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Abstract

This paper primarily investigates the solutions to the system of matrix equations A1XB; = C; and
AXB; = C,. This system generalizes the classical equation AXB = C, as well as the system of
equations AX = B and XC = D, and finds broad applications in control theory, signal processing,
networking, optimization, and other related fields. Various methods for solving this system are
introduced, including the generalized inverse method, the vec-operator method, matrix decomposition
techniques, Cramer’s rule, and iterative algorithms. Based on these approaches, the paper discusses
general solutions, symmetric solutions, Hermitian solutions, and other special types of solutions over
different algebraic structures, such as number fields, the real field, the complex field, the quaternion
division ring, principal ideal domains, regular rings, strongly *-reducible rings, and operators on
Banach spaces. In addition, matrix systems related to the system A;XB; = C; and Ay XB, = C; are
also explored.

Keywords: system of matrix equations; general solution; special solution; Moore-Penrose inverse;
vec-operator
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1. Introduction

The solution of linear matrix equations has garnered significant attention due to its wide-ranging
applications in control theory [1-4], signal processing [5], computer vision [6], network analysis [7],
machine learning [8-10], robotics [11], and optimization problems [12-17]. Previous studies have
investigated various solution methods and associated numerical algorithms for the matrix equation

AXB=C (1)

under different algebraic structures, and have discussed its applications in color image processing [18].
In contrast, [19] focused on several approaches for solving the system of matrix equations

AX=C,
XB=D

(2)

and provided a comprehensive overview of the current state of research. Systems (1) and (2) can be
regarded as special cases of the more general system

A1XBy =(q,

)
ArXBy =Gy,
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which introduces additional analytical and computational challenges. Compared to systems (1) and
(2), the general form (3) involves an unknown matrix X that is simultaneously affected by multiple
coefficient matrices on both the left and right. Moreover, the coupling of the two equations further
complicates the analysis of solvability and the construction of explicit solutions.

On the other hand, the matrix system (3) captures the intricate interdependencies within sys-
tems governed by multiple variables and constraints, making its solution of considerable practical
significance. In control systems, (3) is widely utilized for system identification, stability analysis, and
optimal control design. Specifically, in the modeling and analysis of multi-input multi-output systems,
it is frequently solved to extract system dynamics or determine controller design parameters [20].
Furthermore, such matrix systems play a vital role in signal processing, particularly in multidimen-
sional signal processing, adaptive filtering, and joint estimation tasks [21]. In image processing and
computer vision, the system (3) arises in applications such as image reconstruction, feature matching,
and camera calibration [22,23], where the solution typically involves solving and integrating multi-
ple matrix equations. Additionally, the matrix system (3) is fundamental in high-dimensional data
analysis, machine learning, and large-scale optimization, as they contribute significantly to reducing
computational complexity and enhancing algorithmic efficiency [24].

The problem of solving the matrix system (3) has garnered considerable attention from the
research community, owing to its theoretical importance and wide range of practical applications.
Over the years, numerous scholars have explored this system and related formulations, yielding a
variety of results concerning existence conditions, solution structures, and computational strategies.
As the field has matured, increasingly refined and effective methods have been proposed for analyzing
and solving such matrix equations.

This paper presents a comprehensive review of several major classes of methods for solving the
system (3), including generalized inverse techniques, vec-operator approaches, matrix decomposition
strategies, Cramer’s rule, and numerical algorithms. Each class of methods offers distinct advantages
and limitations depending on the underlying algebraic framework and the specific type of solution
sought. A comparative summary of these methods is provided in Figure 1.

| AXB;j=Cj,1<i<j<k
E AXB; = C(,1=1234 number field Hermitian
(AaxB=C
; {B*XA* =C"
| AXB; = (i =123 \
DA YRE = — N\ _~ centro-symmetric
! AXB; = (i =123 complex field \
E AIXAi = Cl L'-.‘ /
| (A24Bp = (G .
! XeC - P-(skew)-symmetric ge‘nerahzed
i { Al ¥ B_ ! c quaternions 1nverse
i (A3Ab3 = (3
principal ideal domains \ "
associative rings with unit -
vm o regular rings
AiXB; =C;,i=1,2 general

strongly *-reducing rings with unit

operators between Banach spaces
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Figure 1. Overview of the review framework

The structure of the paper is as follows: Section 2 introduces the notations used throughout the
paper, along with preliminary concepts and definitions. In Section 3, we review various solutions to
the matrix system (3) based on generalized inverse methods, which are among the earliest and most
widely used approaches. Section 4 presents solutions derived using the vec-operator methods. Matrix
decomposition methods for solving the system (3) over the complex field, as well as Cramer’s rule-
based approaches over the quaternion algebra, are discussed in Section 5 and Section 6, respectively.
Section 7 focuses on iterative methods for computing symmetric-type solutions of the system (3) over
the real field. Finally, Section 8 provides concluding remarks and outlines potential directions for
future research on solving the system (3).

2. Preliminaries

To facilitate the discussion in the following sections, this section introduces some preliminary
concepts and definitions.

Throughout the text, let F denote a field, C represent the complex field, and R denote the real
field. The notations F"*", C"™*" and R™*" refer to the sets of m x n dimensional matrices over FF, C,
and R, respectively.
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The collections of quaternions, commutative quaternions (also known as reduced biquaternions),
and split quaternions are defined as follows [25-27]:

Q= {q =qo+qi+qpj+ak:it=7=kK=-1ijk=-1,q0,q1,92,93 € R},

CQ= {q =qo+tqi+qj+aqsk:it ==k =-1,ijk=—1, 90,q1,92,93 € R},

SQ = {q =qo+qi+qoj+qsk: i = —j* = —k* = =1, ijk=1, q0,91,92, 93 € R}-
Correspondingly, m x n dimensional quaternion matrices, commutative quaternion matrices, and split
quaternion matrices are denoted as Q"*", CQ™*", and SQ"*", respectively. For A,B € Q"*" (or
CQ™" or SQ™*™), the matrix A can be written as

A = A1+ Ari+ Asj + Ak,

where Ay, Ay, Az, Ay € R™*" and
B = By + Byj,

where By, B, € C"™*". From these definitions, it is clear that quaternions, commutative quaternions,
and split quaternions are all four-dimensional Clifford algebras, but they differ in their multiplica-
tion properties. While all three are associative algebras, only commutative quaternions satisfy the
commutative law. The study of these three quaternion types employs different methods, but they
are interrelated. Additionally, only quaternions have an inverse for every nonzero element, making
their study the most extensive. Tools such as the generalized inverse, rank, and matrix decomposition
can be applied to solve systems over quaternions. In contrast, the study of commutative and split
quaternions requires utilizing their representations and transforming them into the real or complex
fields for analysis.

We use Z to denote a ring. Let 2" <™ represent the set of n X m matrices over #. A principal
ideal domain is a ring in which every ideal is a principal ideal. A regular ring is one in which, for any
element a in the ring, there exists an element a~, such that a = aa™ 4, also known as a von Neumann
regular ring. In fact, a regular ring is one where every element has a right inverse, and this property
allows the concept of a right inverse to play a crucial role in solving equations in regular rings. If
for any a € Z, the condition a*a = 0 implies a4 = 0, then Z is a *-reducing ring. A ring Z"*" is
strongly *-reducing if, fora; € #Z,i = 1,2,...,n, the equation }}' ; a;a; = 0 implies a; = 0 for each
i=1,2,...,n. A Banach space is a complete normed linear space. Let E and F be Banach spaces. The
set of operators that are both linear and bounded from E to F is denoted by B(E, F).

The symbols I and 0 represent the identity matrix and the zero matrix, respectively. For matrices
over a field, we denote the rank, image, and kernel of a matrix A as rank(A), im(A), and ker(A). The
rank of a matrix over quaternions can be defined in a similar way. For a principal ideal domain %, if
A e "™, then rank(A) = r if there exists an r x r nonzero minor of A, and every (r +1) x (r+1)
minor of A is zero. If A = CG, then G is called a right divisor of A, and A is referred to as a left
multiple of G. The greatest right divisor of A is defined as the right divisor that is a left multiple of
every right divisor of A.

For a matrix A, AT denotes the transpose of A, A represents the conjugate of A, and A* denotes
the conjugate transpose of A. Specifically, for a complex matrix A € C"™*", it can be expressed
as A = Aj + Agi, where A, Ay € R"™", A = A; — Azi, and A* = AT — AJi. For quaternion,
commutative quaternion, and split quaternion matrices, A can be writtenas A = Aj + Api + Azj+ Ask,
where Ay, Ay, A3, Ay € R™", A = Ay — Ayi — Asj — Ask, and A* = AT — ATi — ATj — Alk. For
matrices A and B, the inner product is given by (A, B) = tr(A*B). Additionally, P, represents the
orthogonal projector onto the subspace £ C C". The symbols R,(A), N+(A), R;(A), and N;(A) stand
for the right column space, the right null space, the left row space, and the left null space of a matrix
A € Q"*", respectively.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Next, we introduce some special matrices and their definitions. Let e; be the i-th column of the

identity matrix of order n, and | = [es, e,,—1, - - - , €1]. Some definitions of special matrices are listed in
Table 1, where 7 € {i,j, k}.

Symbols Types of matrices Definitions
SR™*" symmetry real matrix A=AT
ASR™" anti-symmetry real matrix A=—AT
BSR™*" bi-symmetry real matrix A=ATand A = JAT]
ABSR"*" anti-bi-symmetry real matrix A=—ATand A = —JAT]
RGR™" real generalized reflection matrix A=AT=A"1
RI*"(P) reflexive matrix A = PAP and P € RGR™"
ARI*™(P) anti-reflexive matrix A = —PAP and P € RGR™™"
R"™*"(P,Q)  generalized reflexive matrix A= PAQ

P € RGR"™ ™ and Q € RGR"*"
HC"*" Hermitian complex matrix A= A*
HQ"*" Hermitian quaternion matrix A=A
pHQ™ <" #-Hermitian quaternion matrix A=—nA*y
nAQM" n-anti-Hermitian quaternion matrix A=nA*y
nBQ™*" n-bi-Hermitian quaternion matrix A= —nA*nand A = —yJA*]y
nABQ"*" n-anti-bi-Hermitian quaternion matrix A=nA*nand A = nJA*]y
JQm j-self conjugate quaternion matrix A= —jAj
AJQ™" anti-j-self conjugate quaternion matrix A =jAj
csQ™" centro-symmetric quaternion matrix A=JA]
SCSQ™*" anti-centro-symmetric quaternion matrix A=—JA]
P-SCSQ™"  P-centro-symmetric quaternion matrix A=PAP,P2=1,P#1
P-SCSQ"™*"  P-anti-centro-symmetric quaternion matrix =~ A = —PAP,P?> =[,P # I
CHQ"*" centro-Hermitian quaternion matrix A= JA*]
SCHQ™*" anti-centro-Hermitian quaternion matrix A= —JA*]

Table 1. Definitions of some special matrices

Furthermore, assume that A = (a;;) € C"™*". If " 1 a;; = Oforj = 1,2,--- ,nand Z};l a;j =0
fori =1,2,---,m, then A is called an indeterminate admittance matrix. If A is both Hermitian and an

indeterminate admittance matrix, it is referred to as a Hermitian indeterminate admittance matrix, or

HIA matrix.

Finally, we introduce the Hankel matrices, which are defined in the following form:

ai az as

a as a4
H,= |4 a4 as

An  Apt1 An42

n
Ap+1
an2

An—1

Denote HAQ"*" as the collection of all n x n Hankel quaternion matrices.

In this section, we have introduced various supplementary definitions for solving the system (3).

In the next section, we will formally begin presenting the relevant conclusions regarding the solutions

of the system (3).

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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3. The generalized inverse methods

In 1954, Penrose introduced a generalization of the matrix inverse via the unique solution to four
matrix equations:

AATA = A, ATAAT = AT, (AAY)" = AAT, (ATA)" = ATA,

where At is referred to as the general inverse or the Moore-Penrose inverse of A [28]. In the subsequent
discussion, we define the symbols L4 = I — AfAand Ry =1—- AAT.

Remark 1. The Moore-Penrose inverse exists uniquely for elements in the real field, the complex field, and the
quaternion division ring.

As a special case of the Moore-Penrose inverse, Rao and Mitra introduced the concept of the inner
inverse (g-inverse), which satisfies the equation:

AATA=A,
where A~ is defined as the g-inverse of A [29]. We define notations F4 = [ — A" Aand 4 =1 - AA™.
Remark 2. For any reqular element in a ring, the inner inverse exists but is not necessarily unique.

Both the Moore-Penrose inverse and the inner inverse are fundamental tools for solving matrix
equations. They can be applied in various algebraic structures, such as fields, skew fields, rings, etc.,
and also play a key role in providing explicit solutions to specific matrix equations.

This section is organized into two main parts: Subsection 3.1 discusses the application of gener-
alized inverse methods in general fields, with particular emphasis on related results in the fields of
complex and real numbers. Subsection 3.2 explores relevant results in the quaternion division ring,
principal ideal domains, regular rings, strongly *-reducible rings, and Banach spaces. Additionally,
this section examines solutions of special types, such as Hermitian solutions over the complex field,
centro-symmetric solutions, and P-anti-symmetric solutions over the quaternion division ring. The
computation of these special solutions often involves solving more complex systems of equations.

3.1. The general, complex and real fields

The solution to the system (3) over general fields was first presented by Mitra in 1973 using the
g-inverse [30]. Subsequently, Woude provided various characterizations of solvability conditions,
including rank and null space criteria, and extended these results to more complex systems [31-34]. In
1988, John offered a more concise expression for the general solution to the system (3) [35]. Following
decades of development, the least-squares solution representation for the system (3) over the complex
field was introduced in 2011 and later applied to the Hermitian solution of the system AXB = C [36].
Moreover, He, Wang, and others progressively investigated solutions for systems with three and four
equations over the complex field [37,39]. In 2020, researchers employed projection operators to provide
alternative representations of the system (3) [38].

In 1973, Mitra first provided the necessary and sufficient conditions for the solvability of the
matrix equation system (3) and the explicit expression for its solution [30].

Theorem 1 (General solutions for (3) over I [30]). Assume that Ay € FP*™, By € F"™ M, A, €
Fr>m B, € T, C; € P4, and C; € F™!. A necessary and sufficient condition for the system of
equations (3) to be consistent is

ATA1(AT A1 + A5 A7) 1 ASCyB3 (B1BY + BaB3) ™' B1Bj
= A5 Ay (AT AL + A5 Ay) L ATC B} (B1B; + B2B3) !By B;.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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In this case, the general solution is

X = (A} Ay + A3A;) " H(ATC1B; +Y + Z + A5CoB3) (BB} + ByB3) !
+U — (AJA1 + A3A2) " (A{ A+ A3A2)U(B1 B + B2By ) (B1Bi + B2B3) ™,

where U is arbitrary, Y and Z satisfy

A5 Ay (ATAL + A5A)) 7Y = ATAL(AT AL + A5 Ay) " LASCB;,
Y (ByB; + ByB3) 1B B} = AjCyB;(B1B; + ByB3) 1ByB;,

and

A3 AL(ATAL + A5A)) 717 = A5 Ax (AT AL+ A5 Ay) 1A CLBY,
Z(ByB; + ByB3) 'ByB; = A3CoBj(ByB; + ByB3) !By Bi.

In 1987, Woude studied measurement feedback for non-interacting control systems. He charac-
terized the conditions for the solvability of the system (3) in terms of ranks, null spaces, and column
spaces of matrices [31,32]. Three years later, Mitra, using block matrices, introduced an additional
equivalent condition for solvability and provided an explicit expression for the solution when it exists
[33]. Their conclusions are summarized in Theorem 2.

Theorem 2 (General solutions for (3) over F [31-33]). Suppose that Ay € FP*™, By € F"™1, Ap €
Frxm, By € F"™*!, C; € FP*9, and C, € F"™*!. The system (3) is consistent if and only if the following

conditions hold:

(1) Fori =1,2, rank(A;) = rank[A; C;], rank(B;) = rank ?] , and
i
Ay 0 0 Ay C 0
rank|Ap, 0 0| =rank|{A, 0 —-C.
0 Bl Bz 0 Bl BZ
(2) Fori=1,2,im(C;) C im(A;), ker(B;) C ker(C;), and
C1 0 . Al
ker[B; By] C .
0 _CZ] er[B; By] C im AZ}

(3) For matrices Y and Z properly chosen and fixed, the equation

Aq
X|B1 By| =
Ay [B1 By

C Y
z G

is consistent.
(4) Fori=1,2,im(C;) Cim(A;), ker(B;) C ker(C;), and

KiCiL1 = KG Lo,

where Ly, Ly, Ky, and K3 satisfy the conditions

im [Lll = ker[B; By]
Lo

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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and
KT
iml 1T] = ker[AT A]].
K
When any one of the conditions (1)-(4) holds, the general solution to the system of matrix equations (3) is
given by
A |Gy - Al A -
X = B1 B u— U|By By||B1 Ba| ™,
Al |z C2‘|[1 2] + Al |4, [B1 B[B1 By

where the matrix U is arbitrary, and Y, Z are general solutions to

CiL1+YL, =0,
KiY + Ky,C, =0,

and
KiCi +KZ =0,
ZL1 +CLy, =0.
Woude extended his own result in Theorem 2, by considering the following matrix equation
system

Al'XB]' = Cij/ (l,]) er, 4)

where A;, Bj, and C;; are given matrices, and I’ denotes a set of index pairs [34]. The solvability of
the system (4) is divided into two parts: I' = {(i,])|i,j € k,i # j}, and I' = {(i,i)|i € k}, where
k={1,2,...,k} for an arbitrary integer k > 2. The following conclusions are derived.

Theorem 3 (General solutions for (4) over F [34]). Fori,j € k= {1,2,...,k}, let A; € FPi*" B; € T},
and C; € TP,

(1) Denote
B=[B1 By ... B], A= [A] AY ... AT,
Bi=[By ... Bi_1Bis1 ... By}, Ay =[Cit ... Ciim1 Cizy1 ... Citl,
) ) ) ) (o0 ... 0 —Cy: 0 oo 0]
Aq Cii , o
: : 0 0 -Gy O 0
. A_ C_ 1 1
A=) Hoa= Cl. ", L= Ca Ci1 0  Cip Cix
i+1 i+1i 0 0 _Ci+1i 0 0
L Ay L Cri 0 - 0 —Cy 0 - 0]

There exists a matrix X such that A;XB; = C;; (i,j € k, i # j) ifand only if
im(4;) Cim(4;), ker(B;) C ker(A;), Tiker(B) Cim(A) (5)

foranyic k.
(2) Under the assumption that

Z(im(Bi) N < ). im(Bj)>> = ()im(B;), (6)

ick jekj#i ick

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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there exists a matrix X such that A;XB; = C;; for i € k if and only if
im(C;;) C im(A;), ker(B;) C ker(C;;)

fori ek and

Ci1 O 0 By —B, O 0 Aq
0 Cxn 0 0 B, —Bs 0 Ay

. ker . Cim
0 0 Crk 0 0 Br_1 —Bs Ay

Remark 3. The consistency condition (5) can be written in an equivalent form as

rank(A;) = rank[A; A;], rank(B;) = rank Bi , rank 04 = rank i A .
A B 0 B 0

Similarly, the second solvability condition in Theorem 3 can also be expressed in terms of ranks.

Remark 4. For k = 2, the assumption (6) always holds. Indeed, in this case, both the left-hand side and the
right-hand side are equal to im(By) Nim(By). In this scenario, Theorem 3 can be deduced from Theorem 2.

Remark 5. When
(| ker(A;) + | [ ker(4)) =) ker(4;)

ick jEkj#i ick

holds, which is "dual” to the assumption (6), the consistency condition for (3) can be derived in a similar manner.

To obtain the expression for the solution of the system (3) using Theorems 1 and 2, two additional
matrix equation systems need to be solved. Furthermore, [35] provides a more specific expression for
the solution of the system (3).

Theorem 4 (General solutions for (3) over IF [35]). Let Ay € FP*™, By € F"*1, A, € F"™*™ B, €
Frx!, Cy € FPX9, and Cy € <!, The system (3) has a general solution X if and only if the conditions

AlAfclB;Bl =C

and
AnglAZ_ (Cz — AZAl_ClBl_BZ)Bz_fBl By = Cy — AyC1By

hold.
At this point, the form of the general solution X is given by

X =A; C1By + Fa, (A2 — A2A] A1) [C2 — A(A] C1By )Ba](Ba — B1B; Ba) ™ &,
+ -7:1‘11]:AZ—AZA;A1 ung—BlB;Bnglr

for arbitrary U with appropriate size.

In 2011, Liu and Yang obtained an explicit representation of the general least-squares solution to
the system (3) over the complex field. Furthermore, this result was used to determine the conditions
for the existence of a Hermitian least-squares solution to the matrix equation AXB = C [36].

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202507.0005.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 2 July 2025 doi:10.20944/preprints202507.0005.v1

10 of 83

Theorem 5 (General solutions for (3) over C [36]). For given A; € CP*™, By € C"*1, Ay € C™™, B, €
C"x!, C; € CP*, Cy € T, denote the following symbols:

Py = AyL4,, Q1 =Rp B2, M1 =Rp A,
Py = A1L4,, Q2 = Rp,B1, Ma = Rp,A;.

(1) Define

E; = AyAYCoBIBy — AATCBIB,,
E, = AjAICiBIB; — A1 AIC,BEB;.

Then, the matrix equation system (3) has a least-squares solution if and only if

“AIGBY 0 ATA 4
rank 0 A3CyB;  A3A;| = rank Al + rank[B; B;]. (7)
BB} B, B} 0 2

Under this circumstance, the general least-squares solution can be expressed as

X = AICBY + PfE{Bf — Pf Ao MIRp E1BS + MR p E1QF

8)
—PfAZ»CMl V1Q1B-2r + [’Ml VlRBl + EAl ﬁpl U, + EAlleBZ + WlRQlRBl/
or equivalently,
X = AICyBS + PfE; B} — PYAYMiRp, ExBT + MIRp, E,QF ©)
—P;Al,CMZVzQzB-{ + ‘CMZ VQRBZ + EAzﬁpzllz + EAZZZRBl + WZRQZRBZ’
where U;, V;, W; and Z; (i = 1,2) are arbitrary matrices with appropriate sizes.
(2) Suppose that the equations A1XBy = Cy and Ay XB, = C, are consistent, respectively. Denote
E; = Co — A ATC BT By,
E, = C — A ASCyBI By,
Then, (3) has a solution if and only if
-C; 0 A A
rank| 0 Cp Ap| =rank| |+ rank[B; By]. (10)
B, B, 0 2

In this case, the general least-squares solution can be either (8) or (9), with arbitrary U;, V;, W; and Z;
(i=1,2).

To consider the least-squares solution to AXB = C, Liu and Yang presented the solvability
condition for the system

AXB =_,

(11)
B*XA* =C*
building upon Theorem 5 [36].

