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Abstract: Physical processes are usually described using four-dimensional vector quantities—
coordinate vector, momentum vector, current vector. But at the fundamental level they are
characterized by spinors—coordinate spinors, momentum spinors, spinor wave functions. The
propagation of fields and their interaction takes place at the spinor level, and since each spinor
uniquely corresponds to a certain vector, the results of physical processes appear before us in vector
form. For example, the relativistic Schrodinger equation and the Dirac equation are formulated by
means of coordinate vectors, momentum vectors and quantum operators corresponding to them. In
the Dirac equation a step forward is taken and the wave function is a spinor with complex
components, but still coordinates and momentum are vectors. For a closed description of nature using
only spinor quantities, it is necessary to have an equation similar to the Dirac equation in which
momentum, coordinates and operators are spinors. It is such an equation that is presented in this
paper. Using the example of the interaction between an electron and an electromagnetic field, we can
see that the spinor equation contains more detailed information about the interaction than the vector
equations. This is not new for quantum mechanics, since it describes interactions using complex wave
functions, which cannot be observed directly, and only when measured goes to probabilities in the
form of squares of the moduli of the wave functions. In the same way spinor quantities are not
observable, but they completely determine observable vectors.In Section 2 of the paper, we analyze
the quadratic form for an arbitrary four-component complex vector based on Pauli matrices. The form
is invariant with respect to Lorentz transformations including any rotations and boosts. The
invariance of the form allows us to construct on its basis an equation for a free particle combining the
properties of the relativistic wave equation and the Dirac equation. For an electron in the presence of
an electromagnetic potential it is shown that taking into account the commutation relations between
the momentum and coordinate components allows us to obtain from this equation the known results
describing the interactions of the electron spin with the electric and magnetic field. In the presence of
a potential the momentum components cease to commute with each other. To neutralize this effect,
the Schrodinger equation is supplemented by several equations with mixed derivatives on
coordinates. In section 3 of the paper this quadratic form is expressed through momentum spinors,
which makes it possible to obtain an equation for the spinor wave function in spinor coordinate space
by replacing the momentum spinor components by partial derivative operators on the corresponding
coordinate spinor component. Section 4 presents a modification of the theory of the path integral,
which consists in considering the path integral in the spinor coordinate space. The Lagrangian
densities for the scalar field and for the electron field, along with their corresponding propagators,
are presented. An equation of motion for the electron is proposed that is relativistically invariant, in
contrast to the Dirac equation, which lacks this invariance. This novel equation permitted the
construction of an actually invariant procedure for the second quantization of the fermion field in
spinor coordinate space. Furthermore, it is demonstrated that the field operators are a combination
of plane waves in spinor or vector space, with the coefficients of which being pseudospinors or
pseudovectors. Each of these pseudovectors or pseudospinors corresponds to one of the particles
presented in the theory of electrodynamics. Furthermore, each plane wave possesses an additional
coefficient in the form of a creation or annihilation operator. In vector space, these operators
commute, whereas in spinor space they anticommutate. The paper presents the spinor and vector
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representations of the field operators in explicit form, comprising sets of 16 pseudospinors or 4
pseudovectors corresponding to particles represented in electrodynamics. An explicit form of the
symmetric traceless tensor with spin two, zero mass and two polarizations is presented, which can
serve as a model of the graviton. The results obtained may prompt changes in some aspects of the
construction of Feynman diagrams.

Keywords: Dirac equation; Pauli matrices; Schrodinger equation; second quantization; path integral;
graviton

1. Introduction

Nowadays, the interest to study applications of the Dirac equation to different situations and to
find out the conditions of its generalization is not weakening. In particular, in [1] new versions of an
extended Dirac equation and the associated Clifford algebra are presented. In [2] a study of the
Schroédinger-Dirac covariant equation in the presence of gravity, where the non-commuting gamma
matrices become space-time-dependent, is carried out. In [3] an idea is discussed that the visible
properties of the electron, including rest mass and magnetic moment, are determined by a massless
charge spinning at light speed within a Compton domain. In [4] some aspects of conformal rescaling
in detail are explored and the role of the "quantum" potential is discussed as a natural consequence
of non-inertial motion and is not exclusive to the quantum domain. Author establishes the
fundamental importance of conformal symmetry, in which rescaling of the rest mass plays a vital
role. Thus, the basis for a radically new theory of quantum phenomena based on the process of mass-
energy flow is proposed. In [5] author has derived the covariant fourth-order/one-function equivalent
of the Dirac equation for the general case of an arbitrary set of y-matrices.

Supporting these search aspirations, in our work we propose a deeper understanding of the
Dirac equation with an emphasis on the direct use of the principles of symmetry and invariance to
Lorentz transformations. For the first time we present a formulation of the Dirac and Schrédinger
equations in spinor coordinate space.

2. Generalized Dirac Type Equation

Let us introduce notations, which will be used further on. The speed of light and the rationalized
Planck’s constant will be considered as unity.
Pauli matrices

e ) e D (P el )

Matrices constructed from Pauli matrices

o 0 o 0 o. 0 o 0
9=(3 ) 9=(5 5) =G n)s=(5 o)
0 oy 0 o 0 oy 0 o3
A vector of matrices
ST = (51,52, 55)
A set of arbitrary complex numbers and a vector of its three components
X" = (Xo, X1, X, X3)
X = (X, X, Xs)
Let us define a 2x2 matrix of Lorentz transformations given by the set of real rotation angles

(a1, @z, a3) and boosts (B4, B2, f3)
n

i

1 i 1 i 1
c exp (e exp (S ) exp (s exp () o (s exp (s
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and a similar 4x4 transformation matrix

N

i 1 [ 1 [ 1
~ exn (- L, e (5515 (- s (L) e (s (L5,
We also define a 4x4 matrix of Lorentz transformations A4, where p and v take values 0,1,2,3

1
AL = ETr[aﬂnavnT]

AL = 1Tr[s NS,NT]
v 4 u v

A = %i ZB: 23: i(su)saNaﬁ (50)pyNey

£=0 a=0 B=0y=0
which can also be written explicitly using the 4x4 matrices of turn generators (Ry, R, R3) and boosts
(K1, K2, K3)
A = exp(aiR)exp(B1K)exp(azR;)exp(B,K;)exp(asR3)exp(B3Ks)

Let's define a 4x4 matrix

1\42 == (SOXO - 51X1 - 52X2 - S3X3)(50X0 + 51X1 + 52X2 + 53X3) =
(50X0 - §TX))(SOXO + §Ti) ==

S0X0S0Xo — S1X151X1 — 52 X,5,X, — 53X353X3 +
SoXo(S1X1 + S2X5 + 53X3) — S1X1(SoXo + S2X5 + S3X3) —
S2X2(SoXo + S1X1 + S3X3) — S3X3(SoXo + S1X1 + $2X7)

In fact, we consider a quaternion with complex coefficients, which we multiply by its conjugate
quaternion (due to the complexity of the coefficients, these are biquaternions, but we still use
quaternionic conjugation, without complex conjugation).

Let us subject the set of complex numbers to the Lorentz transformation

X' =4X

Let us write a relation whose validity for an arbitrary set of complex numbers can be checked

directly
(SoXo" — S1X1" — S2Xp" — S5X37)(SoXo" + S1X1" + S2X," + S5X5)
= (SoXo — S1X1 — S, X, — S3X3)(SoXo + S1 X1 + S, X5 + S3X3) = M?

The matrix M? in the simplest case is diagonal with equal complex elements on the diagonal
equal to the square of the length of the vector X in the metric of Minkowski space, which we denote
m?. Both M? and m? do not change under any rotations and boosts, in physical applications the
invariance of m? is usually used, in particular, for the four-component momentum vector this
quantity is called the square of mass.

Since the matrices S, anticommutate with each other, for a vector X whose components
commute with each other, we have just the simplest case with a diagonal matrix with m? on the
diagonal. But if the components of vector X do not commute, the matrix M? already has a more
complex structure and carries additional physical information compared to m?. For example, the
vector X may include the electron momentum vector and the electromagnetic potential vector. The
four-component potential vector is a function of the four-dimensional coordinates of Minkowski
space. The components of the four-component momentum do not commute with the components of
the coordinate vector, respectively, and the coordinate function does not commute with the
momentum components, and their commutator is expressed through the partial derivative of this
function by the corresponding coordinate. If the components of the vector X do not commute, the
matrix M? will no longer be invariant with respect to Lorentz transformations.
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Assume that the complex numbers we are considering commute with all matrices, and consider
that the matrices are pairwise anticommutative and their squares are equal to the unit 4x4 matrix I

M? = XoXo — X1 X1 — XX, — X3X3)[ +
(81 XX + SyXo X, + S3XoX3) — (51 X1 Xy + 515, XX, + 5:53X,X5) —
(8,X, Xy + 5,8, XX, + 85,5:X,X5) — (S3X3Xo + S35, X3X; + S35,X:X,) =
(XoXo — X1 X1 — Xo X, — X3X3)1 +
S1(XoX1 — X1Xo) + S2(Xo X, — X2Xo) + S3(XoX3 — X3X,) —
(S1852X1 X5 + S183X1X3) — (8251 X2X1 + 5253X2X3) — (83851 X3X1 + 535,X3X;) =
(XoXo — X1 X1 — XoXy — X3X3)1 +
S1(XoX1 — X1Xo) + S (Xo Xy — X2Xp) + S3(XoX3 — X3Xo) —
(S5152X1 X5 + 5551 X, X1) — (8253X,X3 + S35, X3X5) — (8351 X3X1 + 5153X,X3) =
(XoXo — X1 X1 — X2 X, — X3X3)1 +
S1(XoX1 — X1Xo) + S2(XoXz — X2 X0) + S3(XoX3 — X3X0)
— (85,5, X1 X5 + S281 X1 X5 + S251(Xo X1 — X1 X5))
—(8,53X2X5 + S35,X2 X5 + S35, (X3X; — X2 X3))
— (8351 X3X, + S1S5X5 X1 + 51S3(X1 X5 — X3X1)) =
(XoXo — X1 X1 — XoX5 — X3X3)1 +
S1(XoX1 — X1Xo) + S2(XoXz — X2 X0) + S3(XoX35 — X3X0)
—85,81(X2X1 — X1X5) — $35,(X3X; — X5X3) — $155(X1 X5 — X3X7)
Taking into account the expressions for pairwise products of matrices, we obtain
M2 = (XoXy — X, X, — XX, — XsX5)I +
S1(XoX1 — X1 Xo) + S2(Xo Xz — X2 Xo) + S3(XoX5 — X3Xo)
—852851 (X X1 — X1X3) — 853852 (X3Xz — XoX3) — $15:(X1 X3 — X3Xy) =
(XoXo — X1 X1 — X, X, — XsX3)I +
S; (XoX1 — X1X0) + S2(XoX2 — X2Xo) + S3(XoX3 — X3X0)
FiS3(X2 X1 — X1X3) + i51(X3X, — XpX3) +15,(X1 X3 — X3X;) =
(XoXo — XX, — Xy Xy — X3 X3)I +
S1(XoX1 — X1Xo) + iS1(X3Xz — X2 X3) +
S2(Xo Xz — X3Xo) + 1S, (X1 X5 — X3X31) +
S3(XoX3 — X3Xo) + iS3(X2X; — X1X7)
Consider the case when X is the sum of the momentum vector and the electromagnetic potential
vector, which is a function of coordinates

X=P+A
P” = (P, Py, P, P3)
AT = (4p, A1, A2, A3)
ET = (P, P, P3)
AT = (41, 4,,45)
M? = I[(Py + Ag)(Po + Ag) — (Py + A))(Py + Ay) — (P, + A) (P, + Ay)
—(P3 +43)(P; + A3)] +
S1[(Po + Ag)(Py + Ay) — (Py + A (Py + Ap)]
+i5:[(P; + A3)(P, + Ay) — (P, + Ay)(Ps + A3)] +
S2[(Po + Ap) (P, + Az) — (P, + A3)(Py + Ap)]
+ iS,[(Py + A (Ps + A3) — (Ps + A3)(Py + A] +

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202401.1032.v7
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 17 June 2025

5 of 127

S3[(Po + Ag)(P3 + A3) — (P3 + A3)(Py + Ag)] + iS3[(P2 + Az)(Py + Aq) — (P1 + A1) (P,
+ 4,)]

For now, we'll stick with the Heisenberg approach, that is, we will consider the components of
the momentum vector Py, Py, P, P; as operators for which there are commutation relations with
coordinates or coordinate functions such as A4y, 4, A,, A3. In this approach, the operators do not have
to act on any wave function.

Taking into account the commutation relations of the components of the momentum vector and
the coordinate vector, the commutator of the momentum component and the coordinate function is
expressed through the derivative of this function by the corresponding coordinate, e.g.

[(P + A)(Py + Ay) — (PL+ A (P, + 47)] =
(PP — P1Py) + (P,A; — A1 Py) — (P1A; — AyPy) + (A4, — A4y) =
04 ( . aAz)
dx, dx;
As a result, we obtain
M? =1I[(Py + Ag) (P + Ag) — (Pr + A (P + Ay) — (P + A2) (P, + A2)
= (P3 + A3)(P; + 43)]

0A; 04, ] 04, 04,
51 _la_xo-l_la_xl iS5 _la_x3+la_x2

04, 04, ] L0A; 04,
+S5, —l—axO +L—ax2 + 1S5, _l_axl +L—ax3

i 0A3 i aAO i i aAl i 0A2
+5s [_La_xo-l_la_)@ 155 _‘a_x2+la_x1 -

I[(Py + Ag)(Py + Ag) — (PL + A (P + Ay) — (P, + Ax)(P, + Ay)
— (P; + A3)(Ps + 43)]

. [0A; 0Ay 04, 0Aj3]
—iS; | — =2+ 5y |2 - =
[0xg  0xq] [0x3  Ox;)

[0A, 04, 0A;  0A;]
A ] A "
[0xg  0x;) [0x;  0x3)

[0A;  0A4p) [0A; 04,
—iS, 7810 + S, T2
[0xq  0x3) [0x; 04

= I[(Py + Ag)(Po + Ag) — (Py + AD(Py + Ay) — (P, + A3) (P, + A3)
— (P3 + A3)(P; + A3)]
—iS51Fy1 + S1F35 — iS,Fy, + S;F 3 — 1S3Fy3 + S3F54
= I[(Py + Ag)(Po + Ap) — (Py + A))(Py + Ay) — (P, + A2) (P, + 4,)
— (P; + A3)(P; + 43)]
—iS1Ey + §1By — IS,E, + S;B, — iS3E, + S3B,

where

P -E, O B, B,
v —Ey B, -B,
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As a result, we have the expression

M? = I[(Py+ Ag)(Py + Ap) — (Py + A (Py + Ay) — (P, + A) (P, + Ay)
- (P3 +A3)(P3 +A3)] +§T§_ l§TE

BT = (B,, By, B;) = (By, B3, B3)

E" = (E,,Ey,E,) = (Ey, Ep Es)
The matrix
M2 — {§T§ — i§TE} =

H(Py + Ag)(Py + Ap) — (Py + A1) (P + A1) — (P, + Ay) (P, + A7)
= (P3 + A3)(P; + 43)}
= I1d?
does not change under Lorentz transformations involving any rotations and boosts.

Id* = (So(Po + Ap) = S1(Py + Ay) —S,(P, + Ay) — S3(P; + A3))(50(P0 + Ap)

+S51(Py + Ay) + S,(P, + Ay) + S3(Ps + A3)) — {S"B — iSTE}

_(STE - i§"E)

Taking into account the electron charge we have

X=P—eA
1d? = (So(Py — eAo) — 87 (P + K) ) (So(Py — edo) + 87 (P + &) ) + e{S"B — iSTE}
Let us summarize our consideration. There is a correlation
I1d? = M? + ¢{S"B — iSTE}
where
M? = (Sy(P — eAo) — ST(P — €A)) (So(Po — eAo) + 87 (P — eA))
1d% = I{(Py — eAg)? — (P, — eA})? — (P, — eA,)? — (P; — ed3)?} =

1[(Py — eAo)(Py — eAg) — (P — ) (P - eA)]| =

1{(Py — eAp)? — (P - ¢A) )}
Let's analyze the obtained equality
M? = Id? — e{STB — iSTE}
Note that the quantity d? is invariant to the Lorentz transformations irrespective of whether
the momentum and field components commute or not. To solve this equation, we have to make

additional simplifications. For example, to arrive at an equation similar to the Dirac equation, we
must equate M? with the matrix Im?, where m? is the square of the mass of a free electron. Then

Im? = Id* — e{S"B — iSTE}

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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I1d? — Im? — e{STB — iS"E} = 0

H{(Py — eAo)? — (P~ eR) | — Im? — e{STB — iSTE} = 0

With this substitution the generalized equation almost coincides with the equation [6, formula
(43.25)], the difference is that there is a plus sign before eSTB, and instead of iSTE there is id@’E, in
which the matrices a have the following form

a = (a1, @y, as3)

_(0 01) _(0 02) _(O 03)
“=g, 0) 2T \g, 0) BT\ 6 0

A similar equation is given by Dirac in [7, Paragraph 76, Equation 24]; he does not use the
matrices @, only the matrices S, but the signs of the contributions of the magnetic and electric fields
are the same.

Along with the original form

M? = (SO(PO —eAy) —ST(P - eK)) (So(Po —edy) +ST(P - e}_\)))

— 4 — o(STE - i§"E)

it is possible to consider the form with a different order of the factors. It can be shown that this leads
to a change in the sign of the electric field contribution

M? = (Sy(Py — eAo) + ST(P — eA)) (So(Py — ed,) — S7(P — eK))

— d? — o(STE + i§"E)

Since Id?, unlike M?, isinvariant to Lorentz transformations, it would be logical to replace it by
Im?. At least both these matrices are diagonal, and in the case of a weak field their diagonal elements
are close. Nevertheless, the approach based on the Dirac equation leads to solutions consistent with
experiment.

The matrix M? in the general case has complex elements and is not diagonal, and in the Dirac
equations instead of it is substituted the product of the unit matrix by the square of mass m?, the
physical meaning of such a substitution is not obvious. Apparently it is implied that it is the square
of the mass of a free electron. But the square of the length of the sum of the lengths of the electron
momentum vectors and the electromagnetic potential vector is not equal to the sum of the squares of
the lengths of these vectors, that is, it is not equal to the square of the mass of the electron, even if the
square of the length of the potential vector were zero. But, for example, in the case of an electrostatic
central field, even the square of the length of one potential vector is not equal to zero. Therefore, it is
difficult to find a logical justification for using the mass of a free electron in the Dirac equation in the
presence of an electromagnetic field. Due to the noted differences, the solutions of the generalized
equation can differ from the solutions arising from the Dirac equation.

In the case when there is a constant magnetic field directed along the z-axis, we can write down

1 1
A0:0 A1:_§B3x2 A2:§B3x1 A3:0

(SoPy)? — M? — (P — eA) (P — eA)l — eS;B5 = 0

(Sopo)z - M?* - (P, —eA;) (P, —eA)] — (P, — eAy)(P, — eAy)] —eS3B3 =0
(SOP())Z - M? - POZI - P321 - P12 - (eA1)2 - Pzz - (eAz)Z
+eB3(x1P2_XZP1+X1P2—.X2P1)_353B3 =O

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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P21 — M? — Pyl — P3%I — Py%1 — (eAy)?I — P,%1 — (eA,)?] + eBs(xy P, — x,P;)1

—_ 653B3 = 0
I(—P,* = P, — P3* — (eA1)? — (ed;)?) — M?
Ly +1 0 0 0
—eBsl 9 L+1 o |70
0 0 0 Ly —1

Here (x; P, — x,P;) = L;. Only when the field is directed along the z-axis, the matrix M? is
diagonal and real because the third Pauli matrix is diagonal and real. And if the field is weak, M?
can be approximated by the m?/ matrix. This is probably why it is customary to illustrate the
interaction of electron spin with the magnetic field by choosing its direction along the z-axis. In any
other direction M? is not only non-diagonal, but also complex, so that it is difficult to justify the use
of m?I.

When the influence of the electromagnetic field was taken into account, no specific
characteristics of the electron were used. When deriving a similar result using the Dirac equation, it
is assumed that since the electron equation is used, the result is specific to the electron. In our case
Pauli matrices and commutation relations are used, apparently these two assumptions or only one of
them characterize the properties of the electron, distinguishing it from other particles with non-zero
masses.

The proposed equation echoes the Dirac equation, at least from it one can obtain the same
formulas for the interaction of spin and electromagnetic field as with the Dirac equation, and in the
absence of a field the proposed equation is invariant to the Lorentz transformations. In contrast, to
prove the invariance of the Dirac equation even in the absence of a field, the infinitesimal Lorentz
transformations are used, but the invariance at finite angles of rotations and boosts is not
demonstrated. The proof of invariance of the Dirac equation is based on the claim that a combination
of rotations at finite angles can be represented as a combination of infinitesimal rotations. But this is
true only for rotations or boosts around one axis, and if there are at least two axes, this statement is
not true because of non-commutability of Pauli matrices, which are generators of rotations, so that
the exponent of the sum is not equal to the product of exponents if the sum includes generators of
rotations or boosts around different axes. By a direct check we can verify that the invariance of the
Dirac equation takes place at any combination of rotations, but only under the condition of zero
boosts, i.e., only in a rest frame of reference, any boost violates the invariance.

A test case for any theory is the model of the central electrostatic field used in the description of
the hydrogen atom, in which the components of the vector potential are zero

(So(Py — eAg) — STP)(So(Py — edy) + STP)

= I[(Py — eAg)? — P> — P,* — P;*| + ieSTE
If again we equate the left part with Im?, we obtain

I[(Py — eAy)? — P2 — P2 — P3%] — Im? + ieSTE = 0

o 0Ay  0Ay 04y
1[(Py — e4g)? — P, — P, — P2 — m?] —ie (51 T 6x3> =0

Introducing the notations (4 = ¢(r) = Q/r,Py = E,7 = 1//x; 2 + x, 2 + x5 %), we obtain

e\N' ., o o 00 de() _ dp()\
1[<E r) PP P = Pt = m? | e (S =+ S,k Sy = | = 0

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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eQ 2 2 2 2 2 € Q

I E_T _P1 _PZ _P3 - m +lr_3(51x1 +Szx2 +S3x3):0

If we substitute operators acting on the wave function instead of momentum components into

the equation, we obtain a generalized analog of the relativistic Schrodinger equation, in which the

wave function has four components and changes as a spinor under Lorentz transformations. Using
the substitutions

p 52 b . . P . 0
> i > —i—— —i— > =l
° "Tor 1 dx, ax, ° 9x5

the equation for the four-component wave function (¢, x, x,, x3) before all transformations has the

P, -

form

S (% - er) +ST(V—eA) || S, (% — eAO) —ST(V—eA) | g + M2 =0

and after transformations
{(So(Po —edy)’ - (P- eK)ZI — eSTB + ie§TE} Y = M2y

Once again, note that the matrix M? is not diagonal and real.

All the above deductions are also valid when replacing 4x4 matrices S, by 2x2 matrices o,
since their commutative and anticommutative properties are the same. The corresponding
generalized equation is of the form

(06 (Py — eAy))* — M? — (P — eR)’I — 6B + ie6"E = 0
where

0" = (01,02, 03)
and the equation for the now two-component wave function looks like

d - 0 -
o (& — er) +67(V—-eA) || o (% — er) —6"(V—eA) |[g+M*Yy =0

In deriving his equation, Dirac [7, Paragraph 74] noted that as long as we are dealing with
matrices with two rows and columns, we cannot obtain a representation of more than three
anticommuting quantities; to represent four anticommuting quantities, he turned to matrices with
four rows and columns. In our case, however, three anticommuting matrices are sufficient, so the
wave function can also be two-component. Dirac also explains that the presence of four components
results in twice as many solutions, half of which have negative energy. In the case of a two-component
wave function, however, no negative energy solutions are obtained. Particles with negative energy
in this case also exist, but they are described by the same equation in which the signs of all four
matrices S or o are reversed.

One would seem to expect similar results from other representations of the momentum operator,
e.g., [6, formula (24.15)]

10 0 /010 L /0 =i 0 10 0
0 0 1 \/EO 1 0 \/EO i 0 0 0 -1

under the assumption that this representation can describe a particle with spin one. But this
expectation is not justified, since the last three matrices do not anticommutate, and therefore the
quadratic form constructed on their basis is not invariant under Lorentz transformations.

If one consistently adheres to the Heisenberg approach and does not involve the notion of wave
function, it is not very clear how to search for solutions of the presented equations. The Schrédinger
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approach with finding the eigenvalues of the M?matrix and their corresponding eigenfunctions can
help here.

{(So(Po —edy)’ - (P- eK)ZI — eSTB + ie§TE} Y = M2y

In the left-hand side are the operators acting on the wave function, and in the right-hand side is
a constant matrix on which the wave function is simply multiplied. This equality must be satisfied
for all values of the four-dimensional coordinates (¢, x;,x,,x3) atonce. Then M? isnot fixed but can
take a set of possible values, finding all these values is the goal of solving the equation.

Thus, we have arrived at an equation containing a matrix M? which is non-diagonal, complex
and in general depends on the coordinates (t,xy, x;, x3). After the standard procedure of separating
the time and space variables, we can go to a stationary equation in which there will be no time
dependence, but the dependence the matrix M? on the coordinates will remain. It is possible to
ignore the dependence of M? on the coordinates and its non-diagonality and simply replace this
matrix by a unit matrix with a coefficient in the form of the square of the free electron mass. Then the
equation will give solutions coinciding with those of the Dirac equation. But this solution can be
considered only approximate and the question remains how far we depart from strict adherence to
the principle of invariance with respect to Lorentz transformations and how far we deviate from the
hypothetical true solution, which is fully consistent with this principle. To find this solution, we need
to approach this equation without simplifying assumptions and look for a set of solutions, each of
which represents an eigenvalue matrix M? of arbitrary form and its corresponding four-component
eigenfunction.

Let us return to the question of Lorentz invariance of the expression

As it was noted, this expression does not change at rotations and boosts in Minkowski space
only if the components of (X, X3, X,,X5) commute with each other. If they do not commute, the
matrix M? changes under Lorentz transformations. Two parts can be distinguished in this matrix

M? = (XoXo — X1 X1 — X, X5 — X5X3)I +

51 (XoX1 — X1Xp) + 151 (X3X; — X X3) +

S2(XoXy — X2Xo) +1S,(X1 X3 — X3X,) +
S3(XoX3 — X3Xo) + iS3(X2X1 — X1X7)

The first row represents the unit matrix multiplied by a value that still does not change under
Lorentz transformations. All changes occur in the last three rows. In the particular case of
electrodynamics, we have

M2 = 1((Py + Ag)(Po + Ag) = (P + A (Py + Ar) — (P + A) (P, + A7)
— (P; + A43)(Ps + A3))
+51((Po + Ag) (P + A1) — (P + A1) (P + Ao))
+iS1((Ps + A3) (P, + A2) — (P2 + A2)(Ps + 43))
+52((Po + Ag) (P, + Az) — (P, + Az) (P + Ag)
+iSy((Pr+ A (Ps + 4) = (P + A3) (P + Ay)
+S3((Po + Ag)(P; + A3) — (Ps + A3)(Py + Ao))
+ i53((P2 +A)(P+A4) — (P + AP, + Az))
Here the first line is invariant, but the last three are not. The only way to ensure complete
invariance of M? is to require these three lines to be zero. Let us again consider the commutation
relations, but now we will not assume that the momentum components commute with each other,

only the potential components still commute with each other. Now we can write the relations of the
form

((Po +Ao)(P1 + A1) - (P1 + A1)(Po +A0)) =
(PoPy — PyPy) + (PyA; — A1Py) — (P1Ag — AgPy) + (ApAy — A1Ay) =
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aoP;, 04, ( ) 0A0>
L — —
dx, dx,
Such values as g% always enter M? as a sum with the component of the field, in this case the
0

electric one

oP, (0A; 04, 0P
“(am o) 7

dx,

If we formally define a new value

+E,

dx, 0Oxg dx,

!
and suppose that m does not change at rotations and boosts, and we also take into account the
presence of charge at the electron, we can require for this and all other similar sums the fulfilment of
the condition
v,
dx,
The value V; can be regarded as a component of velocity, and velocity not in the usual sense,

m +eE, =0

as a derivative of the spatial coordinate by time, but simply as a component of momentum divided
by the inertial mass m. Then the above equality can be interpreted in the spirit of Newton's law,
namely, that the acceleration multiplied by the mass is equal to the force acting on the side of the
electric field. If all such equalities are fulfilled, only the first line will remain in the quantity M?, and
it will be invariant under Lorentz transformations. It is possible to go further, and to assume equality
of the masses appearing here, namely
M? = Im?
As a result, we obtain a system of equations
(Py + eAg)(Py + edy) — (Py + eA1)(Py + eA;) — (P, + eA,) (P, + eAy)
— (P + eA3)(P; + ed3) =m?

PP, — B,P, + e(8,A, — 0,A,) = 3,P, + e(9,4, —0,4,) =0

In the general case it is necessary to take into account in the equations an external force, e.g. of
mechanical nature, defined at each point of the coordinate space. The equations then have the form

0P, + fuy +e(8,4, —0,4,) =0

The external force is taken as given, and the acceleration and field are mutually adjusted to
nullify the right-hand side. This is true for a charge in an electric field that is fixed stationary, for an
electric generator, for an electric motor, and so on.

It is the fulfilment of these equations that causes the mass M? and m? to acquire the properties
we tend to expect of it, namely that the mass is not only invariant under Lorentz transformations, but
does not change under accelerations either.

We can introduce tensor notations

Gm, + eFW =(
where
le = Pqu — Pqu = a”Pv
0 PyPy — PPy, PyP, — P,Py, PyP; — P3P,
G = P, Py — PyP; 0 PP, — P,P, P;P;— P3P;
w =\ P,Py— P,P, P,P, —PP, 0 P,P; — P3P,
P3Py — PyP; P3P, — P,P; P3P, — P,P; 0
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0 0o Py 0oP, 0yP;
| —0oP, 0 0P, 0.P;
W\ —00P, —0.P, 0 0,P;
—0¢gP; —0,P; —0,P; 0

The resulting system of equations describes not only uniform but also accelerated motion. The
presence of an external field leads to a change in momentum, and vice versa, any change in
momentum under the influence of an external force perturbs the potential and generates an
electromagnetic field.

For quantum mechanics we can replace the momentum components in all equations by the
derivative operators

d
Pp»i— P o—-i— Pp—>—im— P3->—i—
0 ax, ° ax, ° ox, ° J0x;
This also applies to equations from the second group, where mixed derivatives arise
PP, + —a _6
ﬁ
v L

H dx, 0x,

As aresult, we obtain for the wave function a system of equations with second order derivatives,
the innovation compared to the commonly used equations is the presence in the equations of mixed
derivatives on all components of the coordinate vector.

The equations proposed here initially take into account the non-commutability of momentum
components, their derivation relies only on the unconditional fulfilment (even in coupled systems)
of the requirement of invariance to Lorentz transformations for the product of conjugate quaternions
with arbitrary coefficients

(SoXy — S, X; — S:X, — S3X3)(SpXy + S, X, + SHX5 + S5X;5) = M?
Putting all equations together, we write a truly relativistic system of equations for the spinor

‘I’(xm X1, X2, X3)

a — —> a — —>
o (a_xo — er) +67(V—-eA) || oo (6_x0 — eAO) —67(V—eA) |[g+MY=0

S(aa aa)+'<aA+aA) =0 k=1.3
K\ Oxy 0%, 0xg0xg)  \axg 7 T 0 b= S

S (G AL P | T
! 0x30x, 0x,0x3 v xz 2 Ox, > V=

S(aa+aa>+'(aA+aA) =0
2 0x, 0x3 0x30x e dx; > Oxz * b=

s ( 0 0 9 a)+'( aA+aA) —0
3 0x,0x, 0x;0x, e dx, ' Ox, ° b=

This system is a generalization of the relativistic Schrodinger equation. The essence of the
generalization consists not only in taking into account the spin of the electron, which takes place
already in the Dirac equation, but also takes into account the non-commutability of the momentum
components. It can be assumed that the solutions of this generalized system will give exact values for
stationary electron energy levels in the atom, for which no radiative corrections will be needed.

The conditions expressed by additional strings of our equations may be too strong, since they
require that each pair of brackets with derivatives is zero. But invariance can also be achieved with a
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weaker requirement that only their sum as a whole is zero. That is, each pair of brackets can deviate
from zero; the main thing is that these deviations are compensated in the total sum. This can work
both in classical and quantum mechanics. A hint on the validity of this approach is given by
Maxwell's equations, in which conditions are imposed not on individual derivatives, but on their
sums. In addition, it is intuitively clear that the components having similarity to velocity should be
considered in the sum in order not to depend on the rotations of the coordinate system.

If not to substitute the coordinate derivative instead of the momentum component and to remain
in the framework of classical physics, the system of equations

(PO + er)Z - (Pl + eA1)2 — (PZ + eAz)Z - (P3 + eAg)z = mz
0,P, + e(9,A, —8,4,) =0

describes the motion of a macroscopic charged particle in the presence of an electromagnetic field.
By means of the antisymmetric Levy-Civita symbol we transform antisymmetric tensors into
dual tensors

V 1 o 1
Frv — Eguvpaf;;m GHv = Eg;wpoGp(r

and we use Maxwell's equations written in compact form
uv — ;v TUV —
o, FHY = o F* =0

Let us apply the derivative operator to our proposed equations
uv uv ~ UV FUV
0,G* +ed,F¥¥ =0 09,G" +ed,F* =0
then taking into account Maxwell's equations, we obtain
SUV —
9,G" = 0

9,G" +ej’ =0
0,0 PY +ejV =0

These formulas describe the behavior of field and charge that results from their mutual
influence.

