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Abstract

The Box—Cox transformation is widely used to induce approximate normality and linearity in statistical
modelling. Within the Power Normal framework, it embeds non-Gaussian variables into a latent
Gaussian structure where conditional relationships become linear. However, the inverse transformation
does not generally preserve these functional relationships when returning to the original scale. In this
paper, we formally analyze the discrepancy between the inverse image of the linear regression function
in the transformed domain and the true conditional expectation in the original scale. We derive an
explicit second-order decomposition showing that the conditional mean in the original scale consists
of the inverse-transformed linear predictor plus a curvature-induced correction term proportional to
the conditional variance. This distortion term depends explicitly on the transformation parameter and
the local geometry of the inverse Box-Cox function. The analysis reveals that the loss of structural
preservation under inversion is an intrinsic consequence of the nonlinear transformation and can
be interpreted as a second-order Jensen-type correction. Numerical illustrations based on simulated
bivariate Power Normal models confirm the theoretical findings. These results clarify a structural
limitation of transformation-based Gaussian modelling and provide insight into its implications for
statistical inference and applied modelling.

Keywords: Power Normal distribution; Box-Cox transformation; conditional expectation; regression
distortion; nonlinear transformation; latent Gaussian structure

1. Introduction

The Box—Cox transformation is widely used to stabilize variance, induce approximate normality,
and facilitate Gaussian modelling in transformed coordinates. Within this framework, linear relation-
ships are often assumed to hold in the transformed space and are subsequently mapped back to the
original scale through inverse transformation.

However, inverse mapping does not generally preserve conditional functional structure. Even
when a strictly linear relationship holds after transformation, the corresponding conditional expectation
in the original scale differs systematically from the inverse of the linear predictor.

The Box—Cox transformation is closely linked to the Power Normal distribution family introduced
in [1]. The Power Normal framework has been studied extensively in the context of transformation-
based Gaussian modelling [3-5,7,8]. Empirical investigations within this framework, including recent
studies on the Power Normal distribution, have reported that inverse-transformed regression curves
often provide excellent central approximations but exhibit systematic deviations in the tails [6]. Such
behaviour suggests that the discrepancy is not merely numerical but structural. The present paper
provides a formal explanation of this phenomenon by deriving an explicit second-order decomposition
of the conditional expectation under nonlinear inverse transformation.

The purpose of this paper is to formally quantify this structural distortion. We derive an explicit
analytical expression for the discrepancy between the true conditional expectation and the inverse-
transformed linear model. The resulting distortion term depends explicitly on the curvature of the
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inverse transformation and the conditional variance. This phenomenon is examined in general form
and then specialized to the Power Normal framework.

More importantly, the result reveals that the discrepancy is not caused by model misspecifica-
tion or estimation error, but is an intrinsic structural consequence of applying a nonlinear inverse
transformation to a linear Gaussian relationship.

The main contribution of this paper is the derivation of an explicit analytical decomposition of the
conditional expectation in the original scale under inverse Box-Cox transformation. The result shows
that the conditional mean consists of the inverse-transformed linear predictor plus a curvature-driven
correction term proportional to the conditional variance. This provides a formal explanation for the
systematic deviations observed empirically in transformation-based regression models.

2. Box-Cox Transformation and Inverse Geometry
For A # 0, the Box—Cox transformation is defined by

with inverse

ha(u) = (1+Au)/2, 0

For A = 0, the transformation reduces to the logarithmic case.

The inverse mapping h, is nonlinear whenever A # 1. Its curvature plays a central role in the
structural properties of conditional expectations under inverse transformation.

The first and second derivatives are given by

I () = (1+ Au)i—, 3)

W () = (1—A)(1+ Au)i—2 4)

Hence, 5, is linear only for A = 1, and strictly nonlinear otherwise.

3. Main Theoretical Result

Let (X, Y) be random variables and define

u= g)\x<X)' V= g/\y<Y)'

We explicitly allow Ax # Ay.
Assume now that the transformed variables satisfy a bivariate normal structure:

vy~ [ (M), [ i pouov)),
' wv )" \pouov oy

E[V — uy | U] = B(U — uy), 5:w:pg.

Hence,
E[V | U] = uy + B(U — pu).

Define
m(U) := py + U — py)-
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Then we may write
V=m(U)+e, Ele | U] =0, Var(e | U) = 05(1 — p?).

Consequently,
Y = ]’l/\y (m(ll) + 8).

Remark.

Strictly, the Box-Cox inverse map hy(u) = (1 + Au)'/* requires 1+ Au > 0. Thus, a latent
Gaussian specification for g, (X) and g, (Y) may need to be interpreted on an admissible region
(e.g., via truncation or shifting) to ensure positivity of X and Y. This technical constraint does not
affect the structural distortion mechanism studied here, which follows from the nonlinearity of &, and
the conditional variance in the transformed domain.

Proposition 1. If Ay # 1, then the conditional expectation satisfies

E[Y | U] = Iy, (m(U)) + 565(1— ), (m(UD)) + o} (1~ 7)),

In particular, the inverse-transformed linear predictor hy, (m(U)) does not coincide with the true condi-
tional mean unless Ay = 1.

The remainder term is of higher order with respect to the conditional variance 0% (1 — p?).

Proof. A second-order Taylor expansion of &, (m + €) around m yields

hy(m +¢€) = hy(m) + el (m) + %hﬁ{(m) +o(¢%).