Corollary 1 (General solutions for (11) over C [36]). Let A € CP*™, B € C"*P, and C € CP*P. Denote
P = B*[,A, Q = RBA*, and M = RpB*.
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(1) The matrix equation system (11) has a general least-squares solution if and only if the following rank

condition holds:
—A*CB* 0 A*A
rank 0 BC*A BB* | =2rank[A" B].
BB* A*A 0

When this condition is satisfied, the general least-squares solution of (11) can be expressed as

X = ATCB' + PYEAY — PTB*MTRpEA™ + MY RpEQ!
— PJFB*,CMVQA‘I->|< + LpmVR+ LALpU+ LAZA+ WRQRB,

(12)

where
E=B'BC*AAT — B*ATCBTA¥,

U, V, W and Z are arbitrary matrices with appropriate sizes.
(2) If the equations AXB = C and A*XB* = C* are consistent, then the system of matrix equations (11)

is solvable if and only if

-C 0 A
rank| 0 C* B*| =2rank[A" B].
B A* 0

In this case, the general Hermitian solution can be expressed as (12), where
E=C*-B*A'CB'A*,
U, V, Wand Z are arbitrary.

Remark 6. Corollary 1 provides the consistent conditions and explicit expressions for the least-squares solution
X to the system (11). Moreover, the Hermitian solution to AXB = C can be derived from the general solution

and is given by
X = %(X +X"),

where X is the solution of (11).

In 2013, He and Wang considered the more comprehensive system of matrix equations

A1XB; = (4,
AyXBy = Gy, (13)
A3XB; = Cs,

over C using the inner inverse [37]. The results are stated as follows:

Theorem 6 (General solutions for (13) over C [37]). Assume that A; € CPi*™ B; € C"*, and C; €
CPix4i (i = 1,2,3) are given matrices. Let

A1 = Ay Fa,, Bir = &g, By, C11 = Co — A2A; C1B By, D1y = €4, A2,

¢ = A CiB] +Fp A[jCuuBy — Fa, A A2Dy E4,,C11B, + D11€4,,C11B11EBy,
Ax = [Fa,Fay, Asl, B = [(€8,E8,)" E5,)7,

A =EppFa, B=EpFpy, C=EnyFa, D= Ep Fp,y,

Ey = A3 C3By — ¢, E = E4,E1 Fp,y, M= EoC, N = DFp, S = CLyy,
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and
I 0
S1=[In0], S2 = , S3=1[01y], S4 = .
0 I,
Then, the system (13) has a solution X € C™*™ if and only if
Ea,Ci=0,CiFp =0
fori=1,2,3,and
EayCi1Fp, =0, EMEAE =0, EFpLy =0, EAEFp =0, EcEFp = 0.
At this point, the general solution to (13) is
X = ¢+ Fa, Fa,Ur + Uz, Ep, + Fa,Usp, + Fa,Uslp,,
or equivalently,
X = Ay C3B; — Fa,Us — UeEs,,
where
Uy = $1[A}(E1 — Fa,Us€p, — Fa,UsEp) — Ay V7B + Fa,, Ve,
Uy = [Eay, (E1 — Fa, Uz, — Fa,UsEp,)Byy + A2n Ay V7 + V€, ]S,
Uy=AEB~ — A CM EAEB~ — A"SC EFgN DB~ — A~ SV3EnDB™
+ FaVi + V&3,
Uy =M EAED™ + FpS SCTEFgN™ + FmFsVy + FmVaéEn + V5ED,
Us = S3[Ap(E1 — Fa, Uz, — Fa,UsFa,) — Ay V7B + Fa,, Ve,
Us = [Eay, (E1 — Fa,UsEp, — Fa,UsFa,)Byy + A Ay V7 + V&, ]S4,
with arbitrary V; fori =1,2,...,8.
As applications of Theorem 6, [37] also derived the Hermitian solutions of the systems
A XA; =C,
A XA =G, (14)
A3XA% = Cg,
and
A1 XAT =Cy,
1 1 1 (15)
AzXBz = Cz,

respectively. The related results are summarized in the following corollaries.

Corollary 2 (Hermitian solutions for (14) over C [37]). Assume that A; € CPi*™, C; = C; € CPi*Pi (i =
1,2,3) are given. Denote

Ay = AxFa,, Cii = Co — AJAT CLATT A3, D1y = Ea,, A2,

Ap = [FaFay Fasl, A= EnpFay, B=TFp,Fas,

¢=AT LA + Fa, AnC11Ay " — Fa A AoD € Cn Ay ™ + D €ay Cu A Fa,
Ey = Ay C3By — ¢, E = Ep,,E1FB,,, M= E4C, N=DFp, S=B"Fy,
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and

S = [Im o], Sy =

Ly 0
0], S3= |01, 54= M.
Then, the system (14) has a Hermitian solution X € C"™*™ if and only if
EaCi=0,
fori=1,2,3,and
EayCnéy, =0, EAEE, =0, FREFp =0, EMEAE = 0.
In this case, the Hermitian solution to (14) can be expressed as
1.5 0k
with
X =¢+ Fa,Fays + Wa(Fa Fay)" + FaUsFu, + Fa,UsFp,,

or equivalently,

X = A3 GAT™* — Fa,Us — Us Fi,,

where

Uy = S1[Ap(Er — Fa,UsEp, — FaUslar) — Ay V7 Az + Fay, Vel,

Uy = [Eayy (E1 — Fa,UszEp, — Fa, u4-7:A;‘)Bz_2 + A A, V7 4 V€, )52,

U= A EB~ — A" B*M EAEB~ — A"SB *EFyN A*B~ — A~SV3ENA*B™
+ FaVi+ Vo€,

U, = M~ EAEA™* + FyyS~SB*EFsN~ + FuFsVi + FuValn + Vap,

Us = S3[Ap (E1 — Fa,UsEp, — Fa,UsFa,) — Ay V7 Ay + Fap, Vel,

Us = [Eay, (E1 — Fa,UsEp, — Fa,UsFa,)Byy + A Ay V7 + VsE,, ]S4,

and V; (i =1,2,...,8) are arbitrary.

Corollary 3 (Hermitian solutions for (15) over C [37]). Let Ay € CP*™,C; = C; € CP*P,A; €
Crm, By € C™*!,Cy € €. Define the following symbols as

A = Ao Fay, Bt = Ep: By, Ci1 = Co — A2 AT GLAT "By,

Ap = [Fa, Fay, Fyl, Du = Eay Az, Ba = [(Ep,,Ea:)" (Eap)']T,

A=EppFa, B=EpFpy, C=EppFay, D=Fp Fpy,

¢ = A CLAT "+ Fa A CuuBy — Fa, A AaD €4, C1iBy + D14, CuB Fl,

Ei =B,"C A" — ¢, E=E4,,E1Fpy,, M=E4C, N=DFp, S=CFpy,

and

S) = [Im o], S, =

I B 10
0], S3= |06, S4= M
Then, the system (15) has a Hermitian solution X € C™*™ if and only if

EaC1 =0, E4,C0 =0, CrFp, =0,
5A11C11.F311 =0, EMEAE =0, EcEFg = 0.
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In this case, the general solution to the system (15) can be expressed as

—_

X=:(X+X,

with
X = 4’+}—A1]’-A11u1 + UZEBllgAi‘ -I—]'—AlUg,ng + ]'-AZU4€A1«,

or equivalently, R
X = BE*CEAE* — €§2U5 — U6‘Fzzz’

where

Uy = S$1[Ay (Er — Fa,UsEp, — FaUslay) — Ay VrBos + Fay, Vel,

Up = [Eny (E1 — Fa, UsEp, — Fa,UsFaz ) By + A Ag, Vr + Vs, ]S,

Uy = A"EB~ — A" CM~E4EB~ — A~SC EFsN DB~ — A~SV3ENDB~
+ FaVy + V&,

Uy = M—EAED™ + FiS—SC EFsN~ + FuFsVa + FuVsEn + VsEp,

Us = S3[Ap(E1 — Fa,Usp, — Fa,UsFa,) — Ay V7Boo + Fa,, Ve,

Us = [Eay, (E1 — Fa,UszEp, — Fa,UsFa,)Byy + An Ay V7 + Vg€, ]S4,

and V; (i = 1,2,...,8) are arbitrary matrices with appropriate sizes.

Recently, Zhang et al. introduced a simple method to solve the system (3) using the orthogonal
projector method [38]. Recall that for a subspace £ C C", P denotes the orthogonal projector onto L.

Theorem 7 (General solutions for (3) over C [38]). For given matrices A1 € CP*™, By € C"™1, A, €
Cr*m B, e C"!,Cy € CP*9,and Cy € C'<, define

L1 = (]:Al — .FAI.FAZKiA;Al)(Cl — Zlggl + 22532) -+ A;Alwl + FAl‘FAZ‘FKWZI

Ly = gKAl_AlclgBl — SKA;AlélBlBl_Q_nggBl + 71— 51<A1_A121531

+ gKA;AIZZSQgBZSBlr

J1 = =K A7 A1C1 — K~ AT Ay (—Z1Ep, + ZoEg,) + FxWa,

Jo = —EkA] A1C1B1B] Q™ + Zr — Ex A7 A1Z,QQ7,

K= Al_Al]:Azr Q= EBzBlBl_r Cl = AZ_CZBZ_ — Al_ClBl_‘
Then, the system (3) has a general solution if and only if

A1A1_C131_Bl =Gy, AzAz_Csz_Bz =y, PT(Al_ClBl_ — A;CZBQ_)PS =0,

where T = im(A}) Nim(Aj) and S = ker(B;) Nker(By).
In this case, the general solution to the equations is given by

or equivalently,
X = AZ_CZBZ_ + ]:Azh + ]2532,

where Z1, Zy, Wy, W, are arbitrary matrices.
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At the end of this subsection, we present the most general form of the result for (3) to date. In 2021,
the consistency conditions and solutions for the system of matrix equations over C were proposed [39]:

A1XB; =(Cq,
AyXBy =Gy,
2XD5) 2 (16)
A3XBs = Cg,
A4XB4 = C4.
As special cases of (16), the related results of (13) and the system
A1 X =(,
A X =Gy,
2 2 (17)
A3XBs = Cg,
AyXBy = Cy

are also presented in [39].

Theorem 8 (General solutions for (16) over C [39]). Assume that A; € CPi*™, B; € C"*1, C; € CPi*4i
satisfy the condition

A;AIC;BIB; = ¢
fori=1,2,3,4. Let

S1= ALy, So = AyLp,, Ty = Rp By, T2 = Rp, By,
P=1-AtA; —51S;, Q=1- BBl — Ty T,

Ds = (I-S{As)Al, Es = B{(I - B,T}),

Ry = D3C1E3 + S{CoTf, Ry = D3GR, CoTf + S{CoL1, F{Es,
Ty = Rqp,QBs, Fi = (QB3)'QB4L1,, Qi = L1,LE,

Ss = A4PL4,P, Gs = Rs AsP(A3P)", Py = R Rs,,

G = Rs,A2Al, L = BIB,L1,, G = A1Al, F| = BiBy,

Gy = Rs,AsAL, B, = BYByL1,, Gy = A3Al, F} = BIB;.

The system of equations (16) is consistent if and only if
(1)
Rs, (Co — Ay ATC1BIBoL1,) =0,
Rs,(Cs — AyASC3BBy) L1, = 0.
(2) One of the following systems of matrix equations is consistent:
(2.1)

Ra,pAsD3(A1AY — G{G1)UT{ B3Lgp, + Ra,pA3STV(BI By — FiF])EsBsLos,
= Ra,pAs(ASC3B} — Ry — Ry)B3L,,

PsAyD3(A1AY — G{G1)UT{ B4Qs + PsAySTV(BI By — FF{) E3B4Q:

= P, A4(AjC4B] — Ry — Ry)ByQy;
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(2.2)
Ra,pAsXB3Lop, = Ra,pAs(A5C3BY — Ry — Ry)B3Lgs,,
PsAyXB4Q: = Py As(AfCyB} — Ry — Ro)B4Qy,
Ls XRy, =0, (18)
STA,XB,Tf =0,
X =(I-P)X(I-Q);
(2.3)
Ra,pAsPoXQoB3Lop, = Ra,pAs(ALC3BY — Ry — Ry)B3Lgp,,
P, AyPyXQoBsQr = PiAy(AJC4B] — Ry — Rp)ByQy,
A1PyXQopB1 =0, (19)
ST APy X QB TS = 0;
(2.4)
R a,pAs(PoUQo — ATA1PyUQoB1Bf — STA,PyUQoB, T
= Ra,pAs(ASC3BY — Ry — Ry)B3Lop, — STA2ATA1PoUQoB1BY BoTT ) B3 Lo,
PsAy(PoUQg — AT A PyUQo B BT — STA,PyUQB, T
= PsA4(ALC4BY — Ry — Ry)ByQ: — ST A AT A PoUQoB1 B By T ) B4 Qs
where

Py=1-AA1AIRs Ay,
Qo =I—ByLy,B}BB],
Py =P+ ATA;AIRs A,
Q1 = Q-+ BoLr, BYByB].

(3) For some solution Xy of (18), the following system is solvable by Zz, W, Z, and Z:

(A3AY — G4YGo) Z3TA Ty — W + GIGWLT, L, + Ra,pWLT,

=Ra,p(A3(Xo + Ry + Rp)(By — B3F) + C3F) L1, + GIDL, — C3BIBsLr, — GiRs,C4Ti T, (20)
$251Z4(BiBs — FF}) + GsWF! — Z + Rs, ZFFf + Rs,ZLs,

=Rs,((As — GsA3)(Xo + R1 + R2)Bs + GsC3) Lop, + DFf — G2C5 — $2S5C4 L1, F5. (21)

Or equivalently, for Xo = (I — P1)X(I — Q1), where X is a solution of (19), the following two equations are
separately solvable by Z3, W, Z4, and Zs, respectively:

EyZ3Hy = Ra,pA3Xo(By — B3Ft) L1, + Ra,p(A3(Ry + Ro)(By — BsFy) + R3) L,
E\Lg,WHyLF, = Ly — E1E5 (R a,pA3(Xo + Ry + Rp)By + R3) L1, LF,,
Rs,5253Z4Hs + E1 L, Zs Ry e, HoFf = R, ((As — GsA3)(Xo + Ry + Ra)Bs + GsC3) L g,
— Rs,(GoCs + SaSICa LT, Fy) (FE + Lap,) — Gs(C3BIBsLr, + GhRs,CaTA To)Ff
— E\EJR 4,pA3(Xo + Ry + Ra) (By — BsFy) L, (Ff — (Ho L) HyFf) + DFf
— B\ ESR A, p R L, (F — (HoLp ) HoFf) — £4(Ho LR ) HRFY,
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where

R3 = C3F; — C3BiByL1, — GhRs,CaT T,

Ey = Gs(A3AY — G)Gy), E» = Ra,p(AsAL — G3Gy),

Hy = Ti T L1, L1 = Gs(GID — C3BYBsL1, — GhRs,CaTi T2) L1, L,
H; = (BiBs — BF) (F:E + Lgg,)-

In these cases, the general solution of (16) can be expressed as

X = ((A})"CY — LS~ (Ab(A})"CY — W))(B}) ™ (I - BT Rpy)
+ (I =Ly S™AD)(A]) V4 Ly S CH)T Ry
+Z—(I- LyLs)Z(I - RyRy)
+ (Xo+ Ro)(I = ByT Ry ) + L4 S RsA(Xo + Ra) (I — ByT Ryy)
+ (1= Ly 8™ Ab)(Xo + Ro)ByLrT Ry,

where

A

al B} = [By Ba], B, = B3, B4J,
4

(A = [(1- stanat st], (B)" = [BI“‘ < )],

.].
Tl

T
V=C/F+G (1-SS)CYT T+ (Aj(A}))™ —G G)Z,T T,
W=GC{+SS CJy(1-T T)F~ +SS Z1((B})" B} —FF),
S= ALy, T =Ry By, F=(B)) ByLr, G=RsAy(A}),
F~ = (By)'By, G~ = Aj(4)",
C; 0 G U
0 G Vo Gy

S~ = [(1-stAsP)(AsP)TsE], T~ = l(QBg)*(I_ QB4T;)]I

" 1"
Cl = ’ C2 =

7

and X is a solution of (18), Up and V; are

Uy = G3BIB4LT, + GyRs,CaTi Ty + (A3 A — G4Go) Z3 T T,
Va = GoCs + $2S5C4 LT, Fy + $2S5 Z4(BIBs — 2 F}),

for some Zz and Z, satisfying (20) and (21), with arbitrary Z1, Z, and Z.

Replace some symbols in Theorem 8, and the corollaries regarding (13) and (17) are provided by
[39].

Corollary 4 (General solutions for (13) over C [39]). Let A; € CPi*™, B; € C**¥i, and C; € CPi*¥i satisfy
A;AICBIB; = C; (i = 1,2,3). The system of equations (13) is consistent if and only if

Rs,(Co — AyAIC1BIB,) L, =0,
GG'E(T{BsLr,)'T{ BsLt, = Rp g 5t Es
CoCYEH'H = EL(_pr)EsBsLr,
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where

Sy = A3, T = B3, Ss = A3P, P = Rs,, Ty = QB3, Q; = L7,
G= RPSASSIPSA3A{(I —GiG1), H = T{BsL1,L(;_p,p1)EsBs L,

E = PyA3(ALC3BY — Ry — Ry)Bs L1, Co = PsA3D3(A1AT — G1Gy),
and S1, Ty, P, Q, D3, E3, Rq, Ry, Gy, F; are the same as Theorem 8.

Corollary 5 (General solutions for (17) over C [39]). Assume that A; € CPi*™ fori =1,2,3,4, C; € CPix"
fori=1,2, B; € C"% and C; € CPi*Ti for i = 3,4, where AiAgLCi =Cifori=1,2, AiA:fCiB;rBi = C; for
i = 3,4. The system of equations (17) is consistent if and only if

Rs, (Co — AyATCy) =0, Rs,(Ca — AsASC3BIBs) L1, = 0,
Ra;pCs = Ra;pA3(Ry + R2)Bs, PsCy = PsA4(Ry + R2)By,
Ao(Ao(GIGs — (A3P)(A3P)"))T AgHy = —AgHo,

(GIGs — (A3P)AsP) Ho Ly, = —HoLr,,

Rs,(Rs,(Rs, — 1)) Hop = —Rs, Hoo,

(Rs, — I)H00£B§B37F2F£Rss - _H00£B§B37F2F£’
where S1, Sy, Ty, Go, F», P», P, Ss, Gs, D3, Ps are given in Theorem 8, and

Ry = D3Cy, Ry = S1Cy, Ag = I — A3 AL + GGy,
Hy = Ra,pA3(Ry + R2)By + GID — C3BIBy L1, — GiRs,C4Ta T,
Hoo = Rs,((Ag — GsA3)(Ry + Rp) B3 + GsC3) — GoCs — S253C4 L, F).

3.2. Various rings and the quaternion algebra

Research on the system (3) over rings began with principal ideal domains possessing special
properties [40]. Later, Wang observed that the results related to the g-inverse on regular rings could also
be similarly generalized [41]. He progressively explored more complex systems with two unilateral
constraints and two bilateral constraints, extending these results to simpler equations, including
centro-symmetric and P-(anti-)symmetric forms [42—44]. In 2015, the general solution to the system
(3) was also derived for operators on associative rings with identity, strongly *-reducible rings, and
Banach spaces [45].

Ozgiiler and Akar obtained the necessary and sufficient condition for the existence of the solution
to the system (3) over a principal ideal domain [40]. The solvability condition of (3) over Z is that the
equations each have a solution and a constructed bilateral linear matrix equation has a solution. The
specific conclusions are as follows:

Theorem 9 (General solutions for (3) over principal ideal domains [40]). For a principal ideal domain

R, assume that Ay € FP*", Ay € F™™, By € #"™, By € #", C; € #P*9, and Cy € #"). Let
M; € #P*P, My € Z#7°, Ny € Z"™", and No € #*! be unimodular matrices such that

MiA1 =

Ay
, MyAy =
0] 2412

A . A
;L&Mzme&M:wwL

where Ay € #M*M, Ay € 2™ are of full row rank and By € %%, By € %%+ are of full column rank.
Denote
Cn Co

Ciz Cus

Cy Cxp

Cos Cu

A

C1 = MiCIN; = , Co = MoGoN, =

7
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partitioned such that Cyy € %1% and Cyy € Z*2*%s. Additionally, suppose that Ly, Ly are the greatest left
divisors of Ay, Ay, and Ry, Ry are the greatest right divisors of By, By, respectively, such that

Ay = Lill, Ay = Ly, By = iRy, B, = VhRy,
for some left unimodular Uy, Uy and right unimodular Vi, V. Define Wy and Wy as
Wi = Ly 'CRy and Wy = Ly 'Cx Ry .

Then, the system (3) has a solution X over Z if and only if the following conditions hold:
(1) Cp=0,C3=0,Ciy =0fori=1,2.
(2) W; € ZF*kiv2 fori = 1,2.
(3) There exist Xq € Z#"*%3, X, € Z#™<ks, Y| € 5N and Yo € B*2%" such that

U6}

X1 X
UZ[l 2] +

(V1 Vo] = (22)

W, o]

1
2 0 —Wo|

Remark 7. When considering the system (3) over a field, the condition (22) can be replaced by

Y; ¢ 0
0 -Gl

A (B, By =
2

, [Xl Xz] +

Under this condition, Theorem 9 reduces to Theorem 2.

From 2004 to 2008, Wang and his collaborators conducted a series of studies, presenting results
for the system (3) in regular rings and quaternion skew fields [41-44]. In a regular ring, where every
element possesses an inner inverse, expressing the solution to the system (3) using the inner inverse
becomes a natural consequence.

We recall the analogous relations over the regular ring #. For A; € %#P*™, By € %", and
Cy € #P*1, we denote the following similarity relation:

AL 0
0 B|

At G
0 B

~

if there exist invertible matrices P € Z(P+m>x(p+1) and Q € gg(m+1)*(m+4) gych that

A 0
P :
0 31] Q

A G
0 B

Using this similarity relation, Wang derived the necessary and sufficient conditions for the
solvability of the system (3) in the regular ring %, as well as an explicit expression for its solution [41].

Theorem 10 (General solutions for (3) over regular rings [41]). For a given regular ring %, let A1 € %P>,
Ay € ™M By € ", By € #", Cy € #PX9, and C, € #"*!. Denote S = ArFa, T = Ep By,
F = ByFr,and G = EgAj. Then the following conditions are equivalent:
(1) The system (3) is consistent.
(2) The equations
G(A,CB, —A[CiB{)F=0

and
AiA; CiB; B;=C;

hold fori=1,2.
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(3) The following similarity relations:

A, C 0 A, 0 0 c 0
Az 0 *Cz ~ A2 0 01, [AZ Cl] ~ [AZ 0], BZ] ~ [B]
0 B B 0 B B 1 Z

hold fori=1,2.
In that case, the general solution of the system (3) can be expressed as

X = A CiB] +Fa,S AyFc(A, CoB, — A C1B )ByB,
+ G G(AyCB; — A C1B] )BT &g, + (W — G- GWTT )&,
+ ]:Al (Y — SisYBZBzi) — ]:AlsiAz.FGWTBzi,

where Y and W are any matrices over &% with appropriate dimensions.

Remark 8. Matrix similarity in a regular ring is defined similarly to matrix similarity in a general domain.
However, unlike in a field, matrix similarity in a reqular domain cannot be defined using rank equality. Instead,
it can be expressed in terms of the inner inverse.