If in the presence of an arbitrary potential there is no particle in the moving point, then our
equations are the homogeneous Maxwell equations for an arbitrarily moving point. If a charge is
placed in the point, we obtain inhomogeneous equations for an arbitrarily moving charge. Let us
assume that the current is proportional to the momentum

Y € v
ej =EP

e
9,0"P¥ +—P¥ =0
m

The resulting equation resembles the equation of an oscillator. It is possible to additionally take
into account the influence of an external force.

e
9,(0*PY + f,) + EPV =0

Let us clarify our understanding of the interaction between the electromagnetic field and the
momentum of a charged particle. If the derivatives of momentum are equal to zero, i.e. the particle is
moving uniformly or at rest, it creates a potential and a field for which Maxwell's equations are valid
both at the point where the charge is located and in the space around it, electromagnetic waves are
not emitted. If there is some external field, the charge interacts with it and moves with acceleration,
the required equality of the derivatives of momentum and potential at the point where the charge is
located is observed, electromagnetic waves are also not emitted. If under the influence of an external
mechanical force the particle is additionally accelerated or decelerated, then in order to fulfil the
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required equality of derivatives an additional field appears, either strengthening the external field or
weakening it. This additional field is the source of electromagnetic waves, which are the solution of
an inhomogeneous wave equation with this additional field as the source. When we talk about some
analogue of the oscillator equation, we are talking about the interaction of the momentum of a
charged particle with the current created by its motion, the influence of the external field is not taken
into account or is considered to be absent. At this interaction with the intrinsic current we also use
Maxwell's equations.
Let us consider the matrix
D = (SoXy — S1X1 — S X5 — §3X3)(SoYy + S1Y; + 5,1, + S5Y3)
which includes sets of arbitrary complex numbers
X" = (Xo, X1, X2, X3)
YT = (Yo, Yy, Y, Y3)
Let us subject these sets of complex numbers to the Lorentz transformation
X'=4AX Y =AY
In this case, the matrix @ has invariant trace proportional to the scalar product of vectors
Tr[(SoXo" — S1X1' — S2X2" — S5X3")(SeYo" + S1Y1' + S, 10" + S3¥57)] =
Tr((SoXo — S1X1 — S2X5 — S3X3)(SoYo + S1V; + S, Y + S3Y3)] = 4XTgY

1 0 0 0
(0o -1 0 o
€=1l0 0 -1 o0

0o 0 o0 -1
Having made the same calculations that were made earlier, it is possible to check that
D = (SoXg — 51X, — S X, — S3X3)(SpYo + 511 + 5,7, +5373) =
(Xo¥o = X1¥1 = X,Y, — X3¥3)I +
S1(Xo¥1 — X1Yp) + 151 (X3Y; — Xo¥3) +
S2(XoYz2 — X5Y) + 1S, (X, Y3 — X3Yp) +
S3(XoYs — X3Yp) + iS3(X2Y: — X1 Y7)
Let us consider a special case of the phase of a plane wave in Minkowski space in the presence
of an electromagnetic potential

D =
(Soxo — S1x; — Spxp — 53x3)(So(Po + Ag) + S1(Py + Ay) + S,(P, + A;) + S3(Ps + As))

(x0(Py + Ag) — x1(Py + A;) = x5(Py + A3) — x3(P; + A3))1 +
51(x0(P1 +A;) —x,(Py + Ao)) + iS1(x3(P2 +A;) —x,(Ps + A3)) +
Sz(xo(Pz + A;) — x,(Py + Ao)) + iSz(x1(P3 + A3) — x3(P; + A1)) +
S3(x0(P3 + A3) — x3(Py + Ao)) + iS3(x2(P1 +A;) —x, (P, + Az))
We again apply the principle of absolute invariance and proceed from the assumption that the
trace @ must be invariant to the Lorentz transformations even in the presence of the field. The first

line satisfies this condition, and the trace of the other three must be equated to zero, which leads to
the equations for the momentum components. Let us perform the substitutions

P0_>iao P1_>_ial P2_>_iaz P3_>_ia3
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3
Z Sk((xoak + x;,00) + ie(xpAy — xkAO))
k=1

Tr| +8,((x30, — x,05) + ie(x34, — x,45)) |W=0
+Sz((x163 — x30;) + ie(x;A5 — x3A1))
+53((x261 - xlaz) + ie(szl - xlAz))

We have obtained the equations for the wave function, which, together with the equations
2 . . 2 . . ,
00(——eA0)+0(V—eA) 0'0(——6A0)—G(V—6A) P+ MY =0
0xg 0x,

Sk(( 800y — 0,0y) + ie(dpAy + 0 A))W =0 k=1.3

51((—0362 + 6263) + ie(_a3A2 + 62A3))l|1 = 0

52((—0163 + 6361) + ie(—01A3 + a3A1))lIJ = 0

53((_6261 + 6162) + ie(_azAl + alAz))lIJ =0
form a complete system that describes a charged quantum particle in the presence of an
electromagnetic field.

For the system with mixed derivatives we have applied the most stringent requirements

possible, equating to zero each of the expressions with matrices Sj. But invariance can also be
achieved with less stringent requirements

( ((i0 + Ap)(—idy + Ay) — (—idy + A)(i, + A)) > _ 0

"\Hi((=i03 + A3) (=0, + Ay) — (—id, + Ay) (—ids + 43)) V=
< (i8¢ + Ag)(—id; + Ag) — (—id, + A3)(id, + Ay)) >¢ _y

2\Hi((=idy + A)(=id5 + A3) — (=ids + A3) (=i, + 41))) ©

( ((i0o + Ag)(—id3 + A3) — (—id3 + A3)(id, + Ay)) >¢ _ 0
S\Hi((=idy + Ap)(—i0y + Ay) — (—idy + A (—id, + 4))) *

Let us conclude this section by formulating the essence of the proposed approach. For each point
of Minkowski space we have equations arising from the requirement of invariance of mass to Lorentz
transformations and to changes of momentum (simply speaking, to accelerations). They reduce to the
equality to zero of the set of differences between the derivatives of momentum and the derivatives
of some potential field with possible addition of an external force. In the conventional sense, these
are the equations of motion. If we want to obtain a complete picture of the behavior of the system in
the form of a trajectory in coordinate space, we must choose such a trajectory at each point of which
the equations of motion are satisfied. To do this, we have to integrate the mentioned differences over
some measure and choose the trajectory with the minimum of the integral. But we should not simplify
this approach by singling out one of the coordinates, for example, time, and using it as a measure of
integration. This is exactly what happens in Hamilton's principle of least action or in Feynman's
functional integration. Time is just one of the four coordinates in the scalar product of the coordinate
and momentum vectors in Minkowski space, which product is the phase of a plane wave. The
product of time over energy cannot be taken out from under the sign of the exponent in a plane wave
because energy and momentum components do not commute. The points of the trajectory must be
labelled by the total phase, not by time. In a sense, we can say that in formulating the principle of
least action, we must return from Hamilton's interpretation to that of Maupertuis. Formulating more
precisely —Hamilton integrates over the temporal part of the phase and Maupertuis over its spatial
part, instead it is proposed to integrate over the total phase, which is invariant with respect to Lorentz
transformations, which cannot be said, for example, about time.
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It is imperative to emphasize that the equations of motion were not obtained from the principle
of least action; rather, they were derived from the requirement of invariance of mass to Lorentz
transformations and its invariance to accelerations.

Let us formulate the phase and mass invariance requirement in a more general form using the
metric tensor of the flat Minkowski space

¢ == (50X0 - 51X1 - 52X2 - S3X3)(50P0 + Slpl + SZPZ + S3P3)

1 0 0 0 Xo 10 0 0 /P
_ 0 -1 0 0 X1 010 o\l P)_
= (50,51,52,53) 0 0 -1 0 XZ (50151552153) 0O 0 1 0 PZ -
0 0 0 -1/\X, 0 0 0 1/ \Ps
= (Sug”va)(SpIpGPa)
Tr[(S,g"'X,)(S,IP7P,)]| = 4X"gP
M2 = (S()PO _Slpl _SZPZ _S3P3)(50P0 +S]_P1 +52P2 +S3P3) =
1 0 0 0~ /P 100 0 /P
_ 0 -1 0 0 Py 010 o\l P)_
= (50,51,52,53) 0 0 -1 0 PZ (50,51,52,53) 0 0 1 0 PZ -
0 0 0 -1/\p 0 0 0 1/ \P;

= (Suguvpv)(splpopa) = (PTgP)I
Tr[(S.&g"'P,)(S,1°?P,)| = 4PTgP

Let us note an important difference. In the absence of an external field the matrix MZis diagonal
and invariant to Lorentz transformations, while the matrix ¢ is not diagonal even in the absence of
an external field and it changes under Lorentz transformations. However, its trace is invariant and
equal to four invariant phases. So we can formulate the general principle as a requirement that at
addition of an external field the trace of matrices in both cases remains invariant to Lorentz
transformations.

If we replace the metric tensor of the Minkowski space by the metric tensor of the space curved
by the action of gravitation of the general theory of relativity, will the phase and mass remain
invariant to the Lorentz transformations? Since the curvature of space is caused only by the action of
external masses, we can assume that the invariance principle is absolute. Then we have at our
disposal the equations imposing restrictions on the metric of curved space.

The matrix may be rewritten in another form

3 3
(Mz)uv = Z gaﬁl]/& (Sa)up (Sy)pvPﬁP8 = z gaﬁIyS (Sa)up (Sy)vaBB
p=0 p=0
where
T[g 5§ = Pﬁ P S

has the meaning of the energy-momentum tensor. However, in this form it is not very clear how to
add the external field carefully. Earlier we added a vector field to the momentum vector, but perhaps
it makes sense to add at once some tensor field to the momentum-energy tensor. The tensor of this
field may have a more general form than the direct product of the sums of the electromagnetic
potential vector and the momentum vector. In this context the question arises whether it is possible
in this way to take into account the influence of the gravitational field, which is described by a tensor,
while requiring the conservation of mass invariance.
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3. Equation for the Spinor Coordinates Space

Let us consider the set of arbitrary complex numbers, for simplicity we will call it a vector
X" = (X, %1, X2, X3)
and let us consider arbitrary four-component complex spinors
P" = (Po, P1, P2 P3)
1T = (214,214, x15,x15)
x2T = (324,32, %2,,%25)
Among all possible vectors, let us select a set of such vectors for which there is a representation
of components through arbitrary complex spinors
1
X, = Exl*SﬂxZ

and there is another way to calculate them
1 t
X, = ETr[xle Sul

Let's narrow this space to the Minkowski space, for what further we will assume both spinors to
be identical, then the vector constructed from them
PT = (Py, Py, P, P3)
has real components, and we will assume that this is the electron momentum vector constructed from

the complex momentum spinor p

1

P, = Ep*Sﬂp

1 T
B, = ETr[pp Sul

Consider the complex quantity

0 1 0 0\ /% Xy

— -1 0 0 0})[~*x —X
(p, X) = pTZMMX = (po; Pb1, D2, p3) 0 0 0 1 x; = (po; b1, P2, p3) x30
0 0 -1 0/ W3 —X2

= PoX; — P1Xp T P2X3 — P3X2
where we introduce one more complex spinor, which in the future we will give the meaning of the
complex coordinate spinor

x' = (x0, X1, X2, X3)

and
0 1 0 0
(fom O\ _[—-1 0 0 O /0 1
ZMM_(O 0M>_ o 0 o 1) m=(1 o
0 0 -1 0

Coordinate vector of the four-dimensional Minkowski space
X" = (Xo, X1, X2, X3)
is obtained from the coordinate spinor by the same formulas

1 T
Xu =§x Sux

1 T
X, = ETr[xx Sul

Thus, the vector in the Minkowski space is not a set of four arbitrary real numbers, but only such
that are the specified bilinear combinations of components of completely arbitrary complex spinor
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1
Xp= > (Xoxg + X1%;1 + X3x5 + X3x3)

1
X, = E(x_oxl + X1X0 + XX3 + X3X3)

XZ = E(_lx_ox] + ix_lxo - lx_2x3 + ix_3x2)

1 _ _ _
X3 = 5 (Xoxg — X1X1 + XX — X3X3)

Accordingly, the components of the vector in Minkowski space are interdependent, from this
dependence automatically follow the relations of the special theory of relativity between space and
time. For the same reason, the coordinates of Minkowski space cannot serve as independent variables
in the equations. From the commutative properties of S, matrices, which are generators of rotations
and boosts with respect to which the length of vectors is invariant, quantum mechanics automatically
follows. Indeed, the commutation relations between the components of momenta are related to the
noncommutativity of rotations in some way, and from them the commutation relations between the
components of coordinates and momenta are directly deduced. And from these relations the
differential equations are derived.

And since we do not doubt the truth of the theory of relativity and quantum mechanics, we
cannot doubt the reality of spinor space, which by means of the simplest arithmetic operations
generates our space and time.

The quantity p’Zyyx is invariant under the Lorentz transformation simultaneously applied to
the momentum and coordinate spinor, which automatically transforms both corresponding vectors

as well

p’ = Np

1A 1 ! IT

P, = ETr[p p'S,]

1A 1 I_I- !

Pu =Ep Sup
P' = /AP
x' = Nx

A
XuziTr[xx Sul

Xl — 1 xl 1'5 xl
u 2 u
X' =4X
This quantity does not change for any combination of turns and boosts
P Zyux' = P Eymx
Accordingly, the exponent
T —
exp(p’ ZumX) = exp(poX; — p1Xy + P2X3 — P3X2)

characterizes the propagation process of a plane wave in spinor space with phase invariant to Lorentz

transformations.
Let us apply the differential operator to the spinor analog of a plane wave

Jd o0 Jd ad
(6x1 0x, B 0xq 0x3
= (Po(—p3) — (=P1)P2) exp(Pox1 — P1Xo + DP2X3 — P3X2) =
= (p1p2 — PoP3) exp(PoX1 — P1Xo + P2X3 — P3X2)

Applying this operator at another definition of the phase gives the same eigenvalue

> exp(PoX1 — P1Xo + P2X3 — D3X3)
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(66 d 0

0x, 0x, 0%, ax3> exp(Poxo + P1x1 + P2z + Pss)

= (p1P2 — PoP3) exp(Poxo + P1X1 + P2X2 + P3X3)
that is, two different eigenfunctions correspond to this eigenvalue, but in the second case the phase
in the exponent is not invariant with respect to the Lorentz transformation, so we will use the first
definition.
Since

(o, P1)T and (pa, Ps)T

are complex spinors, which, under the transformation

, n 0
= Np = ( )
p p o n/P
is affected by the same matrix n, then the complex quantity
m = p1P2 — PoP3
is invariant under the action on the momentum spinor p of the transformation N. m is an
eigenvalue of the differential operator, and the plane wave is the corresponding m eigenfunction,
which is a solution of the equation
( 0 0 0 0
dx;0x, 0x,0x3
Here (x¢,x1,x,,%x3) denotes the complex function of complex spinor coordinates.

) Y(xg, x1, %5, %3) = mP(xg, X7, X5, X3)

When substantiating the Schrodinger equation for a plane wave in four-dimensional vector
space, an assumption is made (further confirmed in the experiment) about its applicability to an
arbitrary wave function. Let us make a similar assumption about the applicability of the reduced
spinor equation to an arbitrary function of spinor coordinates, that is, we will consider this equation
as universal and valid for all physical processes.

Let us clarify that by the derivative on a complex variable from a complex function we here
understand the derivative from an arbitrary stepped complex function using the formula that is valid
at least for any integer degrees

dz*
0z
In particular, this is true for the exponential function, which is an infinite power series.

= kzk1

It is very important to emphasize that we consider the complex variable and the variable
conjugate to it to be independent, so when finding the derivative of a complex variable from some
function, we treat all the quantities which are conjugate to our variable and which are included in
this function, as ordinary constants.

It is not by chance that we denote the eigenvalue by the symbol m, because if we form the
momentum vector from the momentum spinor p included in the expression for the plane wave

1 t
B u= E p Sup
then for the square of its length the following equality will be satisfied
Py? — P,% — P,* — P;% = inm = m?

That is the square of the modulus m has the sense of the square of the mass of a free particle,
which is described by a plane wave in spinor space as well as by a plane wave in vector space. For
the momentum spinor of a fermionic type particle having in the rest frame the following form

P = (Po, P1,P1, —Po)
quantity
M = p1P2 — PoP3 = P1P1 + PoPo
is real and not equal to zero, and for the bosonic-type momentum spinor having in the rest frame the
following form
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T —
P = Py, P1, Do P1)
it is zero
m = p1P2 — PoP3 = P1Po — PoP1 = 0
i.e., the boson satisfies the plane wave equation in spinor space with zero eigenvalue.
For the momentum spinor of a fermion-type particle we can consider another form in the rest
system
T _ —_—
P = (o, P1, —P1, Po)
then the mass will be real and negative
m = p1P; — PoP3 = —P1P1 — PoPo
This particle with negative mass can be treated as an antiparticle, and in the rest frame its energy

is equal to its mass modulo, but it is always positive

1 1 o o1 L
Py = EPTSOP =3 (Popy + P1p1 + (—p1)(—P1) + PoDo) = 3 (Popy + P1P1 + P1P1 + PoDo)

To describe the behavior of an electron in the presence of an external electromagnetic field, it is
common practice to add the electromagnetic potential vector to its momentum vector. We use the
same approach at the spinor level and to each component of the momentum spinor of the electron
we add the corresponding component of the electromagnetic potential spinor. For simplicity, the
electron charge is equal to unity.

Further we need an expression for the commutation relation between the components of the
momentum spinor, to which is added the corresponding component of the electromagnetic potential
spinor, which is a function of the spinor coordinates

(Do + aoCx;, %)) (1 + as(xf, %5)) = (p1 + aq (g, %)) (Po + a0 (xy, %2))
Let us replace the momenta by differential operators

0 0 0 0

Po"a—xl Pl—’—a—xo If)z—>a—x3 P3—>—a—xz

and find the commutation relation

d d
{(0_961 + ao(x9, %), X3, x3)) (‘ a_xo + a; (xg, x5, X2, x3)>

d d
- _6_x0+a1(x°’x1’x2’x3) 6_x1

+ aO((x0! X1, X2, X3))>} ll’(xo; X1, X2, X3)

0 op 0 oy
= 3 (@¥) — g+ o= (a) —a g
_ 0ay 0y Y dag oY iy  da .\ da,
- 0x; “ 0x4 %o dxy 0Jxy ¥ ao dx, % 0xy B 0x; dx,
B { ax] + axo lp(xolx]) x21 x3)

Thus
da, Oda
(Do + ag)(p1 + a1) — (p1 + a)(po + ag) = a_xj + a_xz

Let us apply the proposed equation to analyze the wave function of the electron in a centrally
symmetric electric field, this model is used to describe the hydrogen-like atom. For the components
of the vector potential of a centrally symmetric electric field it is true that
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Ay = %a*SOa = %(a_oao +a1a; + aza; +azaz) = %
A = %aTSla = %(a_oal + aja, + azas + aza,) =0
A, = Ea*Sza = %(—ia_oal + ia;a, — iaza; + iaza,) =0
As = %a*&a = %(a_oao —@a, + 830, — Tza3) =0

ayay +a,a, = a;a4 +asas
. . 1
a0a0 + azaz = E

apa; + a,a; = aag + asa,

E(a_0a1 + aja, + aya; + aza,) = aga; + aza; =0

aga; = —a,as
T = ia;
ao s _laz

—_

Toay + aQza, = ia; * (—iay) + aza, = 2a,a, = 2a,> = R

As a result, it is possible to accept

i 1 1 i
Ay = —— a4 = — a, = —— Ar = — ——
" V2R ' V2R * 2R ) V2R
I i
a,a; = L\/_\/_ R
_ l
G0 = = (-i=) = ~31

R=J&?+&2+&2=

2 2
j R — — — — 1 — — — —
(E (Xox; + X1x0 + X33 + x3x2)) + (E (—iXox; + iX1x9 — iXpx3 + Lx3x2)>

2
1, _ _ _
+ (; (Xoxg — X% + X%, — x3x3))

2 2
1, _ _ _ 1, _ _ _
(E (Xox; + X1x0 + X3x5 + x3x2)) - (E (—Xox; + X1xXg — Xgx3 + x3x2))

2
1, _ _ _
+ (E (Xoxg — X1X1 + X3Xx5 — x3x3))

We are looking for a solution of the spinor equation; we do not consider the electron's spin yet
( 0 0 a 0

dx; 0x, 0x,0x3

This equation can be interpreted in another way. Let us take the invariant expression

(P1b2 — PoP3) =M

) @ (xg, X7, %3, x3) = m @(x9, X7, X5, X3)

And let's do the substitution
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d
=+ ag(Xp, X1, X2, x3) P1 = —=—+ a3 (xp, x;, %5, %3)

Po ™ 9%, dx,

0
P2 = 5—+ a(Xp, X7, X2, X3) Pp3 = _6_ + az(xp, X7, X5, X3)

0x3

(35 a) (G o2) = (o) (- + oo =
dx, U 0x5 %2 0xy o d0x, 4)j¢ =me

We will consider this equation as an equation for determining the eigenvalues of m and the
corresponding eigenfunctions
Jd od Jd od ( da, 6a3> do N do do do
—ay—+a,——azz—+ay—
¢ 2 0x, ! x5 3 ox, %dx,

_axo 0x3 ¢+ d0x; 0x, ¢

+ (a;a; — apaz)e = me

dxy 0x

i 1 1 i
GQh=—"—"7= Q= F= 0G=—= 03=——=
" V2R ' V2R * V2R ® V2R
1 1 1
a,az—a0a3 ﬁ ﬁ E

_Z_:_%z \/1_610(\/1_> }ai,(v%)z_%ai()(\/% 1611(\/;_2)

B O U W Y APPPAS O (. U S T AP
IR N TR W e 7
1/1 1
N _(RZ)_ RZ)
VZ\ ¥ o [ ‘ox, ]
1
- T a—xoc 2) — I(RZ)]

R= JXlz + X7+ X3% =

2 2
1 o . . 1 o . .
(E (Xox; + X1xo + X3x5 + x3x2)) - <E (—Xox; + X1xXg — Xgx3 + x3x2)>

2

1
+ <§ (Xoxg — X1x; + XX, — x_3x3)>
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0 &2y = 2 ( (L o, 4 v 4 7oy 4+ 75|
— =—|=(gx; + X X0 + X,X2 + X2x
9%, ax,\\2 0X; 1Xo 2X3 3X2
1 2
—(E(—x_oxl + X1X9 — XzX3 +x_3x2)>
1 2
+<§(x_0x0—x_1x1 +x_2x2—x_3x3)>
1 o o o o Ja L o o
= 2 2(Xox; + X{xg + X3x3 + X3x3) a—x{)(xoxl + X1x0 + X3x5 + X3X5)

— 2(=Xox; + X1 X9 — X3X3 + X3X7) I (—Xox; + X1Xo — X3X3 + X3X3)
0
+ 2(Xgxp — X1X; + XpX5 — X3X3) I (Xoxg — X1X1 + X3Xx; — X3X3)
0

= %(2 (Xox; + X1Xo + XpX3 + X3x)X1 — 2(—XgX; + X1Xg — XpX3 + X3X2)X;
+ 2(Xpxy — XX, + XX, — X3X3)X)
= 5 (Geox; + Xxo + Xpxs + X3x2)X1 — (—XoX; + FiXo — XoX3 + X3X2)%y
+ (KXo — XpXp + XTpX, — X3%3)%g)

1, o _ e _ _ o
= E((xoxl + Xx3)%; — (—Xox; — Xpx3)X1 + (Xoxg — XX + XX, — x3x3)x0)
1, o o _ _ S
= 2 ((xox] + X3x3)%7 + (Xox; + X2x3)%; + (Xoxg — X1x1 + X3X5 — x3x3)x0)
1, e _ o
= E((xoxl + Xx3)%1 + (Xx3)%7 + (Xoxp + X%, — x3x3)x0)

=3 (Xox /X1 + 2X2x3%7 + (XoXg + XXz — X3X3)X0)

=5 (2xyx3%; — 2X3x3%Xg + (XoXy + X, X1 + XX, + X3X3) %)

1 . _ o I
=3 (2x3 (X1 — X3%0) + (Xoxy + x;%1 + XX, + X3X3)%g)

=5 (2x3 (2% — X3%Xg) + (Xoxp + x,X1 + X3, + X3X3)Xp)
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1
ET (R?) = E((x_oxl + X X + Xox5 + X3x,) X + (—Xox; + X1xg — Xyx5 + X3X5) X
1

— (Xoxp — Xqx1 + XgX3 — X3X3)%7)

1,
= 5 ((x1xo + X3%,) %y + (X1x¢ + X3%,) %,
— (Xoxp — X1X1 + X3X; — X3%3)%7)

=3 (X1x0Xg + 2X3%x,Xg + (X1x1 — XX, + X3X3)X7)

1 . o _ I
=3 (2x5(X3Xg — X3X7) + (xXg + X1X; + XX + X3X3)X7)

Let's introduce the notations
XpX1 = X3Xg = 1
this quantity does not change under rotations and boosts and is some analog of the interval defined
for Minkowski space and

1
5 (xoXo + X1x1 + XX +X3x3) =t

this quantity represents time in four-dimensional vector space.

An interesting fact is that time is always a positive quantity. As an assumption it can be noted
that since we observe that time value goes forward, i.e. the value of t grows, and it is possible only
due to scaling of all components of spinor space, such scaling leads to increase of distance between
any two points of Minkowski space. As a result, with the passage of time the Minkowski space should
expand, herewith at first relatively quickly, and then more and more slowly.

o] o]
2 opy_i 2 (p2
dx, R%) lax, (R )]

=5 (2x3(Xx1 — X3%g) + (Xoxp + x;X1 + XX + X3X3)Xg)
! . o _ o
- l§(2x2(x3xo — X%1) + (XoXg + X1X1 + X3X; + X3X3)X7)
I S o o
= x3(X%; — X3%) + > (Xoxg + x,%1 + XX + X3X3)Xg

1
— ix;(X3Xg — X3X1) — ii (x0Xg + X1x1 + X3, + X3X3)X;

= X3l + tx_o + ile - ltx_1 = l(X3 + ixZ) + t(x_o - lx_l)

As a result, we have an equation for determining the eigenvalues of m and their corresponding

eigenfunctions ¢ (xg, X1, X5, X3)
0 0 0 0 1 d 0 0 d
(22,0 0),, 1 (% 0, 00 00
0xy0x3 0x10x, 2R\ 0xy Ox; dx; dx,
1 . L 1
+ —5(l(x3 +ix,) +t(x, — lxl))go + R =me
(V2R)

Instead of looking for solutions to this equation directly, we can first try substituting already
known solutions to the Schrodinger equation for the hydrogen-like atom. If @(X,, X1, X5, X3) is one
of these solutions, we need to find its derivatives over all spinor components

dp  0¢ 0X,
ox, 0X, 0x,

u
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1
Xp= > (Xoxg + X1%;1 + X3x5 + X3x3)
1 _ _ _
X, = E(xoxl + X X0 + X3x3 + X3X3)
XZ = E(_lx_ox] + ix_lxo - ix_2x3 + ix_ng)

1
X3 = > (Xoxp — X1x1 + XX, — X3X3)
For example
dp 0o Xy O0¢ Xy 6<pix_1+6<px_o
0x, 0X,2 0X,2 0X, 2  0X3 2

Let’s pay attention to the shift in priorities. In the Schrédinger equation one looks for energy

eigenvalues, while here it is proposed to look for mass eigenvalues, it seem more natural to us. The
mass of a free particle is an invariant of the Lorentz transformations, and in the bound state the mass
of the particle has a discrete series of allowed values, each of which corresponds to an energy
eigenvalue, and the eigenfunction of these eigenvalues is the same. But these energy eigenvalues are
not the same as the energy eigenvalues of the Schrodinger equation, because the equations are
different. When an electron absorbs a photon, their spinors sum up and the mass of the electron
changes. If the new mass coincides with some allowed value, the electron enters a new state. The kay
idea here is the assumption that the interaction of spinors occurs simply by summing them.

The advantages of considering physical processes in spinor coordinate space may not be limited
to electrodynamics. It may turn out, for example, that the spinor space is not subject to curvature
under the influence of matter, as it takes place in the general theory of relativity for the vector
coordinate space. On the contrary, it can be assumed that it is when the components of vector
coordinate space are computed from the coordinate spinor that the momentum spinor with a
multiplier of the order of the gravitational constant is added to this spinor. This results in a warp that
affects other massive bodies.