Taking conditional expectations and using E[e | U] = 0 yields the result. [

4. Numerical Illustration

To illustrate the structural distortion established in Proposition 1 we consider a bivariate Power
Normal model with positive support. The conditional mean E[X; | X; = x1] is computed numerically
and compared with the inverse-transformed linear predictor obtained from the linear Gaussian
structure in the Box-Cox domain. In the numerical illustration we denote the original variables by X;
and X5, so that

U=g, (X1), V=28, (X)

Figure 1 shows that the inverse-transformed linear predictor provides an excellent approximation
in the central region. However, near the boundary of the support, the deviation becomes more
noticeable, which is consistent with the curvature behaviour of the inverse Box-Cox map.

Figure 2 directly confirms the analytical decomposition predicted by Proposition 1. In the
numerical illustration the distortion A(U) is represented as a function of x1 through the transformation
U =gy, (x1). The distortion is dominated by the second-order term 1¢h// (m(U)), and its magnitude
depends on the local curvature of the inverse transformation. In this example, the largest deviation
occurs near the boundary x; — 07. The dashed curve represents the second-order approximation of
the distortion obtained from the Taylor expansion of iy (m(U) + ¢€). Since the true distortion

A(xl) = E[Xz | X1 = Xl] — h/\(m(U)), u= gAXl (xl),

also contains higher-order even moments of the Gaussian perturbation ¢, the analytical expression
captures the dominant curvature effect but does not reproduce the exact magnitude of the distortion.
This explains the difference between the theoretical approximation and the numerical curve.
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Figure 1. True conditional mean E[X;|X; = x1] and inverse-transformed linear predictor in the region where the
distortion is most visible. Although the discrepancy is small in magnitude, a systematic deviation appears near
the lower boundary of the support as x; — 0.
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Figure 2. Structural distortion A(U) = E[X3|X1 = x1] — Iy (m(U)) evaluated at U = 8y, (x1). The solid curve
represents the exact distortion obtained from the conditional mean, while the dashed curve corresponds to the
second-order approximation derived from the Taylor expansion.

5. Analytical Form of the Distortion

From Proposition 1, the structural distortion in the original scale is given by

AU) = E[Y | U] ~ iy (m(U)) = 50%(1 - p2) 1, (m(UD)).

N =

Using the expression of hxy derived in Section 2

A(U) ~ %03/(1 =) (1= Ay) (1 + Aym(U))V 2,

This expression makes explicit that the distortion magnitude is governed by:

e the conditional variance in the transformed domain,
¢ the transformation parameter Ay,
¢ and the local curvature of the inverse mapping along the linear predictor.
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In particular, the distortion vanishes when Ay = 1, since the inverse transformation becomes
linear.

6. Discussion

The distortion identified in this paper can be interpreted as a Jensen-type effect generated by
the nonlinear inverse transformation. Because conditional expectation is a linear operator while the
inverse Box-Cox map /, is nonlinear, the expectation of the transformed quantity does not coincide
with the transformation of the expectation.

Even when the relationship between the transformed variables is perfectly linear, the correspond-
ing relationship between the original variables is generally nonlinear, since the inverse Box-Cox map
h, is itself nonlinear whenever A # 1. Consequently, the regression curve in the original scale is not
the image of a straight line.

The result derived in this paper shows a stronger structural fact. Even the conditional mean in the
original scale does not coincide with the inverse image of the linear predictor in the transformed space.
Instead, it contains an additional curvature-induced correction term depending on the conditional
variance.

The distortion disappears only when the inverse transformation is linear. For the Box-Cox family
this occurs only for A = 1, in which case g1 (x) = x — 1 and k1 (1) = 1 + u are linear transformations.
In this limiting case the transformation merely shifts the variable and does not modify the structural
relationship between X and Y. The distortion analysed in this paper therefore arises only when the
transformation is genuinely nonlinear. More generally, the mechanism identified here is not specific
to the Box—-Cox transformation. Whenever a nonlinear monotone transformation is used to induce
linear structure in a latent Gaussian domain, the inverse mapping will generally introduce curvature-
induced corrections in conditional expectations. The Box—Cox family therefore provides a natural and
analytically tractable setting in which this structural distortion can be made explicit.

7. Conclusions

We have provided a formal analysis of the structural distortion induced by the inverse Box—Cox
transformation on conditional expectations. An explicit second-order decomposition shows that the
conditional mean in the original scale consists of the inverse-transformed linear predictor plus a
curvature-dependent correction term proportional to the conditional variance. This result provides
a formal explanation for a phenomenon often observed in transformation-based regression models,
where inverse-transformed predictors reproduce the central trend of the data but exhibit systematic
deviations in the tails. The analytical decomposition derived in this work shows that such deviations
arise naturally from the curvature of the inverse transformation combined with the conditional variance
in the transformed domain.

The results demonstrate that transformation-based Gaussian modelling does not generally pre-
serve structural relationships under inversion. This limitation is intrinsic to the nonlinearity of the
transformation whenever A # 1.

The analytical framework developed here clarifies the geometric mechanism underlying this phe-
nomenon and may serve as a basis for further investigations into transformation-induced distortions
in regression and dependence modelling.

Future research may explore the implications of higher-order corrections and their interaction
with non-Gaussian conditional structures.
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