In 2005, Wang considered (17) as an extension of the system (3) over quaternion algebra. He
provided a necessary and sufficient condition for the existence of the general solution to the system
(17) [42].

Theorem 11 (General solutions for (17) over Q [42]). Assume that A; € QPi*™ fori =1,2,3,4,C; €
QPi*" fori = 1,2, B; € Q"*Mi, and C; € QFi*¥i for i = 3,4. Denote

S=AyFa, K=A3Fs, T=KFs, G=Es5A,

M = AyFp, N = Ep,By, P=EyFsFrMFs,

¥ = A3[A; C3B; — Ay Cp — Fa, 5™ Ag(A; Co — A7 Cy)IBs,

O =5 A)(A,Co— A Cy)+ FsT ¥B;,

Q = Cy — AgA; C1By — M®B,,

Then, the system (17) is consistent if and only if
TT Y =Y, EpEpFsFTQ =0, EMqFsFTQFN =0, G(AECQ — A;Cl) =0,

A]A]_C]B]_B] = C] (] = 3,4),

and
AiAl‘_Ci =G (i=12).

At this point, the general solution of (17) can be expressed as
X =A7Ci+Fp S Ay(AyCo— AT Cy) + Fa, FsT ¥By
+ fAlfsp_ngszQN_gga — fAlfsz(Mfsz)_Mfsp_ngszQBZ

+ fAl-FS-FTZ — ]'—Alfsz(Mfsz)foszZleB; + fAlfsz(Mfsz)fQB;
+ .7:A1.7:5W533 — fAlfsz(Mfsz)_MfsprNB; — fAlfsp_PWN_gga,

with arbitrary matrices W and Z over Q.
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In the same year, Wang also studied the centro-symmetric solutions to the following system of
matrix equations over Q:

A1 X =(Cy,
A3XB3 = (3,

(23)

where the solutions were explicitly derived in [43]. In this context, for a given matrix A = (a;;) € Q"*",
the notation A* = (4,11, j+1) € Q™" is used to denote the matrix obtained by reversing the row
and column indices of A.

Theorem 12 (Centro-symmertic solutions for (23) over Q [43]). Let Ay € QP*™, A3 € Q™™ ,B; €
Q™ cp e QP C3 € QXL Define the following notations as

S=AYFa, K= A3Fa, T=KFs,

G =EsA}, M= A{F s, N=Ep,BS, P=EyFsFrMFs,

¥ = A3[A; C3By — A7 Cy — Fa, S (A1AT ) + Fa, S (ATAT C1)]Bs,
® =5 Af[(A; C1)* — (A C1)] + FsT¥Bj,

Q=Ch— AfA; CBS — M®BS.

Then, there exists a centro-symmetric solution to the system (23) if and only if

TTY =Y, EpEpFsFrQ =0, EqFsFrQFn =0

and
A3A5 C3B3 B = Ca, AjA[Cy =Cy, G [(A;cl)# - (A;cl)] =0
hold.
Under these conditions, the centro-symmetric solution of (23) can be expressed as
1 #
where

Xy = A7 G+ Fa, 5™ A (A7) - (47 C)]
+ Fa, FsT ¥B; + Fa, FsFr(MFsFr) Q(BS)~
+ Fa, FsP~EmFsFrQN ™~ Ep, — Fa, FsFr(MFsFr)” MFsP~ EnFs FrQ(BE)~
+ Fa, FsFrZ — Fa, FsFr(MFsFr)  MFsFrZ(BsB; )*
+ ]:Al .7'—5W€B3 — .7'—A1 .stT(M.stT)iMfs.FpWNB; — .FAl,F5P7PWN7<€B3,

with arbitrary matrices W, Z over Q.

Remark 9. The consistency of the system (23) for a centro-symmetric solution is equivalent to the solvability of

the following system:
A X =Cy,
AfX =¥,
A3XB; = G3,

ARXBE = CE,

which corresponds to the general solutions. Hence, the proof of Theorem 12 follows directly from the results of
Theorem 11.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202507.0005.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 2 July 2025 doi:10.20944/preprints202507.0005.v1

22 of 83

In 2008, Wang et al. established the solvability conditions and expressions for the P-(anti-
)symmetric solutions to the system of matrix equations (23) [44].

Theorem 13 (P-(anti-)symmetric solutions for (23) over Q [44]). Assume that A1 € QP*™, A3 €
Q™ By € Q™!,Cy € QP*", and C3 € Q"< are given matrices. Suppose a nontrivial involution P is

expressed as
P= T[Ik 0 ]Tl.
U
Define the following partitions:
AT = [A] Ab], A} € QP Ap e Qr(nh),
CiT = [C] Ch], Cf € QP*k, ¢y e Qr=(nh),
AT = [A A}), AL e Q%K A} e rx(n=h),

/
T_le — [g}‘|, Bi c Qkxl, Bé c Q(Yl—k)xl‘
2

Let A = AgﬁA’I/ C = AZACA/Z, M = RsC, N = BéLB{’ S = CLpy,and E = Cy — AéATCiBi —
A} AT CLBY. Then, the system (23) has a P-(anti-)symmetric solution X € Q"™ if and only if
(1) Equations

'RAECi == O, RAéC£ == O, RAE‘CBQ = 0, RCEﬁB{ - O, E;CB;EN == 0, RMRAE == 0

hold.
(2) Rank conditions

rank[A] C/] = rank(A}), i = 1,2,

a4 OB
rank |A, C, | =rank A’l + rank(B)),
| 0 B | L3
T
rank |A} C, | =rank A’z + rank(B}),
|0 B L7
B} /
! Bl
rank | By | =rank| |,
B,
[Co
C/B, Al 0 Al 0
rank (C}B, 0 A}| =rank| 0 A}
LG A A Ay A

are all satisfied.
Under these conditions, the P-symmetric or P-anti-symmetric solution X can be expressed as

x=r|%t Y|,
0 Xp
or
x=1|? X T,
X, 0
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where X1, X, are given by
Xy = A{'Cl + ATEBY' — A'TCM'EB" — ATSC'ELy N'B;BYf
— ATSVRNB3BY + Ly (LAY + ZRy),
Xo = AYCy+ Ly M EBYf + L4 STSCTEL N + L4 L(V — STSVNNT) + L WR .
Here, Y, V, W and Z are arbitrary matrices.

Daji¢ studied the system (3) over associative rings with a unit, strongly *-reducible rings, and
operators between Banach spaces. The necessary and sufficient conditions for the existence of solutions,
as well as expressions for the general solutions, were derived [45].

Theorem 14 (General solutions for (3) over associative rings with a unit [45]). For an associative ring %
with a unit. Let Ay € Z#P*™, Ay € ™™, By € Z"*1, By € #"<!, C; € %P>, and C, € #"™!. Assume
that Ay, Ay, By, By are regular. Denote

S = A2(1 — Al_Al)/ T = (I— BlBl_)BZ; F = Bl_Bz(I — T_T), G= (1 — SS_)AzA_,

where S, T, F, G are reqular.
(1) The system (3) is solvable if and only if the equation

Ay
Ay

A1XB; A;XB,
AyXB, A,XB,

c, v
W G

X [Bl Bz] -

is consistent for some V,W € .
(2) When C; = A1A{ C1By By, (3) is consistent if and only if there exist M, N € Z such that

SSTNF+GMT T =Cy—GCF-S55CGTT.

(3) If AyA] C1B By = Cy and Ay A, CyB, By = Cy, then the system (3) has a general solution if and

only if
(I-SS7)(Co—GGF)(I-T°T) =0.

If one of the above conditions holds for (3), then the general solution can be expressed as

X =[A7C — (I— A7 A1)S™ (AyA7Cy — W)|By [I — BT~ (I — B1By)]
+[(I—(I— A7 A1)S™ A ATV + (I — A7 Ay)S™Co]T~ (I — ByBy)
+Z— (A7 A1+ (I — A7 A))S™S)Z(ByBy + TT~ (I — B1By)),

where

V=CF+G (I-S5)CT T+ (AlAf — GiG)ZzTiT, (24)
W=GC;+S5 C(I-T T)F + SS_Zl(Bl_Bl —FF7), (25)

and 71,7 and Z arbitrary elements of %. It worth noting that F~ and G~ can be simplified to B, By and
A1 A5, respectively.

Theorem 15 (General solutions for (3) over strongly *-reducing rings with a unit [45]). For a strongly
*-reducing R, assume that Ay € ZP*™, Ap € Z"™, By € #"*1, B, € H"!, Cp € BP9, and Cy € #7,
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where A} A1 + A3 Ay and By B] + By Bj are regular. If the conditions of Theorem 14 hold, the general solution
to (3) is given by

X =(ATA1 + A;Az)*[Ai“Cle + A5CyB; + ASWB] + ATVBiﬁ](BlBik + 3235)7
+7Z - (ATAl + A;Az)_(AikAl + AzAz)Z(BlBik + BzB;)(BlBT + BzBE)_,

where Z € R is arbitrary, V, W are as defined in (24) and (25).

Theorem 16 (General solutions for the operator system (3) between Banach spaces [45]). Suppose that
E,F,G,D,N, M be Banach spaces. Given A, € B(F,E), A, € B(F,N), By € B(D,G), B, € B(M,G) and
assume that

T = (IG — Ble)Bz, S = Az(lp — A;Al)

are regular. If Ay A} C1By By = Cy and Ay A, CoB, By = Cy, then the system of equations (3) has a general
solution if and only if

(IN—=585)Co(Im—T T) = (In — S5 )AyA; CiBy Bo(Iy — T T).
In this case, the general solution is given by

X = (A;Cl —(Ig — A;Al)si(AzAfcl — W))Bf(IG — BT~ (Ig — BlB;))
+ ((Ip — (Ip — Al_Al)S_Az)Al_V+ (Ip — Al_Al)S_Cz)T_(IG — BlBl_)
+7Z— (A;Al + (Ir — A;Al)S*S)Z(Ble +TT (Ig — BlB;)),

where

V=CBBy(Iy—T T)+ A1A, (IN—SS7)CT T+ A1A; QT T
— A1A; (I — SS7)AAT QT T,

W = (In —SS7)AA; Cy +SS Co(Iy — T~ T)B, By + SS™PB By
—SS™PB; By(Iyy — T T)B, By,

P,Q and Z are arbitrary elements of B(D, N), B(M, E) and B(G, F), respectively.

Remark 10. Naturally, Theorem 16 can be extended to matrices over Z%. The specific conclusions are identical
to those in Theorem 16, so they will not be repeated here.

In this section, we have introduced the generalized inverse method for solving the system (3). As
one of the earliest and most widely used approaches for this class of problems, the generalized inverse
method provides a fundamental framework for deriving solutions. Most of the subsequent methods
discussed in this dissertation are either extensions of, or closely related to, the generalized inverse
approach.

4. The vec-operator methods

In this section, we present the method for solving the system (3) involving the vector operators.
First, we introduce the definition of the vec-operator and its related properties.
Let A = (al-]-)mxn be an m x n matrix, where a; = (alj,az]-,. ..,am]-)T forj =1,2,...,n. The
vec-operator of A is defined as
a

az
vec(A)=1| . |,

an
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where the vector consists of the columns of the matrix A stacked on top of each other.
Remark 11. The vec-operator is both a bijection and a linear mapping.

The inverse operator of A can also be defined. For an mn-dimensional vector a, we use the
notation Invecy, ,(a) to denote the m X n matrix A such that vec(A) = a.

Next, we define the Kronecker product of two matrices. For an m x n matrix A = (a;;) and ak x
matrix B, the Kronecker product of A and B is given by

LIHB alzB s alnB

a1 B apB -+ ax,B
A®B=| | . ,

am B ameB -+ auuB

which results in a matrix of order mk x nl.

The vector operators have broad applications in solving various systems of equations, primarily
because they satisfy the following properties in the complex domain. Let A € CP*™, B € C"™*", and
C € C"1. Then, the following identity holds:

vec(ABC) = (CT @ A)vec(B). (26)

Using this result, complex systems of linear equations, including (3), can be transformed into the form
Ax =b.

For quaternions, commutative quaternions, and split quaternions, their real or complex represen-
tations can be employed to convert them into real or complex systems of equations for further solution.
Additionally, specialized vector operators can be designed for different types of solutions, ensuring
that when the matrix is recovered, it retains the properties of a special matrix.

Finally, for the equation Ax = b, the following lemma provides the solvability conditions and the
expression for the general or least-squares solution using the Moore-Penrose inverse.

Lemma 1. [28,46] For the given matrix equation Ax = b, where A € C"*" and b € C", the equation is
consistent if and only if
AATD = b.

When the equation is consistent, the general solution is given by
x=A4 (I, - ATA)y,

where y € C" is arbitrary. If the matrix equation Ax = b is inconsistent, then the least-squares solution is
given by
x = A'b.

This form provides the unique minimal norm general or least-squares solution.

This section is organized into several parts. We begin by discussing the solution of the system
(3) in the complex domain using the vec-operator. Following that, we explore the solutions in the
quaternion ring, including Hermitian, #-bi-Hermitian, (anti-)centro-Hermitian, and Hankel solutions.
Lastly, we address the n-Hermitian solution for split quaternions and the Hermitian solution for
commutative quaternions.

4.1. The complex field

The concept of using vector operators to solve the system (3) was first introduced by Navarra in
2001 [47]. Subsequently, scholars recognized that vector operators could be designed for symmetric,
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anti-symmetric, and bi-symmetric matrices, which led to the exploration of special solutions for (3).
As a result, from 2016 to 2018, the least-squares Hermitian solution and Hermitian indeterminate
admittance solution of (3) were extensively studied [48-50].

In 2001, Navarra et al. derived necessary and sufficient conditions for the existence of a general
solution to (3) and presented an expression of the general solution using the vec-operator and Inver-
operator [47]. This marked the first application of the vec in solving the system (3).

Theorem 17 (General Solutions for (3) over C [47]). Suppose that A1, A, € CP*™, By, By € C"™1, and
Cy, Cy € CP*1 are known matrices. The system of matrix equations (3) is consistent if and only if

AATCIBTB = ¢

and
GGtvec(F) = vec(F),

where G = B; ® Ay + E*® D, D = —AyAY Ay, E = B1B{By, and F = C; — A, AICyBIB,.
If the general solution to (3) exists, the expression for the general solution is given by

X = ATC,BI + Invec, {GJrVeC(P) +(I— G+G)VEC(V)]

— AlA, [Invecmln(GJrvec(F) +(I—- G+G)Vec(V))} BB,
with arbitrary V. € C™*",

Remark 12. Recall the fact that the matrix equation AXB = C has a Hermitian solution if and only if the pair
of matrix equations (11) has a general solution X. The Hermitian solution of AXB = C can be represented as

(X + X%).

NI~

Baaed on this result, [47] presents the consistent condition and expressions of the Hermitian solution of
AXB =C.

Fifteen years later, the least-squares Hermitian solution with the minimum-norm of (3) has been
considered. [48] directly focused on the properties of complex Hermitian matrices, designing vec; and
vec, operators for symmetric and anti-symmetric matrices to describe the real and imaginary parts of
Hermitian matrices.

For a matrix A = (a;;) € R"*", the operator vecs(A) is defined as

n(n+1)

T
vecs (A) = (ulll cc 1,022, 0,002, 0 /a(nfl)(nfl)/un(nfl)/ann) S

The operator vec,(A) is denoted as

n(n—1)

vecg(A) = (a1, ,an1,831,° ,An2, - ra(nfl)(n72)ran(n72)/an(nfl))T €
Let x = (x1,%0,---, %) € C5, y = (y,y2,---,yx)T € CX, and A = (A, Ay, -+, Ag), where A; €
Cmm(i=1,2,--- k). Define the circle product satisfying the following conditions.
(1) Aox =x1A1+ xA+ - + x A € C"X7,
(2) Ao(x,y) =(Aox,Aoy).
For E = (e;;) € R™", where ¢;; = 1 and other elements of E are zeros, define

Ks = (E11,Ex1 + E12,- - ,Emi + E1nE22, Ez + En3, -+ ,Epo + Epp, - -+,

n2(n+1)

E(nfl)(nfl)/En(nfl) + E(nfl)n/ Eﬂﬂ) eER™ T,
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and

n2(n—1)

Ko = (Ex — E12,- -+ ,En1 — E1n,Es2 — Ez3,+ ,Ena — Ean, -+, Eyu—1) — E(n—1)n) € R""

With the above definitions, an equivalent characterization of Hermitian matrices is given as
follows. For a square real matrix X € R"*", X is a symmetric matrix if and only if

X = K; o vecs(X),
and X is an anti-symmetric matrix if and only if
X = Kz ovecy(X).
Hence, for a complex square matrix X € C"*", X is a Hermitian matrix if and only if
X = K ovecs(Re(X)) + iK, o vec, (Im(X)).
Based on above results, the main theorem of [48] is given.
Theorem 18 (Hermitian solutions for (3) over C [48]). Let Ay € CP*™, By € C"*, C; € CP*1,

Ay, € C™™m B, e C"¥1, C, € C1. Define the complex matrices Fj € Crxa, Gijj € Crx1q, Hjj € C™! and
KijeC”lfornZiZjZlas

£ ) A1y, ifi=j, o ifi=j,
o o . 1y o .
AliBlj + A]jBli/ lfl >, vV —1(1411'31]' - AljBli)/ lfl >,

H. — BZiBZj/ lfl = j/ K 0, lfl = j/

ij = e N T e
AgiByj + AgjByi, ifi >, V=1(AiByj — AzjByi), ifi>],

where Ay € CP, Ay; € C" are the i-th column vectors of matrices Ay and Az, and Byj € C1, Byj € C! are the
j-th row vectors of matrices B and By, respectively. Forn > i > j > 1, define

Re(FZ]) Re(Gl]) RE(E)
fi]‘ Im(Fl]) ) Yl] _ Im(GZ]) ) QO _ Im(E) )
Re(Hl]) RB(KZ]) RE(F)
<§11,§11> @11,?20 e <§11/§nn>
| Ta Ty (T, Tag) (T21, Tn)
<rnn/rll> <fnn/f21> <fnnrfnn>
(T11, Yo1) <F11,\:(31> fllz?n(nflﬁ
T Yar) (T, Ya) (T21, Yp(n-1))
<fnn/?21> <fnnr?31> <f717’lr?n(n—1)>
<\:{21,\:(21> 0:(21,\:(31) (3:(21,\:(11(71—1))
Vo (Y31, Y1) (Y31, Ya1) (Ya1, Yy(u-1))
Y1), Ya1)  (Yn1), Ya1) Y1) Yu(n-1))
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<§11,Qo> <§(21/QO>
(T'21,Q0) (Y31,Q0)
€1 = . , €=
(T, Qo) (Yo(u-1), Q)
Let
P U

W =

ut v
The system (3) is consistent for Hermitian solutions when
WWhe =e.
Then, the Hermitian or least-squares Hermitian solution of (3) is of the form

X = [Ks Koo [Whe+ (1-w'w)y],

wherey € R™ is an arbitrary vector. The system (3) has a unique minimum-norm Hermitian or minimum-norm
least-squares Hermitian solution satisfying

X = [Ks iK,] o We.

Solving the system (3) using Theorem 18 involves the operation of the inner product of the matrix,
which is computationally expensive. [50] uses real representation to transform the problem in the
complex number field into the real field, improving the effectiveness of the method.

Define ¢; as the i-th column of I,,. Let K be

[e; e e3 -+ epq e, 0O 0O -~ 0 0 --- 0 0 0]
0 egc 0 --- 0 0 e e -+ e;-1 e, -+ 0 0 0
0 0 e --- 0 0 0 e --- 0 o .- 0 0 0 GR”XWZ(’;H)
0 0 O €1 0 0 O 1) 0 €,-1 én 0
_O o o --- 0 ege 0 O --- 0 ep - 0 en—1 €n
and K, be
[ e e3 €y_1 6n 0 0 0 0 |
—eq 0 . 0 0 es3 S epq ey e 0
0 —e - 0 0 —e --- 0 0o --- 0 . Rnx”z("‘”
0 0 —eq 0 0 —ep 0 en
0 0 e 0 —eq 0 e 0 —ep e —e,_1

The symbols K; and K, present another equivalent characterization of Hermitian matrices. For a
real square matrix X € R"*", X is a symmetric matrix if and only if

X = Ksvecs(X).
X is an anti-symmetric matrix if and only if

X = Kyvec, (X).
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Thus, for a complex square matrix X € C"*", X is a Hermitian matrix if and only if
X = Ksvecs(Re(X)) + iK,vec, (Im(X)).

Additionally, the definition of the real representation of a complex matrix is presented. For a complex
matrix A = Aq + Ayi € C"*", where A1, A, € R™*", denote

A A

AR =
Ay Ay

c RmeZn,

and
AR = [A; Ay] e R,

Assume X € C"™", then vec(XR) = Fvec(XR), where

G K 2002
F = E]R4n X2n ,
L G
with

(I, 0 0O 0] [0 0 0 0 [0 0 0 0]
0 0 O 0 -1 0 0 0 I, 0 O 0
0o I, O 0 0 0 0 0 0o 0 O 0
0 0 O 0 0 —I, 0 0 0 I, O 0
G=10 0 I 0 , K= 0 0 0 0 L= 0 0 O 0
0o 0 O 0 0 0 -1 0 0 0 I, 0
o o0 o0 --- I 0 0 0 0 o o o0 --- 0
10 0 0 --- 0] L O 0 0 e =1y 10 0 0 - I]

Based on the real representation of complex matrices, [50] presents another expression of the
consistent conditions and expressions for the general and least-squares solutions for (3).

Theorem 19 (Hermitian solutions for (3) over C [50]). Let A1, Ay € CP*™, By,B, € C"*1, Cq1,C,y €
C™*", Denote

w o[BI @AY
(BY)" @ A%

7

and
Ks 0

=1y gl

The system (3) is consistent when

VeC(CRr) _
- (WFQWFQ) lvec(cig )] o

Then, the general or least-squares solution of (3) is of the form

vecs(Xq)| +|vec(CR) B .
[Veca(Xz) = (WrQ) Vec(Ci{r) +[I-WFQ) WFQ)ly,
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where y € R™ is an arbitrary vector. The system (3) has a unique minimal norm general or least-squares
solution satisfying

vecs(Xy)| +|vec(CR)
[VeCu(Xz) = (WFQ) vec(CR)|

Remark 13. Based on the real representation of complex numbers, the system of matrix equations (3) is equal to

_ [VEC(EB)] '

vec(FR)

vec,(Xq)

WFre [veca(Xz)

Remark 14. Compared to Theorem 18, Theorem 19 does not involve complex number operations, resulting in
improved computational efficiency. This conclusion is also verified by the numerical experiments presented in
[50].

Later, Hermitian indeterminate admittance (HIA) solutions of the system (3) have been considered
by Liang et al. [49].