To account for the electron spin, we will further represent the electron wave function as a four-
component spinor function of four-component spinor coordinates

Yo(xp, x1, X2, X3) Uy
l)l}](xO' X1y X2, X3) _ Uy
=\ w, | 2Cxo xp, %2, %3)
Yo (xg, X7, X2, X3) 2
u
Ys5(xg, X7, X2, X3) 3
where the coefficients u, are complex quantities independent of coordinates. In fact, as shown at the

P(xp, x;, %5, x3) =

end of the paper, the wave function is a linear combination of such right-hand sides with operator
coefficients.
We will search for the solution of the wave equation considered in the first part of this paper
(SoPo — S1Py — SpP; — S3P3)(SoPo + S1Py + SpP; + S3P3)y = M2y

Let's express the left part through the components of the momentum spinor

1 T
Py = Ep Sup
’ ) 1 0 0 O Po " Po
———-—~[0 1 0 0[P 5 5 5= 5=) | P
Py = EpTSop = E(po;P1,P2;P3) 0 0 1 0 p; ) (Po, P1, P2, P3) P;
0O 0 0 1 p3 ps3

1 _ _ _
=3 (Popo + P1p1 + P2p2 + P3P3)
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. . 0 1 0 0\ /Do . p;
_ldent—— (1 0 0 Oo\(Pr\_1 o _ [P0
PI 2 p Slp 2 (pO' pl! pZJ p3) O 0 0 1 p2 2 (pOJ pll pZJ p3) p3
0 0 1 0/ \ps 12
1 _ _ _
=3 (Pop; + P1Po + P2p3 + P3D2)
. . 0 —i 0 0\ /Po . fipz
— _pt — (P P i 0 0 0 D, — C(h v o Py
Po=op'Sp=5@0PP2P)| g o o —i||p|=7PoPLP2P) |
0 0 i 0/ \ps ip,
1 o o o
= 5(—1290291 + ip1po — iD2p3 + iP3D2)
. 1 0 0 0 Po . Po
_t4e 1 _—__ [0 -1 0 O pr\_Lo P
P3 2 p S3p 2 (pOJ pl! pZJ p3) 0 0 1 0 pZ 2 (po; pl! p21 p3) pz
0 0 0 -1/ \ps —Ps3

1 _ _ _
=3 (Popy — P1P1 + P22 — P3D3)

T o 1 o o
Py—P; = 3 (Popy + D1p1 + P2p2 + P3D3) — 5 (Popy — P1P1 + P22 — P3D3)
1

=3 (Popo + P1P1 + P2P2 + P3P3 — DoPo + P1P1 — D2P2 + P3D3)
1 _ _ _ _ _
= E(plpl + D3p3 + P1p1 + P3p3) = P1p1 + P3p3
T y
Py + P; = > (Popo + P1p1 + P2p2 + D3p3) + 5 (Popo — P1P1 + P2P2 — D3D3)

= DoPo + D2P2

1
—P; +iP, = —E(popz + D1po + D2p3 + D3p2) + 15(—1190191 + ip1po — iP2p3 + iD3D2)

1 _ _ _ _ _ _ _
=5 (Pop; + P1Po + P23 + D3P2 + PoP; — P1Po + P2P3 — D3P2)
1

=3 (Pop; + P2Ps + PoP; + DP2p3) = Dop; + P23
) 1 _ _ _ N S — — —
—P; —iP, = —E(Popl + D1Po + P2p3 + P3p2) — LS (—=ipop; + iP1Po — iD2P3 + iD3P2)
1 _ _ _ _ . _ _
=5 (Pop; + P1Po + P23 + D3P2 — Pob; + P1Po — P2P3 + D3P2)

1 _ _ _ _ _
= E(Pﬂ?o + D3p2 + P1Po + P3P2) = D1Po + P3P
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SoPy — S$1P; — S,P; — S3P3
1 0O O 0 0 1 0 0 0O —i O 0
fo 1 0 o\, (1 0 0 o\, (i 0 0 o
=lo 01 o/fp7lo 00 1/ {0 0 0 —ifF
0 0O 0 1 0 0 1 0 0 0 i 0
1 0 0 0
o -1 0 o
0o 0o 1 o |
0 0 0 -1
Py — P; —P; +iP, 0 0
_ | —P1— P Py + P 0 O _
- 0 O PO_P3 _P1+lP2
0 O _Pl_iPZ P0+P3
Em +EP3 p_ipl +@P3 0 0
_ [ P1Po t P3P2 DobPo t+ D2P2 o 0 0 L
0 0 Pip1+Psps Do + Paps
0 O P1Po t P3P2  DPoPo t D2P2
1 O 0 O 0 1 0 O 0O —-i 0 O
_10 1 0 0 1 0 0 0 i 0 O 0
“lo o1 offetlo 00 1)ATlo o0 0 -i|f
0 0 0 1 0 0 1 0 0 0 i 0
1 0 0 0
0 -1 0 0
o o 1 oPB
O o0 o0 -1
Py+P; P, —iP, 0 0
_ P1+iP2 PO_P3 0 0
- 0 0 Py+P; P,—iP,
0 0 P, +iP, Py — Ps
P_1P0+P_ipz _E_opl _EZ% 0 O
_ | ~P1Po — P3P2 P1P1 + P3D3 o B 0 0_ o
0 0 Pipo + pipz _EJPI _BZPS
0 O —P1Po — P3Pz P1P1 + D3DP3

Let's distinguish the direct products of vectors in these matrices
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Dobo +D2P2  —PoP1 — P2P3 0 0
_ | —P1Po — P32 p1iP1 + P3pP3 0 O
SoPy + S1P; + S,P, + S3P5 = 0 0 Py+P, P, —iP,
O 0 P1 + iPZ PO - P3
P_ipo —EPI 0 0
_ | ~P1Po p1P1 o 0 0_
0 o PoPo  —PoPi
0 O —P1Po pP1P1
m. s 0 0
n —P3P2 Psbs 0 0_
0 O P2P2  ~D2Ps3
0 O —D3DP2 P3Pz
- 0 7
= P ) p0pr00) +| 2 |00, -por) +| P2 | (~0215,00)
O 0orHY _pO Yy 1IN O 2 M3, Y
0 2 0
0
+ 9 (0,0, —p2, p3)
__pZ Uy 23
p3
SoPy — S1P; — S,P, — S3P;
Epl +EP3 P__OPJ + P__ZP3 0 0
_ [ P1Po T P3P2 PoPo T P2D2 . o 0 0_ o
0 0 P1Ps +EP3 PoP: + P2Ps3
0 0 P1Po t P3P2  DPoPo t P2P2
Em EP} 0 0 EI% @Pa: 0 0
_ | PiPo PoPo 0 0_ n P3Pz PPz 0 g
0 O P1P1 Pobi 0 O P3bs  P2Ps3
0 O P1iPo  PoPo 0 O P3b2  D2D2
p1P1 — [p1P1 —Pipil P10 — [P1Po — Popi] 0 0
PoP1 — [PoP1 — P1Pol  PoPo — [PoPo — Popol 0 0
0 0 p1P1 — [p1Py —Pip]  PiPo — [PiPo — Popi]
0 0 poP1 — [PoP1 —P1Pol  PoPo — [PoPo — Popo]
P3Pz — [Psbs — P3ps] P3Pz — [psP2 — P23l 0 0
4| P2Ps — [p2D3 — P3p2] 2Pz — [P2P2 — D2p2] 0 0
0 0 p3P3 — [PsPs — P3ps] P32z — [psPz — P25l
0 0 p2P3 — [p2P3s — P3p2l 2Pz — [p2P2 — P2p2]
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|4} 0
= 07 ) @70,00) +( ) | 0.0, 50)
0 Do
[p1P1 — Pip1l  [piPo — Popil 0 0
[poP1 — P1Pol  [PoPo — Popol 0 0
0 0 [p1P1 — P11l  [PiPo — Dopi]
0 0 [poP1 — P1Pol  [PoDo — Popol
pP3 0
+| 7 @52,000 + | ) | 0.0.7552)
0 1%
/ [psp3 — P3ps]l  [psbz — D2psl 0 0 \|
[p2P3 — D3p2]l  [p2P2 — D2p2] 0 0
0 0 [psPs — P3psl  [psPz — Paps /
0 0 [p2P3 — D3p2]l  [P2D2 — D2p2]
Let's introduce the notations
7o 0 72
Pr ) (=p 1 0,0) +| 2 | 0.0,-pop) +| P* | (=p2ps0,0)
O VY _po Y, 0OV 0 2 M3Y,
0 1 0
0
| 2 )00, -pypy) =5+
__pZ U, 23
P3
pPi 0 | %%; 0
V)@ 00) + | ) | 00PLED) +| B | BBz 00) +| ) | (00555 =S
0 Po 0 1%,
[p1P1 — P11l  [PiPo — Dopi] 0 0
[PoP1 — P1Pol  [PoDo — Dopo) 0 0
0 0 [p1P1 — P1p1]l  [piDo — Popi]
0 0 [PoP1 — P1Pol  [PoDo — Dopo]
[p3Ps — D33l  [p3Pz — P2psl 0 0
+ [p2ps — D3p2]  [p2Pz — P2p2] 0 0
0 0 [p3ps — P33l  [p3pz — P2psl
0 0 [p203 — P32l  [p2D2 — P2p2]

=K

Let us substitute differential operators instead of spinor components

0 0 0
Po_’a_xlzal P1_’_TE_60 P25 =0; p3>—5—=-0

X, 0, 03 0xy 2
Po ax—l =01 P ax_o = 0o D2 a_ =03 P3 ax_z =

Then the quantities included in the wave equation
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(S_ - K)S+l|"(x0' .'X'],XZ,X3) = lep(xO' X],XZ,X3)
will have the form
—dy 0 —d,
s =1 (—9y,01,0,0) + 3, (0,0,—0,,0,) + 0 (-9, 05,0,0)
0 9; 0
0
0 —_
+ _az (0,0, _62, 63)
03
—0; 0 —0;
| =09 | (_sy _ 0 P e
S 00 ( d;,—0,, 0,0) + —9, (0,0, d;, 60) + 02 ( d3,—0,, 0,0)
0 —0d, 0
0
0
+ _6_3 (0;01 _63, _62)
—0,
K
60_6_0 - a_oai (—60)6__1— 3__1(—60) 0O O
_ [ 9:(=35) = (=35)a, 9,0, — 9,9, 0 0
\ 0 O afo - aoai (—60)6_1_ 6_1(—60)/
0 0 3,(~3,) — (—3)a, 9,0, — 9,0,
62_6_2 - a_zai (—62)6__3— 6__3(_62) 0 O
+ 63(_62) - (_62)63 6363 - 6363 0 O
0 0 0,0,~ 3,0,  (~0,)0; — 05(~0,)
0 0 0,(=;) = (=3,)0; 9,95 — 0304

Let us consider the case of a free particle and represent the electron field as a four-component
spinor function of four-component spinor coordinates
Yo(xp X1, X2, X3) Uy
l)l}](x{)' X1y X2, X3) _ Uy

=1 w, |9xo x; x5, x3)
Yo (x9, X7, X2, X3) 2
u

Ys5(xg, X7, X2, X3) 3
For a free particle, the components of the momentum spinor commute with each other, so all

P(xp, x;, %5, x3) =

components of the matrix K are zero.
Let us use the model of a plane wave in spinor space
P (xp, X1, %2, x3) = exp(PoXy — P1Xo + P2X3 — P3X2)
Substituting the plane wave solution into the differential equation, we obtain the algebraic

equation
Uy Uy
S-St Z; ©(xp,x;,%5,%3) = M? Z; ©(xp,%;,%5,%3)
Uusz Us
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( —_% 0 )
%1 (—poup + pyu;) + —Pg (=pou, + pyus) +
ST EE plo > (p(xO' X1y X2, X3)
%3 (=pouy + psu;) + —p; (—pau, + p3u;z)
\ 0 D3 J
Uy
u
= mZ u; (P(X(), X1 X2, .X,'3)
Us
p; 0 p3 0
p SR 0 — p — 0 _
o | @P6.00) +| 5, [00,51,50) +| ) | @572,00) +| p, | (0.0,75,5)
0 Po 0 1%
( —_P_o 0 \
%1 (=pouy + pyu;) + —Pg (=pou; + pyu3) +
0 p1
{ 5, 10 > (xp, X7, %2, %3)
%3 (=pouy + psu;) + —Dy (=pou, + psu3)
\ 0 D3 J
Uy
= m2 | (x9, X7, %3, %3)
u, | PXo X1, X2, X3
Us
P 0 D3 0
p S 0 N p — 0 _
00 (p1; pOl O:O) + pl (0,0, p1; pO) + 02 (p3' le O:O) + p3 (0,0, p3' pZ)
0 Do 0 D>
( —_% 0 )
%1 (=pouy + pyu;) + —pg (=pou; + pyus) + "
0 E _ 2 Uy
3 5 0 =M,
P3 (—pouy + psu;) + (—pou, + ps3u3) =
0 pouy T p3u; —p, p2U; T pP3Us
\ 0 D3 )
P p3
p — p L
o | (=P1Ps + BoPr) (=poug + pru) + | 'y | (<BaPs + BaP1) (=potty + prus) +
0 0
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p, | (CP1Po + Pop1) (—poutz + pyuz) + (
Po P>
P Ps
Po -, = p
0 (=p1p2 + Dop3) (—pouy + psu;) + 0
0 0
0 0
0 SR 0
p; | (CP1P2 + PoP3) (—paus + psuz) + <
Po P>
Uy
_ u;
= M? u
Us
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p3> (=P3Po + P2P1) (—pou + pyuz) +
2) (—=PsPz + P2p3) (—prug + psu;) +

p3> (=P3P2 + P2P3) (—p2u, + psu;) =

Let us take into account the commutativity of the momentum components, besides, let us

introduce the notations

—D3Po + P21 =M

— D1P2 + Pob3 = —

for the quantities which are invariant under any rotations and boosts, then we obtain

Additionally, introducing notation for Lorentz invariant quantities

Pip2

we obtain

—DP3Pp =M prp;

—PoP3=m

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.

( D3 0 \
2(9)2 m(—pouy + pu;) + p(; m(—pou, + p,usz) + Uy
0 _ 2 Uy
) [ r =M u,
Po _ _ us
0 (—m)(=puy + p3u;) + > (—=m)(=pau; + psu;)
\\ 0 y,
( P3 p; p3 p; A
b2\ - bo | - P2\ = Po )
Ugl| — 02 mpy + 00 mp; + u; ( 02 mp; — 00 mps + Uy
) 0 0 0 0 [ _ 2 u;
0 0 0 0 U,
| 0} 0]~ 0~ [0 Us
<p3 mpy + pl mp, + Us p3 mp; pl mps
P> Po P> Po y,
( PiP2 — P3Do P3P — DPi1P3 3
i PoD2 (; P2DPo + o, pop; O_ PoD3 n ”
0 0 _ a2 Wi
\ 0 0 (=M,
_ 0 _ 0 Uus
W\ pp,—pspe | T W™ pip; — pip;
\ PoP2 — P2Po p2P; — PoP3/ /
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m 0 0 0 Uy
_1 0 _ _ —_| o0 u
um| o | +wm Bn + u,m 191 tum| )= m? ué
0 0 0 m us
m? 0 0 0 Uy
2 0 u
Uy 8 +u, 78 tup| o |t us 8 = m? u;
0 0 0 m? U;
m?2 0 O 0\ /Uy Uy
0 0 mZ 0 u, u,
0 0 0 m? W Us

We see that in the case of a plane wave in spinor space, the matrix in the left part of the equation
is diagonal and remains so at any rotations and boosts, the diagonal element also does not change.

In this case we can consider the matrix M? in the right part to be diagonal with the same
elements on the diagonal m?, then the equation can be rewritten as an equation for the problem of
finding eigenvalues and eigenfunctions

S_S+IIJ(XO, XI, th x3) = mzlllj(th x]l xZ! x3)

S_S+l|‘,(x01 X1 X2, x3) = mzll"(x()l X1, X2, x3)
Let us compare our equation with the Dirac equation [6, formula (43.16)]

Py + M 0 P; Py —iP,\ ,u,
0 P+ M P, +iP, —P; U; —0
Ps P, —iP, Py—M 0 u;
P, +iP, —P3 0 Py—M Uus
In the rest frame of reference, the three components of momentum are zero and the equation is
simplified
Py +M 0 0 0 Uy
0 Py + M 0 0 u | _

0 0 Py—M 0 u;
0 0 0 Py — M/ \u3

That is, in the rest frame the Dirac equation and the spinor equation analyzed by us look
identically and contain a diagonal matrix. The corresponding problem on eigenvalues and
eigenvectors of these matrices has degenerate eigenvalues, which correspond to the linear space of
eigenfunctions. In this space, one can choose an orthogonal basis of linearly independent functions,
and this choice is quite arbitrary. For example, in [8, formula (2.127)], solutions in the form of plane
waves in the vector space have been proposed for the Dirac equation in the rest frame

u'(0) exp(—iMt)

vt(0) exp(+iMt)
and the following spinors are chosen as basis vectors
1 0 0 0
1 =0 ,2c0y=(1 1(y=[0 2em = [ O
ut(0) = 0 u“(0) = 0 vH(0) = 1 v<(0) = 0
0 0 0 1

For transformation to a moving coordinate system in [8, formula (2.133)] the following formula
is used

Yi(X) = ul(P) exp(—iPX)
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Yi(X) = vi(P) exp(+iPX)

where
1 1
0 0
oo [Po+M| _Ps soon [Po+ M| PP
u'(P) = oM P+ M u™(P) = oM P+ M
P, +iP, —P;
Py+M Py+M
P, P, —iP,
Py+M Py+M
Py+M - Pop+M| _—
pip)y= [T Pt il opy o 0T P
2M | P+ M 2M | P+ M
1 0
0 1

The basis spinors form a complete system, that is, any four-component complex spinor can be
represented as their linear combination and this arbitrary spinor will be a solution to the problem on
eigenvalues and eigenfunctions in a resting coordinate system. The choice of the given particular
basis has disadvantages, because if to find a four-dimensional current vector from any of these basis
functions

1 T
H— 1 1
ju =75 '(0)) 5,1 (0)
then this current in the rest frame of reference
1 1
iT=(=,00 —>
] (2 ) ¥ 2
has non-zero components, and the square of the length of the current vector is zero. It turns out that
a resting electron creates a current, which contradicts physical common sense.
Since we have freedom of choice of the basis, it is reasonable to choose the spinor for the wave
function as some set of momentum spinor components, for example

D2

I B 2
u(0) = \/; Do
—P1

An exhaustive list of 16 spinors of this kind, each corresponding to some particle of the fermionic
field, is given in the last section of the paper. The proportionality factor is chosen so that in the rest
frame the zero component of the current is equal to the charge of, for example, an electron or a
positron.

The mass of electron m = p;p, — p3p, and the phase of the plane spinor wave

exp(p" ZymX) = exp(pox; — P1xy + P2X3 — P3X2)
do not change at rotations and boosts. The matrix on the left side of the equation does not change
either, remaining diagonal with m? on the diagonal.

For a fermion, which can be an electron or a positron in the rest frame takes place pT =
(Po, P1, P1, — Do), SO the quantity

m = p;P2 — P3Pp = Pi1P1 + PoPo
which, unlike the mass M in the Dirac equation, is complex in the general case, is also real for the
fermion and can be positive or negative. For simplicity it is possible to consider the mass of the
electron as negative and that of the positron as positive.
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For the momentum spinor of a boson, such as a photon, it is true that pT = (p,, p1, Po, p1), 50 its

mass is zero
m = pp; = P3Py = PiPo ~ P1Pp = 0

The given constructions are not abstract, but describe the physical reality, since the results of the
processes occurring in the spinor space are displayed in the Minkowski vector space. In particular,
the momentum vector corresponding to the momentum spinor has the following parameters

1 t
B, = ETr[pp Sul
the square of the length is equal to the square of the mass of the electron or positron
POZ _ P12 _ P22 _ P32 = m2

A spinor wave function Y(xy,x;,x,,%3) at some point in spinor space can be given a
probabilistic interpretation by establishing its correspondence with the vector wave function
qJ(XO'XltXZ'X3)

1
Yy = S Trigy's,]
taking its values in the corresponding point of physical space with coordinates
1 t
X, = ETr[xx Sul

We act within the classical concepts of quantum mechanics, simply to describe the state of a
physical system we use spinor coordinate and momentum representations along with vector
coordinate and momentum representations. Both types of representations equally have the right to
be more substantial and in principle there is no need to express the wave function in one
representation through the wave function in the other, both wave functions equally describe the same
physical state. Moreover, since vector coordinates and momenta are simply expressed through spinor
analogues, we would prioritize the spinor representations as the more fundamental ones.

Let us summarize the relations between quantum-mechanical quantities for the spinor space

T — AT — /28 =~ = =~
X" = (x0, %1, X2,%3) X7 = (£o, Xy, £, X3)
T — AT — A A A A
P’ = (o,Pu,P2p3) P = (Do, D1, P2 Pa)
(P, X) = poX; — P1Xp + P2X5 — P3X>
(p,X) = PoX1 — Pi%y + PaXs — P3Xz
The complete orthonormalized system of eigenvectors of the momentum operator
plp) = pIp)
DalP) = DalP)
— 4
{plp’) = 2m)*6(p — p")

d*p
JW P (Plx') = Loy (x)

o d*p

p(x)(x') = f (27_[)4 |p)(x)p(p|(xl)
. d*p
p“(x)(x') = f (27_[)4 |p)(X)pa(p|(Xl)

d*p
@) = f i P@IP)

¢(p) = (ple)

The complete orthonormalized system of eigenvectors of the coordinate operator
R|x) = x|x)
Xe|X) = xg|X)
x|x') =6(x —x")
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f d*x %)y Xy = Ly ()
R = | €% W)yx(xl )
ap)(p') = f A" |%) ) Xa{X] ()

|@=fwxM@m
@00 = (x|9)

The relation between wave function in momentum and coordinate representations and the
relation between eigenvectors of the coordinate operator and the momentum operator

d* , .
000 = [ L7 o(pe (P21
d* , -
l#) = fd4x eX)|x) = fd4x (f# (p(p)et((p,x)+(p,x))> %)
- fﬁ ¢(p) <f d*x e‘((p”‘)+(l"x))|x>)
d4
|9) = j# ®(P)Ip)

Ip) =fd4x ei((p,X)+@)|X)

(le) — ei((P,X)‘f‘(P,X))
d@(x)
A — 4
Dal@) —fd X o, |x)

fd@=fd%&wkﬂw

The wave function in coordinate or momentum spinor representation has the classical
interpretation adopted in quantum mechanics; the square of its modulus represents the probability
density of a measurable quantity taking a particular eigenvalue.

The arbitrary choice of the basis of the linear space of the eigenvectors of the matrix takes place
only for a free particle. In the general case the matrix K is not zero, the wave equation has no solution
in the form of plane waves in spinor space and ceases to be invariant with respect to Lorentz
transformations, and the eigenvalues become nondegenerate.

We propose to extend the scope of applicability of the presented equation consisting of
differential operators in the form of partial derivatives on the components of coordinate spinors to
case of a nonzero matrix K

(S_ - K)S+l|’(x0' X1 X2, x3) = lep(xO' X1 X2, X3)
that is not only to the case of a plane wave, but to any situation in general. This transition is analogous
to the transition from the application of the Schrodinger equation to a plane wave in vector space to
its application in a general situation. The legitimacy of such transitions should be confirmed by the
results of experiments.

This equation will be called the equation for the spinor wave function defined on the spinor
coordinate space. Here the matrix M? is, generally speaking, neither diagonal nor real, but it does
not depend on the coordinates and is determined solely by the parameters of the electromagnetic
field. Only in the case of a plane wave it is diagonal and has on the diagonal the square of the mass
of the free particle. We can try to simplify the problem and require that the matrix M? is diagonal
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with the same elements mZ?on the diagonal, then the equation can be rewritten in the form of the
equation for the problem of search of eigenvalues and eigenfunctions for any quantum states
(57 = K)S™r(xq, X1, X2, X3) = m*P(xo, X1, X2, X3)

This approach is pleasant in the Dirac equation, where the mass is fixed and equated to the mass
of a free particle, and at the same time results giving good agreement with experiment are obtained.

We are of the opinion that the spinor equation is more fundamental than the relativistic
Schrodinger and Dirac equations, it is not a generalization of them, it is a refinement of them, because
it describes nature at the spinor level, and hence is more precise and detailed than the equations for
the wave function defined on the vector space.

Let us consider the proposed equation for the special case when the particle is in an external
electromagnetic field, which we will also represent by a four-component spinor function at a point of
the spinor coordinate space

ag(xg, X1, X2, x3)
a;(xp, X1, X, X5)
a;(xp, X1, X, X5)
a;(xp, X1, X, X5)
We will apply to the wave function of the electron the operators corresponding to the

a(xg, x;,x5,x3) =

components of the momentum spinor, putting for simplicity the electron charge equal to uni
p ts of th t pi putting for simplicity the elect harge equal t ity

Po — P + ao(xp, x7, x5, x3)
1

P — dx + al(xOJ X1, X2 X3)
0

- —+ a,(xy, x;,x5, X > ——+ as(xy, x;, x5, x
(%) 9x; 2 (X0, X1, X, X3) p3 ax, 3 (X0, X7, X5, X3)
o[ ]
Do = —+ ag(xp, x;7, %5, X 1= ——+a(xp,x;,%5,x
Po 0%, 0 (X0, X7, X2, X3) P1 0% 1 (g, X7, %2, X3)

E a— + az(xo, X1 X2, x3)

p3z = — = + as(xg, x;, %5, x3)
2

Note that the electromagnetic potential vector can be calculated from the electromagnetic

potential spinor by the standard formula

Ay,

— _ ot
= aSﬂa

The advantage of the spinor description over the vector description is that instead of summing

up the components of the momentum and electromagnetic potential vectors as is usually done

P, +4,

1
2p S#p+

1
5 a's,a

now we sum the spinor components and then the resulting vector is

1 1
S+ a)fs,(p+a)= Ep*

Sup +

1
-a’S,a

1 T
—a Sup+2

1 T
= S#a+2

2

in addition to the usual momentum and field vectors, contains an additional term

1
2

1
~p'S,a+ > ats,p

taking real values and describing the mutual influence of the fields of the electron and photon.

After the addition of the electromagnetic field the components of the momentum spinor do not

commute, the corresponding commutators are found above

(7o) (-5 + ) - (-3
d0x; %o dx, % axo

d

van) (5 o)} = (5 + )
M)\ ox, T )5P T Wox, T ox,) ¢

(7o) (7o)~ (-5
dx; %2 dx, s 0x,

)G+ ele=e 5]
ox; )5 T ox; " ax,) ?
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a[] [ ] a[] a[ ]
() (-5 ) - (o) (G v o -

o[l [l _ a[] o[l
() (-5 a)e (-5 a) G+

@) -

<Z_)[C—_3+a_o>(_§_x11+a_1fp>_<_S_J[C_(])+a_1>(g_xiz+a_ofp> =

[l 0 o[l __ . _( 9py\ 0[l/0¢ o[l __
0_x_1(_a_x—o> thhy +on @)+ (- ax—o) T % (ax—l) ~ @0P + 5 (@00)
__0¢
alax_l_
[1__ _( 0@ o] o
%(‘hfp)"‘ao(—a—)*‘a—_( 0 )—ala__
a‘P__I_a 1 +_< 6(,0) 6(,0 aao 0p
ot T o) T T e T Mo
aa:l aa:o _ aal aao}
%’ o, _{ax_1+6x_0

(a%mo)(—g—gm—l)w<—a—3[6__]+a—1>(a%+ao)<p=

9 (_99 0p\ o[l /dp\ _ o]
axl( 6x0>+a°a1(p+ (a1<p)+a0< 6x>+ ( ) a1a0¢+a—x_0(ao<ﬁ)

0%, \0x,

- a—1§;pl %, — (@) + ao (_8_> +o= oLl (ao‘P) —a g;i
dp 6a1 dp 6(,0 aao __0¢
ot al‘p+a°< %o ) T e T Mg T

Jda; da, 6a1 da,
PR {ax1 ax—o}

Further we will use these and analogous relations

(75 20) (-3 o)~ (o + ) G+ oo = (5 35
d0x; %o dx, % dx, % 0x; G )§¢ = dx; 0x, ¢

{(aiﬁao)(_g_gm—l)_( g}c_gm)(a_ﬁmo)}go:{
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(o)) 25
(el ) o-
o)) -
(62 o))t
(o) (o)) -

Earlier, by giving absoluteness to the requirement of invariance of the mass squared to the
Lorentz transformations, we obtained a system of equations for interacting fields in electrodynamics
in the case when these fields exist in vector space. But we can apply this approach to interacting fields
in spinor space as well. Let us analyze again the formula

(Po + o) (pr +a3) — (o1 + 1) (o + ) = ot 4 222
X d X
If we deal with the field of a free particle, then

PoP1 ~ P1Po = 0
But since we want to make the invariance principle absolute, we require commutability also in
the presence of the electromagnetic field

(o + ag)(p1 +a1) — (pr +a)(Po +ag) =0
This can be achieved if we take into account the dependence of the momentum spinor
components on the coordinates and impose the condition
0(p1+a))  0(po+ag) _ (9p1  Ipo da;  dag
¥ = (32422 + (52 +52) =0
axl axo ax] axO axl axO
As in the case of vector space, we can treat in the spirit of Newton's law equations of the form
(22 22) (s 2
dx 1 0 X9 dx Ji 9] X0
If an external field is applied, the momentum of the electron field changes, if the momentum of
the electron changes for some reason, the electromagnetic potential is perturbed and an
electromagnetic field is generated.
Earlier we defined a matrix of switches

[p121 —Pip1]  [PiDo — Dopi] 0 0
k = | [PoP1—P1pol  [PoPo — Popyl 0 0
0 0 [p1P1 —P1p1]  [PiPo — Dop)]
0 0 [PoP1 — P1po]  [PoPo — Popol
[p3Ps — P3ps]  [p3D2 — D2psl 0 0
n [p203 — P3p2]l  [p2D2 — P2ps] 0 O
0 0 [psPs — Psps]l  [p3Pz — D2psl
0 0 [p2p3s — P32l  [p2P2z — P2p2]
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and noted that for a free particle it is equal to the zero-point matrix. We can require that this matrix
is zero also in the presence of an arbitrary field. Absolutization of this requirement gives us an
additional set of equations, besides the main one (for example, the Dirac equation), to describe the
interaction between the field and the charged particle in the presence of spin. It is guaranteed that
the basic equation remains true both for a free particle and for a particle in an external field.

We will not use the given considerations further in the paper, leaving them as an idea requiring
a separate consideration.

Let's solve the equation

(S_ - K)S+ll"(x0! x]) x21x3) = lep(XOJ x[; x21x3)

Yo(xp, X1, X5, %3) Yo(xg, x5, %5, %3)
_ Y, (g X, X2, X3) Y (x0, X7, X2, X3)
ST —K)S* = M?
( ) Yo(xp, X, X2, X3) (X0, X7, X, X3)
Y3(xp, X, X2, X3) Y3(x0, X, X, X3)
—60 + a1
s—={ %t (<35 + @), (3 + ), 00)
0
0
0
0 — N =
+ _60 + al (0,0, (—60 + al), (61 + ao))
61 + Ao
—0, + aj 0
L 0 — =
+ 63 _(;_ aZ ((—az + a3); (63 + az), 0,0) + _62 + a3 (0,0(_62 + a3)(a3 + az))
0 0; +a,
—(0; + @)

st=| (=00 +@) | (= (3, + ap), (=3, + a),0,0)
0

0
0

+ —(6_1(1 @) (0,0,— (8; + ap)g, (—0y + a1))
(=90 +a1)
—(0s + @)

+ (—0_20+ @) | (—(@; + az), (=0, + a5),0,0)

0
0

0
+ —(6_3 n a—z) (0,0, —(05 + az), (=0, + ‘13))
(-0, +a3)
K =
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9y — al)(a_o - a_l) - (6_0 - a_l)(a() -a;)
(01 + ap) (=05 + ;) — (=08 + ar) (8; + ao)
0
0

@, —a3)(d; — a_s) - (aiz —-a3)(0; —as)

0
0

(=0p + a)(0: + @) — (0; + @) (—0y + a)
(01 + ao)(01 +ag) — (01 + @) (81 + ao)

(=0, + a3)(05 + @) — (35 + @) (=0, + a3)

41

0
0
[p1P1 — Papil
[poP1 — P1P0]

0
0
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[p/Po — Popi]
[poPo — Dopo]

| G+ @) (-0 + @) = (-9, + @) (0 + @) (95 +ax) (35 + @) — (35 + @) (95 + az) g g
0 0 [psPs — P3ps]  [psPz — Papsl
0 0 [p.Ps — P3p2]l  [p2P2 — P2p2]
da; da; 0da, 0a;
S 9x, 0%, O0x, 0% 0 0
da; da, 0da; 0dg 0 0
| ox, 0% ax, ox
da; da; 0da, 0a;
0 0 S 9x, 0%, Ox, 0%
0 0 da; da, 0da, 0dg
dx,  0xg O0x, 0%
da; da; Oda; 0a;
C9x, 0%, Ox, 0x%3 0 0
da; oa, oa; 0a, 0 0
L| 0x o o 0%
da; daz; o0a; 0a;
0 O - ox; 0% - 0x; - 0x3
0 0 da; oda; Oa, o0a;
dx;  0%; Ox3 0X3

Since the second factor S* in the left-hand side of the equation has a simpler structure than the
first factor, perhaps as a first step we should find the eigenvalues and eigenfunctions of the equation

S+l|’(x0r X1 x21x3) = lel’(xOJ X1 X2, x3)

and use them when solving the equation as a whole.

S=Sty
_ao + al
0100 (=30 + @), (3 +a),00) +
—62 + as
| BE (-0 + ), (35 + @), 00) +
\ 0

0
0
—0o + a4
81 + (2N
0
0
—82 + as
63+a2

(0.0,(-35 + @), (0; + @)

(0.0,(-0; + @) (@ + 7))
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—(0, + @)
((—600+ a1)> <_
0

(50t o)+ (- 522 ) ) 4

0
0

0

2

[t (-no (0nm)
(=0, + @)
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G\ on o, o \(_aw: o0
oGP ) (= (G o) o (-5 ) | G | (- G ) (- 5 )
0 (-0, + )
o\ e o 9 9
st 20 )G (- e aon)+ (52 )
0
_662-I_-*_aa3 — - \(F , — — N\ =— . — ally
H Br e (AT @)@+ T + @+ @) (A +m) - (5 + a0 )
0
(-5 o)
p d d d
0 a a Y %
ot )G e SR (- (o) (52w
d; + a
0
0 | TR ) + @ T ) (- (G )
0; +a,
+< glpj+a1¢3)>
_6(30++a(zl T —\(A , — — Ny =  — a0,
H 00 ) (@)@ 4T + @+ B) (2 + ) | - (G50t aao)
0
qE )
APV 9 9
o) et () (2 )
0
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0
0 _— = — N, = ol
+ _ao + a, (_(_60 + al)(ag + az) + (61 + ao)(_az + a3)) (— (a—z + a, D2>
61 + ay
Y
+ (_a_xj + a3¢3)>

0

0 das 6a2> (alpz ) ( 0y )
-0, +a, (ax—3+ag 0x; 2 dx 2+a3‘/’3

d; + a,

Let's calculate the expressions included in the equation
(-2 + @)@ + @) + (3: + &) (T + @) 9 =
(05 +@2)(=0 +@)e — (=0, +a5)(9: +@o)o =
_ op — (09 __
(63 + az) <___ + alcp) - (_62 + a3) <__ + ao(p) =

Y 9% 9% 35

03 (‘ﬁ) + 05(arp) + @ (_ 6_) + @a 9 + 0, (6 ) ( 62)((10@) — a3 — it
— azaop =

a_( a¢> da, 0% 05 da, %

—(0p _
3 +a—x_3 —aza—x_0+a2a1<p+62(ax1)+aoax2+ (p—a3a—x_1—a3a0<p

0x, 0x,

5 <6<p> 3 (6<p) da, Oda, _0dp _0p _ 0p _ 0@
2 3 a
dx; 0%,

— — ‘+ta——a,——+ay—— p—
0x; 00X, ¢ L ox; % 0%, % ox;, 3 0%,
+ (a2, — @3ap)g
It would be interesting in this context to consider for the presented spinor model the case of a
centrally symmetric electric field and to find solutions of the spinor wave equation for the hydrogen-
like atom, taking into account the presence of spin at the electron. For such a model we can take

a—i1 a—la—la—i1
0= 1= 2= 5% 3= R

2 2
1 . . . 1 . o o
<§ (Xox; + x1x + x3x3 + x3x2)> - <§ (—Xox; + X1x9 — X3%x3 + x3x2)>

1 2

\ + <§ (Xoxp — Xyx1 + XXz — x—3x3)>

As mentioned above, we can substitute into the equation the already known exact solutions of
the Dirac equation for the hydrogen-like atom by expressing the components of the coordinate vector
and derivatives on them through the components of the coordinate spinor and derivatives on them.
It is likely that the solution of the Dirac equation would not make the spinor equation an identity; it
would be evidence that more arbitrary assumptions are made in the Dirac equation than in the spinor
equation, and that the latter claims to be a better description of nature.

