160540  0.076008  37.471400
r=1x10"* —0.177322  0.160540  0.009003  0.002716 0.589101
—0.082040  0.076008  0.002716  0.001207 0.317093
—39.042279 37.471400 0.589101 0.317093  156.363696

From this, the following four marginal density functions are derived

(5-5*)2
1 _
Og(s) = o e 2 —12 49269767490.300445(570.286667)2’
1 _Ly 2
qDI(l) — zngo e Zq% — 13.0393708_534'149840(1_2'309177) ;
\4 2
1 -T 2 2
cDT(t) — znq)se 2q)3 — 420‘45713667555383.953048(T*0.296048) ;
1 (R 2
q)R (7’) — 271_4) e Zq)i — 1148.2318443_4141990'007581(R_O'131577) .
\% 4

Iit)

Sit)

1200 4
400

1000 4
300 4

800

Tit)

600

=3
[=]
RIt)

400
100 1
200

0l
0.26 0.27 028 0.29 0.30 031 0128 0129 0130 0131 0132 0133 0134 0135
t t

Figure 1. The histogram and marginal density function of model (4). Parameter values: (4,8,¢,p,d,
o,7v,8k6) = (05,0.75,0.15,0.3,0.015,0.05,0.2,0.04,0.8,0.05).

Example 6.2 Assume the parameters A = 0.05, 5 = 0.09,¢ = 0.05,p = 0.3,d = 0.015,0 = 0.115,y =
0.7, =0.04,k = 0.8,0 = 0.14. At this point, Rg ~ 0.9906 < 1 makes Theorem 4 hold. We have shown
in Figure 2 that I(t) converges to 0 in an exponential manner with probability 1.
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10 1 05
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06 1 031
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o =
0.4 4 0.2 4
02 0l
0.0 4 0.0 1
T T T T T T T T T T
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010
0.06
0.05 0.08 4
0.04 4 0.06 4
= =
= 0.03 =
0.04 4
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0 0 &0 80 100 0 0 a0 &0 80 100

t

Figure 2. The trajectory of 5(t), I(t), T(t) and R(t) in model (4) during disease extinction. Parameter
values: (A, B, &, p,d,0,7,8,k60) = (0.05,0.09,0.05,0.3,0.015,0.115,0.7,0.04,0.8,0.14).

Example 6.3 Assume that the parameter values in group (a) are the values taken in Example 6.2,
and the parameter values in group (b) are the values taken in Example 6.1. Through 10000 random
simulations, Figure 3 shows the expectations and standard deviations of S(t), I(t) T(t) and R(t). This
indicates that the disease will gradually disappear in situation (a), while in situation (b), the disease
has grown into an epidemic.

0.04 4 —— Standard deviation of I(t) of {b)
20 Standard deviation of Iit) of {a}
—— Standard deviation of 5{t) of (b)
— Eli) of (b} —— Standard deviation of S{t) of (a)
E(lit)) of (a) 5 0034 o
15 - 2 —— Standard deviation of T(t) of (b}
8 BIS(t)) of (b) = —— Standard deviation of T(t) of (a)
= —— E(5(t)) of (a) o it
g o ] Standard deviation of R(t) of (b}
B1g — ET(t)) of () g 002 —— Standard deviation of R(t) of (a)
= — EiT(t)) of (&} 3
E(R(t}) of (b} 5
05 4 —— E(R(t)) of {a) “ po1 4
0.0 4 0.00 4
0 5 s 75 100 135 150 175 200 0 2 W 75 100 125 150 175 200
t t

Figure 3. Computer simulations for expectation and standard deviation of the model (4). Parameter
values:(a) : (A, B, p,d,0,7,8 k 6) = (0.05,0.09,0.05,0.3,0.015,0.115,0.7,0.04,0.8,0.14), (b) : (A, B,
¢ pdo,vgk0)=(05,0.750.15,0.3,0.015,0.05,0.2,0.04,0.8,0.05).

Example 6.4 Consider the corresponding discretized deterministic SITRS model

Siy1=Si+[A— BSil; —¢S; + pRi]At,
liyn =1+ [BSili — ( +d + o) L]At,
T =T+ o] — (§ + 7+ 8)Ti|At,
Riy1 =R+ [vT; — ({ + p)Ri]At.
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Assuming these parameters use the same values as in Example 6.1. Substitute the mean-reverting
process to the model (1) and transform it to the stochastic SITRS model. Figure 4 shows that the model
incorporating the mean-reverting process fluctuates around the deterministic model.