For describing Hermitian indeterminate admittance matrices, [49] designed operators vec, and
vec,. For A = (a;;) € R"*", denote

! T n(n-1)
vecg(A) = (a11,a21, -+ ,p—11,022,032, - * ,Ap—12," " ,Ap—1n-1) ER 7T,

and (n-1)(n-2)
n—1)(n—
vec;(A) = (a21,a31, -+ ,8y-171,030, 042, ,Ap—12,"** ,An—1n—2) € R
On the other hand, let
K/S :(Ell - Enl - Eln + Eun, E21 + E12 - Enl - EZn - Eln - EnZ +Epn, -,
En—l,l + El,n—l - Enl - En—l,n - En,n—l - Eln + Ennr
nx nz(n—l)
E22 - E2n - En2 +Eun, -0, Enfl,nfl - En,nfl - Enfl,n + Enn) eR 2,
and

Ky =(Ey1 + Ex+ -+ + Eun, E21 — E1g — Ent — Ezn + Enp + Enp,
E3y —Ei3—En —Esn+E1n+Eus, -+,
En10—Ein—1—Em —En—1n+ Ein + Enn—1,

Esp —Ex3s —E3y —Ewp + Eon + Euz, - -+,

n—2)(n—1)+n

Eyn—1n—2—En—2n-1—En-1n — Enn-2+ Enn-1+ En—24) € R"" B
For a square real matrix X € R"*", X is a symmetry matrix if and only if
X = K§ o veci(X),
and X is an anti-symmetry matrix if and only if
X = K/; oved,(X).
Hence, for a complex square matrix X € C"*", X is a Hermitian matrix if and only if
X = K ovec,(Re(X)) + iK)y o vec, (Im(X)).

The results of [49] presenting the consistency conditions of (3) having HIA solutions are as follows:
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Theorem 20 (HIA solutions for (3) over C [49]). Assume that A1, Ay € CP*™ By,B, € C"1,C1,C;, €
C™>"_ Denote that

A1iB1j — A1y B1j — A1iB1y + A1uBin,

i=j,
Fj = .
AqiB1j + A1jB1i — A1iBin — A1nB1j — A1jBin — A1y B1i + A1uBin, 1>,
o _Jo i=j
ij = .
V' —=1(A1;B1j — A1jB1i — A1nB1j — A1iBin + AqjBry + A1uBui), 0>,
M. AyiBoj — AguBoj — ApiByy + A2uBon, i=j,
ij = . .
AiBoj + AzjBoi — AziBon — AonBoj — AzjBon — A2uBai + A2nBon, 1>,
0, i=j,
N — ]

V—=1(A2iByj — AzjBoi — AonBaj — A2iBan + A2jBay + A2uBai), i> ],

where Aq; € CP, Ag; € C is the i-th column vector of matrix Ay and Az, Byj € C1, By; € Cl is the j-th row
vector of matrix By and By, respectively. Let

Sl] = Fi] 7 TZ] - Gl] 7 R = E 7
§z‘j = Re(S) y Tij = Re(T;) , Ro= Re(R) /
Im(Sij) Im(Tij) Im(R)
S w 01
U - 7 = Vi
wroTl|° LJZ]
wheren >i>j>1,
[ ($11,511) (S11,521) e (S11,Sn-10-1) |
5 (521,511) (521, 521) e (521, Sn—1,n—-1)
_<SAn71,n711 SAll> (SAnfl,nflr SA21> T <SAn71,n711 SAnfl,n71>_
(T11, Tn1) (T, Ts1) e (T, Ty pn—2) |
- (To1, Tha) (Tp1, To1) E (To1, Ty—1n—2)
_<Tn71,n72/ T11> <Tn71,n721 T21> T <Tn71,n721 Tnfl,n72>_
(S11, T11) (S11, T1) o (S11, Tuo10-2)
W (521, Th1) (521, To1) o (521, Ty—1,n—2)
<§n—1,n—1/ T11> <~§n—l,n—1/ T21> o <§n—l,n—1/ Tn—l,n—Z)
(S11,Ro) (T11, Ro)
(S21, Ro) (T1,Ro)
01 = . ;U2 = .
(Su—1n-1,Ro) (Ty—1,1—2,Ro)

Then, the system (3) has a Hermitian indeterminate admittance solution X if and only if

uute = o.
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At this point,
X = [Ks iKy] o [UTv + (I —UTU)Y],

with arbitrary Y.

Liang et al. have presented an another method of solving the Hermitian indeterminate admittance

of (3) [49].
Fora; =¢; —e,fori=1,2,--- ,n,let

[ & a @ o - 0 0 0 0
0 1 0 ay e 1 0 0 0
0 0 0 0 . 0 0 0 0
K. =
0 0 0 0 0 e g Q1 0
0 0 e a1 0 B ar e 0 Ky—2 [
L—&1  —&p—&p e =y — @] —&p cc —Kpp— A v —Wpp —lp] — g2 —&pq]
and
[ —ap —a3 —0y_q 0 0 0 0 ]
g 0 S 0 —u3 S —0y 1 0 0
0 121 0 %) 0 —0y 0
0 0 s 0 0 EE 0 «3 0
K, =
0 0 ... 0 0 ... 0 0 . —yq
0 0 o 0 ay 0 Qp_o
Lkp — &1 @3 —&p o W] — &1 A3 — & v Apo1 T W Mg — &3 oo M) T Kpp]
Then, assume that A € R"*", then A is a symmetry indeterminate admittance matrix if and only
if

vec(X) = Klvec,(X),
and A is an anti-symmetry indeterminate admittance matrix if and only if
vec(X) = K,ved,(X).

Hence, for a complex matrix A € C"*", then A is a Hermitian indeterminate admittance matrix if and
only if
vec(X) = Klvec,(Re(X)) + iK]vec, (Im(X)).

Naturally, the following theorem holds.

Theorem 21 (HIA Solutions for (3) over C [49]). Suppose that A1, Ay € QP*™, By, By € Q"*9,C,Cy €
Qm>n, Let

_ (Bl ®ANK{ i(Bf ® A)K,
(BI ® A2)K] i(BI ® Ay)K,

Re(P)

P Im(P)

s N0

~|vec(Cy) _
K= lvec(Cl)]' Fo=

Then the existence conditions of the Hermitian indeterminate admittance solution X of (3) can be expressed as
PyPiKy = K.
In this case, X satisfies
vec(X) = (K; iKy) o [P]Ko + (I — F{ Py)Y],

with arbitrary Y.
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In the process of considering special solutions using vector operators over the complex number
field, it is essential to treat the real and imaginary parts separately. In the following subsection, we
demonstrate that when applying these methods to find special solutions over the quaternion field, the
four components of quaternions must be addressed individually.

4.2. The quaternion algebra

This subsection considers the system (3) over quaternions with general and various Hermitian
solutions. It is well known that quaternion algebra is non-commutative, which means that the equation
(26) does not hold over Q. However, with the help of the quaternion complex representation, the
least-squares Hermitian, #-bi-Hermitian, (anti-)centro-Hermitian, and Hankel solutions for (3) can all
be derived [51-54,56]. Additionally, the (anti-)centro-Hermitian solution of (3) was also considered
using its real representation [55].

We first introduce the complex representation and related properties for quaternions. Any
quaternion matrix A € Q™*" can be represented as A = A + Apj, where A1, A, € C™*". Denote
D(A) = [A] Ay] € C"*2" ¥ (A) = [Re(A1) Im(A1) Re(Ay) Im(A,)] € C™4" and

A A

C2m><2n
—A, A

f(a) =

Remark 15. Fork € R, A € Q"*", and B € Q"*7, the following conclusions can be derived:

(1) k@(A) = D(kA),

) k¥ (A) =¥ (kA),

) kf(A) = f(kA),

4) f(AB) = f(A)f(B),

) @(AB) = ®(A)f(B).
Thus, ®, Y, and f are linear maps.

(2
€
(
(5

Based on the real representation, Kronecker product, and the equation (26), the vec-operator over
quaternions can be described.

Lemma 2 (The structure of the vec-operator over Q [51]). For A = A1 + Apj € QP*™, B =B + Byj €
Q™" and C = C1 + Cyj € Q"*4, the following holds:

vec(®(ABC)) = (f(C)T ® Ay, f(Cj)* ® As)

vec(®(B)) ]
vec(—jP(B)j)

Based on different definitions of special matrices, the expression

vec(P(B))
[VeC(—jd’(B)j)] 7

has corresponding structures, which can be used to simplify the system (3) into the form Ax = b.
To derive the general solution and least-squares solution, [51] introduces the below symbols. For
amatrix X = (x;;) € R"*", define the following vectors:

(n+1)
vecg(X) = (x11, \[szh' Tty ﬁxnllxzzl \fo32,- Tty ﬁxnz, s ,xnn)T S Rn 2 ’

and )
T n{n—
veea(X) = V2(x21, %31, -+, Xn1, X3, X4, -+, X, Xp(n-1)) € .
The vecs and vecy operators can also be used to express the symmetry and anti-symmetry
matrices. Suppose X € R"*", then:
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(1)
(1) X € SR «—=> vec(X) = Kg")vecS(X),where Kgn) € RPX"5 is given by

(V2e; e e3 -+ e,.1 e, O 0 -~ 0 0 --- 0 0 0 ]

0 e 0 -+ 0 0 V29 e -+ e,_q1 €5 - 0 0 0

110 0 e - 0 0 0 e -+ 0 0 - 0 0 0
FY T O S

0 0 0 --- ¢ O 0 0 -+ e 0 - V2,1 ey 0
| 0 0 0 -~ 0 e 0 0 -+ 0 e - 0 en-1 V2en]

n(n—1)

(2) X € ASR"" «— vec(X) = KI(:)vecA(X), where the matrix KI(:) € R™*"7 is given by

e es3 S ey en 0 0 0 0
—e 0 0 0 e3 cee e en 0
1 0 —eq - 0 0 —ey - 0 0 0
V2| : S : : S : . :
0 0 S —e 0 0 e —ep 0 ey
0 0 0 —e 0 0 —ey - —ey_1

respectively.
Notice that for X = X7 4+ Xpj € Q"*" to be Hermitian, it must satisfy that
Re(X71) € SR and Im(X3), Re(X2), Im(Xp) € ASR™".

Hence, X satisfies

KKy 0 0 ] [vecs(Re(Xy))
vec(®(B)) | | 0 0 KY iKW | [veca(Im(Xy))
vec(—j@(B)j)| |k —ik() 0 0 vecs(Re(Xp)) |

0 0 K%) _1K1(:) vecA(Im(Xz))

The main results of [51] can be presented as follows:

Theorem 22 (Hermitian solutions for (3) over Q [51]). For Ay = A1 + A1pj € QP*™, By € Q",
Ap = Ay + Apj € QP By € anl, C; € QP and Cy € Qle, let Wy = diag(Ks,KA,KA,KA).

Define
kK 0 o
(n)  pln)
0 K iK
= (f(B1)T® A1, f(B1j)*® A A A,
Q1= (f(B1) 11, f(B1j)* ® Arz) KO ik g 0
o o kP —ixly
k" ik oo
() )
0 0 K iK
= (f(B)"® Ay, f(Boj)T @ A A A,
Q2 = (f(B2) 21, f (B2j) 22) KO ik 0
o o kP -l
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vec(Re(®(Cy)))
Q vec(Re(®(C2)))
= P; = R , P, =1 ’ = ’
QO [QZ 1 E(Qo) 2 m(QO) e VeC(Im(cD(Cl)))
vec(Im(P(Cy)))
and
R=(I—-PfP)P;,
H = R" 4+ (I - R'R)ZP,(P})P}T (I — PIRY),
Z = (I+ (I - R'R)P,P{ P}TP] (I — RTR)) "},
Sy =1—PPf +P{TPfZ(1 — R'R)P, P,
Sip = —PITPY (I -R'R)Z,
S» = (I-R'R)Z.
(1) The quaternion matrix system (3) has a Hermitian solution X € Q"*" if and only if
S Si2
e=0. 28
[SE 522] )

Then the Hermitian solution of (3) can be expressed as
vec(¥(X)) = Wy (Pf — H'P,P{, H )e + Wi (I — P{ P, — RR)y,

with an arbitrary real vector y.
(2) If (28) holds, then (3) has a unique Hermitian solution X if and only if

rank [Pll =2 —n.
P,

The unique Hermitian solution can be expressed as
vec(¥(X)) = Wy(P{ — H'P,Pf, H )e.
(3) When (3) is inconsistent, the least-squares solutions satisfy
vec(¥ (X)) = Wi (Pf — HTP,P{, H )e + Wy (I — P{P, — RRT)y,
where y is an arbitrary real vector.

Yuan et al. have considered the more complex 77-anti-Hermitian solution and #-anti-bi-Hermitian
solutions [52].

The vecp operator for A = (a;;) € R" is designed for bi-symmetry matrices, with the following
definition:

(1) When n = 2p is even, for the given matrix A € R?*??, define

T 1
vecp(A) = (a11,801, "+, 8op1, 020,830, 8212, "+ ,App, Apy1,p) | € RPPTD,

(2) When n = 2p 4 1is odd, for A € RZP+Dx(2r+1) define

T 1)2
VeCB<A) = (ﬂ]l,ﬂ21, ter 1a2p+1,l/a22/ asp, - - /a2p,2/ e /ap+1,p+1) S R(p+ ) .

Similarly, the vecsp operator for A = (a;;) € R" is designed for anti-bi-symmetry matrices,
defined as follows:
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(1) If n = 2p, for A € R?P*2P, define

T -1
vecap(A) = (a21,- -+ ,82p-1,1,832,842,"* ,02p 22, ,8pp—1,0p+1p-1) € RP(P-D),

(2)Ifn=2p+1,for A= (a;) € REZPFD*2r+1) define

T 2
vecsp(A) = (aa1, -+~ s M2p 1,832, ,A2p—12," " ,ﬂp+1,p) eRP.
Suppose X € R"*", then

X € BSR™" <= vec(X) = Kgvecg(X),

where Kp is given by

e1 e ep epr1 T ep-1 ey 0 0 0 0 0 0 ]
0 e 0 0 e 0 e R R 2T 0 0
0 0 e1 en 0 0 0 ey eyp_1 0 ep €p+1
0 0 - e e - 0 0 0 - e e - 0 e ey e |
0 en 0 0 e1 0 en1 0 ep ep 0 0 0 0
e R ep e e 0 0 0 0 0 0 |

when n = 2p, with order n? x p(p + 1);

feq & e ey en 0 0 0 0 0 0 07
e 0 en 0 ey £p+l gzp 0 0 0 0

0 0 0 00 0 0 0 ep epi1 epi2 0

0 0 e t+en 0 0 0 e tey 2p 0 eptepin 0 epit |

0 0 0 0 0 0 . 0 p e pi1 ep 0

0 en 0 e 0 [ ] eptl ey 0 0 0 0

»en Eﬂ*l gp+1 92 el 0 0 0 0 0 0 0

when 1 = 2p + 1, with order n% x (p +1)2.
Additionally,
X € ABR™" <= vec(X) = Kypvecap(X),

where K 4p is given by

e ey e o enq 0 o0 0 - 0 - 0 0
—ep - 0 0 s —ey es3 s ep ept1 B R 0 0
0 P —eq —ey e 0 0 e —ep —en_1 e 0 e _ep+1 _ep+2
’
0 . o —ey —e1 e 0 0 .o —ey_1 —ep ‘ee 0 oo _ep+2 _ep+l
ey - 0 0 C—el ena ey ep ey e 0 0
leat 0 e e e 0o .- 0 0 R R 0 0 |
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when n = 2p, with order n? x p(p — 1);

-32 ep ep+1 6P+2 ezp 0 0 0 0 1

—eq 0 0 0 e —ey e3 epi1 S P 0

0 - —e 0 ey - 0 0o .- 0 0 epi1

0 0 —e1—en O 0 0 o —ex—ewq o 0 e —ep—epial,

0 - —e, 0 —e; -0 0o .- 0 0 epi1

—ey - 0 0 0 co—ep epq v epi1 e 0
len—1 3P+2 ep+1 ep e 0 0 0 0 ]

when n = 2p + 1, with order n? x p.
Furthermore, X = X; + Xpj € yBQ"*" if and only if Re(X;) € BSR"*" and

Im(X;) € BSR™", Re(X,), Im(X,) € ABSR"™", 5 = i,
Re(X,) € BSR™", Im(X;), Im(X5) € ABSR™", 57 = j,
Im(X,) € BSR™", Im(X;), Re(Xz) € ABSR"", 5 = k.

X = Xj + Xpj € nABQ™™" if and only if Re(X;) € ABSR"*" and

Im(X;) € ABSR"", Re(X2), Im(X3) € BSR"", 5 =1,
Re(X,) € ABSR"™", Im(X;), Im(X,) € BSR"™", 5 = j,
Im(X;) € ABSR™", Im(X;), Re(X2) € BSR™", y =k.

Therefore, assume that X € Q"*", then
(1) X € nBQ™" <= vec(¥(X)) = Kypvec,;p(¥ (X)), where

Kg 0 0 0 vecg(Re(X1)) |
0 Kup O O vecap(Im(Xy))
Kip = , veeip(¥(X)) = ,
B0 0 ky ol Ve = Rea))
| 0 0 0 Kp]j vecg(Im(X3)) |
Ky 0 0 0] [ vecg(Re(X7))
0 Kg 0 vecg(Im(X7))
Kig = , vecip(F(X)) = ,
B0 0 kg 0| CBEE) = i Re(xa))
|0 0 0 Kp | vecg(Im(X3)) |
Ky 0 0 0 ] vecg(Re(X1))
0 Kg O 0 vecp(Im(X7))
Kig = , ¥(X)) =
B=10 o Ky o | VeI = 1 Re(%0))
L 0 0 0 KAB_ VecAB(Im(X2))

KAB 0 0 0 VecAB(Re(Al))

0 Kg O vecg(Im(Ay))
Kinp = , veciap(¥(X)) = ,
1AB 0 0 Kup VeClAB( ( )) vecp (RE(AZ))

0 0 0 Kyug vecap(Im(Ap))
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[Kag 0 0 0] vecag(Re(A))
0 Kugg O 0 vecap(Im(Aq))
Kiap = , iap(Y (X)) = ,
B o Ky o | Ve = (Re(an))
0 0 0 Kagp vecsp(Im(Az))
[Kag 0 0 0] vecap(Re(A1))
0 KAB 0 0 VecAB(Im(Al))
K = , Y(X)) = .
kAB 0 0 Ky 0 veckap (¥ (X)) vecsn(Re(As))
| 0 0 0 Kg] vecg(Im(Ay))
Yuan et al. presented the structure of (27) in [52]. When X € #BQ™*",
vec(®(B))
= WK Y(X));
[veq —jo(p))| ~ 2Kaveen (F(X)
when X € nABQ"*",
Vec(QD(B))
= WK Y(X)),
where
Lo i, O 0
0 0 Lo ilp
W — n n
> |1, —il, 0 0
0 0 Lo —ilp
Theorem 23 (7-bi-Hermitian solutions for (3) over Q [52]). Assume that Ay = A1+ A1pj € QP*™ =
A21 + A22j € prml Bl/ BZ S @nxq/ Cl/ C2 € @mxn' Let
vec(Re(®(C1)))
Lo [FBT oA, fB)@AR], | |vec(Re(@(Cy))
f(B2)'® An, f(Boj)" @ Anp| vec(Im(®(C1))) |
vec(Im(®(C)))
P =TIK;p, P, = Re(P), P, = Im(P),
R=(I-PfP)P;],
Z = (I4 (I - RTR)P, P PITPF (1 — RTR))~!
H=R"+ (I - R'R)Z,P,Pf P}T(I — PJRT),
Sy =1— PP+ PITP}Z(1 — R'R)P, P,
Sip = —PTPy (I - R'R)Z,
Sy = (I-R'R)Z.
Additionally,
P ! P ! P
1 + Tp pt gyt 1 1 + +
=(P{ —H,PP{, H,), = P; P + RR’,
[PZ] (P{ — H, PPy, Hy) [PZ] [PZ] 15+
.I.
[ (PPl S S
D | P S, Sx»
(1) The quaternion matrix system of equations (3) has a solution X € yBQ"*" if and only if
511 Si2
e=0. (29)
[sz 5221

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.



https://doi.org/10.20944/preprints202507.0005.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 2 July 2025 doi:10.20944/preprints202507.0005.v1

39 of 83

Under this circumstance, X is expressed as
vec(¥(X)) = Kyp [(Pl+ — HIP,Pf, Hi)e+ (I — PP, — RR+)y],

where y is an arbitrary real vector with appropriate dimensions.
(2) If (29) holds, then the quaternion matrix system (3) has a unique solution X € nBQ"*" if and only if

[P _ J3p(p 1)+ (p=1)p, n=2p,
P 3(p+1)2+p% n=2p+1.

In this situation,
vec(¥(X)) = Kyg(Pf — Hy P,Pf, H} Je. (30)
(3) Furthermore, the least-squares solutions of (3) are in the form of
vec(¥ (X)) = Ky [(P{f — HIP,Pf, HY)e+ (I — PP, — RR*)y],

where y is an arbitrary real vector with appropriate dimensions. The unique minimum-norm least-squares
solution is given by

vec(¥(X)) = Kyg(Pf — Hy P,P{, H} Je.

Theorem 24 (y-anti-bi-Hermitian solutions for (3) over Q [52]). Suppose that A1 = Ay + Apj €
QP*™, Ay = Ay + Axj € QP*™, By, By € Q"*1, C1,Cy € Q™. Denote

vec(Re(®(Cy)))

o |[fBUT@An, fBi)f®An|, — _ |vec(Re(®(C2)))
FB)T® Ay, f(Bop) @ App| > vec(Im(®(C1))) |

vec(Im(®(C2)))

Q =TIKyap, Q1 = Re(Q), Q2 = Im(Q),

Ry = (I-Qi01)Q1,

Zy = (I+ (I - R{R1)Q:Q1Q1" Q5 (I — R{Ry)) 7,
Hy = R} + (I — RRy)Z1Q Q1 Q™ (I — Q7RY),
A =1-Q10Q7 +QiTQ3 71 (I — R{R;)Q:Q1,
A = —QiTQN (I — RiRy)Z,

Ay = (I — RIRy)Z;.

Furthermore,

t t
[g]=@}HM@meg]Ej=@g+&m

[ Q] [@ +: An o An|
Q2] |Q2 AL Ay

(1) The quaternion matrix system of equations (3) has a solution X € nABQ"*" if and only if

An A
& Ple=0. (31)
A12 A22
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In this case,
vec(¥(X)) = Kyap| (QF — HIQ2Q}, H)e + (1 - Q1Q1 — RiRD)y], (32)

where y is an arbitrary real vector with appropriate dimensions.
(2) If (31) holds, then the system (3) has a unique solution X if and only if

3(p—1 1), n=2p,
ank| Q1| = J3P—Dptplp+1), n=2p

Q> 3p2 + (p+1)?, n=2p+1.
Under this circumstance,

Ap = {X | vec(¥(X)) = Kyap(Q} — HIQaQ}, H])e}.

(3) The least-squares solution of (3) can be expressed as (32) with arbitrary real vector y. The unique
minimum-norm least-squares solution can be in the form of

vec(¥(X)) = Kyap(Q] — H{ @01, H} )e.
Remark 17. The y-Hermitian and yj-anti-Hermitian solutions of (3) can also be derived using similar methods.