We can also consider the case of a constant magnetic field directed along the z-axis

1
_B3X1 A3 s 0

1
A0:0 A]_:__B3X2 A2:2

2
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1
X = E(x_oxl + X1xo + Xz X3 + X3x3)
1 - - -
X, = E(—onxl + iX7xy — iX;x3 + iX3X;)
1

A= E(a_o‘h + aja, + @za; + azay)

1
AZ s E (_ia_oal + ia_lao - ia_2a3 + ia_3a2)

1
Ay = > (@oay + aja; + aza, + azas)
1 _ _ _
Az = > (@oay — aya; + aza, — azas)
Let's say
ap = iX1y/B3/2  a; = —Xo/B3/2
a = ixX3\/B3/2 a3 = —X3/B3/2
1 o o
A] = ZBg(lxle - lx0X1 + lX3x2 - lx2X3) = —EB3X2

1
A, = ZB3 (X1xg + Xox; + X3x; + X3x3) = EB3X1

1 1
Ag= 233(35135_1 + XoXg + X3X3 + XX;) = §B3t

Az = 133(35195_1 — XoXo + X3X3 — XX3) = §B3X3

We see that the scalar potential A, grows with time, but does not depend on spatial coordinates,
and the vector potential does not depend on time, so that there is no electric field. In this case

da; da; Oa, 0a;
S 9x, 0%y Ox, 0% 0 0
da; da; da;, 0da, 0 0
c—| 0x 9% ox, 0x;
da; 0a; Oay 0a;
0 0 C9x,  0x; 0x, 0%
0 0 da; dag; dag; Oag
dx,  0xg  0x;, 0%
da; da; OJa; 0a;
~9x, 0%, Ox, 0% 0 0
da; da, OJa; 0a; 0 0
L| 0x o ax 0%, _
da; da; Oda; 0az
0 0 C9x, 0%, Ox, 0x3
0 0 da; da, oa; 0a;
dx;  0x; Ox;3 0%z
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—/1 0 0 0 /0 0 0 /0 0 0
_ /_3 0 =i 0 0 0 =i 0 0)_ 0 =i 0 0
=171l0 o 7 ofTVB/Zly o 7 o=Vl o 1 o
0 0 0 —i 0 0 0 —i 0 0 0 —i

The equation considered up to now is rather cumbersome, therefore we would like to have a
simpler and compact relativistic invariant equation for the fermion, taking into account the presence
of a half-integer spin. Such equation really exists; its derivation is given in section 4 of the paper. Here
we will give its form for the electron in the presence of the electromagnetic field

(SR + SR+ Sp + Sz — 4(m + m))p(x) = 0
where
—(=0; + a3)

Sk = (_—(gz i 23 (091 + ap), (=90 + a1), (0 + a5), = (=0 + a3))

(01 + ao)

—(=00 + ay)
- < (__(g: 1 ZS ((03 + ap), — (=0, + a3), (01 + ao), —(—0 + a1))

(05 + ay)

(=00 + ay)
+ <(8352++aa03) ((63 + aZ)i _(_62 + a3); _(81 + ao), (_60 + al))
(03 + a3)

(=02 + a3)
_ <((_050++a;3) (3, + ag), —(=0 + ay), —(35 + ay), (0, + a3))

(01 + ao)

(03 + a;)
(=0, + as)
(05 + ay)
_E;1a‘2|‘-lc_lo(;3) (=(=0 + a1), =(01 + ao), (=0, + a3), (35 + az))
—(=00 + ay)
(03 + a,)
+ __((_a?2++aa0:;) ((_60 + al)l (61 + ao); (_62 + a3), (63 + aZ))
(=00 + ay)
(01 + ao)
_—((_620++a23) ((—02 + a3), (03 + a3), (—0y + ay), (01 + ao))
(=0, +asz)

Let's return to the relations
Py? — P? — P2 — P3% = mm = m?

(01 + ao)
S, = <—(—60 +a;) (_(_az +a3), — (05 + a3), (=09y + a,), (0, + ao))
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PiP2 —PoP3 =M PPz —DoP3 =M
— —_— 2 2 2 2 —
(P1Pz — PoP3)(P1P2 — PoP3) = Py“ — Py° — P,* — P3* = inm = m?®
In this form they are equivalent, but if an external field is added, a difference arises, since in one
case the field is added at the vector level and in the other at the spinor level

(Po—Ag)? — (Py — A1) — (P, — Ay)* — (P3 — A3)? = m?

((p1 —ay)(p2 —az) — (po — ap)(p3 — a3))((p1 —ay)(pz — az) — (Po — ap)(P3s — a3))

These relations correspond to differential equations including the relativistic Schrodinger
equation

02 02 02 02
(ax,f T X2 09X, 09X
( d 0 a 0
dx;0x, 0x,0x3

(an o] oMol

0%, 0%, 0%, 0%;

) <p(X0;X]'X2;X3) = m2¢(X0;X1;X2;X3)

) @ (xg, x7, x5, x3) = m @(xy, X7, X5, X3)

> (p(xOJ X1 X2, x3) =m <p(x0; X1 X2, x3)

(a[_]a[_] a[_]a[_]>(a ] a a

_ _ — 2
0%, 0x, 0%, 0%, ) \dx, dx, 9%, 6x3) @ (xg,x7,%2,x3) = m°@(xp, X}, X2, X3)

The corresponding inhomogeneous equation is

(a[_]a[_] a[_]a[_]>(a d a a

0%; 0%, 0x,0%;) \0x;0x, 0x,0x;

)-m? |90 = 50

where the delta function can be represented as

4
6(x) = d’p ei(pox]—p1x0+pZX3—p3x2+(p0x]—p1x0+p2x3—p3x2))
(2m)*

has a solution

d4p e i(POXJ —P1X0+P2X3—P3X2+(Po X —P1X0+P2X3—P3X2))

9(0) = (2m)* (P1P2 — DoP3) (P1P2 — PoP3) — M?

For a free particle the eigenfunctions and eigenvalues solving these equations should coincide,

but in the presence of an external field the eigenvalues and the corresponding eigenfunctions will
differ because of the above mentioned difference in summation in one case of vector components and
in the other case of spinor components.

While the Dirac equation is sometimes referred to as extracting the square root of the Klein-
Gordon equation, here we see a different way of doing it.

Let us check the truth of the relation

(P1Pz — Pobs) (P1P2 — PoP3) = P — P,* — P,* — Py

4(P0P0—P1P1—P2P2—P3P3) =
= (Popo + P1p1 + P2P2 + P3p3) DoPy + P1P1 + D2P2 + D3P3)

— (Pop; + P1Po + P2P3 + D302) Pop; + P10 + P2P3 + D3D2)

+ (=PoP; + P1Po — P2P3 + D3p2) (—PoP; + P1Po — P2P3 + D3D2)

— (Popy — P1p1 + P2P2 — P3P3) @oPy — P1P1 + D2D2 — P3P3)
(Popy + D11 + D202 + P3P3) Pobo + P1P1 + P2P2 + D3P3)

— (PoPy — P1P1 + D2P2 — D3P3) (PoPy — P1P1 + P22 — P3D3) =

2
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= PoPo(P1P1 + P2P2 + P3P3) + P11 (Pobo + P2P2 + P3P3) + P2p2(Popy + D1P1 + P3P3)
+ P33 (@opo + P1P1 + P2P2) — Popo(—D1P1 + D2P2 — P3P3)
+ P1p1(Popy + D2P2 — P3P3) — D202 (PoPo — P1P1 — P3P3)
+ P3p3(Popy — P1P1 + P2P2)
= DoPo(P1P1 + P3P3) + D101 (@oby + D2p2) + D202 (P1P1 + P3P3) + D303 (Dopy + D2p2)
— Popo(—P1P1 — P3p3) + D1p1(PoPo + D202) — D202 (—P1P1 — P3P3)
+ P3p3(Popy + P2P2)
= Dopo(P1P1 + P3P3) + D101 (@opy + D2p2) + P2p2(P1p1 + P3Ps) + D303 (Popy + D2p2)
+ DPopo(P1P1 + P3p3) + D101 (PoPo + D2P2) + D202 (P1P1 + P3P3)
+ P3p3(Popy + P2P2)
—(@op; + P1Po + P2P3 + D302) (Dop; + D10 + P2P3 + D3b2)
+ (=Dop; + P1Po — D2P3 + D3P2) (—Pob; + D1Po — P23 + P3D2) =
= —Dop;(P1Po + D203 + P3P2) — P1Po(@ob; + P2P3 + D3P2)
— D203 (@op; + P1Po + D3P2) — P3P2(Pop; + P1Po + D2D3)
— Dop1(P1Po — P2P3 + P3P2) + P1Po(—Dob; — P2P3 + P3P2)
— D2p3(=Dop; + P1Po + P3P2) + P3p2(—Dop; + P1Po — P2P3)
= —Pop:1(P1Po + P3P2) — P1Po(PoP; + P2P3) — D203 (@10 + P3P2) — P32 (Dop; + D2P3)
— Pop1(P1Po + P3P2) + P10o(—Pop; — P2P3) — P2p3(+D1Po + P3P2)
+ P3Pz (—Pop; — P2P3)
4(P0P0_P1P1_P2P2_P3P3) =
= PoPo(P1P01 + P3P3) + P11 Doy + P2P2) + P2p2(P1p1 + D3p3) + P33 @opo + D2D2)
+ DPopo(P1P1 + P3p3) + D101 (PoPo + D2P2) + D202 (P1P1 + P3P3)
+ P33 (PoPo + P2P2) — Dop1(®P1Po + D3P2) — P1Po(PoP; + P2P3)
— P2p3(P1Do + D3D2) — P3P2@op; + P2p3) — Pop1(P1Po + P3P2)
+ D100 (—=Pop; — P2P3) — P2p3(P1Do + P3D2) + P3p2(—PoP; — D2P3)

To obtain this result, we did not have to make assumptions about commutability of the spinor
components among themselves. Accordingly, a similar expression takes place for the phase of a plane
wave in vector space

4(PoXg — P1Xy — P X; — P3X3) =
= PoPo(X1 X1 + X3x3) + P1p1 (Xoxg + X2%2) + D202 (511 + X3x3) + P3p3(Xoxy + X3x7)
+ Popo(X1x1 + X3x3) + P1p1(Xoxp + X2X2) + P22 (X1x1 + X3x3)
+ P33 (Xoxg + X3x3) — Dop ;1 (X1x9 + X3%2) — P1Po(XoX; + X2X3)
— D203 (X1xo + X3x2) — P32 (Xox; + X2x3) — Dop; (%0 + X3%7)

+ P1bo(—Xox; — Xz2x3) — P23 (X1 Xg + X3X2) + Dap2(—XoX; — X3X3)
Further we assume that the components of the momentum spinor commute, which takes place
for a free particle, then we obtain

4(P0P0_P1P1_P2P2_P3P3) =
= PoPo(P1P1 + P3P3) + D101 (@oby + D2p2) + P2p2(P1P1 + P3p3) + D303 (Dopy + D2p2)
+ Popo(P1P1 + P3p3) + D101 (PoPo + D2D2) + D202 (P1P1 + P3P3)
+ P3p3(Popy + P2P2) — PoP1(P1Po + P3P2) — P1Po(Pop; + P2P3)
— P2p3(P1Po + P3p2) — P32 (@op; + P2p3) — Pop1(P1Po + P3P2)
+ D100 (—=Dop; — P2P3) — P2p3(P1Po + P3p2) + D32 (—PoP; — DzP3)
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= 2Popo(D1P1 + D3p3) + 2P1p1(PoPo + P2p2) + 20202 (P11 + D3P3)
+ 2p3p3(Popo + D2P2) — PoP:(P1Po + P3P2) — D1iPo(PoP; + D2P3)
— P2p3(P1Po + P3p2) — P3p2@op; + P2P3) — Pop1(P1Po + P3P2)
+ D100 (=Dop; — P2P3) — P2p3(P1Po + P3P2) + P32 (—PoP; — DzP3)
= 2Popo(P1P1 + P3P3) + 2P1p1(PoPy + P2p2) + 2D202(P1p1 + D3p3)
+ 2933 (Popo + D202) — 200P1 (P1Po + D3pb2) — 20203 (P1Po + D3p2)
— 2P0 (P1Po + P3D2) — 2D203(P1Po + P3D2)
= 2Popo(P1p1 + P3p3) + 2D1p1(Popo + D2p2) + 20202 (P1P1 + P3P3)
+ 2P3p3(BoPo + D2p2) — 2Pop;1(P1bo + D3P2) — 20203 (P1Po + P3p2)
— 2pop;(P1Po + P3P2) — 2D203(P1Po + P3D2)
= 2Popo(P3p3) + 20101 (P2p2) + 20202 (Brp1) + 20313 Bops) — 200p; (B3P2)
— 2p2p3(P1p0) — 2Dop1(P3P2) — 2P2p3(P1D0)
= 4p,p(D3p3) + 4P1P1(P2p2) — 4o (P3P2) — 40203 (P1P0)

On the other hand, we can write

mm = (p1pz — PoPs)(P1P2 — PoPs) = P1PaP1P2 ~ P1P2PoPs ~ PoPsP1P2 + PoP3PoPs
Thus, the results of calculations coincide.
Let us compare the phases of plane waves in vector and spinor spaces. Let us hypothesize that
the plane wave in spinor space has a more complicated form than it was supposed earlier in the
paper, namely, it contains an additional conjugate multiplier

exp (—i (Pox; — P1Xg + D2X3 — D3X2) (PoX; — P1Xy + P2X3 — Psxz))

The phase of the wave in this form is closer to the generally accepted phase of a plane wave in
vector space. But the phases calculated by two methods do not coincide with each other, although
both of them are invariant under Lorentz transformations

(Pox; — P1Xp + P2X3 — P3x2) (PoX; — P1Xp + P2X3 — P3X2)
# PyXg — Py X1 — P,X; — P3X;
Let us slightly modify the expression for the phase of the plane wave
( 0 0 d 0

d0x; 0x, a 0x) 0x5

> exp[(pox; — p1Xp + P2X3 — P3X2) (PoX; — D1Xg + DaX3 — D3X3)] =

((=p3)po(Pox; — P1Xg + DXz — D3%2) (PoX; — PiXy + P2X3 — P3xa) + Do
— P2(=p1) (PoX; — D1X + P2X3 — P3X2) (PoX; — P1Xy + P2X3 — P3Xz)
- p1)
exp[(pox; — P19 + P2X35 — D3%2) (DX — D1Xg + P2X3 — P3X2)]

= ((=p2)Pof R () + po — P2(—P)F X f (%) — p1)
exp[(pox; — P1xg + D2X3 — P3%2) (DoX; — DP1Xy + P2X3 — P3X2)]
= ((2p1 = P3Po) FOF ) + o — 1)

exp[(pox; — P1Xy + P2X3 — P3x2) (DoX; — P1Xg + P2X3 — P3x2)]

where
f&) = (pox; — pr1xp + P2X3 — P3X3)
Let’s change the order of derivatives

(6 0 d 0
dx,0x; 0x30x

> expl(pox; — p1Xp + P2X3 — P3X2) (PoX; — D1Xy + DaX3 — D3X3)] =

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202401.1032.v7
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 17 June 2025 d0i:10.20944/preprints202401.1032.v7

49 of 127

(0o (—p3) (PoX; — 1%y + D2X3 — P3X2) (PoX; — P1Xy + D2X3 — P3X2) — D3
— (=p)P2(Pox; — P19 + P2X3 — P3%2) (DoX; — P1Xy + P2X3 — P3X2)
+ p2)
exp[(pox; — P1xg + P2X3 — D3%2) DX — D1Xg + P2X3 — P3X2)]

= (Po(‘Pﬁ]@f(X) —p3 — (PP (f ) + Pz)
exp[(Pox; — P1Xg + D2X3 — P3X2) (DoX; — P1Xg + P2X3 — P3Xz)] =
= ((p1p2 — PoP)fFFX) — s + 1)

exp[(pox; — P1Xy + P2X3 — P3x2) (DoX; — P1Xg + P2X3 — P3x)]

and write the difference of the two equations

2 9 9 @ @ 9 a o
(6x1 ax, 0x, axg) a <6x2 9x; 0 6x0>
exp[(Pox; — P1Xg + P2X3 — P3X2) (DoX; — P1Xg + P2X3 — P3Xz)] =
(@201 = p3po) FOF®) + 1o — 1) = ((P112 — Pop)FIF ) — 3 + 2 )|

exp[(pox; — p1Xxg + P2X3 — P3x2) (PoX; — P1Xg + D2X3 — P3X2)]
= [po — P2 + 03 — P4}

exp[(pox; — p1xp + P2X3 — D3X2) (PoX; — P1Xg + P2X3 — P3x2)]
Add an imaginary unit to the phase

( a ad Jd 0 ) < a ad Jd 0 )
dx;0x, 0x,0x3 dx,0x; 0Jx30x
exp[—i(pox; — P1Xg + P2X3 — P3x2) (PoX] — P1Xg + P2X3z — P3Xxz)] =

= [(=(P2p1 — P3P)fF R F (X) — ipg + ip1) — (—(P1P2 — PoPa) f (X f (X) + ips — ip,)]

exp[—i(pox; — p1Xyp + P2X3 — P3X2) (PoX; — D1Xg + P2X3 — P3X2)] =
= i[pz = po + P1 — 3]
exp[—i(pox; — P1Xy + D2X3 — P3x2) (PoX; — P1Xy + DaX3 — P3X2)]
Thus, we obtained a differential equation with an eigenvalue independent of coordinates
ilp2 = po + 1 — psl

to which corresponds the eigenfunction

exp[—i(poX; — P1Xy + P2X3 — D3X2) (PoX] — P1Xg + P2X3 — P3x2)]
which is a plane wave with imaginary phase and bounded amplitude.

Now we can define the function
d*p exp[—i(pox; — p1Xg + P2X3 — P3X2) (PoX; — D1Xy + P2X3 — P3xy)]
(2m)* i[p; — po + p1 — D3l

which satisfies to equation

(66 66) (66 aa)D()_6
0x;0x, 0x)0x3 0x, 0x; 0x30x X) = o)

D(x) =

where

d*p .
o(x) = JWeXP[—l(POXI — D1Xg + D2X3 — D3X3) (PoX; — P1Xg + D2X3 — P3X2)]
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thus, D(x) has the properties of the Green's function.

4. Path Integral and Second Quantization in Spinor Coordinate Space

Based on the above, we can modify the theory of the path integral. We will consider it in the
notations in which it is presented in [9]. For a free scalar field with sources J(X) the path integral has
the form

20) = [ Do) exp(is (@) = [ Do) exp (i [ @ X (LX) + 1K)

- [pooesn(f e {3((50) ~(e) -Ge) - ()

- m2<P(X)2> +](X)<P(X)}>

It includes the action of

S(p(X) = f d*XLL(PX) + ] (X)p(X))

and the Lagrangian density for the free field

o g\’ a9\ g \°
L(p(X) = - — =) —m2p(X)?
(@) = ((axo) (ax,) (axz) <6X3) meX)
For convenience and clarity, the following notations are introduced

(09)? = 0,00"p = n"V0,00,¢ = (0pp)* — (0;9)* — (0,9)* — (3;)?

-(0) -Go) -G -G
~\ax, 0X, X, 0X;
0

Oy ==

9X,,

For the general case the Lagrangian density has the form

£(p(x)) = 5 (29 0)" ~ V(0 (X))

where V((p(X))—polynomial over the field ¢(X).
Substituting the Lagrangian into the Euler equation

, 8L oL _
“5(0,0) 8¢

the field equation of motion is obtained.

The free field theory is developed for a special kind of polynomial
V(e) = —m ¢’
L(p) =5 _[(09)* — m?¢?)

5L _18(09)* _ 1810p)* — (3,0)* ~ (0:0)* ~ (0:9)%] _ , 15(3u0)”
50up)  26(3up) 2 5(0.9) 2 6(39)
:ia#(p

5L 1 ,00% 5
Sp 2 m S| me

In summary, Euler's equation defines the equation of motion
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9y(0yp) — 0y(0pp) — 09(Bp9) — 0y(Fpp) + M*p = 0
039 — 07 — 030 —0ip + mPp =0

0% =05 — 07 — 050 — 3¢
29 +m?2p =0
(62 + m2)<p =0

The notations used here are
0% =05 — 07 — 03¢0 — 3¢
02 = 98 — 02 — 92 — 0%

Thus, there is a correspondence of the Lagrangian and the equation of motion for the free field

£(p) = 5[ @)’ ~ (2,0X0)" ~ (B:0(%))" ~ (920 X))’ ~ m2p(X)?]

L(p) =5 [(09)* —m?p?]

N

L(p) == [(0,90)* — (0;90)* — (0,90)* — (0;90)* — m?*p?]
BpX) — 02p(X) — 029 (X) — 020 (X) + m*p(X) = 0

Our proposal is to replace the Lagrangian in vector coordinate space by the Lagrangian in spinor

N

coordinate space. For this purpose, we use the equation of motion in spinor coordinate space and we
want to find the Lagrangian for which the Euler equation defines this equation of motion

d 0 d 0
(axl 6x2 B aX() ax_;) QD(X) + m(p(X) =0
(0,0, — 0y0;)p(x) + me(x) = 0
p 6L B 6L —0
#8(0,9(x)  Sop(x)

For the sake of clarity, we use the same notation for the spinor coordinate derivative as for the

vector coordinate derivative; the context allows us to distinguish between them

d
7 ox,

Let us write the Lagrangian plus sources in the form

1
£(e®) = 50,0 ®):0(X) — X030 X)] ~ V(9(X) +jX)p(x)

And let's substitute the Lagrangian into the Euler equation

5 0L 0L o 8L o &L oL
"8(09) " '8(3) " 788 T8(d3) ¢

1 5L
3[-00(2:000) + 0, (2:000) + 0:(219.60)= 0:(Pup ()] ~ 5 = 0

For the case of a free field the derivative operators commute, so we can write

6L
0,0,p(x) — 0y03(x) — (%) =

(- o390

dx; 0x; a 0x,0x3
9 9 a9 @ 8V ()
(E)xl 0x, B dx, 6x3) () = ( Q@ ) =0
It is pleasant that the Euler equation in invariant form works also in this situation, so that we

obtain the desired form of the equation of motion in the spinor coordinate space. It is important that
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the proposed Lagrangian has a relativistically invariant form, even in the general case, and not only
at commuting derivatives. The polynomial has the form

1 A
V(p) = §m¢(X)2 +%<p(x)3 + Z(p(x)4 4 .

In the case of a free field we restrict ourselves to the first term of the polynomial

1
Vip) =5 me(x)?

Then the Lagrangian density and the equation of motion for the scalar field in spinor coordinate
space have the form

1 1
L(p(x)) = 5[0:0(X)9,0(x) — 0pp(X)9;0 ()] — 5 M (%)

1
3(6152 + 0,0; — 0903 — 930p)p(X) + mp(x) = 0

For a free field when the derivative operators commute, we obtain
(0,0; — 0p03)9p(x) + mp(x) =0
In the spinor equation of motion there is a plus sign before the mass, although in the rest of the
paper there was a minus sign. To return to the minus sign it is enough to put a plus sign in front of
the polynomial V(¢) in the Lagrangian.
Now we have to find the path integral, which, along with the Lagrangian, includes the sources

2G) = [ Dowd exp (i [ a*x(2(p() + (90 G0))
= [ Do exp (i [ 4*x{ 510,000,009 - 093020 )]

~3me(9? +j(p))

The components of spinors are complex, and we have already noted that the derivatives on
complex variables are applied to the degree functions, which, most likely, can describe physical fields,
respectively, the finding of an indefinite integral for the function of a complex variable can be treated
similarly, i.e. as an indefinite integral from the degree function.

It is possible to recover Planck's constant, which provides a transition to the classical limit

i
2G) = [ Do exp (; [ a*xLiow)
One of the steps in computing the path integral in [9] is to find the free propagator from Eq.
(@2 +m)DX-Y) = 5X-Y)

the solution of which has the form
d4p o PX-Y)

(2m)* P2 —m? + i¢

DX-Y) =
herewith
d*p .
§X-Y) = | ——eP&D
*-V) = [ 5
In our case, we want to find

1 1
Z(j) = f Do (x) exp (i f d4x{§[01<p(X)62<p(X) — 0pp(x)030(x))] —§m¢(X)2

+je])

After integration by parts by analogy with [9, Chapter 1.3] we obtain for the special case of a free
field
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2G) = [ Do exp (i [ d*x{- S0001@,0, - 8,0 + mlo(0 + /0]

In the process of calculation, it is necessary to find the solution of the equation
—(010; — 9903 + m)D(x —y) = 8(x—y)

For this purpose, we pass to the momentum space by means of the integral transformation
d*p . —
X) = - eL(p0x1—p1x0+p2x3—p3x2+(p,x))
0 = [ G (@)
The assumed propagator has the form
d*p et (o (1= ) =P1(X=Y0)+P2 (x3-¥3)~P3(x2=y2)+(PX~Y))

(2m)* (P1P2 — Pop3) — M

which is verified by substitution into Eq. Here it is assumed that the representation of the delta

Dx—y) =

function

4
S(x—y) = f (Czin}; et (Po(x1=y N)=P1(x0=Y0)+P2 (x3-¥3)~P3(x2-y2) +(P.X-Y))

We added a conjugate phase to the exponent

(p,X) = PoX; — P1Xg + D2X3 — D3X;
which, on the one hand, provides convergence of the integral, and on the other hand, it does not affect

the result of differentiation on variables x,,.
We note at once that there is no simple correspondence between the so defined phase of a plane
wave in spinor space and the phase of a plane wave in vector space, e.g.

—_— 2
(PoCxs = ¥1) = P1(xg — Yo) + P2 (x5 — ¥3) — s (22 — ¥5) + (0, — 1))
% PyXo — PuX; — PyX, — P3Xs

but both parts of the inequality are invariant under Lorentz transformations.
One can see the difference between the propagators, since in one case m? is real and positive,
while in spinor space m is complex in general. We can use the relation

1 _ (P12 — Pop3) + 1
(p1p2 —Pop3) =M ((p1pz — PoPs) + M )((P1P2 — PoP3) — M )
_ (P1p2 — Pop3) + 11 _ (p1p2 —pop3) + M
P2 —m? + (m — m)(p1p2 — PoP3) P2 —m?

where
P?=P; — P} — P} — P}
in which it is taken into account that the fermion mass is real. Now the propagator has the form
d*p (pip2 —pops) +
(2m)* P?Z —m?
The derivatives of the scalar field on spinor coordinates can be expressed through the derivatives

e i(pox;—P1Xp+P2X3-D3%2+(pX))

D(x) =

on vector coordinates

29(x) _ 0p(X(X)

dpp(x) =

dx, dx,
B a(p(X(x)) X, (x) N 0(p(X(x)) 0X;(x) N 0<p(X(x)) 0X,(x)
09X, dx, 90X, dx, X, dx,

N dp(X(x)) 0X3(x) _ g X 09X 09 iX; 09 %
0X; ox, 0X,2 090X, 2 090X, 2 0X3 2
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dpxy O0pXxy O¢ixy 09X,
dpp(x) = - Yy — —
0Xo 2 0X;2 0X, 2 0X32
dpx; O0pXy Opixy 0px;
Q190 =2k 20 S0 ST
0Xo2 0X12 0X, 2 0X32
dpx; OpXxs O0¢ix3 09X
0Xg 2 0X;2 0X, 2 0X;32
0<px_3+6<px_z dp ix; 0@ X3
0Xg 2 0X;2 0X, 2 0X;32
If in the right part to represent the wave function as a plane wave in vector space
¢(X) = exp(PoXo — P1X; — P,X; — P3X3)

then in the left part it should be represented as a plane wave of a special form in spinor space

2,9 (x) =

d;0(x) =

¢(x) = exp ((Poxl — P1Xg + P2X3 — P3x2) (PoX; — P1Xp + P2X3 — P3x2))
Only in this case the left and right parts will be dimensionally consistent, e.g.
; 0;9(X) = (PoX; — P1%p + P2X3 — P3X2)Po
X X
s

In any case, a complete coincidence will not be obtained due to the mismatch of dimensionless

1 _ _ o
=3 (Popo + P1p1 + P2D2 + D3P3)%0

exponents of the exponents
(PoX; — P1Xg + P2X3 — P3X2) (PoX; — P1Xp + P2X3 — P3X2)
* PyXy — P1 X1 — P,X, — P3X3

Since we call the field under consideration a scalar field, we expect its value to be invariant to
Lorentz transformations. But how to formalize this statement and to what exactly does this
transformation apply? We propose to consider that the value of a scalar field is the scalar product of
the representatives of a spinor field, which is the most fundamental field in nature, and vectors,
tensors and, among others, scalars are formed from the spinors representing it. The scalar product is
defined by means of the metric tensor of the spinor space. From any two spinors we can obtain a
scalar, in general the complex case. But if we want to obtain a scalar with real values, we must impose
some restrictions on the original spinors. For example, to any spinor u we can correspond a scalar U
taking real values, whose value does not change under the action of the Lorentz transformation on
the spinor and the action of the same transformation on the conjugate spinor

U= —i(up*uy —uy *xUg + Uy * Uz — Uz * Up)
When a spinor and its conjugate spinor are simultaneously rotated or boosted by some angle,

the scalar undergoes a rotation or boost by zero angle.
We can find the derivatives of the scalar by the components of the coordinate spinor

- -
oU (x) _ (6u(x)> 5,14 uGdTS, <6u(x)>

axﬂ axﬂ axﬂ

The components of the coordinate spinor are complex quantities, the derivative on them is taken
formally, since physical fields can be represented by power functions of the components of the
coordinate spinor and its conjugate.

What are the advantages of the transition from path integral in vector space to path integral in
spinor space? A possible answer is that there are new conditions for working with divergent integrals.
Now integration is performed over spinor space, so that in the numerator there is a four-dimensional
differential element d*p instead of element d*P in the case of vector space. The spinor element has
the order of magnitude P? instead of P* for the vector element, whish decreases the order of
magnitude of the numerator, while the order of magnitude of the denominator does not change.
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If the spinor coordinate space is indeed more fundamental, and the vector coordinate space is
an offspring of it, then we ma y benefit from this transition in any case.