1y —— S{t) of deterministic model 250 1
S(t) with the Ornstein-Uhlenbeck process 225 4
0.3 200 1
175 A
0.6 4
= 150
i =
04 1 1251
100
0.2 075 4
] — |t} of deterministic model
o 050 I(th with the Ornstein-Uhlenbeck process
D 2 s0 75 100 125 150 175 200 0 25 s 75 100 125 150 175 200
t t
0.30 4
0124
0.25 1
0.10 4
0.20
= = 008
F 0.15 1 e«
0.06
0.10
0.04 4
005 4 = Tit) of deterministic model = Rit) of deterministic model
Tit) with the Ornstein-Uhlenbeck process Rith with the Ornstein-Uhlenbeck process
0.02 4
0 X s 75 100 125 150 175 200 0 X s 75 100 125 150 175 200
t t

Figure 4. The trajectory of S(t), I(t), T(t) and R(t) of the stochastic model (4) with the
mean-reverting process and deterministic model (1). Parameter values: (A, B,¢&, p,d,0,7,8,k,0) =
(0.5,0.75,0.15,0.3,0.015,0.05,0.2,0.04, 0.8, 0.05).

Example 6.5 To study the impact of regression rate k on disease progression, maintain the other
parameter values selected from Example 6.1 and select different regression rates k. Figure 5 illustrates
that as the regression speed k increases, the fluctuation of the disease decreases.
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254
200 1
175 {
20
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125 | 15 4
= 100 { £
075 | 10 1
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D 25 s 75 100 125 150 175 200 0 25 s 75 100 125 150 175 200
t t
030
012
0.25 |
0.10
0.20 |
_ 0081
= =
015 =
0.06 1
0.10 | bos
— k=15 a — k=15
k=08 k=08
0.05 |
—— k=0.03 0.02 4 —— k=003
0 25 s 75 100 125 150 175 200 o 3 s 75 100 125 150 175 200
t t

Figure 5. The trajectory of S(t), I(t), T(t), R(t) for models (4) with different regression rates k.
Parameter Values: (4,8, ¢, p,d,0,v,8,0) = (0.5,0.75,0.15,0.3,0.015,0.05,0.2,0.04, 0.05).

Example 6.6 With the aim of exploring the role of fluctuation intensity 6 in disease progression,
maintain the other parameter values selected from Example 6.1 and select different regression rates 6.
Figure 6 reveals that the disease fluctuates more with an increasing intensity of fluctuation 6.

30
10
0.5 25
0.6 4 201
— 04 —
=) =
g =15
0.2 4
) 10
0.0 — 8=02
8 =005
0.2
05 —— §=0.005
b 25  s0 75 100 125 150 175 200
t
014 ]
0.30
0124
0.25
010 4
0204
= = 0,08
0.15 -
0.06 -
0.10
— 8=02
005 | 8=005 0041
] —— B=0.005
T T T T T T T T T 002 L T T T T T T T T T
0 I3 50 75 100 125 150 175 200 0 25 S0 75 100 125 150 175 200
t t

Figure 6. The trajectory of S(¢), I(t), T(t), R(t) for models (4) with different regression rates 6.
Parameter Values:(4, B, &, p,d, 0,7, 8, k) = (0.5,0.75,0.15,0.3,0.015,0.05,0.2,0.04,0.8).
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7. Conclusion

Cholera outbreaks have been frequent in recent years and the situation is critical. This shows that
our knowledge of cholera is still inadequate, that the means of prevention and control are not perfect,
and that the dynamics of the spread of the epidemic are very complex. In this work, we highlight the
stochastic SITRS cholera epidemic model with an Ornstein-Uhlenbeck process. In general, existing
literature always uses white noise to model fluctuations in the environment. However, on this basis, we
adopt a new way of introducing random disturbances in the system, namely the Ornstein-Uhlenbeck
process. To assure that the system (4) is mathematically and biologically justifiable, we prove that the
system has a global solution. We then delve into the dynamics of the system (4). More specifically, the
results of the analyses in this paper are shown below:

(1) In the presence of disease persistence, it is shown that the system (4) has an ergodic stationary

distribution when Rg =Ry— —40 ___>1

VTkE(E+d+0)
(2) Using the help of solving the relevant five-dimensional Fokker-Planck equation, we develop an

exact expression for the probability density function of the model (4) near the quasi-local equilibrium.

(3) When RE = Ro + m < 1, the disease tends exponentially to extinction.

(4) Numerically, we also find a meaningful conclusion: smaller regression rates or larger
fluctuation intensities make the stochastic system more volatile.

However, there are still many important topics that deserve further research. Firstly, due to the
limitations of existing methods, the thresholds for disease extinction and prevalence have not been
harmonised. Therefore, the identification of uniform thresholds for disease extinction and prevalence
deserves further exploration. Secondly, in this paper we have only analysed the kinetic behaviour of
stochastic SITRS models with treatment compartments. One could build more realistic and important
models, for example, studying cholera infectious disease models with more compartments and the
effect of a mean-reverting process perturbing other parameters on the dynamics of cholera epidemics
transmission.
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