Remark 18. Through precisely describing the (bi-)(anti-)symmetric matrices, the vector operators only need to
consider a general form. The relative methods can also handle (anti-)j-self conjugate solutions of (3) or other
equations, such as AXB + CYD = E,(AX,XB) = (C,D) and so on [53].

Theorem 25 ((Anti-)centro-Hermitian solutions for (3) over Q [54]). Let A1 = Aj1 + A1pj € QPF™,
By € Q, Ay = Ay + Apj € Q7™ By € Q™ Cp € QPX9, Cy € Q7 and Xo € (S)CQ™*" be given
matrix. Denote

1T il 0 0]
Qi = (f(B1)T @ An, f(Bi))* © A) (; 701'1 (I) 101 W3,
0 0 I —il]
[T il 0 0]
Q2 = (f(B2)" ® A1, f(Baj)* @ A) (; —01‘1 (I) loI W,
0 0 I —il
vec(Re(®(Cp)))
o z:zéﬁgiggi Qo= [gj P; = Re(Qo), P» =Im(Qo).
vec(Im(®(Cy)))

(1) The least-squares (anti-)centro-Hermitian solution of (3) can be expressed as

vec(¥(X)) = W3 [P

+ +
P, p| [P
e+Ws| I— h,

with arbitrary vector h of suitable size.
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(2) For given Xo = Xo1 + Xo2j € (S)CQ™™", the optimization problem min ||X — Xol|, with X €
(S)CQ™"" satisfying (3), has a unique solution X such that

+ + vecy(Re(Xo1))
ool e (-] 2] |
vec,(Im (X))

where W3 = diag(Kt,K—,K=,K~) or W3 = diag(K~,K",K',K") for centro-Hermitian or anti-centro-
Hermitian solutions.

Remark 19. If the matrix Xy is not (anti-)centro-Hermitian, then instead of the matrix Xo, the expression

(Xo £ VXoV)

NI~

can be used to derive the (anti-)centro-Hermitian solutions of min || X — Xp||.

Later, Zhang et al. researched the (anti-)centro-Hermitian solutions for (3) through the real
representation matrices of quaternion matrices [56].

A kind of isomorphic real representation of quaternion matrices is defined for a X = Xp + Xji +
Xoj + X3k € Q" as
X1 =X —X3 —X4
X, X1 X4 X3
X3 Xy X1 —X5
Xy —X3 X> X1

XR — c R4m><4n‘

The first column of XR is denoted as

X1
X5

XR = )
C X3
Xy

To describe the structure of (anti-)centro-Hermitian matrices using the real representation, the vec®®

and vec”€S is denoted as follows:

(1) Whenm =2p+1,n=29+1,
Vec(()jos(x) = (0‘1/ K, /lxn)T/

where a; = (xy;, X, - - - ,x(p+1)l~) fori=1,2,---,g+1anda; = (xlj,xzj,~ . ,xpj) forj=q+2,---,n.
2)Ifm=2p+1,n=2q,
VngES(X) = (‘Xl/ Ko, - /“H)T/

where a; = (x5, X0, - + - ,x(p+1)i) fori=1,2,--- ,gand aj = (xlj,xzj,~ . ,xp]-) fori=g+1,---,n.
B)Iftm=2p,n=2q+1,
vecSS(X) = (ay, a0, -+, an)",

with a; = (xli,le-,- .- rxpi) fori=1,2,---,n,
(4)Iftm =2p,n=2q,

VeCeCeS(X) = (0‘1/ a, /“n) ,

with o = (xli/xZil' .. pri) fori = 1,2,. -, 1.
(5) Whenm =2p+1,n=2q+1,

VeCOAOCS(X) = (0(],“2,' o /“11) s
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where a; = (x5, %0, - + - ,x(pH)i) fori=1,2,--- ,gand a; = (xlj,xzj,- . ,xpj) forj=q+1,---,n.
(6) Whenm =2p+1,n =2gq,

VeCfizCS(X) = (&, a2, - ,txn)T,

where = (xlir X, vt ;x(er])i) fori=1,2,--- q and = (xlj/ X2j, ,xp]-) for]' =g+ 1,---,n.
(7)Ifm=2p,n=2q+1,
vecl S (X) = (ay, a0, -+ )T,
with a; = (x5, %0, - « - ,xpi) fori=1,2,---,n.
(8) Ifm =2p,n =2q,
VeCéCS(X) = (“1/“2/ e /“n)T/
Wlth lxi = (xli/ x2i/ e /xpi) for Z - 112/ te /n-

The vec®® and vecA®S operators present equivalent conditions for centro-Hermitian and anti-

centro-Hermitian matrices. Let X = X; + Xpi + X3j + Xgk € Q™*". Then

vec(X7) Vec%,?(Xl)
X e men P VEC(XZ) — gCH VeC}éVCS(X2)
CH vec(X3) " |veepsS (Xs) |
vec(Xy) vech=>(Xy)
and
vec(Xy) Veclﬁ\],CS (X1)
X € Qmxn vec(Xp) | _ gscH VQCEE(}Q)
SCH - v ’
vec(X3) # vec; (X3)
vec(Xy) VQCSE (X4)
where s s
A
G 0 0 0 Gy 0 0 0
ACS Cs
gan_ | 0 G 0 0 | gsen_| 0 Gw 0 0
m 0 0 Gi® o |°7H 0 0 Gi 0}
ACS Cs
0 0 0 Gu 0 0 0 Gug
with
0, mis odd, 0, mis odd,
U= ) and y = )
e, niseven e, nis even
and
[Tp41 0 0 0 0 0 0 0]
0 0 0 0 0 0 0 Jp
0 Ipia 0 0 0 0 0 0
0 0 0 0 0 0 J, O
0 0 Ipyp 0 0 0 0 0
0 0 0 0 0 Jp 0 0
GZ=10 o0 0 I, 0 0 0 0},
0 0 0 0 1 0 0 0
0 0 0 J, 0 0 0 0
0 0 0 0 0 I 0 0
0 0 Jo;1 0 0 O 0 0
0 0 0 0 0 0 0 I
Jpsr O - 0 0 0 O --- 0 0]
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Iyw 0 0 0 0 0
0 0 0 0 0 Jp
0 I 0 0 0 0
0 0 0 0 Jy 0
ces_ | 0 0 Iy O 0 0
®* 1o 0 0o Jp 0 o}
0 0 0o I 0 0
0 0 Jos1 O 0 0
0 0 0 0 0 I
Lp+1 0 0 0 0 0]
(1, © 0 0 0 0 0]
0 0 0 0 0 0 Jp
0 I 0 0 0 0 0
0 0 0 0 0 Jy 0
0 0 I, 0 0 0 0
cCs_ |00 0 0 J 0 0
e 0 0 0 I, 0 0 o0}
0 0 0 J, O 0 0
0 0 0 0 I 0 0
0 0 Jb 0 0 0 0
00 - 0 0 0 - 0 I
Jj 0 -~ 0 0 0 - 0 0
L, © 0 0 0 0]
0 0 0 0 0 Jp
0 I 0 0 0 0
0 0 0 0 Jp 0
ccs_ |00 I, 0 0 0
“ 1o 0 0 Jp 0 0}
0 0 0 I 0 0
0 0 J, 0 0 0
0 0 0 0 0 I
J, 0 0 0 0 0]
[ Iy 0 0 0 0 0 0]
0 0 0 0 0 0 —J
0 Iy 0 0 0 0 0
0 0 0 0 0 —Jp 0
0 0 Iy 0 0 0 0
0 0 0 0 —Jp 0 0
G = o0 0 0 Iy 0 0 0|,
0 0 0 0 0 0 0
0 0 0 -J, O 0 0
0 0 0 0 I, 0 0
0 0 —Jps1 O 0 0 0
0 0 0 0 0 0 I,
__]p+l 0 0 0 0 0 0 ]
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Iyyw 0 0 0 0 0
0 0 0 0 0o —Jp
0 In 0 0 0 0
0 0 0 0 -, 0
cacs _ | 0O 0 Iyyw 0 0 0
o 0 0 0 —Jp 0 o0/
0 0 0 I 0 0
0 0 ~Jps1 O 0 0
0 0 0 0 0o I
L=Jp+1 0 0 0 0 0]
[, o 0o 0 0 0 0]
0 o0 0 0 o0 0 —Jp
0 I 0 0 o0 0 0
0 0 0 0 o0 ~J, 0
0 0 I, 0 0 0 0
cacs _ | 00 0 0 —Jp 0 0
€ 0 0 0o I, O 0o ol
0 0 0 —J, © 0 0
0 0 0o 0 I 0 0
0 0 -, 0 0 0 0
o 0 -« 0 0 0 - 0 I
-5, 0 -~ 0 0 0 - 0 0|
[, © 0 0 0 0]
0 o0 0 0 0o —Jp
0 I 0 0 0 0
0 o0 0 0 -, 0
cacs _ | 00 I, 0 0 0
« 0 o0 0o —Jp 0 0
0 0 0 I 0 0
0 o0 ~J, 0 0 0
0 o0 0 0 0 I
-], © 0 0 0o 0|

Then another result for the (anti-)centro-Hermitian solutions of (3) is yielded.

Theorem 26 (Centro-Hermitian solutions for (3) over Q [56]). For A; € QP*™, By € Q"*1, C; € QP*1,
Ay € QP*™ By € Q™ and Cy € QP let

o [((Bﬁ?)T ® AY

[(B)®)T ® AF

(1) Then, the quaternion matrix equation system (3) has a centro-Hermitian solution if and only if

I - KF MG (KF MG Kﬂgiﬂ -
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When (3) is consistent with centro-Hermitian solutions, these solutions can be expressed as

vec cryt | vee((C1)8)
(F0) = G (KT MG )lVeC((Cz)c)

+ G581 - (KFMGE T (KFMGEH]y,  (33)

where y is arbitrary.
(2) Moreover, if (3) has a centro-Hermitian solution, then the centro-Hermitian solution is unique if and

only if
8pg+4p+49+1, m=2p+1,n=29+1,
8 4p, =2p+1,n=2q,
rank(lCFMg;va)Z Patey mEcprLn=4
8pq +4q, m=2p,n=2q+1,
8pq, m=2p,n=2q.

The unique centro-Hermitian solution is given by

vec(CT)
vec(¥(X)) = G (KFMGGHT [Vec ( CEQC )] . (34)

(3) If (3) is inconsistent for the centro-Hermitian solutions, the least-squares solutions are expressed in
(33) with arbitrary y, and the unique minimum-norm least-squares solution is expressed as (34).

Theorem 27 (Anti-centro-Hermitian solutions for (3) over Q [56]). Assume that A1 € QF*™, By € Q"*1,
Cy € QPX1, Ay € QP*™ By € Q"*!, and C, € QP*L. Denote

o [BBTear]
(Ba)B)" e A

(1) Then, the quaternion matrix equation system (3) has an anti-centro-Hermitian solution if and only if

vec((Cy)c)
vec((C2)f)

oR

[1 — KFMGSH(KFMGEMT } l =0.

When (3) is consistent with anti-centro-Hermitian solutions, these solutions can be expressed as

vec((C1)R)
vec(¥ (X)) = gSCH(’C]'—MgSCH)+ lvec((Cz) B

+GecH [I—UCIMQSCH) (/CFMQSCH)}y, (35)

where y is arbitrary.
(2) Moreover, if (3) has an anti-centro-Hermitian solution, then the anti-centro-Hermitian solution is

unique if and only if
8pg+4p+49+3, m=2p+1,n=29+1,
8 4 7 :2 ]-/ :2 4
rank(IC}'MQSCH) pq+4p m p+1n q
8pg + 44, m=2p,n=2q+1,
8pq, m=2p,n=2q.

The unique anti-centro-Hermitian solution is given by

ey =iz [
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(3) If (3) is inconsistent for the anti-centro-Hermitian solutions, the least-squares solutions are expressed
in (35) with arbitrary y, and the unique minimum-norm least-squares solution is expressed as (36).

At the end of this subsection, we introduce the Hankel solution of the quaternion matrix system
of equations (3). Through a novel vector operator for Hankel matrices, [55] transforms the problem
of finding Hankel solutions into solving for the general solutions. Then, the necessary and sufficient
conditions for the system (3) with Hankel solutions, as well as the expression for the general solution,
are derived.

A Hankel matrix
a ar as s ay
a;  as ay o Ap
H,= |23 as a5 - app2| € QW
an  Op41 Ap+2 -0 Op—1

is uniquely determined by 2n — 1 elements. Let

vec,(Hy) = (a1, -+ ,a2,1)" € Q*"71,

and
€1 e e, O 0
K, — 0 e e e, O 0  Rix(n-1),
0 0 e1 e en

Then, for X € Q"*",
X € HAQ,, < vec(X) = Kpvec,(X).

Theorem 28 (Hankel solutions for (3) over Q [55]). Assume that Aq,B1,Cq1, Az, By, Co € Q"*", Let

Bj; ® An “Bp®An B ®Ap —Bl,®An| [K, iK, 0 0

Bj, ® Ar Bli®An By ®Ap ~BL®ApR| |0 0 K, ik,
By, ® By “Bp®An —Bp®An ~BL ®Ap| |[Kn —iKy 0 0 |
Bgz ® Apn E;l ® An E; ® Anq —B}z ® Axm 0 0 K, —iK,

)
I

vec(Ci1) vecy(Re(X1))

[ _ |vee(Cr2) o= vecy, (Im(X)) 6= Go i=|bo|
vec(Cy1) vecy(Re(X>)) G Ly
vec(Cp) vec,(Im(X3))

and
v [Ke K 00

0 0 K, iK,|

(1) There is a Hankel matrix solution of (3) if and only if
GG'L=1L.
When such conditions is satisfied, the general Hankel matrix solution is
vec(®(X)) = M(GTL+ (I-G'G)Y), (37)

with arbitrary Y € RE4),
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(2) There does not exist a Hankel matrix solution of (3), the least-squares Hankel solution is expressed as
(37).

(3) For a given MM = My + Myj € HAQ,,, the solution of the optimal problem min || X — M||, with X
is the Hankel solution of (3), can be expressed as

vec(®(X)) = M(GTL+ (I - G'G) (I - G'G)'(vy — GTL)),

where

Vi =

4.3. The split quaternion algebra and the commutative quaternion algebra

In 2020, some scholars studied the system (3) over commutative quaternions with general Hermi-
tian solutions and over split quaternions with #-Hermitian solutions [57,58]. They used representations
and vector operators to transform the system (3), with special solutions over commutative and split
quaternions, into general solutions over the real field.

The complex representation of commutative quaternions and the real representation of split
quaternions are defined as follows:

(1) For A = A1 + Apj € CQ™", where Ay, Ay € C"*", define

A1 A

c (C2m><2n_
Ay Aq

f(A) =

(2) Assume that A = Ay + Azi + Aszj + Agk € SQ™*", where Ay, Ay, A3, Ay € R™*", denote

Ay Ay Az Ay
—Ay A —Ay Az

Az —Ay A1 A

Ay Az Ay A

AR — c R4m><4n_

Similarly, define ®(A) = [A; As] € C"™*?" and ¥(A) = [Re(A;) Im(A;) Re(Ay) Re(A,)] € C4n
for A € CQ™" or A € SQ™*". Then, ®(AB) = ®(A)f(B) over commutative quaternions and
Y(AB) = Y(A)BR over split quaternions.

On the one hand, the structure of vector operators are given by representations:

(1) For A = Ay + Ayj € CQP*™, B = By + Byj € CQ™*", and C = Cy + Cpj € CQ™™Y,

vec(®apc) = f[(Cl ® A1 +CJ @ A2) + (CF @ Ay + C] @ Ay)]]

vec(By)
vec(By) |

(2) Assume that A = Ay + Agi + Aszj + Ask € SQP*™, B = By + Byi + Bsj + Bgk € SQ™*", and
C=C1+GCi+ C3j 4+ C4k € SQan. Then,

vec(¥anc) = [(CR)T® Ay, ((CI)T @ Az, ((C)R)T & As, ((RCJ)T & As| Wree(¥),

where .
I oo0o0I10 0 01 0 O OTI1I 0 0O
Wg=10 I 000 I 0O OO -I 0 OO —-I 0 0f. (38)
0071 00O - OO0 O0O —-I OO0 O0OTFP®O

On the other hand, based on the definitions of vecg, vecy, Kg and K4, we describe the Hermitian
matrices over commutative quaternions and the #-Hermitian matrices over split quaternions.
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(1) For a Hermitian matrix X = Xj + X,j € CQ"*", we have

<
®
(@)
wn
[
Bl
B
R

)
vec(Xq) _|Ks iKg 00 vecy (Im(X7))
vec(X>) 0 0 Ky iKy| |veca(Re(X?))

veca (Im(Xz))

(2) Suppose that X = X1 + X; 4 X; + X4k € SQ"*" is n-Hermitian, then

vec(¥(X)) = Lyvec, (¥ (X)),

where ~ _ -
KS 0 0 0 VeCS(Xl)
0 KA 0 0 VECA(Xz)
L= , vec;(¥(X)) = ,
i=lo o0 ks ol V)=l xa)
[0 0 0 Ks | vecs(Xy) ]
Ks 0 0 0] vecs(Xq) |
0 Ks 0 0 vecs(X2)
L= , vec;(¥(X)) = ,
i=lo o Kk, o SYED= e x)
|0 0 0 K] vecs(Xy) |
[Ks 0 0 0] [vecs(Xy)
0 Ks 0 0 VeCs(XQ)
L - ; T X =
E=1o o ko o | vex¥(X) vecs(X3)
L 0 0 0 KA_ _VeCA(X4)

The consistent conditions and expressions for the Hermitian solutions of (3) over commutative
quaternions are derived.

Theorem 29 (Hermitian solutions for (3) over CQ [57]). For given A1 = A1 + Apj € CQP*", By =
By1 + Bipj € CQ"™, Ay = Ay + Anpj € CQP*", By = Byy + Byoj € CQ"7, C; = Cyq + Crpj € CQP™
and Cy = Cy1 + Cxj € CQP*1. Denote M = diag(Ks, Ka,Ka,Ka),

fI(Bi; ® A11 4 B}, ® Apz) + (B]; ® A11 + B, ® Ap)j]
F[(Bgl ® Ay + Bg2 ® Azz) + (Bgl ® Ay + Bgz (9 Azz)j]

Ks iK4 0 0
0 0 K4 iKu

P =

Re
Re

O

— — — ' '

Py = Re(P), P, = Im(P), e =

Im
Im

\/\/\/\/\_/\_/\_/\_/
~

(Re(
(Re(
(Re(
(Re(
vec(Im(Cqp
(Im(
(Im(
(Im(

vec(Im
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and
R=(I—-PfpP)P;,
Z = (I4 (I - R'R)P,P{PITPI (I — RTR)7),
H = R"+ (I - R'R)ZP,P{ P{T (I — PJR"),
Sy =1—PPf +P{TPfZ(1 — R'R)P, P,
Sip = —PHPI(I-R'R)Z,
S» = (I-R'R)Z.

Hence,

1 1
Pl pf —mypt, ET), |t T = pER, 4 RRY,
P, P, P

+
Prl _ |Su Sn
P, S, S»

(1) Then the system (3) has Hermitian solutions if and only if
P ||P !
P | P

Suu Si2
e=0.
[5?2 522]

(2) If the consistent condition satisfied, then

P
P,

I —

or equivalently,

vec(¥(X)) = M [i I

' P ' P
e+M|I— |} ! ,

vec(¥(X)) = M(Pf — H'P,Pf, H  )e + M(I — P{P, — RR")y,

or equivalently,

where y is an arbitrary vector of appropriate order.
(3) When the commutative quaternion system (3) has solutions, the solution is unique if and only if

rank [ij =2m% —n.

Under this circumstance,

or equivalently,
vec(¥(X)) = M(Pf — H'P,Pf, HY )e.

Next, we present the relative result on #-Hermitian solutions of (3) over spit quaternion.
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Theorem 30 (17-Hermitian solutions for (3) over SQ [58]). Assume that A1 = A11 + Aqpi + A13j + Ask €
SQP*", By € SQ™1, C; € SQP*, Ay = Ay + Axi + Apsj + Aok € SQP*", B, € SQT*", and
C, € SQP*1. Let

P = [(B%{)T ® A1z, ((iB1)®)" @ A1, ((jB1)®)T @ Ags, ((kB)®)T @ AM] WLy,

Py = [(Bg)T ® Az, ((iB2)®)T @ An, ((jB2)"®)T @ Ags, ((kB2)®)T @ A24] WLy,

and

R=(I—-PfpP)P;,

Z = (I+ (I - R'R)P,P{P}TPI (I — RTR)71),
H = R"+ (I - R'R)ZP,P{ P{T(I — PJR"),
Sy =1—PPf +P{TPfZ(1 — R'R)P, P,

Sip = —PIPI(I-R'R)Z,

S» = (I-R'R)Z,

where W is defined in (38).
(1) The split quaternion system (3) is consistent for n-Hermitian solutions if and only if

PPfe =e.

Su1 S
e=0.
[sz 5221

or equivalently,

(2) If (3) is consistent, then
vec(¥(X)) = L, [P*e +(I- P*P)y},
or equivalently,
vec(¥(X)) = L, [(Pf — H'P,P}, H e + (I - P{P, — RR*)y},

with arbitrary y.
(3) When (3) is consistent, then the y-Hermitian solution of (3) is unique if and only if

rank(P) = 2n? + n.

In this case,
vec(¥ (X)) = Ly PTe,

or equivalently,
vec(¥(X)) = Ly(Pf — H'P,P}, H")e.

Remark 20. Li et al. also presents a method for solving the n-Hermitian solutions of the split quaternion matrix
system (3) using complex representation [58], which will not be discussed in detail here.

In this section, we outline the method for solving the system (3) using vector operators. For
the general solution over the complex field, the vector operator transforms the two-sided system of
equations into a one-sided equation, which can then be solved using established results from the
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generalized inverse. For special solutions over the complex field, different vector operators can be
designed based on the specific properties of the solutions, thus converting the task of solving for
special solutions into finding general solutions. For quaternions, commutative quaternions, and split
quaternions, we can utilize their real and complex representations to solve the problem within the real
field and obtain the final results.

5. The GSVD and CCD Methods

This section introduces matrix decomposition techniques for solving the system of equations (3).
Matrix decomposition is a powerful tool for addressing matrix-related problems and is commonly
used to solve systems of equations without relying on the generalized inverse. Several forms of matrix
decomposition exist, each associated with different iterative algorithms. However, the two most widely
used methods for solving the linear system (3) are generalized singular value decomposition (GSVD)
and canonical correlation decomposition (CCD). The definitions of these two decomposition methods
are provided below.