Now let us move from the scalar field to the field of an electron, that is, the field of a particle
with half-integer spin. We will use gamma matrices in the Weyl basis

00 1 0 00 0 1
v _ 00 1 v_[ 00 10
Yo 1.0 00 £ 0 -1 0 0
01 0 0 -1 0 00
00 0 —i 00 1 0
v_[0 0 i o v_[0 0 0 -1
Y2 0 i 0 0 Y3 10 0 0
- 0 0 0 0 1 0 0

Let us consider the linear combination of these matrices with components of the momentum
vector as coefficients, substituting the expressions of the vector components through the components
of the momentum spinor

YoPo +v{Pi+ViP, +vYP; =

0O 0 1 0 0 0 0 1 0 0O 0 —i
0O 0 0 1 0 0 1 0 0 0O i O
100 0/PTlo -1 0 0/PT\0 i o o]
010 0 ~1 0 0 0 —i 0 0 0
0 0 1 0
0O 0 0 -1 _
110 0 o7
0O 1 0 O
O O PO + P3 P1 - iPZ
0 O P]_ + I’PZ PO - P3 _
PO - P3 _Pl + lPZ 0 O -
—P; —iP, Py + P; 0 0
0 0 PoPo + P2P2 —PoPs — P2P3
B 0 0 B —P1Po — P3P2 P1P1 + P3D3
&pl + &ps @pl + &ps 0 O
P1Po + P3Pz  DPoPo + P2P2 0 0
0 0 PoPo  —PoPi 0 0 P2P2 ~P2P3
o 0 0_ —P1Pbo pP1P1 o 0 0_ —DP3D2 P3Pz
&pl @pl 0 0 &p3 &p3 0 0
P1iPo  PoPo 0 O P3b2  D2D2 0 O
0 0 PoPo  —DPoPi
0 0 —DP1Po P1iP1 +
p1P1 — [p1P1 —Pip1]l  P1Po — [P1Po — Dopi] 0 0
PoP1 — [PoP1 — P1iPo]l  PoPo — [PoPo — PoPol 0 0
0 O P2D2 __EI%
0 O —D3D2 PsPs | _
p3Ps — [p3Ps — P3p3] P3Pz — P3Pz — D2psl 0 O
P2P3 — [P2P3 — P3p2]  p2P2 — [P2D2 — D2p2] 0 0

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202401.1032.v7
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 17 June 2025 d0i:10.20944/preprints202401.1032.v7

56 of 127

0 0 PoPo  —DoP: 0 0 P2D2 —P2Ps3
_0 0 o —P1Do P1P1 n E 0 o —P3D2 P3D3 _
P11 P1Po 0 O P3P3  P3P2 0 O
PoP1  DPoPo 0 O pP2D3  D2D2 0 0
0 0 0 0
0 0 0 0
[p1P1 —Pip1]  [P1Do—DPopi] 0 0O
[poP1 — P1Po]l  [PoPo —Popo] O O
0 0 0 0
0 0 0 0
| [psps —DP3ps]  [pspz—D2p3] 0 0
[p2P5 — P3p2]  [P2P2 —Dzp2] 0 O

=S"(p) - K" (p)

Let us represent the matrix SV(p) as a sum of direct products of spinors

0 P_o_ 0
S'®) = ) | @B 00 +| P | @O0 —p) +| ) | 5355000
Do 0 1%
P
+| 7000299
0

For a free field the components of the momentum spinor commute, therefore
YoPo+y/PL+yiP, +viP; =5"(p)
Complex mass

m =p;p; — PoP3

does not change at rotations and boosts for an arbitrary complex spinor. Moreover, by a direct check
it is possible to check that for an arbitrary spinor
SV(P)SY(p) = mmI = m?I
For a free field, when all components of the momentum spinor commute, we can write the
relativistic equation of motion of the fermionic field
SVSV(x) = mml@(x)
Where the matrix of derivatives SV is obtained from the matrix SY(p) by substitutions
pr— =0y pp—= 01 p;—>—0, pr— 03
Pi= =0y Po—0 P3— =0, P20
dp()

dup(x) = ——
u
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0 01 0
vV _ 0 —_— = 6_ 0 -
$7 = —a, |(=90,31,00) +( % |(0,0,0,,0) +| _g, |(=92,35,0,0)
01 0 03
03
+ 502 (0,0,0,8,)
0

However, it is generally accepted to write for this field another equation, the Dirac equation,
which does not possess the invariance property anymore
SV —mhex) =0
And for the more general case, when the momentum components do not commute, we need to

write the equation

SV —KV—mhe(Xx) =0

0 O 0 O
0 O 0 O
K" (p) = [p1P1 —Pip1]  [P1Po—Dopi] 0 0
[poP1 — P1Po]l  [PoPo —Pope] O 0O
0 O 0 O
0 0 0 O
[psPs —P3p3]  [psP2—DPzp3] 0 0
[p2P5 —D3p2]  [P2P2 —Dzp2] 0 O
0 O 0 O
. o 0 O o 0 O
K= [6060 - 6060] [_6061 + 6160] 0 0
[—0100 + 004 ] 0,0, —0,0,] 0 0
0 0 0 O
0 O 0 O
+ [026—2 - 6—262] [—025_3 + 6—362] 0 0
[—050, + 0,05] [0;0; —030;] 0 0

Further we will consider the equation of motion for a free field
SY —mDex) =0
We again want to find the path integral

2G) = [ Dpw exp (i [ a*x(2(p() + (90 (0))

for which we need the Lagrangian, from which the Euler equation is derived equation of motion
(§" —mhex) =0
It is suggested to use the Lagrangian
1 TcV 1 T
£ =30®"S 900 — 3me() 9(x)

Let us substitute the Lagrangian into the Euler equation and obtain the equation of motion

o 0L o 8L 8L o 8L 8L _

"6(0)) " 160 U@ @) Se

1
557 @() + me(x) = 0
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Since the Lagrangian includes, along with the derivatives of d,, the derivatives of 9,, itislogical
to use a different definition of Euler's equation

P oL + oL +d oL + 5 oL +a oL + 5 oL +a oL L5 oL
"8 '8, 16D '8@) 8@ 680 6@ 8(0s)
5L _
6(,0_

Then for the free field case when the derivative operators commute with each other, we obtain

the equation of motion
SVex) + me(x) =0

If the derivative operators do not commute, additional terms will appear in the equation of
motion in the form of matrices similar to the KY matrix, and these additional terms will not
necessarily coincide with K. In this connection it is necessary to consider the Lagrangian as more
fundamental notion than the equation of motion and to derive the equation of motion from the
Lagrangian, i.e. to take as a basis not the derivation of the equation of motion in momentum space,
with what we started, but to take as an axiom the form of the Lagrangian in the form of field
derivatives in the relativistically invariant form. Then, if to follow the invariance principle quite
strictly, we should start from the product of two matrices, i.e. to use the Lagrangian

1
L=5 [@X)TSVSV(x) — m*@(x)T@(x)]

Or, not limited to fermions,

1
L=5 [@x)TSVSVp(x) — mmex)"@(x)]

Nevertheless, further we will search for the path integral in the simplest case with the originally
proposed Lagrangian and in addition assume commutativity of all derivative operators

2G) = [ Do exp (1 [ ¢4 506075 000 - M@0 +10 @ (0)])

After integration by parts, we presumably obtain

1
2) = [ Do exp (i [ d*x{~ S @TIs" + milw0d + (@)
Then it is necessary to find the solution of the equation

—(S8V + mID(x) = I6(x)

For this purpose, we pass to the momentum space by means of the integral transformation
d*p . S—
X)= | —— eL(p0x1—p1x0+p2x3—p3x2+(p,x))
@ (x) f ) ¢(p)

We get the equation
(s"(p) —mDD"(p) =1

with the decision
SV(p) + ml

D" (p) = P2 —mm

Indeed

($"(p) —mD(S¥(p) +ml) _ (P* —mm)l _
P2 —mm ~ PZ—imm =1
Here we use the equality, which is valid for an arbitrary complex spinor p
SV (p) —mD(SY(p) + mI) = P?I — (m —m)SV(p) — mml = (P? —m?)I
1
P, = EpTS#p

P?=p; - P/ —P; —Pj
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It is based on the correlation verified earlier in our work
— —\ _ p2 2 2 2
(p:p2 — Pop3)(P1Pz — PoP3) = Pj — Pj — P; — P;
it is also taken into account that we consider fermions whose mass is real.
As a result, the propagator has the form
d*p SV(p) + mI
(2m)* P?2 —mm

here we assume the validity of the relation

e i(pox;—P1X0+D2x3—D3%2+(PX))

6(x) :f d4p ei(Poxl—P1xo+sz3—p3x2+(pT))
(2m)*

In the case of a fermion, the mass in integration is a fixed real quantity, and it can be considered
negative for the electron and positive for the positron. Theoretically, the mass can be complex or
purely imaginary. If we put mass equal to zero, it may be possible to apply this Lagrangian to describe
massless particles. I wonder if there are particles with complex or purely imaginary mass. In the latter
case, the square of the mass will still be positive and the particle will satisfy the Klein-Gordon
equation. Such particles can interact among themselves, but not with particles whose mass is real.

Let's return to the question about the use of completely relativistically invariant Lagrangian

1
L= [@(x)TSVSV(x) — m*@(x)T@(x)]

Let's find the product of matrices

SY(p)S¥(p) =
0 0
0 p1 0, — —
1 (p1! Po, 0 O) + (0,0, Po» _pl) + D3 (p3' P2, 0,0)
Po b2

) (0,0,p2,—P3)
0

Bo
0\ 51,75,00) +| Pt | 0.0,p0 -0 + | .2 | @5.77,0,0)
pl 1 FOY 0 YU POy 1 p3 3 P2,Y,
Po 0 1%

P2
(I)) 0,0,p5,—p3) | =
0

0 Po
(p1p2 - %ﬁ) pOI (0,0, P2, _p3) + (p0p3 - p1p2) 0 (%' p_Zt O!O) +
Po 0
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0 a
(P3P0 — P2P1) ,g (0,0,p9, —p1) + (P2P1 — P3Po) _53 (P1,90,0,0) =
P> 0
0 Do 0
| 0 100,p,—-p) —m| Pt | @5,55,00 - | 2 | 0.0,p5—-p)
p; U, P2, 3 0 3»P2,Y D3 Y POy 1
Po 0 P>
a
+m _(1)93 (p1,Dg,0,0) =
0
0 Po 0
md| 0001, -p)—| 7Pt | 3555000 .9 | 0.0,p),—p))
pl '1p2' pS’ 0 p3'p21 ) p3 ,,Po, pI
Po 0 P>
a
+| 5 | 1P, 0,0)
0
= mS"" (p)

The assumption that the following equalities hold is used

P1P2 — PoP3 = P2P1 — P3P =M
P1P2 — DoP3 = P2P1 — P3P =M

m=m
Further we find the product of matrices
sY'(p)s*V(p) =
0 Po 0
) | 00,920 = P | 3,72,00) ~ | 5, | 00,0, —P))
pi R 0 PEer ps e
Po 0 p2

(p1! %' 0,0)

Po 0 (%)

—P3>
0 Po 0
0.0, )= 7P | 35.52,00) = [ 2 | 00,95 —p1)
147, P2, —DP3 0 P3, P2, Y, 3 U, Do, —P1
)(plr%:oyo)
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Po

0.0,p2=p3) + P3P0~ PaPD | 0 | 25,72, 0,0)

= (P2p1—P3P0) <p ;
0

P2
+(p0p3 p]p2) <p3> (0;0; Po» _pl) + (p2p1 - %%) _(2)93 (ﬁ' %; O!O)

0
0 0
=m0 10,00, -0 =0 00p)—-0)
p] ) 1p2ﬂ pj’ p3 ) lp()' p]
Po P>
a a
— I Z N e — I By 20 (g
+m 0 (pll pO' 0:0) 0 (p3f pZJ 010)
0 0
00 0 0 0 0
- m 0 0 0 0 [0 O
0 0 Pip> —PiP3 0 0 Pspo P3P1
0 O DPob> —DPob3 0 0 Db —DP2D0;
b2D1 P2b0 0 O Pob3 pob2 0 O
+md[ ~PsP1 —P3bo 0 0 —P1P3 pip2 0 O
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
00 0 0
—m 0 0 0 0
- 0 0 pip2— D3Py 0
0 0 0 —PoP3 + D2P;
P2P1 — PoP3 0 0 O
_ 0 —P3Po+Pipz 0 O
+om 0 0 0 0
0 0 0 0
mm 0 0 0
_[ 0 mm 0 0
0 O mm 0
0 0 0 mm

Again we use the equality
(102 — pop3) P1P2 — Pob3) = P; — P — P{ — P{ = P?
and consider that the mass of the fermion is real, i.e.
PiP2 — PoP3 = P1P2 — PoP3
(pip2 = Pop3)(P1p2 — Pop3) = (P1P2 — PoP3) (P1P2 — PoP3) = P

therefore, the relations are valid
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P2 0 0 0
44 Vv _[ 0 P2 0 0 |_ p
0 0 0 P2
S (p) —mD(SYV(p) + mI) = P2l —m?I = (P? — m?)I
(877 (p) —mD(S"(p) + mI) _
P2 —m?2 -
But the main advantage of the obtained matrix is the following
0 Po 0
SVV(p) = p(i (0;0;192' _p3) - _(2)91 (%;p_Z' O!O) - p(; (0,0, Pos _pl)
0 D>
< P | 71, 70,0,0) =
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 P> —DPiP3 0 0 DP3Pp —DP3P;
0 0 Dop> —DPob3 0 0 Do —D2P;
b2p1 p2b0 0 O PoP3 bop2 0 O
4| TPsP1 —P3Po 0 0}y _|(~—-pPip3 —Dpip2 0 O
0 0 0 0 0 0 0 0
0 O 0 0 0 o0 0 0
0 0 0 0 D2P1 — PoPs3 0 0 0
_ 0 0 0 0 N 0 —P3Po+PiP2 0 O
0 0 pip>—D3P0 0 0 0 0
0 0 0 —P0P3+p2191 0 0 0 0
m 0 0 O
_(0 m 0 O
0 0 m O
0 0 0 m

This matrix does not change at rotations and boosts, so it can be stated that the equation of
motion, e.g., in the form of

SVV

o oo 3

0 O
m 0
0 m
0 O

where
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0 3, 0
G _ _go (0,0,05,0,) — % (~35,3,0,0) — _gz (0,0,85,95)
0; 0 03
05
+ % (=9, 01,0,0)
0

is truly relativistically invariant, respectively we can use the invariant Lagrangian

1
L=5 [@X)TSV (%) — mpx)T@(x)]

to which corresponds the relativistically invariant propagator of the boson having a real mass, which
is negative for the electron and positive for the positron
DV (x) = d*p SVV(p)+ml
(2m)* P2 —m?
Let us compare the propagator in spinor space with the propagator of the fermion given in [9,
formula I1.2.22 and formula I1.5.18]

e i(poxl —p1x0+p2x3—p3x2+(p,x))

d*p e PX d*P y*B, +ml

_ —iPX
(2m)* y*B, —ml (2m)* P? —m?

D(X) =

In [9] this formula is obtained by applying the second quantization procedure or using
Grassmann integrals. The results are similar, but the integration here is performed in the vector
momentum space. The Dirac equation and the corresponding Lagrangian are not relativistically
invariant. Besides, here the mass is considered always real and positive, but then it is not clear how
electron and positron differ from the point of view of this formula.

Let us consider in detail the derivation of the expression for the fermion propagator in [9,
Sec. I1.2]. It is based on the assumption of relativistic invariance of the Dirac equation and
therefore the calculations are carried out in the rest frame, and then the result is extended to
an arbitrary frame of reference. Thus for the field spinor u the spinor u_ = uty? is defined
and it is asserted that the value of

0

0

0 0
1 0
0 1

SO -

uty'u = uf u

0
0 0 0 -1

is a Lorentz scalar. But it is not so, since in the spinor space the scalar is formed exclusively by the

scalar product of two spinors, where the metric tensor of the spinor space is included

0 1 0 O

+ _,+[—-1 0 0 0
uyyu=u 0 0 0o 1%

0 0 -1 0

there are no other ways to construct a scalar in the spinor space.

Nevertheless, this fact and the fact of non-invariance of the Dirac equation itself do not cancel
the value of the second quantization procedure and the final form of the fermion propagator, which
allows to make accurate predictions of the experimental results.

We hope that the proposed Lagrangian for the spinor coordinate space can find application in
the calculation of the path integral, but already in the spinor space. Whether such a calculation in
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spinor space has an advantage over the calculation of the path integral in vector space can be shown

by their real comparison.
By analogy with the propagator of a photon, more precisely of a massive vector meson, given in

[9, formula 1.5.3]
4 2
d*P —Nya + PVPA/m eiPX
(2m)* P?Z —m?
we can assume the propagator form in the spinor space without revealing for compactness the
expression of the momentum vector components through the momentum spinor components
d*p — B,Py/m? . o
D,;(x) = P ~Mat Bh/ i (Pox1=D1%)+P2x3-D3 X+ (PX))
(2m)* P2 —mm

Among other things, the equation

D, X) =

m 0 0 0
w_(0 m 0 O _
S 00 m o)|PX=0
0 0 0 m
can be modified to take into account the electromagnetic potential, the electron charge is taken as a
unit
Po—>01+ay p1—>—0g+a; p;—03+a, p3—>—0;+as
Po=0i+8 P00+ & P 0s+% P -0, +3;
0 i +ag
SV = —aoi a, | (00,05 +az,0; — as) - % ga_l (-9, + a3, 0; + @z, 0,0)
61 + ag 0
0
0
- _az + a3 (0,0, al + ao, ao - al)
03 +a,
0+ @
+( % ga_B (=3, + @y, 3; +ap,0,0)
0

and apply, in particular, to analyze the radiation spectrum of a hydrogen-like atom.
Let us formulate again the difference between the equations, the second of which is derived from

the Dirac equation with gamma matrices in the Weyl basis

m 0 0 0
(57 88 Jaco-o
0 0 0 m

(§¥ -mhex) =0
The difference is, the matrix S"V(p) (p) remains unchanged under any rotations and boosts
applied to the spinor p, while the matrix SV(p) (p) changes under any rotations and boosts.
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0 9, 0
0 — = EN 0 -
s' = _5, |(~90.81,0,0) + %o 0,0,01,00) +{ _g, |(~92,95,0,0)
al 0 a3
05
+1 92 |(0,0,05,8,)
0
0 9, 0
s =(_% )woa,0,) (% (—9,,05,0,0) — 9 )w00,0,0,)
_60 v, U3, Us 0 2,U3, Y, _62 U, U1,V
01 0 a3
s
+ %z (=3, 05, 0,0)
0

Equally radically different are the corresponding Lagrangians and propagators.
By analogy with [9, Chapter I1.2] we will carry out the procedure of second quantization of

the fermion field. Let us write the equation
m
SVV

0 0 O
0 m 0 O

“{o o m of]|e®=0

0 0 0 m

in the momentum space, for which we apply the integral transformation

d*p .
X) = el (PoX=P1X0+P2X3-P3%2)
00 = [ L2 o)
Let's substitute the wave function into the equation and obtain
m 0 0 O

vV |0 m

@ o o

0 0

0
m
0
0 Po 0
SVV(p) = p(i (0,0, P2, _p3) - _(2)91 (%' p_Z' O!O) - p(; (0,0, Po, _pl)
0

Po p2
a
P35 ) (57,55, 0,0
+ 0 (p1; Po, Y, )
0
Let us define two sets of four reference spinors
0 Po 0 P2
_(0 _| P _[0 _| ~Ps
ul = P u2 = 0 u3 = ;3 u4 = 0
Po 0 p: 0
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p: 0 ps 0
_ | Po _| O _ [ b2 | O
vl = 0 V2 = P_o_ v3 = 0 v4 = P_z_
0 —P1 0 —P3
vi=yful v2=y u2 v3i=yfud v4=ylus
where
0 0 1 0
v_(0 0 0 1
Yo=11 0 0 0
0 1 0 O
And let's express the matrix through them
0 Po 0
SV = p | 00pr—p) = | TP | @200~ ) | 00,0 —p)
pl NN )] 3 0 P2Y, p3 YW Yoy 1
Po 0 p>
a
+| 5 ) 1P, 0,0)
0

= ul(p)v4*(p) —u2(p)v3*(p) — u3(p)v2*(p) + u4(p)vi*(p)
Developing the idea of invariance, we pass to the set of reference spinors with wider filling, but
continuing to form matrices possessing the invariance property

] P2 —DPi Po
—P: —P3 —Po ud = —P1

ul={ p | uz=| p;° | W= p, P2
Po —P1 |) —DP3
p; Po D3 D2
_ [ Po _| P _ | P2 _| ~Pp3
Vi=\p;| V2={-p,| V3=|p, | V4={-p,
P2 P3 Po p;
Let's express through the reference spinors the matrix
—DPs3 —P1
SRp) = | P2 | o, —pups—p5) = | L | @2 =13, 10 —P1)
pl 0 1 M2 3 p3 2 3P0 1
Po P>
P D3
p p
+{ 3 | ®@2—P5 =P p) = | ;| o, —P1,—P2,P3)
D2 Po
= ul(p)u4’(p) — u3(p)u2’(p) + vi(p)v4’ (p) — v3(p)v2’(p)
—D3 —D;
st = | 77 | @o,—pup2—p) = | F° | 2 —par 90 —p1)
1 Po, —P1, P2, —P3 3 P2, —P3, P, —Pi
Do [)
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(Y] ps3
+ gg (2, =3, =PoP1) — ’,Zf (Po, =Py, —P2P3)
D2 Po
—Db3Po DP3P1 —DP3P2 DP3P3 —P/P2 PiP3 —P1iPo PiP;
—Db2Po DP2P1 —DP2P2 DP2P3 —PoP2  PoP3 —PoPo PoP1

P;Po —DPP; DP;P2 —DiP3 p3P2  —P3P3 DP3Po P3P
PoPo —DPoP: DPoP> —DPoP3 D202 —D2P3 P2Po —DP2P;

pip> —PiP3 —PiPo PibPi D3Do —D3P;  —DP3P2 DP3P3

n boP> —PoP3 —PoPo DPoP1 ) _ | P2Po —P2P1 —P2P2 DP2P3
bsp2  —P3P3 —P3Po DP3Pi PiPo —P1P1 —P1Pz2 PiDP3

D2P2 —DP2P3 —DP2Po DP2P; PoPo —DPoP1 —PoP2 PoP3

—P30p + PIP2 0 00
— 0 p2P1 — PoP3 0 O
0 0 piP2 — D3Py 0
0 0 0 —PoP3 + P2D;
PP — P3P 0 0 0
+ 0 —pop3 + P2p; 0 0
00 —D3Pp+D1P2 0
0 0 0 PoP1 — PoP3
m+m 0 0 0
_ 0 m+m 0 0
o 0 0 m+m 0
0 0 0 m+m
and matrix
Po P2
Sz = 21 (=3 =22 pup0) = | 22 | (=P1 =023 12)
R pz 3 2> FP1y PO po I 0 V3, P2
—P3 —P1
P2 Po
+| 252 )| @10 psp2) = | ZpL | @302 P2, 10)
P P3
= u4(p)ul’(p) — u2(p)ud’(p) + v4(p)vi’(p) — v2(p)v3’ (p)
Po |%)
Se®) = P | (=5 =22 p0) — | 22 | (~p1 =20 P2 12)
R Do 3 2 M1 FO Do I 0 P32
—DP3 —DP1
P2 Po
+ D) @ popsp) = Zp! | @ap2P110) =
P P3
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—DPoP3 —PoP2 DPoP1 PoPo —P2P;1 —DP200 DP2P3 P2D2
P1Ps p1b>  —P1P1 —P1Po | _ | P3P P3Po  —P3P3 —P3D2
—b2P3 —DP2P2 P2P1 P2Do —PoP1 —PoPo  PobP3 PoD>
p3D3 psp>  —P3P1 —P3Po pP1D; P1Po  —P1P3 —P1Db2
pop; P2Do P2D3 P22 PoP3 PoD2 PoP1 PoPo
n —P3P1 —P3Po ~—P3P3 —P3P2\_ [ —P/P3 —P/P2 —PiP1  —PiDPo
—PoP1 —PoPo —PoP3 ~—DPoP: —P2P3  —DP2P2 —DP201 —DP2DPo
P1P1 P1Po P1DP3 P1Db; P3P3 P3D2 P3P1 P3Po
—PoP3 + D2P; 0 0 0
_ 0 P12 — P3Py 0 0
0 0 D2P; — Pob3 0
0 0 0 —D3Po + DD
P20 — PoP3 0 0 0
+ 0 —P3Po + PP 00
00 —Dobs + D2P; 0
0 0 0 P1P2 — P3Po
m+m 0 0 0
_ 0 m+m 0 0
0 0 m+m 0
0 0 0 m+m
here
m = PPz — Pob3

Let us decompose the fermion field into plane waves with operator coefficients
d*p
[ d[ (p)ul (p) + le (p)UB (p) + le (p)uz_(p) + bl (p)lﬂ(p) ei(poxl—p1x0+p2x3—p3x2+(p—,)5)
+d,(p)v1(p) + id;(p)v3(p) + ib3(p)v2(p) + bs(p)v4(p)

[bi‘(p)u_l_(p) + ib;(p)u3(p) + id; (P)u2(p) + di(PIUA(P) | _i(por,—pyxypars—psxs+ )
+b;(p)v1(p) + ib3(p)v3(p) + id3(p)v2(p) + di(p)v4(p)

Let's impose the anticommutation conditions on the operator coefficients
bi(p)bi(p’) + bi(PpHb(p) =6(p —p") bi(P)b;(p) + b (P)bi(p") =6(p" — p)
d;(p)di(p") +di(p)d.(p) =6 —p') di(p)d;(p") +d,(pHdi(p) =6(p' — p)
d,(p)d;(p") + d5(p)d.(p) =6(p—p") dz:(P)d>(p") + d,(p)d3(p) =6(p' — p)
b,(P)b;(p") + b3(p")b,(p) = 5(p —p') b3(P)b,(p") + b (p)b3(p) = 5(p" — p)
d;(p)ds;(p") + d3(p)ds;(p) = 6(p—p") d3(p)d;(p") + ds(p)d3(p) =6(p —p")
bs(p)b3(p") + b3(p')bs(p) = 6(p —p') b3(P)bs(p") + bs(p)b3(p) = 5(p" — p)
b,(P)bs(p") + bi(p")bs(p) = 6(p —p') bi(P)by(p") + ba(p)bi(p) = 5(p" — p)
ds(p)d3(p") + d3(p)ds(p) =6(p—p") di(p)d,(p") + ds(p)di(p) =6(p' — p)

We consider the rest anticommutators to be equal to zero. Then we can write the expression for
the anticommutator of the field

{0, 9;x)} = (X ;(x) + ¢;(xNe;(x) = ((P(X)(PT(X') + (‘P(X')‘PT(X))T)U

e Q" (x) + ()" (X)) =
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d4p d4- ’
|| Gy
[dz(P)lﬂ(P) + id,(p)u3(p) + ib,(p)u2(p) + b;(p)u4(p)
+d,(p)vi(p) + id3(p)v3(p) + ib3(p)v2(p) + b, (p)v4(p)
[bi (p)Hul*(p") + ib;(p"Hu3*(p’) + id;(p")u2’ (p’) + di(p")ua’ (p") l
+bi(p)v1*t(p") + ibz(p"Iv3*(p") + id;(p")v2' (p') + di(p')v4T (p")
el (Pox1=P1x0+P2x3-D3x:+(PX)) o =i(00' /"~ X"+ x5" —p3" %2 +(p"X))

+

ldz (pHul(p") + id,(pHu3(p’) + ib,(pHu2(p’) + bl(p’)ﬁ(p’)l '
+d,(p)v1(p’) + id3(p")v3(p’) + ib3(p"IvZ(p") + by(p")v4(p")
[ bi(p)ul*(p) + ib;(p)u3*(p) + id;(p)u2’ (p) + d;(p)u4’ (p)
k +d;(p)v1*(p) + id;(p)v3*(p) + id3(p)v2T (p) + d3(p)v4” (p) )
el(po'x1" =01 % +02 25" —p3' 2"+ ("XN) o ~i(Pox 1 =P1X0+P2X3-P3 %2+ (PX))
+
[b’{ (p)ul(p) + ib;(p)u3d(p) + id;(p)u2(p) + di(p)u4(p) l
+b;(p)vi(p) + ib3(p)v3(p) + id;(p)v2(p) + d3(p)v4(p)
[dz(p’)ulT(p’) + id,(p")u3”(p’) + ib,(p)u2*(p’) + by (pus* (p’ l
+d,(p)v1T(p') + id;(p)v3T (p') + ibs(pI)v2* (p) + by(p"Iv4* (p')

et (Pox1=P1X0+D2x3-p322+ (X)) o (0" %1~ 1 x0" +D2 23" 3" x5 +(p" X))
_|_
N1e1 ! 27 % IN7<D I T ! I * I I T
lbi‘(p Jul(p’) + ibz(pu3(p’) + idz(p)uz(p’) + di(pHud(p l
+by(p")vL(p’) + ib3(p")v3(p') + id3(p')v2(p’) + di(p’)v4(p’)
[dz(p)ulT(p) + id,(p)u3”(p) + ib,(p)u2*(p) + b, (p)us* (p)
+d,(p)v1T(p) + idz(p)v3T(p) + ibs(p)v2*(p) + b.(p)v4* (p)

e~ i(Po"x) =p1" % +D2"x3"—p5" %" + (7 X)) g i(Pox D1 X0 +P2x3- D322+ (DY)

4, (p)di (UL (p)ud™ (p') + d, (p')di () (u(p)ud”(p))

—d, () (U3 (PIUZT(P') — d; ()5 (P) (u3 (P27 () +
d*p d*p’ o (PoX1=P1X0+D2x3-D3x2+ (X)) o —i(p0' X,  —p1 %0 +D2" x3" =3 %2 +(p X))
ﬂ n)* 2n)* +

by (p)b; (P ud(P)ul*(p) + by (p'bi(p)) (ud(p")ul*(p))’
—b,(P)b3(PHUZ(P)u3*(p') — b, (p")b;(P)(WZ(Pu3*(p)) + -

eio'x/" =i % +p2 3" —p3" 2"+ (0" X)) g —i(Pox 1 ~P1 X0 +P2 X5 D322+ (PX))
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\ bi(p)by(p ) ul(p)ud*(p’) + bi(p")b, (p)(ﬁ(p’)wﬁ(p))T
—b3(p)b, (P (p)uz*(p’) — b3(p")b,(p)(U3(p")u2*(p))’ +-

e~ i(Pox1=D1x0+D2x3-D3x:+(BX) o i(00' X1~/ X0 +02 25" —p3" %"+ (p" X))
|| G '
2 4 2 4 [ T
COM D[ ), (@t (o) + i (3 () (0 (" ()
T
|—d;(p)d (pu2(Pu3” (p') — d3(p)d, (p) (u2(P)u3"(p)) +

e~ (00" x1" =01 9" +p2 25" —p3" %"+ (07 XN) g 1 (Pox 1 ~P1 X0 +P2 X5~ P3 X2+ (X))
d;(p)di(pHul(p)us’(p’) +d, (p’)dl(p)(u‘l(p)ulT(p’))

|—d, (p)d; (p)u3(p)u2” (p') — dy(p)d;(p) (u2(PIus’(p")) +

d*p d*p’ el (Pox1=D1x0+P2x3-P3x:+(0X)) o ~i(00' 1"~ X0 +02 x3" —p3" %" +(p" X))

ﬂ (2m)* (2m)* +

[ by(p)bi(p)ud(p)ul*(p’) + by(p'bi(p))(ul(p)us*(p"))

|—b, (p)b; (pHu2(p)u3* (p') — by(p")b;(p) (u3(p)u2*(p")) + -
ei(Po"x1" =) %0 +02 23" ~p3 %," + (7 XN) o~ i(PoX 1 ~P1X0+P2X3-P3 %2+ (P.X))

bi(p)by(p"ul(p)us*(p") + b;(p")b, (p)(u4(p)u1+(p’))
—b;3(p)b,(pu3(p)uz*(p") — b3(p")b, (p)(ﬁ(p)u3+(p’)) +-

o —i(PoX1=P1X0+D2x3-D3x2+ (X)) o i(p0' X, —p1 %0 +D2" x3" =5 %2 +(p" X))

d4p d4 / +
I Gy d;(P)d; () ud(p)ul” (p') + d; (p)d, (p) (w1 (p)ud” (")
—d;(p)d (p)u2(p)u3” (p") - d3(p")dz(p) (u3(PIu2’(p")) +

e —i(po"x1" =) % +02 x3" =03 %"+ (0"XN)  i(Dox 1 =P1X0+P2X3-P3 %2+ (PX))
ul(p)us’(p) +-

—u3(p)u2’(p) + l

d4p ei(po(xl—xl’)—pl(xo—xo’)wz(x3—x3’)—p3(xz—x2’)+m)
= | = +

@ WPl (p) + - |
[—u2(p)u3*(p) + -
_e—i(po(x1—x1’)—P1(x0—x0')+P2(x3—x3’)—193(x2—x2’)+m)_
[ ul(p)ud*(p) + - | ]
—u3(p)u2*(p) + -]
e—i(po(x1—xl')—pl(xo—xo')+p2(x3—x3')—p3(xz—xz’)+(p,x——x’))
+
[ u4(p)ul’(p) + -
|—u2(p)u3d’(p) + -
B ei(po(xl—xl’)—pl(xo—xo')+p2(x3—x3')—p3(xz—xz')+m) i

a'p
2n)*
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ul(p)usa’(p) —u3d(p)u2’(p) + -+
lu4(p)u1T(p) —u2(p)u3’(p) + - +l
d4p ei(po(x1—xl’)—pl(xo—xo’)+p2(x3—x3’)—p3(x2—x2’)+(p,x——x’))
—_— +
(2m)? wi(p)ul* (p) — uZ(p)u3*(p) + -+
[ﬁ(p)ull+ (p) —u3(p)u2*(p) + - +l
_e—i(po(xl—xl')—pl(xg—xo')ﬂ)z(x3—x3’)—p3(x2—x2’)+m)_
'lul(p)uﬂ(p) —u3(p)u2’(p) + vi(p)v4’ (p) — v3(p)v2’(p) +|]
u4(p)ul’(p) — u2(p)us’(p) + v4(p)vi’ (p) — v2(p)v3'(p)
d4p ei(po(xl—xl’)—pl(xo—xo’)+p2(x3—x3’)—p3(x2—x2’)+(p,x——x’))

(2m)* — T _
u4(p)ul®(p) —u2(p)ud™(p) + v4(p)vi*(p) — v2(p)v3*(p) +
ul(p)u4*(p) —u3(p)u2*(p) + vi(p)v4*(p) — v3(p)v2*(p)
e—i(po(xl—xl')—pl(xo—xo')+p2(x3—x3')—p3(x2—x2’)+m)

= f ((2142)?4 (SR(p) + SR(p))e(i(po(XI_XJ’)—p1(x0—xO’)+p2(x3_x3/)_p3(x2_x2,)+m)) s
T

R P )
T

. m 0 0 0

(d 1)944 % Ton 0 % e(i(po(xj—xj’)—pl(x()—xo’)+p2(x3—x3’)—p3(x2—x2’)+(p,x—x’)))+
2n m

0 0 0 m

. m 0 0 0
AP [0 M 0 0 ~(ilpolei=xs")ps(romso" v (rs=x3")=ps (2= )+ px—x")

ot \0 0 m 0

0 0 0 m

=4mIs(x' —x) + 4mIs(x — x')
We will consider this relation as a proof of the anti-symmetry of the fermion wave function
under the stipulated anticommutation relations.
It is important that all the above deductions are valid in any frame of reference, while the proof
of anticommutativity of the fermion field in [9] is carried out for the rest frame.
Let us calculate the total energy of the fermion field

E=%=fwmw@ww@)

J d4 JJ d4p d4 !
(2m)* 2m)*
r [di(p’)"ﬁ("') — id3(p")u3* (p') — ib3(p")u2” (p") + bi (p")ud” (p’
+d;(pHv1*(p") — id;(p")v3*(p') — ib3(p"Iv2" (p') + bi(p")v4" (p’
b,(p"Hul’(p") — ib,(pHu3” (p") — id,(pHu2*(p") + d,(p"Hud* (p'
+b,(p)V1T(p’) — ibs(p")V3T(p") — id;(p")v2* (p) + d.(p")v4A* (p’

)] o —i(Pbx 1P xo+Phxs s+ ') |

] ¢ i(Pbx 1P x0+Psxs—hrs+ (7 X))
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r [dl(p)U]-T(p) + idz (p)U3T(P) + ibz (p)“2+(p) + bl (p)U4’+(p) ] ei(p0x1—p1x0+pZX3—p3x2+(pT)) ]

| +d,(p)v1”(p) + id3(p)v3” (p) + ib3(p)v2*(p) + by(p)v4* (p) I

[ [bi‘ (p)ul*(p) + ib;(p)u3d*(p) + id;(p)u2’(p) + di(p)ua’ (p) e_i(,,ox]_plx(ﬁpzxj_psxﬁ@)J
+b;(p)v1*(p) + ib3(p)v3*(p) + id;(p)va(p) +d;(p)v4" (p)

= [t ﬂ @)’ ((Zr)l‘*

[ [di(p’)uﬁ(p’) — id;(p")u3*(p') — ib;(p"Hu2”(p’) + bi(p")ud" (p’ ] 1
+d;(p)v1*(p") —id;(p")v3*(p") — ib3(p")v2" (p) + by (p')v4" (p")
ldz(p)ul(p) +id,(p)u3(p) + ib,(p)u2(p) + by (p)u4(p)
+d,(p)v1(p) + id3(p)v3(p) + ib3(p)v2(p) + b,(p)v4(p)
e—i(P(’)xl—Pixo+P£x3—P§x2+(P’—,X))ei(poxJ—P1x0+P2x3—P3x2+(P7))

[ b;(pHul(p") — ib,(p"Hu3"(p") — id,(pHu2*(p’) + d,(pHus*(p’ ]

+b,(p" V1" (p') — ibs(p")V3" (p') — id3(p")v2*(p') + ds(p")v4* (p")
[ b; (p)ul(p) + ib;(p)u3(p) + id;(p)u2(p) + d;i(p)u4(p)
+b3(p)vi(p) + ib3(p)v3(p) + id3(p)v2(p) + d3(p)v4(p)

o i(Pox1=P1X0+P2X3-P322+(p' X)) o =i (PoX 1 ~P1X0+P2X3-D3x2+(PX)

fj- d4p d4 !