Theorem 31 (Generalized singular value decomposition [59-61]). Suppose that A} € R"™*P, A, € R"™*,
By € R"™P, By € R"*!. Then, the GSVDs of matrix pair

BT
[A1 Ap]and | L
B,
can be written as

Ap = ME4, U, Ay = MX4, VT and B] = Pp N, B} = Q=p, N

where, M € R™™ N € R"*" are nonsingular matrices, U € RP*P, V € RIX! P e RPXP, and Q € RIX!
are orthogonal matrices. Additionally, we have the following block diagonal matrices:

I, 0 0 0 0 0
0 S 0 0 S 0
Ta, = ALy, = A2 , (39)
0 0 0 0 0 I,
0 0 0 0 0 0
L 0 0 0 0 0 0 0
Lp,=[0 Sp 0 0|, Zp = [0 Sg 0 0l, (40)
0 0 00 0 0 Ly,.g O

where

4, = diag(ag, -+ ,as), 1> >ap > - > a5 >0,

4, = diag(pr, -, ps), 0<pr=fo< - < ps <1,
p, = diag(a] ,oc;,) 1> >ap > >al, >0,
by = ding(B B, 0 < Bl <Py < < B <1,

and Sil + 5312 = I;, k = rank[A1, Ay], ¥ = k — rank(Aj3), s = rank(A7) + rank(A;) — k, S%l + S%Z
Iy, k' = rank[By, B, ' = k' — rank(B}), s’ = rank(B;) + rank(B,) — K.

Theorem 32 (Canonical correlation decomposition [62]). Assume that Ay € R™*P, Ay € R™*! By €
R"*P, B, € R"™!, with rank(A;) > rank(A,), rank(By) > rank(B,). The CCDs of matrix pair (A1, Az)
and (By, By) can be written as

A1 =P (ZAVO)Ele/ Ay =P (fAZ,O)EZ; and By = Q1 (231,0)5511, B, = Ql(iBzzO)EE;,
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where Py € R™ ™ and Q; € R"™" are orthogonal matrices, E5, € RP*P, E,, € RIXL Ep, € RP*P,
Ep, € R are nonsigular matrices. The block diagonal matrices are given by:

L, 0 0] L, 0 0 ]
0 Cu4 O 0 I 0
— 0 0 0| <= 0 0 Iy _, s
s, - T = 1=
AT 00 0 ol”™™ T o o 0
0 Dy, O 0 0 0
10 0 If| 100 0 ]
L, 0 0] L, 0 0 ]
0 Cp O 0 I 0
- 0 0 0| = 0 0 In_4-
ZBl = 0 0 0l ZBZ - 0 0 2 62 ” ’
0 Dg O 0 0 0
| 0 0 | 100 0 ]
where
CA] = diag()\l, )\«2/ tee //\Sl)/ 1 > Al Z AZ Z e Z ASl > O’
DAl :diag(,ullf’lb"' ,I/lsl), 0<H1 S]’lz S e Sy51 <1/
Cp, = diag(A}, Ay, -+, AL), 1> A > A5 > > AL >0,
DBl = dlag(]llll,ulz/ e ,Véz)/ 0< ]’lll < AuIZ <-- = ng <1

and the following conditions hold:
MApl=1,i=12 5, AP+ p2=1,j=12-- 5,

where s; = rank[A; Aj] + rank(A,AT) — rank(A;) — rank(Ap), hy = rank(A;), r; = rank(A;) +
rank(Aj;) — rank[A; Az], sp = rank[By By| + rank(B] B;) —rank(B;) — rank(By), hy = rank(By), rp =
rank(Bj) + rank(B,) — rank[B; Bj].

Theorem 33 (General solutions for (3) over R [59]). For given A1 € RP*™, A; € RI>™ B e R"™ P,
B, e R™*l C; e RP*P, Cy € RI¥!, the GSVDs of the matrix pairs

T AT Bf
[A] Ay] and BT
2
can be written as
A = M2, U, A = ME 4,V and B = PLg N, B} = QZp,N,
where M, N are nonsingular matrices, and N, V, P, Q are orthogonal matrices. The block diagonal matrices

T, Za, T, Tp, satisfy (39) and (40). Let X = MIXN~!, C; = UTC P, G, = VIC,Q. Then, the
system (3) is equivalent to
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) I, 0 0
I, 0 0 0

0 s, 0 ofx|° m l=¢

= L1,
4 0 0 0

0 0 0 0
: 0 0 0
i 0 0 0

0 0 0 0

0 ss, 0 X

0 Sy, 0 0 =G
0 o S B IR
L k—r—s 0 0 0

Hence, divided Cy and C, into appropriately sized block matrices, the system (3) is solvable if and only if the
following submatrices are zero matrices: C131, Ci3p, Ci3s, Ci23, C113, Ca11, Car2, Conz, Cazi, Cont and the
condition S 1C1pyS5 " = S, Con Sy holds.

In this case, the general solution of (3) can be expressed as

X = MXN,
where A X :
Cin C1125g, Z Z
- 5211 Cin 52; (:12251§11 SZ; Cos 23 ,
Zy C23255, Cus 45
Z6 Z7 Zg Zg

with arbitrary Zy to Zy.

Theorem 34 (General solutions for (3) over R [65]). For given A1 € RP*™, A, € RI*m B, € R"*P,
By € R™!, C; € RPXP, C; € R, and assuming rank(A1) > rank(A,), rank(B;) > rank(B,), if the
CCDs of matrix pairs (AT, AY) and (By, By) are

Al =p (iAl,O)E/gll, Al =P (EAZ,O)E/;; and By = Qq (iBl,O)Egll, B,=0Q (EBZ,O)Egzl,

where Py and Qq are orthogonal matrices, and Ea,, Ea,, Ep,, Ep, are nonsingular matrices. Define X =
PlTXQ1, G = E£1 CiEp,, G = EEZClEBZ. Then, the system (3) is equivalent to

L, 0 0 0
L, 0 00 0 0 0 Cs 0 0
0 Ca 00 Da 0|gf0 0 0 0Of o
0 0 00 0 Iy [0 0 o0 0
0 0 00 0 0] |0 Dg 0 0O

0 0 I 0

[, 0 0 0
[, 0 00 0] [0 I, 0
0 Iy 0 00010 0 Dyps Of o
0 0 Iy 000 [0 0 0 0
0 0 0 000 [0 0 0 0

(0 0 0 0]
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Hence, divided C; and C, into suitable size 4 x 4 block matrices, the system (3) is solvable if and only if
Crar, Crao, Crazr Crags Crigs Crogs Cizg, Conry Cago, Cogzr Cogss Cora, Cong, Cozy, are zero matrices and
Cin = G

In this case, the general solution of (3) can be expressed as

X = P XQf,

where

[ Cony G Gz Z1 (G~ CGonCy)Dp! Cuis ]

Com Cop Coz 22 Yy Ca,Ci3
o Cas1 Cazp Cozz Z3 Zy Zs
Zg Z7 Zg  Zg Zyo Zn |

Dy (Ci1 —Ca,Com) Y2 VAVIRVAT Y3 Da,Cias

i Ci13 CiCB,  Z14 745 Ci32Dp, Cizz |
with

Yy = (D, 4+ C4,D%,) ' (Ca,C122D5, — C5,C222C, D3, ),
Yy = (D4, 4+ C4,D%,) " (Da,C125C, — Ca,D4,CoC3, ),
Y; = DZ?C\122D511 — DAjlchl ézzzclgl Dgll — YZCBl Dgll — DZ}CAI Y1,

and arbitrary Z; to Z1s.

Remark 21. Matrix decomposition is another powerful tool for solving linear systems. With the help of
GSVD and CCD, not only can the general solution of the system (3) be derived, but expressions for its least-
squares solution and minimal norm least-squares solution can also be derived. Additionally, special and
relative cases of the system (3), such as the general solution and least-squares solution of the matrix equations
(ATXA,BTXB) = (Cy,C,) and (A1XBy, AyXBy, A1XBy, AyXBy) = (Cy,Co,Cs,Cy), can be addressed.
Relevant results can be found in [63,64,66,68,71].

The matrix decomposition results mentioned above are valid not only over the real number
field but also over general fields. For more general division rings, Wang introduced a dual matrix
decomposition and, based on this, provided a solution to the system (3) over any division ring [69].
Later, in 2011, Wang extended these findings by presenting a simultaneous decomposition of three
matrices over any field, which was then applied to solve the system (13). These results can be naturally
extended to solving the matrix systems (3) and (13) over the quaternion field [70]. The specific results
can be found in references [69] and [70].

6. The Cramer’s rule Methods

Solving matrix equations over general fields using Cramer’s rule is an effective and classical
approach. This section presents the main results concerning the application of Cramer’s rule to the
solution of the system (3) over the quaternion algebra. These methods have significant theoretical
value, although they may incur considerable computational costs when applied to large-scale linear
systems.

In this section, we primarily present the results from [72,73]. In 2018, Song et al. extended the
determinant-based solution representation of the matrix equation AXB = C to the more general
system (3) over the quaternion algebra [72]. Four years later, Kyrchei further developed a version
of Cramer’s rule applicable to the system (3), providing explicit solutions, including Hermitian and
#-(anti-)Hermitian solutions over quaternions [73].
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Before presenting the results on the matrix equation system (3) as given in [72], we first introduce
several definitions from [74], which are essential for understanding the determinant-based framework.
Let S, denote the symmetric group on the index set I, = {1,--- ,n},and A € Q"*".

(1) The i-th row determinant of A, denoted by rdet;(A);, is defined as

. . == pa— n—r .. . . PR . c e e . . . PR . .
rdetl(A)]. - Z ( 1) a”kl alkl ey +1 alk1+111 alkﬂk,ﬂ alk,+1rlkr
oeSy,

fori =1,--- ,n. The permutation o € S, is expressed in left-ordered cycle form as

0= ({1 i1 Gytny) Gyl 1 Tyt ) =« (e B 41 -+~ Ty 41, )-

The index i initiates the leftmost cycle, while the remaining indices satisfy iy, < i, < -+ < i, and
ik, < ig4s, Wheret =2,--- rands=1,--- 1.
(2) The j-th column determinant of A, denoted by cdet;(A) ;, is defined as

. . —_ — n—r . . .« .. . . .« e . . .« e . .
Cdet] (A>-l - ZS: ( 1) Lty +1r a]kr L1 Jkr a]k1+l1]k1+l a]kl]
TES,

forj=1,---,n. The permutation T € S, is expressed in right-ordered cycle form as

T = (fiy+1, = Tk 1Jk, ) Ukatly = Tt 1Jky) - Uy ty * " g1k J)-

The index j initiates the rightmost cycle, while the remaining indices satisfy ji, < ji, < - < j, and
Jk, < jk+s wheret =2,--- ;rands=1,--- 1.

With the above preliminaries, [72] proceeds to establish the following theorem, which provides a
general solution to the system (3).

Theorem 35 (General solutions for (3) over Q [72]). For given A; € QP*™, By € Q"*1, C; € QF*1,
Ay € Q™ By € Q™ and Cy € Q™! such that the system (3) is consistent, denote

T = ATA1 + A;Az, S = B]Bi‘< + BzB;,
Y19 = A}, A11A3CoB; + La, A5C1 B} BnBl;,
Yoo = Al AnAC1B} + La,, A3CoB3B11 B,

and
Aji = AfA;TY, B; = S'B;B}, i = 1,2.

Assume there K* and L are two full column rank matrices satisfying
Ni(T) = Ry (K"), Ni(S) = Ry(L).

In this case, the general solution of (3) is represented by X = (Xij)nxp, and admits determinantal
representations as follows:

xij = (det(T + K*K) det(S + LL*)) ! (rdet;(S + LL*) ; - (c])),

or equivalently,
xjj = (det(T + K*K) det(S + LL*)) " (cdet;(T + K*K) ; - (c?)),

with

Cl{il = [cdeti(T + K*K)'Z‘ . (d.l), cee ,Cdeti(T+ K*K)_l' . (dp)],
c? = [rdet;(S + LL*); - (d1.),- - - ,rdet;(S 4+ LL*);. - (dn)]".
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d;. and d ; being the i-th row vector and j-th column vector of D, fori =1,--- ,n,j=1,--- , p. Where
D = (T + K*K)T"(A;C1B} + A3CoB5 + Yio + Y20)ST(S + LL*) + M+ W,

M = (T+K*K)T"(La,,ViRp,, + La,, VaRgp,,)S(S + LL*),
W = TZLL* + K*KZS + K*KZLL*,

V1, Vo and Z denote arbitrary quaternion matrices with appropriate dimensions.

Building upon Theorem 35 for the system (3), [72] further derives the Hermitian solution to the
following matrix system over the quaternion field:

A XAF =C,

(41)
A XA} = Cy.

The corresponding corollary is presented below.

Corollary 6 (Hermitian solutions for (41) over Q [72]). Suppose that A; € QP*™ and C; € QP*P for
i = 1,2, such that (41) has a Hermitian solution. Let

T = AjA) + A3Ay, Ay = ATALTY, Ap = A3 ALTT,
Yio = AL A1 A3 CoAs + Lap A{C1A1 AnAl,,
Yoo = Al AnATC1A] + Lay, A3CrAr A AL,
Assume there exists K* as a full column rank matrix satisfying
Ni(T) = R (KY).
In this case, the general Hermitian solution of (41) is represented by X = (X)nxn, and admits determi-
nantal representations as
1 "
xij = 5 (yij + ji),

with

yij = (det(T + K*K)?) 7! (rdet(T + K*K); - (c]')),
or equivalently,

yij = (det(T + K*K)?) ™} (cdet; (T + K*K) ; - (c})).
Among them,

cf = [cdet;(T+ K*K) ;- (d1), - ,cdet;(T + K*K) ;- (d.,)],
cl = [rdet;(T + K*K)j. - (d1.),- - -, rdetj(T + K*K); - (dn)]"

d;. and d j being the i-th row vector and j-th column vector of D, fori,j =1,--- ,n. Where

D = (T+K*K)TT(A;C1A; + A3CoAr + Yig + Yao) TT (T + K*K) + M + W,
M= (T +K*K)T"(La,ViRa,, + La,, VaRa,)T' (T + K*K),
W = TZKK* + K*KZT + K*KZKK*,

V1, V, and Z respect arbitrary quaternion matrices with appropriate dimensions.

In 2005, Wang provided a general solution to the system of equations (3) [42]. Building on this
result, Kyrchei derived explicit forms of partial solutions by setting the arbitrary components in the
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general solution to zero matrices [73]. Moreover, Kyrchei also presented partial solutions of the system
(3), as well as corresponding #-(anti-)Hermitian partial solutions, using an extension of Cramer’s rule.

Leta = {aqg, -+ 04 C{1,--- ,myand B ={B1, - ,Br} € {1,---,n} besubsets with1 < k <
min{m, n}. Assume that A% denote the submatrix of A € Q"*" formed by selecting rows indexed by
a and columns indexed by B. If A is Hermitian, then |A|% denotes a principal minor of det(A). The set
of strictly increasing sequences of k integers selected from {1, - - - ,n} is denoted by

Lipg={a:a= (a1, - ,ar), 1 <aqg <--- <ap <}
For a fixed index i € w and j € B, define

Lm{i}={a€Llym:ica}l, 1n{j} ={BE€Liun:jc< B}

Leta;, af]-, a;,and a; denote the j-th column of A, the j-th column of A*, the i-th row of A, and the i-th
row of A*, respectively. Denote A; (b) as the matrix obtained by replacing the i-th row of A with the
row vector b € Q*", and A j(c) as the matrix obtained by replacing the j-th column of A with the

k k

column vector ¢ € Q"*1. The notations a;, aj, ai-(_’g , and aﬁ.’g refer to the i-th row of Ay, the j-th column

of Ay, the i-th row of A‘,% , and the j-th column of A?, respectively.
The partial general solution to the matrix equation system (3) over the quaternion algebra is given
by
X =ATCiBf + H' GBS + TTCoNT + HT A, TV A, AICy BT B, BY

— H'A,ATCBiB,BY — HT A, TTC,BS — T A, ATCiBIByNT.
Kyrchei derived this solution by applying the determinantal representations of the Moore- Penrose

inverse and utilizing the structure of the system (3) [73]. The following presents the partial general
solution for the system (3).

Theorem 36 (Partial solutions for (3) over Q [73]). Let A; = (al(jl)) e Qp*m By = (bi(].l)) e Qr,

Ay = (az(JZ)) e QM By = (bl(]z)) c anl/ C, = <Ci(jl)) € QP, and C, = (CZ(JZ)) c erl' Denote
rank(A) = r1, rank(By) = ry, rank(Ay) = r3 and rank(B;) = ry4. Denote

H= AL4, N=TRp B, T=TRpuAz, F=BLy.
The matrix equation system (3) is consistent if and only if
T(AIxBl — ATC;BH)F =0

and
A;AICBIB; = ¢
fori=1,2.
Then, let
rank(H) = min{rank(A,), rank(L4,)} =15,
rank(N) = min{rank(B,), rank(Rp,)} = 1,
rank(T) = min{rank(A;), rank(Ry)} = ry.

The partial solution X = (x;;) € Q™" to the system (3) consists of seven components as detailed below:

SICER SN0
Yij = leij *ZZXZ-]- ’
-1 =5
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with
( (])) A+C1Bl, ( 1(])) H'f‘c B2, ( l(])) _ T1'C2N‘|'
(xl-j ) = H' A, Tt A, ATC1BI BB, (x f]>) H'A,AYC,BIBIB,,
(xf) = H' A, T' GBS, (x])) = TT A ATC1B]BoN'.
In which
@)=L 1Al ¥ BB L cdeti((AjA - (@7))f)
ﬁehl m ’XGIr .Behl,m{i}
(X 1AjAllf Y BB N X rdet((BiBY); - (d))5),
‘Befrl (XeIrzs lXEIyz,S{j}
W= (Y IHHE Y BB TN Y cdet(HH) ;- (d))f)
BEJrgm a€lyyn BE Jrgm{i}
=( Y |HH] Y [BBi) N Y rdeti(BaB3); - (),
ﬁE]rs,m “EIV4r” lXEIr4,n U}
= (L TTE LONN T Y (T (@))
BErym A€ lrgn BEJrymii}
= (YL ITTE Y INNYS T Y rdeti(NNY); - (d]))S),
BErym a€lrgn a€lyg n{j}
)= (Y IHHE Y ITT Y BB (Y cdet(HUH), - (1)),
ﬁE]rS,m ,B€]r7m aelr4n ﬁejrs,m{i}
) = (Y HHE Y IBB3E) (Y cdet((HH); - ()f),
,BGI}’S,IM “6174/" .BEIV5,WI{1}
W = (Y HHE Y TTE Y BB Y cdet((HH), - ()5,
ﬁ€]r5,m ,B€]r7,m “e]r4,n ﬁejrg,m‘{i}
D= (LT TOINN TN L edet(TT), - (@,)5),
BETrym a€lre BEJrymii}
dﬁﬁ: Y~ rdet;((BBy);. @My, =y 4 Cdeti((ATAl).i'(5.(tl)))gr
€l {7} BE Jry m{i}
d = Y rdet((BaBy) (P df = Y cdet(HH); - ()],
tXGIr4,n{]} .B€]r5,m{l}
A= ¥ rdeti(NN) - (628, al = ¥ cdet(T°T);- (67)5
a€lr nif} BEJrymii}
m
thDZZ Y cdet,(T°T)s- @SN = Y cdets((T*T)- (1)},
z=1 €1, m{s} BEJrym{s}
py = Zx Y. rdet;(BBy)i- ()i = Y rdetj((BaB3); - (#)S,
a€ly, ofj} w€lr, n{j}
wsjzzxgj) Y, rdet;(NN"); - (0PNt = Y rdet;(NN");.- (21))8,
f a€ly nij} a€l ni{j}
EDY cdetq(<T*T).q-(¢§2))§= Y. rdetj((B2B3);. - (94)4,
BEJrpuii} ’Xelm,r{f}
a€ly  {f} ﬁ'e]ry,n{q}
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where

C) = A;C1B} G = H*CyB;, Gy = T*CoN*, H = H* Ay Ty,
T =T*AyP, X; = AIC,BiByBI, A = H*A;P, & = H* A, ®,
O =T*A0, G, = T*CBs, X = ATCBfB|N*,

aFZ2 ) is the z-th column of the matrix T* Ay, Ej(f) is the f-th row of By B3, and bf’N) is the f-th row of ByN*.

Remark 22. Theorem 36 presents results established over quaternions, along with analogous results also hold
over the complex field.

In addition, Kyrchei presented two particular cases of the system (3), specifically the partial
Hermitian solution of (41) and the partial #-(anti-)Hermitian solution of the system

A XAT =,
{ 124 ! (42)

A XAY" = C,.
Next, we consider the partial Hermitian solution to the matrix system (41). The partial solution to
the system of equations (41) is given by
X = ATCi(A])" + H'Go(A3)" + TTCo(H*)T + HY Ay TT A2 AICH (A) T (A3) T A3
— HT A, ATC (AT (AN TAS — HT A TTC (AN — TT A ATC (AT A5 (HY)T.

Let X = (x;;) € Q""" be the partial Hermitian solution to the system (41). Then, we have the following
theorem.

Theorem 37 (Partial Hermitian solution for (41) over Q [73]). For given A1 € QP*™, A, € Q™*",
Ci1 € QP*P,and Cy, € Q™" with rank(Al) = rl,rank(Az) = rp. Let

N = RA,{Aﬁ = (AyLn,)" =H*, F= ALy = (RuAy)* =T".
The matrix equation system (41) is consistent if and only if
T(AlCo AL — ATC AV T* =0

and
(ANTAIC(AN A =G i=1,2.

Then, denote

rank(H) = rank(AyL,,) = 13,
rank(T) = rank(RyAy) = r4.

The partial Hermitian solution X = (x;;) € Q"™ to the system (41) can be expressed as the sum of seven
components, as outlined below:

with

() = AfCi(ap)!, () = HiCy(ag)t, () = TrCo(H)Y,

(xl(]‘l)) — H+A2T+A2AIC1 (AT)"'(A;)-rA;, (x1(]5) = H+A2A{C1(AI)+(A;)+A;’
() = H AT Co (A7), (v])) = T'AaATCi(A]) A3 ()",
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In which

=T 1A L rdet((ATA); - (of)8)

aEIrl,n “elrl,nr{j}
= (¥ 14AD 2 ¥ cdeti((A7A1)- (@'P)h),
BErn BEJr nii}
W= (Y (HHE Y [A3A) 7N Y cdet((HTH) - (d72)5)
BETrym a€lLyyn BEJrsnii}
= (Y [HH ¥ 43407 Y rdet((A342); - (@),
BEJran &ELry a€lry n{j}
= (Y TTE Y HHD T Y cdet((TT), - (d))F)
ﬁEIr4,n IXEIr3,n ﬁe]’4,n{i}
=( Y Tl Y HH T Y rdeti((HH); - (d)%),
BETryn a€lryn Dé61r3,n{j}
i =y [HHE YT Y 143407 Y cdeti((HH)4- (9)5),
BEJrzn BEryn Belryn BEJrgnii}
W= (¥ HHE Y 43407 Y cdet((HH), - ($,)5),
BEJrn BEIryn BEJrynii}
0= (Y [HHE YT Y 143407 Y cdet((HH), - (@))F),
BEJr3n BEJryn BETryn BEJranii}
= (¥ 1T X [HH TN Y rdet(H*H); - (w())
BETrym A€l a€lp nij}
= (Y 7Ty Y IHHD TN Y et (T, (wP)f),
BETryn a€lryr BEJrynii}
o) = Y cdeti((AjA1) (W) o = Y rdeti((A7AY); (M),
BEJry nii} a€lry n{j}
d = Y rdetj((A3A)i(cP))E df = Y edeti(H'H)(cT))h,
a€h,n{j} BETryn{i}
d= Y rdeti(H'H)(cf?))s df = Y cdeti((T*T)(c?)5,
a€lrni{f} BETryn{i}
vi=Y ¥ cdetq((T*T),q(a_(}”))g%: y cdetq((T*T),q((INJ,j))g,
Z Belyniql BETryniq}
=Ll Y rdet((A3d0);(@aP))E = Y rdeti((A342); (%)),
f BELr, nij} BELr, nij}
W= Y, cdet(T'T)q(@f))= Y rdeti((A342);(07))5,
BEIrynial a€lry u{j}
g = Y rdet((A3A2)i () gl = Y cdety((T*T) (7)),
a€lyyn{f} BEJryn{q}
wl = ¥ cdeti(TT)E) o = ¥ rdet(HH); ()L,
BEIrynii} a€Lryu{j}

with

Ci1 = AJC1Ay, Cy = H'CoAp, Cpp = TG H, Cp3 = T* G Ay,
Y = H'AY, ® = T*Ay®, Q = H*AyQ, X1 = X1 A} Ay,

z)zj(f) is the f-th row of A5 A, and a.(zz ) is the z-th column of the matrix T* A;.
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We now present the #-(anti-)Hermitian solution of the matrix system (42). The corresponding
partial solution to the system of equations (42) is expressed as

X =ATC (AT + HIG (AT + THC(HT) T + HY AT Ap AT Cy (AT N (AT Al W)

— HY A ATC; (ATHT (AT AT — HY A, TTC, (AT — TT A ATC (AT T AT (HT)T
211(1)(2)2 2C2(2) 21C1(1)2( )

The following presents the partial #-(anti-)Hermitian solution (43) for the system (42) as given in [73].

Theorem 38 (Partial 7-(anti-)Hermitian solution for (42) over Q [73]). Assume that A4 € HP*™, A, €
H™™ Cy € HP*P,and Cy € H™", with rank(Ay) = r1, rank(A;) = ry. Let

N=R,-A]" = (A2Ln,)" = H", F= A] Ly = (RyAx)"™" = T7".
The matrix equation system (42) is consistent if and only if
T(AICy (AT — ATC (AT T =0

and
(ATYYAT (AT AT =G
fori=1,2.
Then, let

rank(H) = rank(AyL,,) =13,
rank(T) = I'al’lk(RHAz) = T4.

The partial n-(anti-)Hermitian solution to the system (42) is composed of seven components, as outlined below:

o () = Afcy (A7), () = HIG(AY)!, (x)) = THCy(H),
(xi) = H AT ApAlCi (AT (AL P AL, (+])) = HY Ay afCy (AT (AT AT,
(7)) = H AT Gy (A, (x])) = T s ATCy (AT A (HT)F.

In which

W= (X 42—y Y rdet((Af A, (o))

a€ly ucEI,l,n{j}
= (¥ 1Al ¥ cdet((A741)(0))5),
BEr n ﬂefrl,n{i}
W= (Y [HHE Y A3 AT Y cdet(HUH) (7))
BEJran a€lryn BErsn{i}
= (Y IHH Y (434007 (= Y rdet;((A3A);.(di))sy),
BETryn ®Elry n a€lr, n{j}
)= (L TTE L OHHD T L cdet(TUT)(d))f)
BETryn a€lryn lsefr4,n{i}
= (Y 7T Y [HHD (=g Y rdet((H*H);.(d)sn),
BETrymn A€y a€lry r{j}
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xl(]f*):( Y |H*H|§ Yy |T*T|§ YA AT Y cdeti((H*H).i(ﬁj))g),
BEJrgn BETryn a€lryn BEJry i}
= (L HHL L 1AL T Y cdet(HH)(R))}),
BETryn IS BEJry i}
W= (Y HHE Y TTE Y 44T Y cdeti(HH)(§,))5),
,BE]r3,n ﬁ€]r4,n ,Befrz,n ﬁ6]r3,n{i}
xf}.”:( y yT*T|§ Yy |[HHHT(Y cdeti((T*T).i(@.j))g)/
‘B€]y4,n “61r3,r ,BE]r4,n{i}
o=y ¥ cdeti((AjAD (o =~ ¥ rden((AiAn); ()i,
BETr nii} w€ly u{j}
@7 == Y rdet(A3A2); ()i Al = —p Y cdeti((H'H)i(cF)fn,
a€lry nij} BETryn{i}
d=—y Y rdety(H'H)(c)igdl ==y Y cdet(T*T)4(c7?)n,
a€lyn{f} BETryn{i}
n
=Y, ¥ cdet(T'T)s(ZD)hal) = Y cdets(T*T)4(E))),
z=1 g€, nis} BEJrynis}
9 = Zx“ Y rdeti((A34r); (a7)i = Y rdeti((A34q); (RS,
a€lp, ni{j} a€lry nij}
b= Y cdetq((T*T),q(<pj.‘2))§=—17 Y, rdet;j((A342);(¢q))4m,
BETryniq} a€lr, n{j}
(p?Z:—U Z I‘detj((AﬁAz).j(Cé.zs)'n)a)“W/90;.:_77 2 Cdetq((T*T)-q<C,(123)))gﬂr
"‘Elrz,n{f} BETryn {q}

n

wgi =Y. x;})(—n Y rdet]-((H*H)j_(ﬂj(c%'H'n*)»z’?)
f=1 a€lpy n{j}

— Y rdeti((HH); (7)),
w€lry n{j}

with

Ci1 = AfCA], Cl, = AT"C] A1, Coy = H*CA] Cop = T*CHY,
Cas = T*CAl, H=H"AyTy, T = T AyQ1, Xq = AIC1(AT")T A3 Ay,
D = H"A®, QO =T"AQ, X] = (AIC;(AT))1A3H,

dj(f) is the f-th row of A3 Aj and aj(f’H’”*) is the f-th row of AJ"H

In this section, Cramer’s rule is used to solve the system (3) over quaternions, offering a conceptu-
ally clear and intuitive approach. However, the method relies on complex notations. Additionally, due
to the high computational cost associated with applying Cramer’s rule to high-dimensional matrix
equations, its practical applicability to large-scale instances of the system (3) is limited. In the following
chapter, we introduce several numerical methods to solve the system (3) more efficiently.

7. The iterative algorithms Methods

Numerical methods for solving general equations have been extensively studied. However,
the development of numerical algorithms for systems of equations presents greater challenges, as it
requires the simultaneous convergence of solutions for multiple equations. Consequently, research in
this area remains relatively limited and technically demanding.
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For the matrix system (3), existing studies on numerical algorithms have predominantly focused
on the real-number domain. Over the years, ongoing efforts have resulted in the development of more
efficient iterative methods, thereby expanding both the types of solutions and the practical applicability
of these algorithms.

This section provides a review of a series of studies by Peng et al. from 2006 to 2021, which
investigated various solution types, including symmetric solutions, minimum-norm solutions, least-
squares solutions, and the optimization problem

in || X — X, 44
;gg;;\l ol (44)

for given Xy with Sg representing the set of solutions of (3) [75-80,82-87].
Sheng and Chen were among the first to propose a finite iterative method for solving the general
solution of the matrix equation system (3) [75]. The algorithm presented in [75] is outlined as follows.

Algorithm 1 General solution for (3) over R [75]

Require: Matrices A; € RP*™ By € R"™1,C; € RP*, Ay € R™™ B, € R"™! C, € R, and the
initial matrix X; € R™*",
Ensure: The solution matrix X.
Step 1: Calculate
Ro=C1 — A1 X1 By,
ro=C— AxX By,
Py = ATRyBY,
Qo = AjroB;.
Setk=1.

Step 2: If Ry = 0, r = 0, then stop; else, k = k4 1.
Step 3: Calculate

X = Xi—1 + (IRk—11* + [Ire—1 1) [1Pe—1 + Qi—1ll 2 (Pect + Qi—1),
Ry = C; — A1 X:B;

= Ri—1 — (I1Rk—1 I + 1111 )1 Pez1 + Qi1 /2 A1 (Pt + Qk—1)B1,
1 = Cy — Ay Xy By

=11 — (IRe1|? + (|71l | Pee1 + Qi1 2A2(Pe—1 + Qk—1)Ba,
P = A{RBY + (IRl + [I7l1*) / (|| Re—1 1 + [|7%-111*) Pe1,
Qx = A3reBy + (IRel® + el ®) / (IR I1* + 171 11*) Qi1

Step 4: Go to step 2.

Theorem 39 (Convergence of Algorithm 1 in [75]). For any given initial matrix Xy, a solution to the system
of matrix equations (3) can be obtained in at most mn iterations. When the initial iteration matrix is taken as
Xy = ATHBT + AYHB], where H and H are arbitrary, the matrix X* obtained by the Algorithm 1 iteration is
the minimum-norm solution of the system of matrix equations (3).

Remark 23. The problem (44) is equivalent to the minimum-norm solution of the following system:

(45)

AXBi=C1 [ Ai(X—Xo)B1=Ci— A1 XoBy
AyXBy = Cy Ay(X — X)By = Cy — ArXoBo.
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Let X = X — Xo, C~1 =C; — A1 XoBq and E; = Cy — A2 X(By. Then, the system (45) equivalent to
A1XBy = Cy,
1 " 1 ~1 (46)
ArXBy, = (Cs.

By using Algorithm 1, we can obtain the unique minimum-norm solution X of the system of linear matrix
equations (46).

Ding et al. considered the numerical solutions to the system of matrix equations (3) [76]. Among
their contributions, they provided the constraint conditions for solving the unique solution of the matrix
equation system (3). Stochastic gradient algorithms and least-squares algorithms were developed to
iteratively generate approximate solutions, and the algorithm was later extended to a more general
form of matrix equation system.

Prior to that, some notations are introduced. Let

X1 Yy
X Y.

X = .2 c R(’”P)X”, Y = ‘2 c R(np)xm,
XF’ YP

where X;, YiT e R™" for i=1,2,---,p. Then, the block-matrix star product  is defined as

X1 Y1 X1

X Y, XY,
X+xY=|  |*|.|= .

Xp Yp XpYp

Below is the expressions for the iterative solution of the matrix equations system (3). Let A; € RP*™,
B € R"™*1,Cy € RP¥7, Ay € R™™, By € R" and C; € R™!. Define

B¥®A1

c R(pq-ﬁ-rl)x(mn)‘
Bg ® Aj

S =

The matrix equations system (3) has a unique solution if and only if rank{S,vec([C;,C3])} =
rank{S} = mn. In this case, the unique solution is given by

vec(X) = (87S)1STvec([Cy, C)),

and the corresponding homogeneous matrix equations A1 XB; = 0, A2 XB, = 0 have a unique solution
X=0.

Define
A

G= A,

, H = [By, By].

If Ay € RP*™ and Ay € R™™ are non-square matrices with full column rank, and B; € R"*7 and
B, € R"™! are non-square matrices with full row rank, then [76] have the gradient based iterative
algorithm described as follows:

_ _ 1) Ci— A1 X(k—1)B; T
X(k) = X(k—1) + uG {Cz—Azx(k—l)B2}*H’ 47)
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where
0 < ¢t < 2(Amax[GGT | Amax[HTH]) .

Next, we present the convergence of the iterative formula (47).

Theorem 40 (Convergence of (47) in [76]). If the matrix equations in (3) have a unique solution X, then the
iterative solution X (k) given by the sequence (47) converges to X.

On the other hand, when A; € RP*™ and A, € R"™™ are non-square matrices with full column
rank, and B; € R"*7 and B, € R"*! are non-square matrices with full row rank, the least-squares
iterative sequence based iterative algorithm is described as

C1 — A1X(k—1)B;

X(k) = X(k—1) + u(GTG)_lGT{Cz — A X(k—1)B,

} *HY(HHT) 1, (48)

where
O<pu<2

Theorem 41 (Convergence of (48) in [76]). If the matrix system (3) has a unique solution X, then the iterative
solution X (k) given by the algorithm in (48) converges to X.

Remark 24. The iterative sequences (47) and (48) can be also applied to the generalized matrix equations:

A1XBy = Cq,
ArXBy = Cy,
(49)
Define
Ay
A
Gp: : IHp:[BllB2IIBP]
AP

The gradient iterative based solution can be expressed as

C1 — A1X(k—1)B;
Cy — AoX(k—1)B,

*x HY

X(k) = X(k—1) + uG, p

Cp— APX(k — 1)Bp
where

1
P

0<p< 2(2 ||Ai||2||Bi||2> .
i1

Similarly, one can easily give the the least-squares based iterative algorithm solution to the matrix equations in
(49):
C1 — A1 X(k—1)B;

Cy— AoX(k—1)B,

X(k) = X(k—1) +u(G,Gp) " 'G, *Hy (HyHy) ™,

Cp — ApX(k—1)B,

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202507.0005.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 2 July 2025 doi:10.20944/preprints202507.0005.v1

66 of 83

where
0<u<2

We next present the symmetric solutions of the system (3) over R [77-80]. In addressing this
problem, various algorithms have been continuously refined to solve symmetric solutions of the system
(3), resulting in further reductions in the computational cost per iteration.

First applied by Peng et al., the iterative method is used to obtain symmetric solutions of the
system (3) [77]. The following outlines the iterative algorithm designed to solve the symmetric
solutions of the system (3) over R in [77].

Algorithm 2 Symmetric solutions for (3) over R [77]

Require: Matrices A; € RP*™, By € R"*1, C; € RP¥1, Ay, € R, B, € R™*!, C, € R™! and the
initial matrix X; € SR™*™,

Ensure: The solution matrix X.
Step 1: Compute

R _ (C1—AiXiBy 0
1= 0 Cp — AyXqBy )’
P, = AT(C; — A1 X1B1)B] 4+ AT (Co — AyX1By)B],
1
Q1= E(Pl +P}).

Setk =1.
Step 2: Compute

Xir1 = Xe + [|Re*1Qkl 2 Qx,

R, . — (€1 = ArXi1B 0
k+1 0 Cy — AsXpy1By)’

Pey1 = AT(Cp — A1 X 1B1)BI + AX(Cy — Ay Xy 1By)B1,

1 _
Qi1 = 5 (Pegr + Pl 1) — tr(Pey1 Qi) | Qkll 2 Qx.

if Rk+1 =0or Rk+1 75 0, Qk+l = 0 then
Stop.

else
k =k+1, go to Step 2.

end if

Theorem 42 (Convergence of Algorithm 2 in [77]). If the system of equations (3) is consistent, then for any
initial matrix X1 € SR™*™, a solution can be obtained within a finite number of iterations. The minimum-norm
solution can be obtained by choosing the initial iteration matrix X, = 0 € R™*™. Additionally, the problem
(44) can be equivalently transformed into solving (46).

Later, Chen et al. proposed a LSOR iterative method for symmetric solutions to the system of
matrix equations (3) [78]. The system of matrix equations (3) can be processed as

Bl ® A vec(Cq)
Bl ® A, vec(Cy)

M= |2 , f = , X = X).
A @B f vec(CY) x = vee(X)
Ay ® B vec(C})
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Hence, the vector form B;,1 = f — Mx,v; = M uy, Bijquiy1 = Mo; — aju; and a4 10,41 = M u; g —
Bi+1v; in the LSQR algorithm can be rewritten as the following matrix form:

BiU; = E — AXoB, p1U; = F — CXD,

B1 = V2||(E— AXoB,F — CXoD)|,

a1V; = ATUy BT + BUTA + CTU, DT + DUJC,

a; = ||ATuy BT + BUT A + CTU, DT + DU{ C|,
Bit1Uip1 = AV;B — a;U;, Uiy = CV;D — U,

Bis1 = V2||(AV;B — a;U;, CV,D — o;U11) ||,

ai11Vip1 = A"U; 1B + BUS, A+ C'U; DT + DU}, ,C - BV,
a1 = ||ATU; 1 BT + BUS A+ CTUi 1 DT + DU C — i Vil

Then, we obtain the matrix form iteration LSQR method for solving the system of matrix equations (3)
and the least-squares problem (57).

Algorithm 3 Symmetric solution for (3) over R [78]

Require: Matrices A; € RPX™, By € R"*1,C; € RPX1, Ay € R, B, € R™*!, C; € R™! and the
initial matrix Xy € SR™*"™.

Ensure: The solution matrix X.
Step 1: Compute

piU; = E — AXoB, p1U; = F — CXoD,
B1 = V2||(E— AXoB,F — CXD)|,
mV; = AUy BT + BUT A + C'u, DT + DU C,
w = |ATU; BT + BUT A + CTU, DT + DU C|,
Wi =V, ¢1 = B1, p1 = 1.
Step 2: Repeat the process until the stopping criteria are met.
Step 3: Compute
Uip1 = AViB — al;, Ujq = CV;D — I,
Bis1 = V2||(AViB — a;U;, CViD — i U}) |,
w;11Vip1 = ATU; BT + BUL A+ C'U; DT + DU}, C — Biy1 Vi,
a;y1 = |ATU; 1 BT + BU] A+ C'U; ;DT + DU}, C — B Vi,
pi = (7 + Bin) "
¢i = pi/pi,
si = Bit1/pi,
0i11 = sititq,
Pit1 = —Ciltit1,
Yi = cidi,
Siv1 = sidi,
Xi = X1+ (9i/pi)W,
Wit = Vigr — (8i41/p)W.

Step 4: Go to step 2.

Theorem 43 (Convergence of Algorithm 3 in [78]). Algorithm 3 possesses the finite termination property,
and the specific stopping criteria can be found in [78]. Let the initial iteration matrix be X; = ATGB] +
B1GTA; + ATHB] + ByHT Ay. Where G € RP*T and H € R™! are arbitrary matrices. In particular, if
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X1 =0 R™ ™, the solution X* obtained by Algorithm 3 is the unique minimum-norm symmetric solution of
the system of matrix equations (3).

Remark 25. For a given arbitrary matrix Xo € R™*™ and X € Sg, the optimize problem (44) can be considered

as

2 2

1
X—E(X0+Xg)

min ||X — Xp||*> = min
XeSg XeSg

1
#3000 - %)

The solution can be obtained by applying Algorithm 3 to the modified equations with right-hand sides as
1 T
C — EAI(XO + Xo )Bl

and

1
C — EAZ(XO + Xg)Bz,

1
respectively. The solution can be expressed as X = X* + 5 (Xo+ X¢).

Lietal. proposed an efficient algorithm for computing symmetric solutions of the system of matrix
equations (3) [79]. This algorithm outperforms previous methods in terms of speed and computational
cost per iteration, as it involves only matrix-matrix multiplications at each step, making it well-suited
for parallel implementation. The solution is formulated as the intersection of closed convex sets and is
computed via the alternating projection method.

Let M be a closed convex subset of a real Hilbert space H, and u € H. The projection of u onto M,
denoted by Pys(u), is the point in M closest to 1, which satisfying the following equation

P —u|| = mi —u|.
1Pag () — ul| = min [l —ul]

The system (3) is solved in [79] using the alternating projection method. When the sets intersect, this
method finds a point in their intersection. For solving (3), two sets are defined as

0O = {X e R™m | A1XBy = Cl}
and
0 = {X € Rmxm | Ay XBy, = Cz}.

If the system (3) is consistent, then (31 N Q) NSR™*™ #£ @, and the intersection point X* € (1 N
0 NSR™ ™ is the solution of (3). Thus, solving system (3) is equivalent to finding the intersection of
0y, O, and SR™*™. For given matrix Z € R"*™, we can obtain the projections Pn, (Z), Pq,(Z), and
Pgpmxm (Z) of matrix Z on Oy, Oy, and SR™*"™ as

Po,(Z) = Z + AI(C, — A1ZB,)Bf,
Po,(Z) = Z + AS(Cy — AyZB))BI,

1
Pgn(Z) = 2(Z + zh),

respectively. Based on these preparatory results, the proposed algorithm is presented below.
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Algorithm 4 Symmetric solution for (3) over R [79]

Require: Matrices A; € RP*™, B; € R"*4, Ay € R"™*™, B, € R™*!, C; € RP*1, C, € R™/, and the
initial matrix X; € R™*™,
Ensure: The solution X of the (3). -
Step 1: Set A; = Al, By = Bf, A, = A}, B, = BI.
fork=1,2,3,--- do
Step 2: Compute

Yy = P, (Xg) = X + A1(Cr — A1XiB1) By,
Zy = P, (Xi) = Yy + A2(C2 — A2YyBy) By,

1
Xk+1 == PSRnxn(Zk) = §<Zk + Z;{)

end for
Step 3: X = Xj41.

Remark 26. Compared to Algorithm 2 in [77] and Algorithm 3 in [78], Algorithm 4 requires fewer computa-
tional resources per step when solving the symmetric solution of the system of matrix equations (3).

Theorem 44 (Convergence of Algorithm 4 in [79]). If the system of matrix equations (3) is consistent, the
matrix sequence { Xy} generated by Algorithm 4 converges to the solution of (3).

Wu and Zeng proposed an alternating direction method of multipliers (ADMM) to solve the
symmetric solution of the optimize problem (44) [80]. They introduced two equivalent constrained
optimization problems for the matrix least-squares problem (44), which are formulated as

A1 X-Y =0,
YB, — C; =0, 50)
AX—-7=0,
ZBy—C, =0,
with X € SR"™*™,Y € RP*™ 7 € R™™ and
XB1—-Y =0,
ALY —C; =0, -
XB, —Z =0,
AyZ —Cy =0,

with X € SR™*™y € R"™*4,7Z ¢ R"*!, Both problems are formulated such that (44) holds.

Theorem 45 (Constrained optimization problem (50) in [80]). The problem (50) admits matrices X*,Y*, Z*
as solutions if and only if there exist matrices M* € RP*™, N* € RPX1, §* € R™" gnd T* € R"™! that
satisfy the equations below.

(X* — X — ATM* — ATS*) + (X* — X — ATM* — Als")T =,
M* —N*B} =0, $* —T*B =0, A;X* —Y* =0,
Y*B; —C; =0, ApX* —Z* =0, Z'B, — C, = 0.
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Theorem 46 (Constrained optimization problem (51) in [80]). Matrices X*,Y*,Z* are solutions of the
constrained optimization problem (51) if and only if there exists matrices M* € R™*1, N* € RP*1, §* ¢ R"¥!
and T* € R™! such that the following equations hold.

(X* =X — M*B} —S*B}) + (X* — X — M*B] —s*B})T =0,
M* — AIN* =0, 8* -~ AJT* =0, X*B; —Y* =0,
AY —Cy =0, X*B, —Z* =0, AyZ* —Cy = 0.

The augmented Lagrangians corresponding to the constrained optimization problems (50) and
(51) are given by

Lopns(X,Y,Z,M,N,8,T) = %Hx X2 (M, Ay X —Y) — (N,YB; — C;)
(S, ApX — Z) — (T,ZBZ—C2)+%||A1X—Y||2 (52)
+Bvmy -+ Liaox - zip + 128, - ol
with X € SR™*™, Yy ¢ RP*™, Z ¢ R™™ M € RP*™ N € RP*1,S € R™", T € R™*/, and
Loprs(X,Y,Z,M,N,S,T) = %HX ~ X2 = (M, XB; —Y) — (N, A)Y — C;)
(S, XBy — Z) — (T,A2Z—C2>+%||XB1 Y|P (53)

1)
Ay —alr s Lixs - 22+ Sz - oo,

with X € SR™™, Yy € R™4,Z € R"™I M € R™4, N € RP*1, S € R™I T € R™, where
«,B,7,6 > 0 are penalty parameters.