2m* 2m)*

[ [ di(pul*(p’) —id;(pHu3*(p") — ib;(p)u2’ (p') + bi (p"u4’ (p’ ] ]
+d;(p")v1*(p") —idz(p")v3*(p") — ib3(p")v2"(p) + by(p")v4" (p")
Idz(p)ul(p) + id,(p)u3(p) + ib,(p)u2(p) + b, (p)u4(p)
+d,(p)vi(p) + id3(p)v3(p) + ib3(p)v2(p) + by(p)v4(p)
5(p'—p)

[ b;(p)ul’(p") — ib,(p")u3d” (p') — id,(p")u2*(p") + d;(p")ud* (p’ ]
+b,(p")v1" (p') — ibs(p")V3" (p') — id3(p")v2*(p') + ds(p')v4* (p")
[ bi(p)ul(p) + ib;(p)u3(p) + id;(p)u2(p) + d; (p)u4(p)
+b3(p)vi(p) + ib3(p)v3(p) + id3(p)v2(p) + d3(p)v4(p)

§(p—-p")

[ di(p)d,;(p)ul*(p)ul(p) + d;(p)di(p)us™ (p)u4(p)
+b;(p)bi (p)ul” (p)ul(p) + b;(p)b, (p)u4’ (p)u4(p)
+b,(p)b;(p)u3’ (p)ud(p) + b;(p)b,(p)u2’ (p)u2(p)

_ f _d'p |+d;(p)d,(p)u3” (p)ud(p) + d,(p)d;(p)u2* (p)u2(p)

2m)* | +d3(p)d,(p)v1* (p)vi(p) + ds(p)d;(p)v4a* (p)v4(p)
+b,(p)b;(p)v1T (p)vi(p) + b;(p)bs(p)v4’ (p)v4(p)
+b3(p)b3(p)v3” (p)v3(p) + b3(p)bs(p)v2' (p)v2(p)

| +d3(p)ds(p)v3* (p)v3(p) + d3(p)d3(p)v2* (p)v2(p).

b;(p)bi(p) + bi(p)b;(p) + di(p)d.(p) + d1(p)di(pP)

_ f 'y ()| T2 @ID3(P) + 3 (@)b () + d3(p)d; (P) + 2 (P)d5 (p)

(2m)* O [+b,(p)bi(p) + bi(P)bs(p) + d;(p)d.(p) + du(p)d;(p)
+b3(p)b3(p) + b3(P)bs(p) + d3(p)ds(p) + ds(p)d;(p)

[ d*p B d*p
= SIW eo(p)8(0) = 8fd4xf L eo(p)

here
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eo(P) = PoPo + PiP1 + P2D2 + D33
Each summand in brackets represents the operator of the number of particles with a certain
reference spinor. The operator's action consists of consecutive application of the annihilation operator
and the operator of the creation of a particle. On initial examination, it would appear that the energy
associated with zero-point fluctuations in the vacuum has been overlooked. However, an
examination of the final expression reveals that the field always possesses a constant energy,
regardless of the particles that contribute to it. This constant energy of the field can be interpreted as
the energy of zero-point fluctuations of the vacuum.
The following relations were taken into account in the derivation

by (p)bi(p) + bi(P)b.(p) = 6(0) bi(p")b;(p) + b (P)bi(p) = 5(0)

d,(p)di(p) + di(p)d,(p) = 6(0) di(p)d,;(p) + d,(p)di(p) = 5(0)
d,(p)d;(p) +d3(p)d,(p) = 6(0) d;(p)d.(p) + d(p)d5(p) = 6(0)
b,(p)b3(p) + b3(p)b,(p) = 6(0) b3(p)b,(p) + b (P)b3(p) = 5(0)

d;(p)ds;(p) +d3(p)ds;(p) = 6(0) d3(p)d;(p) + ds(p)d;(p) = 5(0)
b;(p)b3(p) + b3(p)b3(p) = 6(0) b3(p)bs;(p) + bs(P)b3(p) = 5(0)

b,(p)bz(p) + bi(p)bs(p) = 6(0) bi(p)b,(p) + bs(p)bz(p) = 5(0)

ds(p)di(p) + di(p)ds(p) = 6(0) di(p)dy(p) + du(p)di(p) = 5(0)

5(0) = f d*x

Let us perform a series of transformations analogous to those presented by Dirac in [10, Lecture
11]

1
Po= [ dx 97 05,000 = 5. | d*x 9" GOS[S 90

4
= if d*x @*(x)S, U (Czi 1)94 SR(p)(p(p)ei(poxz—p1x0+pzx3—p3xz+(p,x))l
T

Zm (27-[)4- lj (2 )4([) (X)S eL(poxl_p1x0+p2x3_p3XZ+@T))l SR(P)(P(p)

=om (ZW ' SIS D@ = [ 50 @' ©)5,00) = [ 50 ¢ Dom)

= j (2n)4 95 (P)Po(P) + 91 (P)91(P) + 93 (P)92(P) + 93 (P)93(P)]

Following Dirac's argument in [10], the value of

d4
Py=H = f # (o5 P @o(P) + 01 (P91 (P) + @3 (P) @2 (P) + ¢3 (P)@s(P)]

can be treated as either a Hamiltonian or a total energy operator, with ¢,f(p) representing the
creation operator and ¢,(p) representing the annihilation operator.

In [10] the quantization procedure includes the use of one definite Lorentzian reference frame,
i.e. it is not invariant. In our case all deductions are valid in any reference frame in the spinor space,
and it means invariance to change of reference frames in the Minkowski space also.

The following relations are used in the transformations

SRp(x) = 2me(x)

1
ox) = %S%(X)

4
(p(x) = j-(clep;zL (p(p)ei(Poxl—P1x0+P2x3—P3x2+@)
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(p(p) = fd4x’ (p(x’)e—i(poxi—P1x(’)+pzxé—p3x£+(ﬂx'))

5(p) =Jd4x’ e—i(pox{—mx(’)+szQ—p3x£+(p,X’))

6(%) :f d4'p ei(poxj—p1x0+pZX3—p3x2+(p7))
(2m)*

ot(p) = fd‘*x (p"‘(X)ei(Poxl—P1x()+sz3—P3x2+m)

SR(p) (p(p)ei(poxl—p1xo+pzx3—p3x2+®)

_ (4%
SRe(x) —f(2n)4

SR(p) = 2mI
9, 3,

—d —0
_az (611 601 631 a2) - _a:

9, 0
—0o —0,
d 0
—612 (63, 62' _61; _aO) - _;0
03 04

SR = (03, 0,,0,,0,)

+ (01,00, —03,—0)

—Ps3 —Pi
SF(p) = pzl)z (Do, =P1, 02, —P3) — pT;O (2, D3, Po, —P1)
Po p2

Pi P3

p p
+{ 3 | @2 =5 =P p) = | ;| o, —P1,—P2,P3)

D2 Po

The chain of reasoning can be organized in a slightly different way as well
Po= [a'r 0t 5000 = 5= [ dx st @01 [s" 0G0

+

ii dll-x J d4p’ SR(p’)(p(p’)ei(p6x1_p2,lx0+p£x3_péx2+(pllx))
2m?2m (2m)*

4
[f (Czi 1))4 DD(D)‘P(p)ei(poxz—p1x0+pzx3—p3x2+m)l
T

11

d4p, " o / / / TN
- 4 — = SR(p’ ’ —i(pyx;—p1X0+Dsx3—D5x2+(p' X))
21 2m x U (2m)* PO (p )l ¢ o

4
U (;l 1)94 SR(p)tp(p)lei(PoxI-Plxowzxrpsxﬁm)
T

d4 ! R , , + d4p . ,
= 5= om U 2m)° S*(PHe(p )l U ) S (p)(p(p)lé'(p -p)
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1 1 d4- 1
~ 2m2m) (2n)* j(z ) [S*PHe®@)]*[S* (P e@]s(p' — p)
11 (dp .
_Zm Zm (2 )4[ Pe®@]*[S*(P)e(P)]
2m2m f 2yt @@ IS" @IS (P)e(p)]
2m2m (2734 @@ [SF®]' [S* (D) (p)

Zmme A [2Gp2 = pp0)1] 20102 — P390 10(D)

d* _
~Emm (2,:))4 e(P)* (p;p> — v3P) 102 — P3PY) @ (P)
11 at
T mm (znl))‘r(PO —P; - P) o(p)" o(p)
d4
= f (an)jw(p)*(p(p)

Here it is taken into account that
S*(p) = 2(psp2 = pspo)l
(P1P2 — PoP3) (P1p2 — Pop3) = P¢ — P{ — P} — P§ = mm =
= (SoPo = S1P1 = $2P; = S3P3)(SoPo + S1Py + S,P; + S3P3)
Let us draw an analogy between our approach and the relations given in [11, Volume 1, Chapter
3, Section 3.3.1]. There it is noted that the creation and annihilation operators of the fermionic field
must satisfy such commutation relations that the equality expressing translational invariance is
satisfied

PX +A) = eP'A @(X)e A

which in differential form is written as
0u@(X) = iRy, @(X)]

The coordinates here are the components of the Minkowski vector space. On the basis of these
relations the anticommutation relations between the creation and annihilation operators are derived.

At substantiation of the Schrodinger equation we have to assume that the zero component of
momentum, i.e. energy, commutes with the rest of the momentum components, which allows us to
represent the exponent of the sum as a product of exponents.

el(PoXo=P X =P>X,=P3X3) — oi(PoX9) p=i(PX +P2X,+P;5X5)
and consider time and energy separately from spatial coordinates and momenta. In this case it is
possible to independently perform translation in time and space.
@(X + A) = ei(Podn) o=i(P1AI+P2A+P343) (o(X) e~ 1(PoAD) oi(P1A +P2Ar+P3A3)

= e~ l(P1A[+P2A2+P3A3) [ei(Pvo) eX)e —i(Pvo)] el(P1A[+P2A2+P3A3)

The same assumption is used in the interaction picture, and also in the method of integration
along trajectories, when the evolution on a finite time interval is divided into infinitesimal time
intervals. This separation of the time coordinate has no good reason; following the logic of the
method, one should make infinitesimal increments on all four coordinates at once and study the

behavior of the entire initial exponent as a whole
el(PoXo—=P X =P2X,—P3X3)
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In this case, as in the usual integration over trajectories, one must involve the equation of motion,
to some degree approximated to reality, to account for the relationships between the components of
the momentum operator.

In the spinor coordinate space, we can express the translational invariance of the field operator
by the relations

@(x + a) = ei(Poai=P1a0+P20;-P30:+(0)) 9 (x)e~i(Poar~P1astP2a5-P3as+(p.2)

0o@(x) = i[~p1, @] 9:0(X) = i[po, (X))
0,@(x) = i[=p3, @(X)] 9;0(X) = i[p2, @(X)]
[P, x%0] =1 [po,x1] = —i
[p3,x2] =0 [p2,x3] = —i

It is interesting to find out in what relation these translational operators are—one operator acts
in vector space, the other in spinor space. In both cases the following interpretation can be given.
Suppose we know the result of an operator acting on an arbitrary state at a point in space 1, and we
want to know the result of its action on a state at point 2. Then we translate the state from point 2 to
point 1, act on it by the operator, and transfer the obtained result back to point 2.

Both operators act on the same state, but in one case the state is labeled by spinor coordinates
and in the other by vector coordinates. The translation mechanism of the operators is essentially the
same, but it is not possible to replace the action of one translation operator by some combination of
actions of the other. Because of this, the question arises as to which of these operators better describes
nature. Our point of view is that the translation operator in spinor space is primary, and the operator
in vector space just successfully copies it, without being exact, but being some approximation. It
attracted the attention of physicists first because vector space is more accessible for investigation.
When integrating over a four-dimensional vector space in some cases there is a divergence, then use
renormalization. When integrating over four-dimensional spinor space, the differential element has
two orders of magnitude of the vector momentum component smaller, while the denominator in the
integrand remains of the same order as when integrating over vector space. This difference possibly
affects the convergence.

Let us calculate the total mass of the fermion field

M= [ a7 000 =

d4p d4— !
f d'x ﬂ (2m)* (2m)*

[dz (PHul™(p") + id,(pHu3’(p") + ib,(pHu2*(p’) + b, (pHud* (p’ l
+d,(p)v1T(p") + id3(p")v3"(p’) + ibs(p)v2* (p') + bs(p"IV4* (p')
lbi‘ (p)ul(p) + ib;(p)ud(p) + id;(p)u2(p) + di(p)u4(p) ]
+b;(p)vi(p) + ib3(p)v3(p) + id;(p)v2(p) + d3(p)v4(p)

ei(p(’)xj—Pixo+1’éx3—Péxz‘l‘(P',X))e—i(poxl—P1x0+P2x3—P3x2+(P7))
f d4 Jf d4p d4 !
(2m)* 2m)*
[bI(P')UlJr(p') +ib;(pHu3*(p") + id;(pHu2’ (p") + di(p")ud’ (p") l

+bs(p"Iv1*(p’) + ib3(p")v3*(p') + id; (p’)_vZT(p’) +di(p’ 4T (p")
[dJ(p)ul(p) + id,(p)u3(p) + ib,(p)u2(p) + b;(p)u4(p)

+d,(p)v1(p) + id3(p)v3(p) + ib;(p)v2(p) + bs(p)v4(p)

e~ 1 (P0x1=P1X0+P2x3-D3X2+(p'X)) o i(PoX 1= P1X0+D2X3-D3X2+(PX))
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d4-p d4- !
- || e
ldz (pHul’(p’) + id,(p )ud”(p’) + ib,(pHu2*(p") + b, (p"u4*(p’ l
+d,(p)v1T(p") + id3(p"Iv3T(p’) + ibs(p)v2* (p') + by(p"IV4* (p')
[b’{ (p)ul(p) + ib;(p)u3d(p) + id;(p)u2(p) + di(p)u4(p) l
+b;(p)vi(p) + ib3(p)v3(p) + id;(p)v2(p) + d3(p)v4(p)
5(p—-p")
d*p d*p’
+ || Gy
[bi‘ (pHul*(p") + ib;(pHu3d*(p") + id;(pHu2’(p") + di(p")ud’ (p") l
+b3(pv1*(p") + ib3(p)v3*(p') + id3(p)v2T (p") + di(p)v4" (p')
[dz(p)ul(p) + id,(p)u3(p) + ib,(p)u2(p) + b, (p)ud(p)
+d,(p)vi(p) + id3(p)v3(p) + ib;(p)v2(p) + bs(p)v4(p)
5(p'—p)
" d;(p)d; (p)ul” (p)ud(p) + by (p)b; (p)ud* (p)ul(p)
_ [ 4% |~d,(p)d;(p)u3” (p)u2(p) — b,(p)b3(pIuz* (p)u3(p)
(2m)*| +d,(p)d;(p)v1T (p)v4(p) + by (p)bi(p)v4* (p)vi(p)
| —d3(p)d;(p)v3T (p)v2(p) — b3(p)b3(p)v2* (p)v3(p)
[ bi(p) by (p)ul*(p)ud(p) + di(p)d,;(p)ud’ (p)ul(p)
_d'p | =b3(p)by(p)u3* (p)u2(p) — d;(p)d,(p)u2(p)u3(p)
(2m)* | +b;(P)bs(p)v1* (p)v4(p) + d;(p)d,(p)v4T (p)vi(p)
|—b3(p)b3(p)v3* (p)v2(p) — d3(p)ds(p)v2T (p)v3(p)
d;(p)di(p) + by (p)bi(p) + d,s(p)di(p) + bs(p)bi(p)
d*p _
= f(ZT)“ (m+m) \

+b,(p)b;(p) + dx(p)d;(p) + d3(p)d3(p) + b3 (p)b3(p)
+b1(p) b1 (p) + di(p)d;(p) + bz(p)b,(p) + di(p)ds(p)
+b;(p)b(p) + d3(p)d,(p) + b3(p)bs;(p) + d3(p)ds(p)

4 4
_ f%é’(m+rﬁ)6(0) - fd“xf (Czln’; 8(m + )
The ratios used in the derivation are
ul’(p)u4(p) = —pspo + P2p1 + P1P2 — PoP3 = 2m
u4’ (p)ul(p) = —pop; + P12 + P2p1 — P3P0 = 2m
u3’(p)u2(p) = —pip, + Pops + P3P0 — P2p1 = —2m
u2’(p)ud(p) = —pop; + P3po + PoP3—P1P2 = —2m
ul’(p)ud(p) = —psp + Pap1 + P12 — Pop3 = 2m
v1T(p)v4(p) = pip> — P3P0 — Dob3 + Pap1 = 2m
ul*(p)ud(p) = =pspy + pop1 + P1P2 — Pob3 = 27
bi(p)bi(p) + b1 (P)b1(p) = bi(P)b;(p) + by (P)b;(p) = 6(0)
d;(p)di(p) + di(p)d,(p) = di(p)d;(p) + d,(p)di(p) = 5(0)
d,(p)d;(p) + d3(p)d,(p) = b;(p)b>(p) + b2(p)b2(p) = 6(0)
b,(p)b3(p) + b3 (p)b,(p) = d5(p)d,(p) + d>(p)d;(p) = §(0)
d;(p)d;(p) + d3(p)ds(p) = b3(p)bs(p) + bs(p)b3(p) = 6(0)
b;(p)b3(p) + b3(p)b3(p) = d3(p)d;(p) + d5(p)d;(p) = 5(0)
b,(p)bz(p) + bi(p)bs(p) = bi(p)b,(p) + bs(p)bi(p) = 5(0)
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ds(p)di(p) + di(p)ds(p) = di(p)d,(p) + ds(p)di(p) = 6(0)

§(0) = f d*x
Let us give an interpretation of the operator coefficients for this approach
—D3 p2 —P; Po
_| 7p2 _ | 7Ps3 _[| ~Po _[| 7P1
ul = P uz = Po u3 = D; u4 = Dy
Po —P1 p> —Ds3
My = —P2P; + P3pp = —M
Myz = —P3Pp + P2P; =M
My3 = —PoP3 T P1P2 =M
Myg = —P1P2 + Pop3 = —M
pi Po ps p2
Po _| 7P _ [ P2 _ | 7Ps
VI=ips | V2= -p ) V= (] V*T| -2
P2 P3 Po p;
My1 = PoP3 — P1P2 = —M

Myy = P1P2 — PobP3 =M
My3z = P20 — P3Pp =M

Mygq = P3Po — P2P; = —M
d*p
°0 = ) Gy

[dz(p)ul(p) + id; (p)u3 (p) + iby (PYUZ(p) + bi(PIUAD) | i(pyx;-pyxypoxs-paxrt B)
+d,(p)vi(p) + id;(p)v3(p) + ibs(p)v2(p) + bs(p)v4(p)
[bi‘(p)u_l_(p) + ib;(p)u3(p) + id; (P)u2(p) + di(PIUA(P) | _i(pyx,—pyxypars—psxs+ )
+b;(p)vi(p) + ibz(p)v3(p) + id3(p)v2(p) + d;(p)v4(p)

—P3
di(p) creates and d;(p) destroys a particle ul(p) = <_p€2> with mass —m, spin up and
Po
momentum in the interval d*p, d;(p)d,(p) is the operator of the number of such particles b, (p)
—D3
creates and bj(p) destroys a particle ul(p) = P2} \with mass —m, spin up and momentum in
1
Po
the interval d*p, b,(p)bi(p) is the operator of the number of such particles d;(p) creates and
Po
di(p) destroys a particle u4(p) = <—pIZ1> with mass —m, spin up and momentum in the interval
—P3
d*p, d,(p)di(p) is the operator of the number of such particles b;(p) creates and b,(p) destroys a
Po
particle u4(p) = —p_P1 with mass —, spin up and momentum in the interval d*p, bi(p)b,(p)
2
—P3

is the operator of the number of such particles Note that ul(p) and u4(p)are translated into each
other by a linear transformation, this is also true for other pairs of spinors
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00 0 1
(o 0 -1 0

“w=lo -1 o o™
1 0 00
00 0 1
(o 0 -1 0

ul=lo -1 o o |
1 0 00

It is known [9, formula I1.1.30] that the charge conjugation operation transforms an electron into
a positron with a change of the sign of the charge. Let us apply the charge conjugation to the reference

spinor
00 0 —i 00 0 —i\ /~Ps Po
00 i 0 oo i o\[-p2\_ (- \_ .
0o i 00" =\o i o ollp |T7H p, |74
—i 0 0 0 —i 0 o0 0o/ \p —ps

As aresult ul not only transforms to u4, but also changes a sign of mass due to the imaginary
unit in the charge conjugation matrix. This confirms our thesis that the charge conjugation
synchronously changes signs of charge and mass.

The properties of all particles and operators are summarized in a table

Table 1.
wave
creates destroys  particle spinor  vector number mass spin .
sign
—DP3 Py
- P
@ a@  we=| 0] || d@de  -m up +
Po —P;
Po Py
* —P1 _Pl *
d,(p) di(p)  ud(p)={ p, _p, | 4®di(p) —-m up -
—D3 Py
—Ps Po
b ( * w1 _ —D2 Py * =
1(p) bi(p) ul(p) = Dy P, b, (p)bi(p) m up -
Po —P3
Po Py
* A _E _Pl * —
bi(p) bi(p)  uwdp) = 5 p, | bi®bi(p) —m up +
—Ds Py
P1 Py
* _ p(] Pl *
di(p) d4(p) vi(p) = | p, _P, di(p)d, —m down +
D2 —Ps
b2 Py
- —P
d@  di@  vam=|_p2 ) | )] d@die  -m down -
p1 Py
P1 Po
* 1 _ m Pl * —
by(p) b;(p) vi(p) = D P, b, (p)b;(p) —-m down -
2 —P3
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b2 Py

* A —P3 _P * —

i) b VE@=| ) (1] b -m down 4
23 Ps
b1 Py

d*( d _ —Po Pl *

2(p) 2P uwd(p) =| . _p, | @®)d:(p) m up +
(2] —Ps
b2 Py

d( % _ —Ps3 _Pl *

2(p) dz(p) w2 =| 5, _p, | @®d:(p) m up -
D1 Py
nZ Py

— —Tg P _

e e wE=| ) | P ] keke . wp -
P2 —P;
P2 Py

b*( b -y _ _ﬁ _Pl * —

2(p) 2(p) uz(p) =| o p, | b2(Pb2(p) m up +
b1 Ps

P3 Py
@ dap) v3(p)=<’;j _”,32> @@ m down  +

Po —P;
Po Py
- —P

ds(p) d;(p) v2(p)=<_£; _p, | %@ m down -
p3 Py
3 Py

b( b* Y _ E Pl * —

3(p) 3(p) v3(p) =| 5 p, | b:P)bs(p) m down -
Po —P
bo Py

* "y -1 —P * —

BE b VI =21 (5t @b m down 4
bs Ps

Here the column “vector” shows the vector obtained from the corresponding spinor by the
formula of the form

1 T
Ulu = Elﬂ Suul

and

1 t
B u= E p Sup

Although we have used the term vector for quantities like U1, they are not really vectors in the
sense that if a Lorentz transformation is applied to a coordinate spinor and hence a coordinate vector,
the true vector must undergo the same transformation. For a momentum vector this is the case, but
if the sign of one or more components in the momentum vector is changed, it will no longer be
transformed according to this law. For example, charge conjugation changes the signs of some
components

Cc's,c =S, CT'S,C=-5, C'S,C=S, CTS;C =-S5,

so the electron current and the positron current cannot be vectors at the same time, and in fact, as can
be seen from the table, neither is a vector.

By the words d;(p) destroys the particle ul(p) it should be understood that this operator
transforms this particle into the particle u4(p), and the operator dj(p) performs the reverse
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transformation of u4(p) into ul(p). The action of the operator d;(p) on any other particle gives
zero. Since both these particles have the same mass, the total mass of the fermionic field does not
change from these transformations. The mass m itself can have any sign or even be complex.
Although we call the spinors presented in the table particles, they actually describe the same
particle whose characteristic property is a mass with a certain sign. A particle with mass of opposite
sign is described by the other sixteen spinors. Let's compare the momenta of two particles with

different mass signs

D2 PiD2 — PoP3; =M

P2

p
po | PsPo—paps =-—m

P1

If we add sixteen spinors of the field of one particle with sixteen corresponding spinors of
another particle, it will look the same as if the momenta of the particles were summed directly. It is
clear that the momenta themselves cannot be directly summed, but summing the fields does not look
impossible and leads to the same result as adding the momenta directly. The result can be represented
as a sum of two other momenta, the mass of each of which is zero

Po P2 Py + D2 Po P>
P [Ps)_ [P Tps|_ [P 4| Ps
D2 Po P2+ Do Do b2
D3 p1 D3 + P1 P1 D3

Perhaps, such summation is an adequate model for describing the phenomenon of annihilation
of particles with different masses. As an illustrative example, consider the case of an electron and a
positron at rest

Po
P1 P1P1 — Po(—Do) = m
P; 1P1 — Po(—Do
—Po
"
_ppoo — PoPo — P1P; = —M
P1
Po 2 Po+P1 Po P1
P1 n “Po | Pr=Po |_[P1 4| TPo
p1 Po P1 + Do Po P1
—Do P1 —Po + 1 P1 —Do

As a result of addition and separation, two photons with zero mass are obtained, having
oppositely directed spatial components of the momentum vector, i.e. flying apart. At this interaction
the total energy, the total momentum and the total mass are conserved. We can also say that the total
charge is conserved, although in our interpretation the charge is not a numerical characteristic that
can be calculated, the sign of the charge is determined by the structure of the spinor. In turn, this
structure is determined precisely by the sign of the mass. Thus, a change in the sign of the mass leads
ultimately to a change in the sign of the charge.
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In the table below two last columns with a set of spinors and vectors corresponding to the
particle with opposite sign of mass are added. It is supposed that at annihilation the spinors of the
particle and antiparticle, which are in the same row of the table, are summed. The set of 16 spinors

remains the same, but the order of their arrangement changes when the sign of mass changes.

Table 2.
wave antiparticle
creates destroys particle spinor vector mass spin | P vector
sign spinor
—P3 Py —P1 Py
) - P - P
dip)  di(p) ul(p)= pfz _ ;2 -m  up +  ul(p) = pio) _ 1132
po _P3 pz _P3
Po Py D2 Py
» -p —P —p —P
i) die) w®=|, | |_p| -m uw - w@= p03> _p,
—P3 Py —P1 Py
—Ps Py D1 Py
* -y _ _E Pl = _ -y _ _m Pl
bl (p) bl (p) U1(p) - E P2 m up “1(p) - E P2
Po —Ps p2 —P3
Po Py Dy Py
. — —P1 —b _ —Ps3 —b
b b 4(p) =| — - 4(p) = —
1(p) 1P ) = o P, mooup o+ ud(p)=| P,
—D3 P; —D1 Py
p1 Py D3 Py
. P. P.
dy(p)  du(p)  VI(p) = ,’;g) S| om down o+ Vi) = £j> 3
pz _P3 po _P3
D2 Py Po Py
) - -P - -P
d(p) i) vap) = _§g> Tp| -m down - va(p)= _§;> p
p1 Py D3 Py
p1 Py D3 Py
* -y _ m Pl = _ _ E Pl
b,y (p) bi(p) vi(p) = E P, m down vi(p) = E P,
P2 —P; Do —P3
P2 Py Po Py
. iy — | D3 —b = _[| P -k
b4—(p) b4-(p) V4'(p) - _% PZ m down + V4’(p) - _E P2
p1 Py 2 Py
D1 Py —Ds3 Py
. - P - P
d;(p)  dy(p) u3(p) = < ,Z") _p,| m w o+ w®= ( pfz) _p,
pz _P3 pO _P3
(%) Py Po Py
. P —P -p —P
d,(p)  dy(p) u2(p) = ( p03> _p| m w - wEs= ( p21> _p,
b1 Py —D3 Py
D1 Py —Ds Py
* 172 _ _% Pl — _ _E Pl
b2 (p) b2 (p) US(p) - E P2 m up - “3(p) - ﬂ P2
P2 —P; Po —Ps
P2 Py Do Py
. ) = | P3 -k _ _| P —b
bZ (p) b2 (p) uz(p) - p_O_ PZ m up + uz(p) - P_z_ P2
—P1 Ps —P3 Ps
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(%] PO 124 PO
* P P
dz(p) ds(p) v3(p) = <5i> _1132 m  down + v3(p) = (gg) _;,2
—P, P,
Py Py
x P —P;
d3(p) d;(p) v2(p) = _p2 _P, m down -  v2(p) = —Po _p)
Py Ps
P3 Py 2 Py
* —ry _ E Pl — _ —rsy _ % Pl
b3 (p) b3 (p) v3(p) = i P, m  down v3(p) = P P,
Do —P3 P2 —P3
Po Py Dy P,
B® b V2@ =| ) |t m down  + V2@ =| 2] |
m P3 m P3

It is possible to assume that the reason and condition of distinction between particles with
different charge is the presence of their non-zero mass. If the mass is zero, then in the given table
there are no differences between spinors of the particle and antiparticle, i.e. there is no mechanism
for formation of the internal degree of freedom, which we treat as charge.

Let us see what result we get if we apply another definition of anticommutativity of the
fermionic field.

d*p
o(x) = 20

[dz(p)ul(p) + id,(p)u3(p) + ib,(p)u2(p) + b;(p)u4(p)
+d,(p)vi(p) + id;(p)v3(p) + ib3(p)vZ(p) + bs(p)v4(p)
[bi‘(p)ul(p) + ib;(p)u3(p) + id;(p)u2(p) + di(p)u4(p)

i(pox;—P1X0+P2x3-D3%2+(pX))

—i(pox;—P1X0+P2X3-P3%2+(pX))

+b;(p)v1(p) + ib3(p)v3(p) + id3(P)v2(p) + d;i(p)v4(p)
(0:0,7,6} = 007, + 7,0 = (@@ &) + (BN X))

P (X) + (xNPT(X))" =

d4 d4 !
ﬂ (2m)* 2m)* o
[dz(p)ul(p) + id;(p)u3(p) + ib,(p)u2(p) + by(p)u4(p)
+d,(p)v1(p) + id3(p)v3(p) + ib;(p)v2(p) + b.(p)v4(p)
[di(p’)uﬁ(p’) —id;(p")u3*(p’) — ib;(p")u2"(p') + bi(pHud’ (p’ ]
+d;(pHv1*(p") — id3(p")v3* (p") — ib;(p")v2" (p") + bi(p")v4" (p")
el (Pox1=P1x0+P2x3-D3x2+(PX) o =i(po' /"~ %"+ x5" —p3" %2 + (" X))
+
ldi (p’)u_gp’) — id; (p’)u_S_(p’) — ib;(p")u2(p’) + by (p")u4(p")
+d3(p)vi(p’) — id3(p')v3(p’) — ib3(p)v2(p’) + bi(p")v4(p’)
ldz(p)ulT(p) + id,(p)u3d’(p) + ib,(pHu2*(p") + b; (p)ud* (p)
+d,(p)v1T(p) + id3;(p)v3T(p) + ibs(p)v2* (p) + by(p)v4* (p)

e—i(po'x)" =) % +02 25" =03 %, +(0"XN) o i(Dox 1 —P1 X0+ P2 X33 %+ (PX))

_|_
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Ibi‘ (p)ul(p) + ib;(p)u3d(p) + idz(p)u2(p) + di(p)u4(p) l
+b;(p)v1(p) + ib3(p)v3(p) + id3(p)v2(p) + d3(p)v4(p)

[ b;(pHul’(p’) — ib,(pHud”(p") — id,(pHu2*(p’) + d,(p")ud* (p’ ]
+b,(p" V1" (p') — ibs(p")v3" (p') — id3(p")v2* (p') + ds(p')v4* (p')

e—i(pox1—p1x0+p2x3—p3x2+(p7))ei(po'x1' p1' %o +p2" 23" —p3 %2 +(p" X))
+
l b;(pHul(p’) — ib,(pHud(p’) — id,(pHu2(p’) + d;(pHu(p’ l
+b,(p')v1(p’) — ibs(p")v3(p’) — id3;(p")v2(p’) + d,(p')v4(p")
[ bi(p)ul*(p) + ib;(p)u3*(p) + id;(p)u2’(p) + di(p)ud’ (p)
+by(p)vi*(p) + ibibé‘g(p)v3+(p) + id3(p)v2 (p) + d3(p)v4” (p)

ei(Po'x1" =) %"+ x3"~p3 22" + (0" XN) o ~i(Pox 1 ~P1X0+P2X3-P3 %2+ (PX))

d;(p)d; (p)ul(p)ut* (p)) + (di (P (MUL(p)ul’(p)) +

_ T

+d, (p)d3 (pHu3(pIud* (p') + (d5(p)dx(P)u3(pIu3’(p)) +
d*p d*p’ o i(Pox1=P1X0+P223-P32x+(PX) o =i(Po' %)~ %0 +D2" x5 ~p3 x5 +(" X))
ff (2m)* (2m)* _ +

by (P)bi (Y ud(p)ud” (p') + (b5 (p)by (PIud(p ud* (p))’ + -
+b,(p)b3 (pHUZ(p)u2” (p') + (b3 (p")by (PIUZ(PHuZ*(p)))" + -
ol(0'x1)" =1 % +02 25" —p3 %)  + (0" XN) o = i(Do X ~P1X0+P2X3-D3%2+(PX))
[ b ()b (UL (P)uL(p") + (b, (p)bi (PuL(PIuL* () +--
|+53(p)b, (P)UB(PIU3T (p) + (b2 (P)b3(PIu3(PIU3* () +-

e~ i(Pox1=D1x0+P2x3-D3x:+(0X) o i(00' X/~ 0" +02 x5" —p3" %"+ (p" X))

d*p’ T
4 411
ﬂ (2m)* (2m)* 41 (p)d, (p)ud(p)ud*(p') + (dl(p')d;(p)ﬁ(p’)utlT(p))T +

3 () (P Yuz(p)uz (p') + (d;(p") 3 (PIUZ(p 2’ (p)) +

e~ i(po"x1 =, %" +p2 25" =3 x5"+ (7 XD) o i(PoX 1 ~P1X0+P2X3-P3 %2+ (PX))

[ d;(p)d;(pHul(p)ul*(p’) + (di(p)d;(p)ul(p)ul*(p)) + - l
+d2(P)d3(pu3(pIu3” (0) + (d3(p)d(PIu3(PIu3* () +-
d*p d*p’ ol (Pox 1 =P1X0+D2x3-D3x2+(B)) =Dy %1 =1 X0+ x5 —p3 %' +(p" X))

ﬂ (2n)* 2n)* _ T _
[ b, (p)b; (p")ud(p)ud’ (p") + (bi(p b1 (p)ud(p)us’(p")) + - l

+b,(p)b3(PHuZ(PIu2” (p") + (b3 (P )b, (PHUZ(PIu2’ (p1) + -

l(Po x;"=pi %0 +p2 23" —p3 %" +(p’ X')) —i(pox;—P1X0+P2x3-P3x2+(PX))
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b1 (@b, (p)uL(p)ut” (p") + (b, (p')b;(p)ﬁ(p)uﬂ(p')(p')) +

+b3(p)b,(pHu3(p)ud’(p’) + (b, (P')bé(p)ﬁ(P)u3T(p')) + -
d*p d*p’ e~ i(Pox1=P1x0+P2x3-D3x2+ (X)) o i(P0' ) =1 %"+ x5" —p3" x5 + (" X))
U (2m)* (2m)* +

[ d; (p)d,;(p)u4(p)us*(p’) + (d,(p")d;(p)us(p)ud*(p)) + - l
+d3(p)d,(pHu2(p)u2*(p’) + (d,(p")d; (p)u2(p)u2*(p")) + -

e~ i(Po'x)" =0 %0 +p2 x5" —p3' x5 + (0" XN) g i (PoX 1 ~P1 X0+ D2 X3~ P3 X2+ (PX))

ul(p)ul®(p) +--

[+u3 (p)ud*(p) + ]
ei(po(xl—xl’)—pl(xo—xo')+p2 (x3—x3")-p3(x2—x2")+(px—x")
+
[ ud(p)ud’(p) + -
[+u2(p)u2”(p) + -
[ o —i(Po(x1—x1")—p1(x0—x0") +p2 (x3=x3")—p3(xz—x2")+(px—x")
[ uL(p)ul’(p) + -
+u3(p)u3”(p) +
d4p e—i(po(xl—xl’)—pl(xo—xo')+p2(x3—x3')—p3 (x2=x2")+(px—x"))

@m! [ u4(p)u4ﬁ(p) + ]

+u2(p)u2*(p) + -
i ei(po(x1—xl')—pl(xo—xg')+p2(x3—x3’)—p3(xz—xz’)+(p,x—x’)) i
[ ul(p)ul®(p) + u3(p)u3d*(p) + ]

u4(p)u4*(p) + u2(p)u2*(p) + -
d4p ei(po(x1—xl')—pl(xo—xo')+p2(x3—x3’)—p3(xz—xz’)+(p,x—x’))
- J (27'[)4 — T +— T
u4(p)u4’(p) + u2(p)u2’(p) + l
ul(p)ul’(p) + u3d(p)ud”(p) + -
_e—i(po(xl—xl')—pl(xo—xo')+p2(x3—x3')—p3(xz—xz')+(p,x—x’))_
'[ul(p)u1+(p) +u2(p)uz2*(p) + ud(p)ud*(p) + ud(p)ud*(p) +
vi(p)vi*(p) + v2(p)v2*(p) + v3(p)v3*(p) + v4(p)v4*(p)
ei(po(xl—xl’)—pl(xo—xo')+p2(x3—x3’)—p3(xz—xz’)+(p,x—x’))
+
ul(p)ul*(p) + u2(p)u2*(p) + ud(p)ud*(p) + u4(p)ud*(p) +
vi(p)vi*t(p) + vZ(p)v2*(p) + v3(p)v3*(p) + v4(p)v4*(p)
e—i(Po(x1—x1')—P1(x0—x0’)+P2(x3—x3’)—P3(xz—x2’)+(P,X—X'))

'
2n)*

a*p
2n)*

-| é? (TR (D) + T () ({01751 =) sy e o)

4

f(d 57 (TR(p) +TR(p)) (i(po(XI—XJ')—m(xo—Xo')ﬂ)z(xs—xs')—ps(xz—xz')ﬂp,x—x')))
2

\ ep) O 0 0
d p 0 e(p) 0 0 e(i(po(xl—xl’)—Pl(xo—xo’)"'pz(x3—x3’)—P3(x2—x2’))+(P,X—X'))
(2m)* 00 ep) O
0 0 0 e(p)

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202401.1032.v7
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 17 June 2025 d0i:10.20944/preprints202401.1032.v7

86 of 127

. e O 0 0
d*p 0 e(p) 00 ~(i(po(xr=x1") =P (xo=00" )+ (x5=x3")=p3 (x2-22" )+ (px—x1) )
el o0 em o |°
0 0 0 e(p)
=4e(p)I6(x' —x) + 4e(p)I6(x —x')
where

TR(p) = ul(p)ul*(p) + u2(p)u2*(p) + ud(p)ud*(p) + u4(p)us*(p)
Tr(p) = v1(p)vl*(p) + v2 (p)v2+(£) + v3(p)v3*(p) + v4(p)v4*(p)
TR(p) + Tr(p) + TR(p) + Tr(p) =

1 0 0 O

_ __ — —~ | 0 1 0 0
4(poDo + P1P1 + P2P2 + P3D3) 0o 0 1 ol~< 4e(p)l

0 0 0 1

In deriving this result, the following relations are taken into account
T%(p) + Tr(p) = ul(p)ul*(p) + u2(p)u2*(p) + ud(p)u3d*(p) + u4(p)u4*(p)
+v1(p)vl*(p) + v2(p)v2*(p) + v3(p)v3*(p) + v4(p)v4*(p) =

—P3 D2
P _ -p _
p, | B =02 01,00 + | p,° | @3 B0~ 1)
Po —P1
—D; Po
+| PN =1 =0 5 ) + | o Gon 0B =) +
D3 P, —DPoP3 P2 D2 Po, —P1, P2 —P3
P> —Ps3
P Po
o0 | @10 B3, 52) + | | Bo—7 72 B3
P2 P3
D3 D2
+| 02 | @2 50 00) + | 52 | @ =3 =0, 1) =
pl P2y D PO —po 2 3 0 V1
Po Pi
P3E P3E _P3E _P3E Pzp_z_ _Pz_m Pzp_o_ _Pz_ﬂ
Pzpi Pzpz_ _ngl _P_ZPO n _Psﬁz P3P3_ _Pﬁ’o P3Pi
—PiP3  —DPiP2 P1P1 Pibo PoD2 —PoP3  DPoPo —PoP1
—PoP3  —DPoP2 PoP1  Pobo —P1D2 p1bs3 —P1Do pPiP1
piP1  PiPo —PiP3  —P1P2 PoPo —PoP1 PoP2 —PoD3
Pop_i ’po%_ —’PoE —’P_oﬂ + —pl_% pﬂ?_l_ —’p@ ’pﬂ?_i
_P3£1 _P3@ P3P3  P3P2 Pzpi _pz_Pl P2D2 —D2P3
—P2P1 —P2Po P2D3  D2D2 —P3Po P3P1 —DP3D2 P3b3
P1p__1 P1Po p1p__3 pP1P2 PoPo —PoP1 —Pog PoD3
PoP1  PoPo DPoP3  DPoP2 + —P1Po PiP1 —DP1DP2 —P1D3
P3E P3@ P3D3 P3E —Pz_% Pzp_1_ P2D2 —DP2D3
P2P1 DP2Do0  D2P3  D2D2 P3DPo —P3P1  —DP3D2 P3P3
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P3§ p3§ P3E P3@ pzp_z_ —Pz_m —Pz_% Pzp_1_
+ Pzpi Pzp_z Pzﬁ Pzﬂ) + —Psp_z Ps& Psﬂ) —P3£1
PPs PPz PiPi Pibo ~PoPz  PoPs  PoPo  —PoPi
PoP3  DPoP2 DPoP1 PoPo p1DP2 —PiP3 —DP1Po P1P1
P3E P3E 0 O Pzp_z_ _Pz_ﬁ 0O O
P2b3  D2D2 _0 0 s —P3D2 P3P3 _0 0 o
0 O P1& p1p_0 0O O Popo_ _p(fl
0 0 PoP1  PobPo 0 0 —P1Pbo pP1P1
Plp__l P1P__0 0O O Pop_o_ _P@ 0O 0
" PoP1  PoPo _0 0 s —P1Po p1P1 _0 0 o
0 O psﬁ P3& 0 O pzpz_ _PZ_P3
0 0 P2b3  DP2D2 0 O —DP3Db2 p3P3
p1p__1 plp__o 0 O pop_o_ _P@ 0O o0
n PoP1  DPoPo _0 0 s —P1Po p1P1 _0 0 o
0 O Ik& ps& 0 O pzpz_ _pz_ps
0 0 P2D3  DP2D2 0 O —DP3Db2 pP3DP3
P3E P3E 0O O Pzp_z_ _Pz_m 0O 0
n P2b3  D2D2 _0 0 s —P3D2 P3P3 _0 0 o
0 O P1P_1 Plp_o 0 O Popo_ _p(fl
0 0 PoP1  PoPo 0 O —P1Po p1P1
TR(p) + Tr(p) + TR(p) + Tr(p) =
1 0O O 0
— — — —~| 0 1 0 0
4(PoPo +PiP1+P2P2+PsP3)| g o 1 o | = 4e®!
O 0 0 1

The last operation of taking the value (popy + p:1P1 + 2Pz + p3P3) out from under the sign of
the integral seems doubtful because of its dependence on the momentum over which the integration
is performed. If one closes one's eyes to this, as is generally accepted in the literature, in particular in
[9], this relation is taken to be interpreted as a proof of the anti-symmetry of the fermion wave
function under the stipulated anticommutation relations. The only situation where this is
unquestionably true is when considering in a rest system where boosts are excluded, energy is equal
to mass, and invariant to rotations.

It is noteworthy that the antisymmetric treatment, whether or not complex conjugation is
considered, yields a diagonal matrix that is invariant in one case but not in the other. It is encouraging
to observe that the set of reference spinors remain consistent.

It is crucial to note that the proposed invariant approach cannot be realized within the
Minkowski vector space. To achieve this, it is necessary to transition to the spinor space. This
reiterates the secondary role of the Minkowski space in comparison to the spinor space.

Dirac's equation can be expressed in both spinor and vector spaces, a fact that led Dirac to
discover it. In contrast, the invariant equation can be written in spinor space but not in vector space,
which explains why it was unknown.

Let us write down the propagator of the fermionic field and the fermionic field invariant
equation of motion using the proposed matrices

—Ps —Di
sf(p) = pzjz (Do, =P1, 02, —P3) = p’;" (2, =p3,Po, —P1)
Po p2
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(4] D3
+ gg (2, =3, =PoP1) — ’,Zf (Po, =Py, —P2P3)
(%) Do
Po (%)
S = | | (=ps— )= %) pr - )
R 12 P3 —P2P1,Po Do P, —Po P3, D2
—P3 —P1
D2 Po
+ —D3 ( ) _ —P1 ( )
—Do P1,Po,P3, D2 —p> P3,P2,P1,Po
P p3
The equation of motion has the form
(SR + SR+ Sp 4+ Sg — 4(m + m))p(x) = 0
where
g 0 d d 0
- — = _= - — = - - =—
Po ax, 1 P1 ax, 0o D2 9%, 3 P3 9x, 2
Po o 1 D1 T 0o D2 Froa 3 D3 0%, 2
0, do
R a3 _al
S - _ (611 601 631 62) - _ (63) 621 al! aO)
do )
01 03

—0o —0,
01 03
+| _ (03,02, —01,—0p) — | _ (01,09, —03,—05)
0z do

63 al
0, 03
d 0
Sp = 0 (az; —63» —60, 61) - 2 (60, —0q, =03, 63)
d 01
) do
63 al
d 0
+ _5 (—0y, 01, —03,03) — _3 (=0, 03, —0,,01)
1 3
—0o —0,

The equation is relativistically invariant, respectively we can use the invariant Lagrangian
1 — —
L= 3 [@X)T (SR + SE + Sk + Sp)@(x) — 4(m + M)e(x)T@(x)]

to which corresponds the relativistically invariant fermion propagator
D (x)
4 R CR T - _
d’p S7(p) +S*(p) + Sk (P) + Sk (P) + 4+ W] i, o xyipyxs-pyrt )

) 2m)* P2 —m2
The equation can be modified to take into account the electromagnetic potential, the electron

charge is taken as a unit
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Po—>01+ay, pr——0y+a py—03+a, p3— —0,+a;
—(=0; + a3)
—(03 + ay)
(=00 +ay)
(0, + ao)
—(—0o + a;)
—(0,+a
| T ) ) (s + @ = (=0, + a5), 0 + a0l (=0 + @)
(05 + ay)

(=0 +a;)
(0, + ao)
(=0, + az)
(03 + ap)

(=0, +a3z)
(05 + ay)
(=00 +ay)
(0, + ao)

(01 + aop)
—(=00 + ay)
(03 + az)
—(=0; + a3)

(05 + a;)
—(—0; + a3)
(01 + ap)
—(=0o +ay)

(03 + ay)
—(=0; t+ a3)
—(0; + ay)
(=0 + ay)

(0, + ao)
- __(&320:_;3) ((=0; + a3), (03 + ay), (—9, + a;), (9; + ay))
(—0; +asz)

and apply, in particular, to analyze the emission spectrum of the hydrogen-like atom.

SR = ((61 + ay), —(=0y + ay), (05 + ay), — (=0, + as))

_|_

(05 + az), — (=8, + as), —(91 + ag), (=9, + a1))

((0y + ap), —(—0y + a1), —(03 + a,), (—0, + a3))

SR:

(—(—32 + az),—(0; + a3), (=0 + a,), (0; + ao))

(—(=00 + a1), —(01 + ay), (0, + az), (95 + ay))

+ ((_ao +a,), (01 +ag), (=0, + az), (05 + az))

Let us look for a representation of the electromagnetic field operator in vector space without first
referring to spinor space. Let us define four vectors expressed through the components of the
momentum vector

Py Py Py Py

_[| B I B _| P _| P
vi=( ') va=| ) vi={ ;| va=|
P, P, —P, —P;

Why we have chosen these 4 vectors out of 8 possible combinations of signs of three spatial
components? Because they are represented in the previously given table of variants of spinor
particles. For these vectors the following relations are valid

V1«U1T — U1+ V1T + V4« V1T — V1 « V4T +

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.

d0i:10.20944/preprints202401.1032.v7


https://doi.org/10.20944/preprints202401.1032.v7
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 17 June 2025

90 of 127

0 0 0 O
U4 V4T — V4 +U4" + U1+ U4T — U4+ U1T = 8 8 8 8
0 0 0O
V1« U1T + U1+« V1T + V4« V1T + V1« V4T +
82 0 0 0
U4+V4AT +V4+U4T +U1+U4T +U4«U1T =| O 020
0 _8P2 O
0 0 0

V1« U1T + V4 « V1T + U4« V4T + U1« U4T =

O-P

%
OOOO OOO

S O

[N}
~—

4P2 0 0 0
0 0
UL+VIT +V1+V4aT + V404 +U4«U1T=| O 0

0 0 0 0
(U1 *U1T + U4« U4T + V1 x V1T + V4« v4T) +
8P2 0

0
(UL * V1T + V1 %« U1T + V4 = U4T + U4 = V4T) = 8 00 8
0

0 0
8P2 = U1T x U1 + U4T « U4 + V1T « V1 + V4T « V4 + 4 M?
(U1T « U1 + U4T « U4 + V1T « V1 + V4T x V4) +
+(U1T * V1 + V1T « U1 + V4T « U4 + U4T « V4) = 8P?
U1T V1 + V1T « U1 + V4T « U4 + U4T x V4 = 4M?
U1T « U1 + U4T « U4 + V1T « V1 + V4T « V4 = 8P2 — 4 M?
U1T « V1 = V1T « U1 = V4T « U4 = U4T « V4 = M?
U1« U1 =U4T « U4 = V1T « V1 = V4T « V4 = PT « P = 2P2 — M?
U17gU1 = U47TgU4 = V1TgV1 = v4Tgv4 = M?
M? = PTgP = (P,P)

o O O O
\/

1.0 0 0
{0 -1 0 o0
8=l0o 0 -1 o0
0o 0 0 -1
0 0
[ o I
U1-v8)=(,p | V1-Vv=|_,,
0 0
2P, 2P,
(U1+V1) = 8 (U4 +V4) = 8
0 0
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Let us decompose the field into plane waves with operator coefficients and let's find the
commutation relations for them. We will use the next notation for the scalar product of vectors

(P,X) = PTgX
Y
o(X) = W

[dJ(P)Vl(P) + bi(PUA(P) | ey
+d,(P)UL(P) + b,(P)V4(P)
_|_
[ b;(P)VL(P) + d;(P)U4(P) | _ipx
+d;(P)UL(P) + b; (P)V4(P)] ©
<) = d*p’
oX') = 2
[ d;(PYVL(P') + b;(PYU4(P") | ;prx7)
+d,(P)UL(P") + b,(P")V4(P")
_|_
[ bi(POVL(P') + dj(PUA(P) | __iprx)
+d:(P)UL(P') + bi (P")V4(P")

(010, 9;(X)] = 9:(X); (X) — 9;(X)p(X) = (@(X) T (X') (q)(X')cpT(X))T)ij
PX " (X) — (¢(XN™(X))" =
d*P d*P'
- || e
[ (d,(P)V1(P)e!®0)(d; (PHUL(P )e~P'X)) — ((dj(P’)Vl(P’)e"("""'))(dI(P)Ul(P)e“'“’”‘))T)T _

+( by (PYUA(P)eiPX) (b (P)VA(P")e~i(P' X)) — ((b1 (P’)U4(P’)ei(P"X'))(b{(P)v4(P)e‘i(P'X))T)T

+(b4(P)V4(P)ei(P'x))(bZ;(P’)Vl(P’)e“'(""x'))T - ((b4(P’)V4(P’)ei(P"X'))(b;(P)Vl(P)e‘i(P'x))T)T

_+(d4(P)U1(P)e"(P’X))(d;j(P’)U4(P’)e“'(P"X'))T - ((d4(P’)U1(P’)ei(""X'))(dZ(P)U4(P)e‘i("'X))T)T_
ﬂ d*pP d*p’
(2m)* 2m)*

— (b};(P)Vl(P)e‘i(P'X))(b4(P’)V4(P’)e"(P"Xl))T - ((bj;(P’)Vl(P’)e‘i(P"Xl))(b4(P)V4(P)ei(P'X))T)T

+(d; (PYUA(P)e X)) (d,(PYUL(P)e P X))’ — ((dj;(P’)U4(P’)e‘i(""xl))(d4(P)U1(P)ei(P'X))T)T

+(d{(P)U1(P)e“'(P'X))(d,(P’)Vl(P’)e"(P"X'))T - ((d; (PHUL(P)e (P’ X))(d, (P)Vl(P)ei(P'X))T)T

[ +(bs (P)V4(P)e‘i("'x))(b,(P’)U4(P’)ei(P'-x'))T - ((b;(P')V4(P')e—i("’-x’))( bl(P)U4(P)ei(P'X))T)T_
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[ d,(P)d;(PYV1(P)ULT (P)e!PXe-iP'X) — g, (P")d;(P)UL(PIVLT (P)e!(P'X)e-i(PX) ]
|+ by (P)b; (PYUA(P)VAT (PPN e=i(P'X') _ b (P")b; (P)VA(P)UAT (P)ei(P'X)e-iPX) |
+b,(P)b;(P)V4(P)VIT (P)e!®PX=i(P'X) _ b (P)bi(P)VL(P)VAT (P")ei(P'X)=i(PX)
+d,(P)d;(P))UL(P)U4T (P")e!®Xe-i(P'X) _ g (P")(P)U4(P)U1T(P")ei(P'X)e-i(PX)

d*P d*P’

ff 2m* 2m)*
[ bi(P)b,(P)V1(P)V4T (P)e~i®Xei(P'X') _ pr(p)p,(P)V4A(P)VLT (P') e~ i(P'X)i(PX) ]
l+d2(P)d4(P’)U4(P)U1T(P’)e‘i(P'X)ei(P"X') — d;(P)d,(P)UL(P)UAT (P)e (P X)ei(PX)

+d:(P)d,(PYUL(P)V1T (P)e i®PXi(P'X) _ g*(P")d,(P)V1(P)U1T (P)e (P X)ei(PX)
+b}(P)b,(P)V4(P)U4T (P)e i{®X)i(P'X') _ p*(P")p, (P)U4(P)V4AT (P)e~{(P'X)i(PX)

d4P d4Pr
ﬂ (2m)* (2m)*
(d,(P)d;(P") — d;(P")d,(P))V1(P)U1T (P")e!PX)¢-i(PX')
+( by (P)b; (P") — b; (P")b, (P))U4(P)V4T (P")e!(PXe~i(P'X)

+(by(P)bL(P") — b (P")b,(P))V4(P)V1T (P")eiPX)~i(P'X')
+(d,(P)d,(P") — d;(P")d,(P))U1(P)U4T (P")e!®X)g-i(P'X')
d*P d*p’
.f.[ (2m)* (21T)4
(b3(P)b,(P") — by (P")b;(P)V1(P)V4AT (P )e IR i(P'X)
+(d;(P)d,(P") — d,(P")d;(P))U4(P)U1T (P")e {(PX)i(P'X")
+(d;(P)d;(P") — d,(P")d; (P))UL(P)V1T (P")e~i(PX)i(P'X)
+(b;(P)b;(P") — by (P")b; (P))VA(P)U4T (P")e ~i(PXi(P'X)
Let us apply the following commutation relations
d;(P)d;(P") — d;(P)d,;(P) = §(P — P")
b, (P)bi(P") — by (P )by (P) = 6(P —P')
by(P)b;(P") — b;(P")b,y(P) = (P — P")
d,(P)d;(P") — d;(P)d,(P) = 6(P — P')
d;(P)di(P) —di(P)d;(P) = §(P' — P)
d;(P)d,(P") — d,(P")d;(P) = —5(P' — P)
b:(P)b,;(P’) — by (P)b:(P) = —5(P' — P)
d;(P)d,(P') — d,(P")d;(P) = —6(P' — P)
b;(P)by(P") — by(P)b;(P) = —5(P' — P)

- || G
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[ 01 = PHVL(T)ULT (1) el De=i(1'X") ]
+00(0 — P)U4A()VAT (1) el g=i(1"X')
+00(0 = P)VA()VIT(117) el e=i(1X")
+0(0 = PHUL()UAT (117l g=i(1'X")

—8(P' — P)V1(P)V4" (P")e i(PRi(P'X")
L |8 — PYU4(PIULT (P)e~ PP X)
—8(P' — P)UL(P)V1T (P)e I(PXi(P'X')
—8(P' — P)V4(P)U4" (P)e~i(PXi(P'X)

d*p
~ ) em*
V1 (P) UlT (P) e i(P.X) e _i(P,X’) -V1i (P)V4T (P) e —-i(P.X) e i(P,X’)
LU4(P)VAT (P)ei®Xi((PX) L |FU4@ULT (R)e T PREiPX)
+v4(P)V1T(P)ei(P,X)e—i(P,X’) —U1(P)V1T (P)e—i(P,X)ei(P,X’)
+U1(P)U4T (P)ei(P,X)e—i(P,X’) —V4(P)Uu4’ (P)e—i(P,X)ei(P,X’)
d*p
~ ) em*
V1(P)U17(P) V1(P)V4T(P)
[+U4(P)V4T (P)] i(PX-X') _ [+U4(P)U1T (P)] oi(PX'-X)
| +vaP)V17(P) | | +U1(P)V17(P) |
+U1(P)U47 (P) +V4(P)U4T (P)

.. (4P 0 0 0
_ (4P 0 o 0 0 i(0,0-x")
RGO ¢

0 0
4P2 0 0
4
= 0 0 0 0 i ei(0,0-X")
0 0 —4pP2 0]) 2m)*
0 0 0 0
4P2 0 0
4
0 0 0 0 JdPeL(PX’—X)
—4pP? 0)) 2m)*

0 0
0o 0 o0 o0
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4P2 0 0 0 4P2 0 0 0
o 0 0 0 : 0 0 0 0 ,
= S(X—X') - §X'=X)=0
0 0 —4P2 0 ( ) 0 0 —4p? ( )
00 0 0 00 0 0

Here it is taken into account that

V1« U1T + V4 « V1T + U4« V4T + U1« U4T =
0 O 0 0

4PZ 0 0 O
0 O 0 0
0 0 —4P? 0
0 O 0 0
We will consider this relation as a proof of the symmetry of the wave function under the

stipulated commutation relations.
Let us find the commutation relations for the wave function and its time derivative, which in

Ul+*V1T +V1«v4aT + V4« U4T + U4« U1T =

this case play the role of canonical momentum
[2:00,,(X)] = 9:(K09,(X) = 6, K9 (X) = (@(OT X)) - (@K™ (X))

where

d¢;(X)
X,

PX)PTX) — (§XNQT(X)" =
d*P d*p’
ﬂ (2m)* (2m)*

[ (d,(P)VI(P)e!®®)((—iP)d; (PYUL(P )ei(P' X)) — (((iP(S)d,(P’)V1(P’)ei(P"X'))(d{(P)Ul(P)e‘i(P'x))T)T _

¢,X) =

+( by (PYUA(P)e X)) ((=iPg)b; (P"IVA(P e (P X))" — (((iPé)bl (P’)U4(P’)ei(P"Xl))(b{(P)V4(P)e‘i(P'X))T)T

+(b4(PYVA(P)e PX0)((~iPy)b;(PHVI(P e ilP' X)) — (((iP(’,)b4(P’)V4(P’)ei(""X'))(bZ(P)VI(P)e‘i(P'X))T)T

_+(d4(P)U1(P)e"(P'X))((—iPé)d;(P’)Utl(P’)e‘i(P"X'))T - (((iP(g)d4(P’)Ul(P’)e"(""Xl))(d;(P)U4(P)e‘i(P'X))T)T_
N H d*P d*P’
(2m)* (2m)*
_ (b;j(P)Vl(P)e‘i("'X))((iP(;)b4(P’)V4(P’)ei(P"X'))T - (((—iP(;)bZ(P’)Vl(P’)e‘i(P"X'))(b4(P)V4(P)ei(P'X))T)T

+(d;(P)U4(P)e“'("'X))((iP(;)d4(P’)U1(P’)e"(P"X'))T - (((—iPé)d;(P’)U4(P’)e‘i(P"X'))(d4(P)U1(P)ei("'X))T)T

+(d; (PYUL(P)e PN ((iPy)d, (PIVI(P")eilP'X))" — (((—iPé)d{(P’)Ul(P’)e‘i(P"X'))(dI(P)Vl(P)ei(P'x))T)T

| +(bi(P)V4(P)e~ X)) ((iPy)b, (PU4(P)ei(P' X))’ — (((—iPé)b{ (PHV4(P)e (P X)) (b, (P)U4(P)ei(P'X))T)T_

- [z
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(—iP))d,;(P)d; (PHVL(P)ULT (P")e!®Xe~iP'X) _ (ip))d,(P)d; (P)UL(P)V1T (P")ei(P'X)=iPX)
+ (—iP§)by (P)b} (P)U4(P)VAT (P )e!PXe=i(P'X') — (ipr)b, (P")b; (P)V4(P)U4T (P")e!(P'X)g=i(PX)
l+(—iPé)b4(P)bZ(P’)V4(P)V1T(P’)ei(""‘)e‘i(""x') — (iP})by(P)b;(P)V1(P)V4T (P")e!(P'X)o=i(PX) J
+(—iP§)d,(P)d;(P)UL(P)U4T (P")e!®PX~i(*'X) _ (ipiyd,(P")d;(P)U4(P)ULT (P)ei(P'X)e~iPX)

d*P d*P’
|| G
(iP5)b;(P)b,(P")V1(P)VAT (p")e PR eiP'X) — (—ipi)b;(P")by(P)VA(P)VLT (P) e~i(P'X)i®X)
+(iPg)d;(P)d,(P)UA(P)ULT (p")e{®Xei(P'X) — (—ip;)d;(P")d,(P)UL(P)U4T (P")e i(P'X)i®X)
+(iPg)d; (P)d, (PHUL(P)VT (p")e IPRI(P'X) — (—ipf)d;(P")d,;(P)V1(P)ULT (P")e~{(P'X)ei®X)
+(iP§)b; (P)b,(PIV4A(P)U4T (p e ' PXeiP'X') — (—iP{)b;(P")b, (P)U4(P)VAT (P )e {(P'X)i(PX)

d4P d4Pr

ﬂ (2m)* (2m)*
(—iPg)(d;(P)d; (P") — d; (P)d,;(P))VI(P)ULT (P)e! PN i(P'X')
+(—iP§)( by (P)b} (P") — bj (P")b; (P)) U4(P)V4T (P")e'(PXe~H(F'X')

+(—iPy) (ba(P)b;(P") — bi(P)b,(P))V4A(P)VLT (P)eiPX)=i(P'X)
+(—iP))(d,(P)d;(P") — d;(P")d,(P))UL(P)U4T (P")e!®X)e-i(P'X")
d*P d*P’
ﬂ (2m)* 2m)*
[ (iP})(bi(P)by(P") — by (P)b(P))VL(P)V4AT (P')e~i(PX)oi(P'X')
+(iP)(d5(P)d,(P) — d,(P)dL(P)U4(P)U1T (P")e iPX)i(P'X')
+(iP5) (di(P)d, (P") — d,(P")d;(P))UL(P)V1T (P")e iV (P'X)
+(iP§)(b3(P)b;(P") — by (P")b}(P))V4(P)U4T (P)e~{PX)i(P'X')
The commutation relations remain the same
d;(P)d;(P") —d;(P)d,;(P) = §(P—P')
b, (P)b;(P") — b;(P")b,(P) = §(P — P")
by(P)b;(P") — by (P")by(P) = 6(P — P')
d,(P)d;(P") — d;(P)d,(P) = §(P — P")
d;(P)d;(P") — d,;(P")d;(P) = —6(P' — P)
b;(P)b;(P") — by(P)b;(P) = —5(P’ — P)
d;(P)d,(P") —d,(P)d;(P) = —5(P' — P)
b;(P)by(P’) — by(P")b;(P) = —5(P' — P)

- [
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(0 = POYVI()ULT(P)el e~ (X)) ]
+0(10 — PU4(11)VAT (1)l gm0 X)
+0(1 = POVA()VIT([1)elDe=i(H'X)
+0 (10— PHUL(HUAT (1)l e=U7"X)

(~iP)

—8(P' — P)V1(P)V4" (P')e {PRi(P'X")
—5(P' — P)U4(P)U1T (P")e~iPX)i(P'X’)
—5(P’ — P)UL(P)V1T(P")e i(PX)i(P'X’)
—8(P' — P)V4(P)U4T (P)e~i(PXi(P'X)

+ (iPy)

d*p
) @t

V1(P)U1T (P)e!®X)-i(PX') —V1(P)V4T (P)e—i(PX)i(PX)
FUA(PYVAT(P)ei PN (PX))| P —U4(P)U1" (P)e~i(PXei(PX)
+V4(P)V1T (P)e!®PPe~i(PX') Y [—Uu1(PVIT (P)emi®Xi(PX)
+U1(P)U4T(P)ei(P,X)e—i(P,X') _V4(P)U4_T(P)e—i(P,X)ei(P,X’)

(=iPy)

d*p
) @mt

[ V1(P)U1’ (P) ] [ V1(P)V4T (P)

o |FUA@IVAT®) | ioxxny o [FUAPIULT )| o)

SiPo)| L vapyva () | (P — (io) | +ure)viT(p)|© (P00 =
+U1(P)U4T (P) +V4(P)U4T (P)

4P2 0 0 0
0 0 d*p i(0,0-x")
0 0 0/) @mz¢

0 0 0 0

4P¢ 0 0 0 .
0 0 0 0 d’p pi(PX'-X)
0 0 —4pP? 0])) (2m)?
0 0 0 0
4P¢ 0 0 0 4P¢ 0 0 0
o 0 0 0 0 % _ (i 0 o0 0 0
=G g o _app o |SXTXICWRIL g 7 upz g
0 0 0 0 0 0 0 0
8P¢ 0 0 0
0 0 0 0
0 0 —-8Pf 0
0 0 0 0
As one would expect, the field has only two degrees of freedom. This relation is valid for any

reference frame, but the values of the momentum components in each of them are different.
Let us calculate the square of the field energy

— (iPo)

SX' —X)
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E? = f X @* (X)@(X) =

d*P d*P’

- | % || Gy
[dl(P’)VlT(P’) +bi(PYUAT(P) | (e x)
+d;(PHULT(P') + b;(P)V4T (P")

[ b, (POVIT(P) + d,(PYU4T(P) | iprx)
+b,(PHULT(P") + d,(P) V4T (P")

[ d;(P)V1T(P) + b, (P)U4T (P) SiPX) ]
+d,(P)U17(P) + b,(P)V4T (P)

{ N [ b; (P)V1(P) + d; (P)U4" (P) l e_am‘
+b;(P)ULT(P) + d;(P)V4T (P)

[ [ d;(PHVIT(P) + b (P)U4T (P")
+d;(PHYU1T(P") + b;(P")V4AT(P")
[ d;(P)V1(P) + b, (P)U4(P)
+d,(P)UL(P) + b,(P)V4(P)
B . d*P d*p’ e—i(P’,X)ei(P,X)
= f @X ff @0* 0| [ b, (POVIT(P) + d,(PYUAT(P')
[+b4(P’)UlT(P’) +d,(P)V4AT(P)
[ b;(P)V1(P) + d;(P)U4(P)
+b;(P)UL(P) + d;(P)V4(P)
ei(P' X) o —i(PX)

[ [ d;(P)V1*(P’) + b;(P)U4T (P")
+d;(PHULT(P’) + b;(P)V4T (P")
[ d;(P)V1(P) + b, (P)U4(P)
+d,(P)U1(P) + b,(P)V4(P)
_ J f AP 4P 5(P —P")
@m* 2m*| [ b,(PHVIT(p) + d,(P)U4*(P")
+b,(PHU1T(p") + d,(P)V4A*(P")
[ b;(P)V1(P) + d;(P)U4(P)
+b;(P)UL(P) + dj;(P)V4(P)

i S(P' —P) |
[ d;(P)d;(P)V1T (p)V1(P) + d; (P)d; (P)U4" (P)U4(P) ]
d*P | +b,(P)b;(P)V1T (p)V1(P) + b;(P)b,(P)U4T (P)U4(P)
(2m)* | +d;(P)d,(P)ULT (p)UL(P) + d,(P)d;(P)V4T (P)V4(P)
| +b,(P)b;(P)U1T (p)UL(P) + b;(P)b,(P)V4AT (P)V(P) |

d*P 1 b;(P)b;(P) + b (P)b;(P) + d;j (P)d; (P) + d;(P)d;(P) ]

(2m)* 1+b,(P)b;(P) + b;(P)by(P) + d;(P)d,(P) + dy(P)d;(P)]
ar L [ (b3 (P)by (P) + 5(0)) + b; ()b, (P) + d; (P)d, (P) + (dj (P)d, (P) + 5(0))
@)t | +(bi(P)by(P) + 5(0)) + b;(P)by(P) + d4(P)d4<P) + (dZ(P)d4(P) +8(0))

_[&r ZPTP[
-~ et

bi(P)b;(P) + di(P)d; (P) ] f

+b}(P)by(P) + dj(P)d,(P) 4PTP5(0)

(2m)*

here
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PTP = v1T(P)V1(P) = U4T(P)U4(P) = U1T(P)U1(P) = V4T(P)V4(P) =
= 2P — M? = 2P; — P"gP = 2P; — (P,P) = 2P; — P?