Based on the ADMM approach, the variables X, Y and Z are minimized at each iteration step,
after which the Lagrange multipliers M, N, S, T are updated according to the steepest ascent principle
[81]. The following two iterative algorithms correspond to the Lagrange functions (52) and (53).

Algorithm 5 Least-squares symmetric solution for (3) over R [80]

Require: Matrices A1 € RP*™, By € R™1, C; € RP*1, Ay, € R™™ B, € R"™<! C, € R™!, and
X € Rmxm,
Ensure: The solution matrix X.
Step 1: Choose the initial matrices Y, Zy, Mo, No, So, Ty and the parameters a, 8, y,5 > 0.
Setk =0.
Step 2: Exit if a stopping criterion has been met.
Step 3: Compute

Xpp1 =arg  min L, g0 5(X, Vi, Z, My, Ny, Sg, Ty),
XESRVHXM

Yier =arg min Lopy6(Xi1,Y, Zi My, Ni S, Ti),

Zpyq = arg zgngrrxlm Lo 7,6 Xks1, Yeg1, Z, My, Ni, Sg, Tx),
Myy1 = My — a(A1Xg1 — Yiy1), Neyr = Ne = B(Yes1B1 — Cr),
Skr1 = Sk — Y(A2Xk11 — Ziy1), T = Th — 0(Zg11 B2 — o).

Step 4: Set k = k + 1 and go to Step 1.
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Algorithm 6 Least-squares symmetric solution for (3) over R [80]

Require: Matrices A; € RPX"™, By € R"*1, C; € RPX1, Ay € R™™ B, € R"™, C, € R™/, and
X € Rmxm,
Ensure: The solution matrix X.
Step 1: Choose the initial matrices Yy, Zy, Mo, Ny, So, Ty and the parameters a, 8, y,d > 0.
Setk = 0.
Step 2: Exit if a stopping criterion has been met.
Step 3: Compute

Xjp1 =arg  min Ly g0 5(X, Vi, Zg, My, Ny, Sg, Tx),

XESRWZXWI
Y1 = arg ,oin_ Lo py,6( X1, Y, Zx, M, Ny, Sy, Ti),
Zyyq = arg Zgﬁggxl Lo py,6(Xx11, Yer1, Z, My, Ny, S, Tx),

M1 = My — a(Xi41B1 — Yir1), Niyr = N — B(A1Yiq1 — C1),
Skr1 = Sk — Y(Xis1B2 — Zis1), Trq = T — 6(A2Zki1 — Ca).

Step 4: Set k = k + 1 and go to Step 1.

Remark 27. The sequences Xy generated by Algorithms 5 and 6 start with initial matrices Yo, Zo, Mo, No, So
and Ty, along with parameters a, B, 7,6 > 0. The sequence Xy then converges to the unique solution of the
matrix least-squares problem (44).

Further work on symmetric solutions of the system (3) can be found in [82] and [83], where
bisymmetric solutions are discussed.

Cai and Chen proposed an iterative algorithm to compute the least-squares bisymmetric solutions
of the system of matrix equations (3) [82]. They define a matrix function on BSR"™*" as

F(X) = A1XB1\ (G
I\ A, XB, Cy

Before introducing the algorithm in [82], a theorem that serves as its foundation is presented.

2
: (54)

Theorem 47 (Bi-symmetry solutions for (3) over R [82]). A matrix X* € BSR™*™ is a solution of the
system (3) if and only if it satisfies the following matrix equation:

A{ A1XBY + BB XAT Ay + AJ A, XB] + ByBy XAJ Ay

+ Ju(ATA1XBY + B1B{ XAT A1) ] + Ju(A7 A2 XB] + ByB; XAj Ay) ],
= A{C1B] + BiC{ A1 + AICyB] + BoCl Ay

+ Jn(ATC1BY + BiCT A1) [ + Ju(A7C2B] + BaC3 Ag) .

(55)

For convenience, the components of equation (55) are denoted as follows:

G(X) = ATAXB] + BBl XAT A + AT A, XB] + BBl X AL A,
+ S, (ATA1XBT + BiBI XAT A1)S, + Su(AT A2 XBI + ByBI XA A5)S,,
H = ATCB + BiC{ A1 + AICoB] + B,CJ Ay + S, (ATC1Bf + B1CT A1)S,,
+ S, (AICoBL + BoCIA)S,.

The iterative algorithm for computing the least-squares bisymmetric solutions of the system of
matrix equations (3) is given.
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Algorithm 7 Least-squares bisymmetric solution for (3) over R [82]
Require: Matrices A; € RP*™, By € R™¥4, C; € RPX1, Ay € R, B, € R"™!, C, € R and

X; € BSR™ xm,
Ensure: The solution matrix X.
Step 1: Calculate

Ro = H— G(Xy),
Py = Ry.
Setk=1.

Step 2: If Ry = 0 then stop; else, k = k+ 1.

Step 3: Calculate
ap = ||Ri[*/ (Re, G(Py)),

X1 = Xk + Py,

Rpy1 = Ry — 0, G(Py),

Bk = (Ri41, G(Pr))/ (P, G(Py)),
Pgy1 = Ryq1 — BrPx-

Step 4: Go to step 2.

Remark 28. The sequence { Ry} in Algorithm 7 is orthogonal in the finite dimensional matrix space BSR™ ™.

Therefore, there exists a positive integer t such that Ry = 0, and the solution of (3) can be obtained in a finite
number of iterations. In Algorithm 7, the initial iteration matrix is given by

X1 = A{H1B] + (A{H1B])" + Ju[ATFh BY + (ATHh BY)T] ],
+ AJHRB] + (A7HaB3)" + Ju[A7H2B3 + (ATH2B3) "],
where Hy € RP*1 and Hy € R"™! are arbitrary matrices. In particular, if Xy = 0, Algorithm 7 will compute
the bisymmetric minimum-norm solution of (3).

Remark 29. The optimal approximation solution to (44) can be derived. Let X € Sg and Xy € R™*™. We have

2 2

1
+H<XO—XOT>

1
1% %ol = |x - 3%+ D)+

2
2

1.1 1
= HX - E(E(XO + Xg) + Efn(XO + Xg)]n)

3 (X0 + XD) = 2Ju(Xo+ X)) T 5 (% = x0) 2
2\ V0T R0 T 5 A0 20 ) n 20
2
_ Hx_ %0+ X3+ Ju(Xo + X))
5 o+ XT) = L1(Xo + XD)) T 2 (%~ X3) 2
22\ 0T &) = 3 nlfo T 2o )In 20

Hence, the problem (44) is equivalent to

min .
XeSg

1
X = 5 (Xo+Xg + Jn(Xo + Xg) )

1 ~ 1
1 X0+ Xg + Jn(Xo + X0)Jn), C1 = C1 = 3 A1(Xo + Xg + Ju(Xo + Xg)Ju) By, and
Cr=Cr— }LAZ(XO + X§ + Ju(Xo + X8 Ju) Ba. Substituting these into equation (55) obtains

Denote X = X —
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AT A1XB] + BiBIXAT Ay + AJ A, XB] + ByBIX AL A,

+ Ju(ATA1XBY + BiB{ XAT A1) ] + Ju(AJ A2 XB] + BBy XA Az) ]
=ATC,B] + BiCT Ay + AICoBY + B,CT Ay

+ Ju(ATCy BT + BiCT A1) ] + Ju(ATCoBY 4 B,CT Ay) T,

This transforms the problem into solving the least-squares problem

A1XB, G
(onxm) - (&)

The least-squares bisymmetric solution X to (56) can be computed using Algorithm 7, and the optimal approxi-
mation solution is given by

_ min
XEBSR™ ™

s = 1
X=X+ Z(X0+Xg+]n(XO+Xg)In)-

Liu et al. [83] introduced a novel iterative method for computing the bisymmetric minimum-norm
solution of the system of matrix equations (3). This method demonstrates improved speed and stability
compared to Algorithm 7 by Cai et al. [82].

For a given matrix X € BSR"*™, the bisymmetry condition holds if and only if

X = X' =, XJp.

The algorithm is described next.
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Algorithm 8 Bisymmetric minimum-norm solution for (3) over R [83]

Require: Matrices A; € RP*™, B; € R"*4, C; € RP¥1, Ay € R™™, B, € R™*!, C, € R™/, and the
initial matrix X; € R™*™,

Ensure: The solution matrix X.
Step 1: Compute

Ty = 1, go = -1, 90 =0, ZO = O(E Rpxn)’ W() = Zo,

Br=2\/GC*+ IC2|l%, Uyj = Cj/B1, j=1,2,
Ty = AfUnB] + AjUpB;, Vi = Ty + T{ + Ju(Ty + T,
ap = [[Vill, Vi = Vi/aq.
Step 2: Repeat until the stopping criteria have been met.
Step 3: Fori=1,2,---,compute
§i=—CiBi/wi, Zi =Zi 1+ &V,
0i = (ti-1 — Bibi—1)/ai; Wi = Wiy + 6V,
UiJrl,j = A]VIB] — aiU ] = 1,2,

ijr
Bit = 20/ [Tisa1|2 + [ Tisn2
Uip1,j = Ui,/ Biv1,j = 1,2,
T = —Ti14i/ Biv1,

Tip1 = AfUis11B] + AjUi412B;,

Vigr = Tipa + Ty + In(Tia + T I — Bia Vi
i1 = ||Vi+1“/'Vi+1 = Viﬂ/“iﬂ/

Vi = Bit1Gi/ (Biv10i — ),

Xi=Zi —7iW;.

2
7

Step 4: Go to step 2.

Remark 30. The stopping criteria for Algorithm 8 can be defined as

[C1 — A1 XiB1|| + [|C2 — A2 X;Ba|| <€,
IGi| <eor|X;—Xi—1]| <e,

where € is a small tolerance.

Theorem 48 (Convergence of Algorithm 8 in [83]). The solution generated by Algorithm 8 is the bisymmetric
minimum-norm solution of (3). In the absence of round-off errors, the algorithm is guaranteed to terminate in at
most pq + rl iterations.

Several algorithms for computing reflexive solutions of the system (3) have been presented in
[84-87]. The earlier algorithms offer specific forms of reflexive solutions, while the later ones yield
more general solutions.

Peng et al. [84] proposed an efficient algorithm for computing the least-squares reflexive solution
of the system of matrix equations (3). In their work, the problem is transformed into the optimized

A1 XBy G
()~ (E)]

problem

min
XeRM*™m(P)
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Before presenting the algorithm, the concept of gradient matrix is introduced. Let f(X) :
R*™"(P) — R be a continuous and differentiable function. The gradient of f(X) on R"*™(P) is
denoted as Vf(X) = (af( )>.

9x;j

Theorem 49 (Reflexive solution for (3) over R [84]). A matrix X € R"*™(P) is a solution of the system of
matrix equations (3) if and only if

VFE(X*) = ATA{X*ByB] + PA] A1 X*ByB{ P — ATC,B] — PATC,BI P+ A] A,X*B,B}
+ PAYAyX*B,BIP — AIC,BY — PAIC,BIP = 0.

For clarity, we define the following notations:

M(E) = ATAEB,Bf + PATA{EBBIP + AT A,EB,BY + PATA,EB,B} P,
G = A{C1B] + PATCB{P + AJC,B} + PAJC,B} P,
S(X) = —=VF(X) = G — M(X), S = S(X).

Then the corresponding iterative algorithm in [84] is presented.

Algorithm 9 Reflexive solution for (3) over R [84]

Require: Matrices A; € RP*™, B; € R"*4, C; € RP*1, Ay € R™™, B, € R™¥!, C, € R™/, and the
initial matrix X; € R"*"™(P).

Ensure: The solution matrix X.
Step 1: Calculate

S1 =G — M(Xy),

Q1 = M(51).
Setk =1.
while S, # 0 do
k=k+1.
Calculate
Xir1 = Xe + [1Skl2/ (Qe M(Sk)) Qx,
Sk+1 = Sk — |ISklI*/ (Qe, M(Sk))M(Qx),
Qi1 = Sk1 — (Skg1, M(Qx)) / ( Qi M(Qx)) Qk-
end while

Theorem 50 (Convergence of Algorithm 9 in [84]). For an arbitrary initial matrix X; € RI"*™(P),
Algorithm 9 generates a solution to (57) in a finite number of iterations. In particular, if the initial matrix
is chosen as X1 = 0, the unique minimum-norm solution of (57) can be obtained within a finite number of
iterations using Algorithm 9.

Remark 31. When (3) is consistent, then

A1XB\ (G A1(X — Xo)By — A1XoBy

A2X32 Cz AZ(X — XO)B2 C2 — A2X032
Suppose that X = X — Xq, C1 = C1 — A1XoB1, Cy = Cy — A»X(Ba, then the optimal approximation solution
X of the (57) is equivalent to the minimum-norm reflexive solution X of the following minimum residual problem

AXBr\ (G
A, XB, Gl

min

XeRM™(P) XER ™ (P)

’<:> min

_ min
XeRM*m(p)
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Dehghan and Hajarian proposed an iterative algorithm for computing the reflexive solution of
the system of matrix equations (3) [85]. Their method refines and extends the algorithm originally
introduced in [84]. Given a matrix P € RGR™*"™, the following is the iterative algorithm for solving
the reflexive solution of the matrix equation system (3).

Algorithm 10 Reflexive solution for (3) over R [85]

Require: Matrices A; € RP*™, By € R"™¥1, Ay € R™", B, € R"™!, C; € RPX1,C, € R, P ¢
RGR™ ™, and X; € RI"™(P).

Ensure: The solution matrix X.
Step 1: Calculate

Ry — Cl —A1X1B1 0
1= 0 Co — AxX By )’
1
P = 5 [AT(C1 — AyXuB)BT + AT(Co — 42X Bo) B

+ PAT(Cy — A1 X, B1)BIP + PAJ(Cy — A2, By) B P].
Setk =1.

Step 2: If R =0, then stop; else, k =k + 1.
Step 3: Calculate

Xi = Xi1 + ([IRe1 |17/ [ Pe=1[1*) Pe1,
R — (C1— AiXiBy 0
k= 0 Cy — Ay Xy By
A1P,_4B 0
— _ 2 2 1k—1P1
= R = (Rl el (1755 0 ),
1
Py = 5[A](C1 — A1XiB1)BY + AJ(Cy — A2XB)B] + PAT(Cy — A1 X;B1)B] P
+ PAF(Cz — A2XB2)BIP] + (| Rell2/ | R ) Pe1.

Step 4: Go to step 2.

Theorem 51 (Convergence of Algorithm 10 in [85]). For any given initial matrix X1 € R}**™(P),a solution
to the system of matrix equations (3) can be obtained in a finite number of iterations in the absence of round-off
errors. When (3) is consistent, and if we choose the initial iteration matrix as

X, = ATGBT + AIGB] + PATGBI P + PAIGBIP, (58)

where G € R™™ and G € R™ ™ are arbitrary. In particularly, if X; = 0, then the solution obtained by
Algorithm 10 is the minimum-norm reflexive solution of the system (3).

Remark 32. The optimal approximation solution X to (44) for a given matrix Xy € R (P) can be derived
from the minimum-norm reflexive solution of the following system (46). Let X =X-Xy C =Cy — A1 XoBy,
and 62 = Cy — ApXoBy, where X € Sg. Then, using Algorithm 10 and the initial matrix }?1 from (58), the
minimum-norm solution X can be obtained. In this case, the unique solution X to (44) can be computed and is
given by X = X + Xo.

Chen et al. proposed an iterative algorithm for computing the generalized reflexive solution of
the system of matrix equations (3). The iterative algorithm for obtaining the generalized reflexive
solution is presented first, followed by an explanation of its convergence [86].
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Algorithm 11 Generalized reflexive solution for (3) over R [86]

Require: Matrices A; € RP*™, By € R"™1, Ay € R™™, B, € R™, C; € RP*9,C, € R, P ¢
RGR™ ™, Q € RGR"" and X; € RI"*"(P,Q).

Ensure: The solution matrix X.
Step 1: Compute

Ry — C1 —AlxlBl 0
1 0 Cy— AxX1By )’
1
Pr =2 (A1(C1 — A1X1B1)B] + A3 (C2 — A2X1By)B;

+ PAT(C1 — A1 X1B)BIQ + PAT(C2 — A2 X1 B2)BQ).

Setk =1.
Step 2: If Ry = 0, then stop. Else go to Step 3.
Step 3: Compute

Xir1 = X + || Rill*/ | Pel* Py,

Ro. . — (€1~ A1XiaBy 0
ki 0 Co — A2 Xj41B2

AP B 0
= Re— IR/ IR (MR B ),

1
Peiq = E(A{(c1 — A1 Xp41B1)BI + AY(Cy — AxXi.1Bo) Bl
+ PAT(Cy — A1 Xy41B1)BIQ + PAX(Cy — A2 Xy 11B2)BIQ)

quad + || R4 [|* /|| Re || * Py

Step 4: If Ry 1 = 0, then stop. Else, let k = k + 1. Go to Step 3.

Theorem 52 (Convergence of Algorithm 11 in [86]). When the system (3) is consistent, a solution can be
obtained within a finite number of iterations for any initial matrix X; € R}**"(P,Q), assuming there are no
round-off errors. If the system (3) is consistent and the initial matrix is chosen as

X, = ATHB] + AJHBI + PATHB{Q + PATHB]Q,

where H € RP*9 and H € R™! are arbitrary matrices, or in particular X; = 0 € RI""(P, Q), the unique
minimum-norm generalized reflexive solution to (3) can be obtained within a finite number of iterations using
Algorithm 11.

Remark 33. When Xy € R"*"(P, Q) is a solution to (3), the solvability and solution of (3) are equivalent to

A1XBy = G,
A XBy = Gy,
A1PXQB; = Gy,
A,PXQB, = Cy.

Yin and Huang proposed an iterative algorithm for computing the least-squares generalized
reflexive solution of the system of matrix equations (3). In their work, Algorithm 12 is employed to
find a solution X € RI"*"(P, Q) that satisfies (57) [87].

Let F(X) be defined as in (54). Since the set R"*" (P, Q) is unbounded, open, and convex, F(X) is
a continuous, differentiable, and convex function on R"*"(P, Q).
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Theorem 53 (Generalized reflexive solutions for (3) over R [87]). X* € R"*"(P, Q) is a solution of the
system of matrix equations (3), if and only if

VF(X*) = A] A1 X*B1B] — A{C1B] + PATA1X*B1B{Q — PATC;B{Q
+ ATA,X*ByB} — AIC,BY + PAT A, X*B,BIQ — PATC,BIQ = 0.

For simplicity, we introduce the following notations:

M(X) = ATA|XBB] + AT A,XB,B] + PATA1XBB] Q + PAT A, XB,B1Q,
N = A{C1Bf + AIC,B} + PATC1BfQ + PAIC,BiQ,

G(X) = —VF(X) = N — M(X),

P = G(Xy).

Then, the result in [87] is given.

Algorithm 12 Least-squares generalized reflexive solution for (3) over R [87]

Require: Matrices A, € RP*", By € R"™ 1, Ay, € R™™, B, € R"™!, C; € RPX1,C, € R, P € R™*™,
Q e R™" and X; € R"™"(P,Q).

Ensure: The solution matrix X.
Step 1: Compute

P =N - M(Xy),
Q1 = M(Py).
Setk=1.

Step 2: If P; = 0, then stop. Else go to Step 4.
Step 4: Compute

Xir1 = Xi+ || PelI*/ (Qi, M(Pr)) Qx,
Pes1 = P — || Pel|*/ (Qx, M(Py))M(Qx),
Qi+1 = Preg1 — (Prg1, M(Qx)) 7 (Qr, M(Qx)) Qk-

Step 5: If P, .1 = 0, then stop. Else, let k = k + 1. Go to Step 4.

Theorem 54 (Convergence of Algorithm 12 in [87]). For any initial matrix X3 € R**"(P, Q), Algorithm
12 generates a solution to (3) within a finite number of iterations, assuming no round-off errors occur. In
particular, if the initial matrix is chosen as X1 = 0 € RI""™(P,Q), Algorithm 12 produces the unique
minimum-norm generalized reflexive solution to (57) within a finite number of iterations.

Remark 34. Note that for (57), we have

A1XBr\ (G A1(X —Xo)By — A1XoBy

A»XBy G Az(X — Xo)Bz C2 — AxXoBy
Let X = X — X, a =C1 — A1 XoBy, C,=Cp— A XoBy. The problem of (44) is equivalent to finding the
minimum-norm generalized reflexive solution of a new corresponding minimum residual problem

() ()]

This section introduces iterative methods for solving system (3). The development of existing

min

XERIM(P,Q) XeRM™1(P,Q)

‘ & min

_ min
XeR!"(P,Q)

algorithms has become more refined, with increasingly comprehensive methods for obtaining various
types of solutions. However, there is still significant room for further advancement in numerical
techniques for solving matrix equations. Most current algorithms are designed primarily for real-
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number domains, and future research could focus on extending these methods to more general
numerical settings. Additionally, due to the high computational cost of numerical algorithms, their
practical application to large-scale matrix equations remains limited.

8. Conclusion

This paper provides a comprehensive review of the solutions to the system (3). During the course
of the review, several definitions of special matrices in various algebraic structures are introduced.
The paper also discusses the methods for solving the system (3) over different algebraic structures,
including general fields, real fields, complex fields, quaternion algebra, principal ideal domains, regular
rings, strongly *-reducible rings, and operators on Banach spaces, along with the relevant conclusions.
Additionally, the solutions to systems (4), (11), (13-17), (41), and (42) are also considered. Among the
methods discussed, generalized inverse techniques were the first to be proposed and remain the most
widely used. The vec-operator method is particularly effective in preserving the Hermitian structure
when solving Hermitian-type solutions. Matrix decomposition methods have demonstrated superior
performance in numerical examples, while Cramer’s rule offers conceptual clarity. Various numerical
algorithms have shown good performance in solving symmetric solutions over the real field. Due
to the extensive literature on solving the system (3) from various perspectives, the author may have
overlooked some works while compiling the information. However, this does not affect the core ideas
of this paper.

Future research on the system (3) and related systems may involve further exploration of nu-
merical algorithms. Although there are currently few algorithms available for solving these systems,
the widespread application of system (3) in practical problems, coupled with the high computational
speed requirements of real-world applications, makes the development of faster iterative algorithms a
promising research direction. Additionally, with the expanding use of quaternions, dual quaternions,
split quaternions, and commutative quaternions, it is worthwhile to investigate solutions to the system
(3) within these non-standard algebraic structures. Notably, the dual component introduced in dual
quaternions, which can represent more information, makes solving the system (3) more challenging
but also more valuable for applications. Finally, while the vec-operator method preserves the special
structure of matrices when solving Hermitian type solutions, it requires the use of the Kronecker
product, which increases the computational complexity of matrix multiplication and leads to higher
computational costs. However, research into multi-particle states in quantum computing may provide
solutions to this issue, greatly improving computational efficiency. These advancements are expected
to facilitate the further application of the system (3) in fields such as control theory, signal processing,
and quantum mechanics.
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