If we consider the photon field, the mass is zero, so that only the energy of the field remains in
the formula. Each summand in brackets under the integral represents the operator of number of
particles with a certain reference vector, its action consists in the consecutive application of the
annihilation operator and the particle creation operator. The last summand describes the energy of
zero-point fluctuations of vacuum. When there is no particle, we have the equality

d*p
E? = f d*X e*(X)e(X) = f
¢ (X)((X) )
In this connection it is logical to use the normalization for the wave operator
?X)
2PTP

If the mass is not zero, then we can relate U1(P) and V1(P) to the current of electrons with

4PTP5(0)

different spins and, respectively, relate U4(P) and V4(P) to the current of positrons with different
spins.

As we have seen, neither electron current vectors nor electromagnetic field vectors are true
vectors. When transforming the coordinate system, the same transformation acts on the components
of the momentum vector, from these transformed components in each frame of reference the
pseudovectors of the field are formed. But we know that the interaction between current and
electromagnetic field is described by an additional term in the Lagrangian of the electrodynamics
theory. This term is the scalar product of the current and the electromagnetic potential and it is
necessary for this product to be a scalar. But to form a scalar using a metric tensor, two true vectors
are needed, and these are not available. There remains only one way to provide the scalar, it is
necessary that signs of components in pseudovectors of current and field coincide, then they will
compensate each other, and in fact we will get the scalar product of two vectors, and hence we will
get a scalar.

Thus, there is a direct connection between the spinor description of the field and its vector
description. 16 pseudospinors pass into 4 pseudovectors, moreover, the modulus of the complex
mass in spinor space is equal to the mass in vector space. At all this by the value of the phase of a
plane wave in spinor space by any direct way it is not possible to calculate the phase of a plane wave
in vector space. Hence the assumption arises that operators in spinor space describe nature exactly,
while operators in vector space provide only an approximate description. This may partly explain
the problems with divergence when integrating in vector space.

To describe the evolution of the field state, we consider the vacuum averaged expression having
the sense of the propagator. Before we do so, let us explain the meaning of operators included in the
field decomposition

d*p
o(X) = )
[dl(P)Vl(P) + b (PUAP) | i)
+d,(P)UL(P) + b, (P)V4(P)
_I_
[ b;(P)V1(P) + d;(P)U4(P) —i(PX)
+di(P)U1(P) + bi (P)V4(P)

For example, d;(P) is an operator of annihilation of a particle with pseudovector V1(P),
similarly, other operators without asterisks annihilate particles with pseudovector which stands in
expansion with these operators. Accordingly, the operator dji(P)d;(P)is the operator of the number
of particles with pseudovector V1(P).

Let us define a vacuum state of the field with zero filling numbers of particles of each of four
varieties by specifying its properties with respect to the action of annihilation operators
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d;(P)[¥) =0 dy(P)|[¥o) =0 b;(P)|[¥) =0 by (P)|¥) =0
(Woldi(P) =0 (Yol da(P) =0 (Wo|bi(P) =0 (¥|by(P) =0
It follows from these relations that
(Wold,;(P)d1(P")|¥y) = (Fol[ d1(P), di(P)]|Wp) = (¥|6(P — P")[ W)
Let us construct the amplitude of the field component, which is born at the point with
coordinates X = 0 and annihilated at the point with coordinates X

(Woo(X);(0)[|Wo) = (Wol@(X)p" (0)|W5))

(Wol@X)p™ (0)|¥y) =

ﬂ a*p d4P’ d;(P)V1(P) + b, (P)U4(P) ” bi(PHVLT(P") + di(P)U4T (P") ) eiPX)
(2m)* (27r)4 +d,(P)UL(P) + by(P)V4(P)] | +d: (PHULT(P') + bi (P )V4AT(P)]|| °
ﬂ d*p d4P’ [ d;(P)d;(P)V1(P)U1T(P") + b, (P)b; (P")U4(P)V4" (P') ] ) iPX)
(2m)* (2n)4 +d,(P)d;(P")UL(P)U4T (P") + b,(P)b;(P")V4(P)V1T (P") 0

B f a*p v V1(P)U1"(P) + U4(P)V4" (P)
— ) o4t l+ul(P)u4T (P) + V4(P)VLT(P)
4P2 0 0 0
P w | o o 0 0
m+ " °f\ 0 0 —4rPZ 0
0 0 0 0

For the reasons given above, let us apply the normalization of the field operator

@ (X)
2PTP

” lPO) ei(P,X)

11_]0 ) e i(P,X)

As aresult, we get

(Wol@X) ™ (0)[¥,) =

4P2 0 0 0

4PTP

d'P (¥|¥o)

0 0 0 0 | iex —
(2m)* 4P —M?2)\ 0 0 —4PZ 0
0 0 0 0

. PR 0 0 0
:f d*p (LPOI‘PO> 0 0 0 0 ei(P'X)
2m)* 2P —M2\ 0 0 —-PZ 0
0 0 0 o0

If the mass is zero, this expression is the matrix element between states of the photon.

Note that the matrix entering the matrix element has no inverse, so we do not try to find the
equation of motion or Lagrangian, they are not necessary in this case, since we have an explicit
expression for the field operator. We do not have to worry about following the principles of
Lorentzian covariance, gauge invariance, or following ideas of symmetry. Instead, we rely only on
the fulfilment of canonical commutation relations for the field operator. The field operator is written
identically in any frame of reference, and to pass to another frame it is enough to know how the
momentum vector is transformed, which is transformed by exactly the same law as the coordinate
vector, which ensures the invariance of the phase of the plane wave. In other words, the field is not a
vector but a set of pseudovectors (pseudospinors in spinor space), only momentum and coordinate
are vectors (spinor).

We can make our reasoning more intuitively clear if we define the creation and annihilation
operators of the field particle
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B(X) = ﬂ[bZ(P)Vl(P)+dz(P)U4(P) i
(2m)* [+d;(P)UL(P) + b; (P)V4(P)

A = [LF [dJ(P)v1(P)+b1(p)U4(p) %
(2m)* 1+d,(P)UL(P) + b,(P)V4(P)

Let us find the commutation relations between the components of these operators

[4:00, B,(X)] = 4,(0B;(X) — B(X)4,(X) = (ACOBT(X) — (B&KOAT (X))

AX)BT(X') — (B(X)AT(X))" =

d*pP d*P’
.ﬂ (2n)* (2n)*
d;(P)d; (PYVI(P)ULT (P)e!PXe~i(F'X) — g} (P)d, (P)VI(P)UL" (P)e (' X)ei®X)
+ b1 (P)bi (P’)U4’(P)V4—T(P')ei(P'X)e_i(P”X’) — b;‘(P')bl(P)U4(P)V4T(P')e—i(p’,x’)ei(plx)
+b,(P)b;(P)VA(P)VLT (P")e!PXe~i(P"X') — h2(P")b,(P)VA(P)VLT (P') e (P X)i(PX)
+d,(P)d;(P")UL(P)U4T (P")ei®PXei(P'X') _ gx(P)d,(P)UL(P)U4T (P e (P X)i(PX)
- (dI(P)di(P') - d]‘(P')dl(P)) V1(P)U1T (P")e!PX-i(P'X") ]
a*p atp |+ (bu(PIb{(P) — b (P)b,(P)) U4(PIVAT (P")eiPX)ei(P'X)
Jf (277.')4' (27T)4 (b4(P)bZ(P’) — bz (P,)b4(P)) V4‘(P)V1T(P’)ei(P'X)e_i(P’:X,)
+ (d4(P)dZ(P’) — dZ(P')d4(P)) U1(P)U4T (P")ei(PX)=i(P'X) |

(8(P — P))VI(P)ULT (P)e!(PX)e=i(P'X")

= ff d*P d*P' | +(85(P - P'))U4(P)V4T(p’)ei(P,X)e—i(P’,X’)
2n)* 2m)* | +(5(P — P'))VA(P)VLT (P')eiPX)o~i(P'X)
+(8(P — P"))UL(P)U4T (P")eiPXei(P'X)

V1(P)U1T (P)el®PXe~i(PX')
d*P | +U4(P)V4T (P)e!PXe-i(PX)
@m)* [+V4(P)V1T(P)el("X)e‘l(PX')J

+U1(P)U4T (P)e!(PX)o~i(PX')

V1(P)U17(P)
d*P [+U4(P)V4T(P) o—i(PX-X')
2n)* | +Va(P)VIT(P)
+U1(P)U4T(P)

4P2 0 0 0
_j. d*p 0 0 0 0 |, -i(px-x"
“Jemtl 0o 0o -—4p2 o

0 O 0 0

4P2 0 0 0

_[ o o 0 o0 f d*P  _ipxx)
0 0 —4P} 0/) 2m)*
00 0 0
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4P2 0 0 O
o 0 0 o0 ,
= 5(X—X
0 0 —4P? 0 ( )

0 0 0 o0

4P2 0 0 O
o 0 0 O
0 0 —4P} 0
0 0 0 0/

As we see, the commutation relations are satisfied for the creation and annihilation operators.

A;X)B;(X") — B;(X)A;(X) = 6(X - X)

Let us define the total particle number operator in the form

N;(X) = B;(X)4;(X)
Let's find the commutator

[N B,00] = [ @' (B (XDAKB 00 = BCOB; (XA (X)) =
f d*X' {B;(X")A;(X")B;(X) — B;(X")B;(X)A;(X")} =

f d*x’ {B;(X") (A:(X")B;(X) — B;(X)4;(X"))} =
4P¢ 0 0 O 4P 0 0 0

avr (p (x! ' 0 0 0 0 _n 0 0 0 0

fd X {BJ(X )6(X' —X)} 0 0 —4P 0 = B;(X) 0 0 —4P% 0
0 0 0 0/ ij 0 O 0 0/ i
Let's define the vacuum state using the relations
d;(P)[¥o) = 0 b;(P)[¥o) = 0 d,(P)[Wp) = 0 by(P)[¥,) = 0

which implies

A, Wp) = 0
NjolW) = f d*X B;(X)A,(X)| W) = 0

Let's act on vacuum by the creation operator and for the obtained state we find eigenvalues of
the particle number operator

4P2 0 0 0
o 0 0 0
0 0 —4P2 0
00 0 0y

42 0 0 O
0 0 0 0
0 0 —4P} 0
0.0 0 0y
4P2 0 0 0
[ 0 O 0 O
Ni(B&I) =| o g _ypz o] BXOM)
0 0 0 0

B;(X) = [N;;, B;(X)] = N;;B;(X) — B;(X)N;

B;(X)[¥y) = N;;B;(X)|Wo) — B;(X)N;;|¥p)

ij
If we apply normalization
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AX) B(X)
2PTP 2PTP
then the eigenvalues will have the form
1 PF O 0 O
M(BOOM) =l 0 0 e | (B0
00 o 0oy

Note that in the case of the photon field, the matrix, taking into account the normalization,
contains elements whose modulus is less than or equal to %, since at zero mass P < P§ .

The fact that for the creation and annihilation operator’s commutation relations are fulfilled,
allows to conclude that quanta of the field obey Bose statistics, therefore a single action of the creation
operator increases the number of particles in the field by one, and the action of the annihilation
operator decreases this number by one. Hence, by means of these operators it is possible to write the
matrix element not only for the case when the initial and final states are vacuum, but also for the
initial state with an arbitrary number of particles

P 0 0 O
T 4 0
(W, | AC)BT(0)|W,) _ [ P W) [0 0 0 0\ ex
4PTP 2m)* 2P —M2\ 0 0 —-PZ O
0 O 0 0
For illustration let us consider a one-particle state
I¥;) = B;(X)[¥o)
P2 0 0 O
! 00 0 0
Ni;|¥)) = ———— Y
i) 2P2—M2\ 0 0 —p? 0 ¥
00 o oy
and act on it with the creation operator. Again, let's take into account
P20 0 0
1 0 0 0 0
W 0 0 —P2 0 Bi(X) = [Njs, B;(X)] = N;B;(X) — B;(X)N;;
0 0 0 0/ ij
P2 0o 0 O
: 00 0 00 BX)I¥)=NBX)|¥,) — BN ¥
WOO——}O XY ,) = N B (X)[¥;) — Bi(X)N;;['¥))
00 o oy
PP 0 0 0
o o 0 0
= N;B;(X)|¥;) — Bi(X) =———— Y
BN =Bl 0 0 e | 1
0 0 0 0/
The result is
P 0 0 O
0 O
N;B;(X)|¥)) = 2 0 0 B;(X)|¥;)

2P —M2\ 0 0 —P? 0
0 0 o o0y
The eigenvalue of the particle number operator has increased, instead of a one-particle state we
have a two-particle state

I'¥,) = B;(X)['¥))
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P2 0o 0 O
1 0 0 0 0
Ny|¥,) = 2——— ¥
il 2P2—M2\ 0 0 —PZ 0 I¥2)
0 0 o o0/

Further application of the creation operator increases the number of particles to any value. Now
let us find a commutator for the annihilation operator, without taking into account the normalization

for the moment

[N 4:00] = [ @ (B, (K04 (XA — A, COB(KDAX)) =
[ @ (8,004, 004,X) - 4,008 X4, X)} =

[ @ {(B,0x)4:00 - 4,08, X)) 4,X)) =

4; 0 0 0

, , , 0 0
d'X (=X - x4, ¢ 0
J e s —oacxn( 0 L0
00 0 oy
4P 0 0 0
0 0 0 0
S —4P5 0
00 o oy

The ratios have been taken into account here
4P§ 0 0 0
A,(X)B; (X)) — B.(XNA,X) =sx-x)| 0 0 0 0
t J ] t 0 O —4-P22 0
00 0 0y
4P§ 0 0 0
B.(X)A;(X) — 4,(X)B:(X) = —sx-x)| ¢ 0 0 0
J ' B 0 0 —4P} 0
00 0 0y

Let's act on the two-particle state by the annihilation operator and for the obtained state we find
the eigenvalues of the particle number operator
4P 0 0 0

0o 0o 0 0 _ B
0 0 —4p 0 AiX) = [Njp, 400 = NjA (X) — A, (XON;;

00 o oy
42 0 0 0
[0 00 0 4 XIW) = NpA ()W) — A (KON W)

0 0 —4P? 0
0 0 0 0/
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N;i(A;(X)|¥2))

4P2 0 0 0
0 0 0 0

00 0 0/y
42 0 0 0
0 O 0 O

+2 (4;X1¥,))

0 0 —4P} 0
0 0 0 0/ i
Here, the fact that without taking into account the rationing
4P 0 0 O
0 O 0 0
0 0 —4P2 0
00 o 0/

Thus, the annihilation operator reduces the number of particles and puts the field into a single-

Nji|‘P2) =2 ['¥>)

particle state.
Separate application of the creation and annihilation operators more corresponds to the ideology
of second quantization than their use only as a sum, i.e. only as a field operator
¢(X) = AX) + B(X)
In particular, since
(WoloX)@™ (0)|¥y) = (¥plAX)B(0)|W,)
then the matrix element really acquires the sense of the amplitude of the probability that the particle
is born at the origin and annihilated at the point with coordinates X.

Moreover, now the matrix element can be not bound to the vacuum state, but can be applied to
the field state with arbitrary number of particles n>0. The application of the sum of operators to some
state makes sense only in the case when all operators except one give as a result zero. Therefore, at
the usual approach we have to work only with the vacuum state so that at calculation of the matrix
element the annihilation operator gives zero. In our approach this restriction is removed, the
operators are not summed, but only multiplied, and they can be applied to a state with any number
of particles. For this purpose, let us take into account the following relations

(P(P,dy)nld;(P)di(P)|W(P,dy)y) = (W(P,dy)nldi(P)d; (P)IW(P,dy)y)
= (Y(P,dy),|6(P —P)HIW(P,dy)y) = (P(P),|65(P — P)[P(P),)
(W(P,by)n|by(P)b; (P)W(P, by)y) = (Y(P, by )y |bi(P)by (P')|W(P, by)y)
= (WY(P,b)n|6(P = P)|WP(P, by)y,) = (P(P),[6(P — P)|P(P),)
(WP, dy)nlds(P)di(P)|P(P,dy)n) = (W(P,dy)yn|ds(P)d (P[P (P, dy)y)
= (W(P,dy)n|6(P = P)[P(P,dy)n) = (P(P),|6(P — P)|P(P),)

(P(P,by)n|bs(P)b1 (PP (P, by)n) = (P (P, by)n|bs(P)by(P)W(P, by)p)
= (W(P,by)n|6(P = P[P (P,by)y) = (V(P),[|6(P — P)|¥(P)y)

d*P d*p’
A0 = [[ oo

d,;(P)VL(P) + b, (P)U4(P) 1[ bi(P)V1T(P') + d;(P")U4" (P") -
W [+d4(P)U1(P)+b4(P)V4(P)] [+d1 P’)UlT(P’)+b1(P’)V4T(P’)]|qj(P)">e -
d*P d*p’
ﬁ 2m)* 2n)*
d;(P)d; (PV1(P)U1" (P') + b (P)b; (P)U4(P)V4" (P') iPX)
CH (P [+d4(P)dj';(P’)U1(P)U4T(P’)+b4(P)bZ(P’)V4(P)V1T(P’)]|W(P)">e "
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V1(P)U17(P) + U4(P)V4T(P) ” W(P), ) eiPX)

d*p
:f (2m)* (F(P)n +U1(P)U4T(P) + V4(P)V1T(P)
4P2 0 0 0

d*p 0 0 0 O i
= | —— (P.X)
f o YPhll g o _gpz o |[YP)e
0 0

0 0

4P2 0 0 0

d4P 0 0 0 0 i
= | —— (¥ y P.X)
0 0 0 0

4P2 0 0 0
0 0 0 0 i(PX)

= (¥al¥n )f(z ¥\ 0o o —4pz 0]°
00 o0 o0

The assumption used here is that the scalar products (¥(P),|¥(P),) = (¥,|¥,) are the same for
any values of momentum. Taking into account the normalization

2 0 0 0
0
d'P (Wul¥) [0 0 0 0|
¥, |A(X)BT(0)|¥,) = L 1e0
laBT )1, = [t (68 6, e
00 0 o0

At non-zero number of particles we can change the order of operators and first apply the

annihilation operator
d*P  d*P’
(BT O = | | G
VO + SEIAE) | [ L EIVITE) + b(PIVETPY ||y ) omie
+d; (P)UL(P) + b; (P)V4(P)| | +d,(P)ULT(P") + b, (P")V4T (P n
a*p d*p’
f f 2m)* 2m)*
[ di(P)d;(P)UL(P)V1T(P') + b;(P)b, (P)V4(P)U4T (P') ” PY(P), ) e~ iPX)
+d;(P)d,(P")U4(P)ULT (P") + b(P)b,(P)V1(P)V4T (P") n

(P(P)y

(PP,

d*P U1(P)V17(P) + V4(P)U4" (P) —i(PX)
@ O s @) + vaear )| YO e
4P2 0 0 0

d*P

@ YOl 0 0 g || FERe
0

0 —4P% 0
0 0 0

4P2 0 0 0

_ [ a*p 0 0
= | G v@ar@| o 0 0.0 e
0 0

4P2 0 0 0

d*p 0 0 0 0

= (V. |¥ —-i(P,X)
(¥l ">f(2n)4 0 0 —4P? 0
0 O 0 0

After normalization we obtain
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. P 0 0 O
d*P (\Pnllpn) 0 0 0 0 —i(PX)
@2m)* 2P —M2\ 0 0 —P? 0
0 0 0 0
Let’s return to the previously used definition of the vacuum state by means of relations
d;(P)|%¥) = 0 b;(P)[Wo) = 0 d,(P)|¥o) = 0 by(P)|¥) =0
di(P)d,;(P)|%¥o) = 0 bi(P)b;(P)[¥) = 0 d;3(P)d,(P)[Wo) = 0 b3(P)b,(P)[W,) = 0

which implies

(Pr|BXOAT(0)|¥,) =

A,(X)[Wp) = 0
NjolW) = f d*X B; (X)A,(X)| W) = 0

As we have seen, the action of the creation operator transforms the zero-particle state into a one-
particle state

P20 0 0

1 0 0 0 0
N;ii(B;(X)|¥,)) = N;j|¥;) = W 0 0 —p? 0 |W;)
0 0 0 0

i
At that, none of the operators of the number of particles with a particular value of momentum
di(P)d,;(P)|¥1) bi(P)b;(P)|¥1) dy(P)d,(P)[W;) bi(P)bs(P)[W;)
has no definite meaning, since the particle is only one. In this connection it makes sense not to define
the vacuum in such a detailed way, it is enough to define that the vacuum state is characterized by
only one condition

Nji[Wy) = f d*X B, (X) 4, (X)[¥) = 0

At this approach the field energy is not equal to the sum of energies of partial oscillations,
accordingly the question about the energy of zero-point oscillations of each oscillator constituting the
field is removed. We get rid of the problem of infinite energy of the sum of zero-point vibrations of
an infinite number of oscillators.

We can use the creation and annihilation operators instead of the field operator, and we can
apply them to an arbitrary state, not just the vacuum state. So, we don't need to calculate the vacuum
mean and apply Wick's theorem.

We would like the matrix element to have properties of the Green's function, i.e., to satisfy the
equation

92 92 9% 92
B <ax02 T 0X2 X2 09X,

The solution of this equation has the form

+ m2> D(X) =6(X)

d4-P ei(P,X) B d4P ei(P,X)
(2m)* P — P} —P} — P} — M2} (2m)* P2 — M?

D(X) =

Therefore, we complement the denominator of the integrand, for what we relate the creation
and annihilation operators

Bog = [ 0 [ PEVICR) + di®U4(P) eiPX
(2m)* [+d;(P)UL(P) + b; (P)V4(P)] ypz — 312

A = P [d,(P)V1(P)+b1(P)U4(P) el(PX)
2m* [+d,(P)UL(P) + b, (P)V4(P)| Pz — a2
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Pf 0 0 0 .
_ _ d*p (LIJ |1p ) e—l(P.X)
T _ nlTn 0 O 0 0
(a|BROATO|Y) = | oo ezl 0 0 —pz o |PEo0
0 2
0 0 0 O

After such normalization, one doubts the expediency of the normalization introduced earlier,
namely, the inclusion of the multiplier in the formula
(Wn|¥n)
2P — M2
By analogy with the introduced creation and annihilation operators for fields in vector space, let
us describe the corresponding operators for fields in spinor space. As an initial one we use the
previously described field operator for the fermionic field

d4
ox) = #
[dz(p)ul(p) + idy(P)u3(p) + iby(PIu2(p) + b1 (PIUAD) | i(pyx,—pyxytpyxs-pes+ )
+d,(p)v1(p) + id3(p)v3(p) + ibs(p)v2(p) + by (p)v4(p)
[bi‘(p)u_l_(p) + ib;(P)u3(p) + id; (PIu2(P) + di(PIUAD) | —i(por/-pyxy+prs-psr+ B)
+b;(p)v1(p) + ib3(p)v3(p) + id3(p)v2Z(p) + di(p)v4(p)
Let us define the creation and annihilation operators
d*p
(@m)*
[ bi(P)ul(p) + ib;(pP)ud(p) + idz(PIu2(p) + di(PIUA(P) | _i(pyx;—pyxytpars—psxrt @)
+b3(p)v1(p) + ib3(p)v3(p) + id3(p)v2(p) + fZ(p)v4(p)
d*p
(@m)*
[dz(p)ul(p) + idy(p)u3(p) + ib,(PIu2(p) + b1 (PIUAD) | ipox,—pyxytpyxs-paes+ )
+d,(p)v1(p) + ids(p)v3(p) + ibs(p)v2(p) + b,(p)v4(p)

Let's find anticommutation relations between components of these operators

{a;(%), b;(x")} = a;(X)b;(x") + bj(x)a;(x) = (a(X)b(X’) + (b(X’)aT(X))T)U

b(x) =

a(x) =

a(x)b’ (x) + (bx)a’ x)" =

d*p d*p’
- || oy
[dz(p)ul(p) + id,(p)u3(p) + ib,(p)u2(p) + b, (p)ud(p)
+d,(p)vi(p) + id3(p)v3(p) + ib;(p)v2(p) + bs(p)v4(p)
[bi‘ (pHul*(p") + ib;(pHu3*(p’) + id;(p")u2’ (p’) + di(pu4a’ (p’ l
+b3(p V1t (p") + ibz(p")v3*(p') + id3(p")v2T (p") + di(p")v4" (p')

o i(PoX1=P1X0+D2x3-D3x2+ (X)) o =i(p0' X1 =P 1" x0" +D2 x5" =3 %, +(p" X))

+
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[ bi(pHul(p’) + ib;(pHu3(p’) + id;(pHu2(p’) + d;i(pu(p’ l
+b3(p")VI(p") + ib3(p)v3(p’) + id3(p")v2(p’) + di(p")v4(p’)
Idz(p)ulT(p) + id,(p)u3’(p) + ib,(p)u2*(p) + by (p)ua*(p)
k +d,(p)v1T(p) + id;(p)v3T (p) + ib3(p)v2*(p) + b,(p)v4* (p) )
e~ i(0o'x) =0/ %" +p2 x3" ~p3' %2+ (0"X) g i (PoX 1 ~P1 X0+ D2 X3~ D3 X2+ (X))
l d;(p)d;(pHul(p)ud’ (p") l
~d,(p)d;(p"u3(p)u2’(p) + -
ff d4 d4 / i(p0x1—p1x0+p2x3—p3x2+®)e—i(po’xl’—p,’x0’+p2’x3’—p3’x2’+(pMT’))
4 4 +
Gyt @myt l b1 (p)b; (p)UA(p)ul* (p') l
—b,(p)b3(p")u2(p)u3d*(p’) +-
L oi(po'x/"=p1 x0" +D2" x3"=p3" % +(7 X)) g =i (Pox1=P1 X0+ P2 %3-P3X2+(PX)) |

[ b (p")by (p) (WI(p"ud* (p))"
~b;(p)b, (P (WB(PIu2* (@) + -

. . e~ i(Pox1=P1x0+P2x3-D3x2+ (X)) o i(00" X, ~1; X"+ 25" —p3" %2+ (p"X))
d 1% d ! +
ﬂ (2m)* (27r)4 .ponr , T
d; (p)d; (p)(u4(pHu1’ (p))
T
—d;(p")d, (p)(u2(p)us’(p)) +

L o—i(po'x)"—p1 %"+, x3" —p3" %"+ XN) i (Pox1=D1 X0+ P2 %3-P3x2+(pX) |
d,(p)d; (L (p)ud™ (p') + c; (p)d (p) (u(pHul’ (p))

—d,(p)d;(pHu3(p)u2’ (p’) — d; (p’)dz(p)(uZ(p’)u3T(p))T +

ff d*p d*p’ et (Pox1=P1x0+P2x3-P3x2+ (X)) o =i(Po' X1~ 0" +p2"x3" 3 x2" +(p P’ x")
(2m)* (2n)4 +

[ by (p)b; (pHud(p)ul*(p) + b} (p’)bl(p)(ﬁ(p’)u‘ﬁ(p))T

| b, (p)b3 (pYUZ(P)u3* (p') — b3(p")b,(p) (WE(PHuZ* () + -

ei(Po'x1"=p) %"+ x3" ~p3 x2" + (0"XN) o ~i(Pox 1~ P1X0+P2X3-P3 %2+ (PX))

d,(p)d; (pu1(p)us” (p") + di (p)d, (p) (w1 (P)ud" (p"))

|—d, (p)d; (P u3(PIu2’ (p) — d3(p)dx(p) (u3(P)u2” (p)) +
d*p d*p’ i (PoX1=P1X0+P2x3-P3x2+ (X)) o =i(P0' X1 —p1 %0" +2" x5" ~p3" %" +(p" X))
- || Gy X

I b1 (p)b; (p)ud(p)ul*(p') + bi(p")b;(p)(ud(p)ul*(p"))
—b,(p)b;(p)u2(p)ud*(p’) — b;(p")b,(p) (u2(p)ud*(p")) + -

ei(Po'x1" =p1" % +02 x5"—p3' 2" + (0" XN) o ~i(Pox 1 ~P1X0+P2X3-P3 %2+ (PX))
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—u3(p)u2’(p) — u2(p)ud’(p) + -

ei(po(x1—xl’)—pl(xo—xo’)+p2(x3—x3’)—p3(x2—x2’)+(p,x—x’))

l ul(p)u4’(p) + u4(p)ul’(p) l

d*p

_ [ +
(2m)* l ud(p)ut*(p) + ul(p)us*(p) l
—uz2(p)u3*(p) —ud(p)u2*(p) + -

_e—i(po(xl—xl')—pl(xo—xo’+m)+p2(x3—x3')—p3(xz—xz’)+(p,x—x’))_
ul(p)ud’ (p) + u4(p)ul’(p) + vi(p)v4' (p) + v4(p)v1’(p) |]
—u3(p)u2’(p) — u2(p)ud’(p) — v3(p)v2'(p) — v2(p)v3’(p)
d4p ei(po(x1—xl')—pl(xo—xo’)+p2(x3—x3’)—p3(xz—xz’)+(p,x—x’))
—Jent| — — T —
[ u4(p)ul®(p) + ul(p)us*(p) + v4(p)vi*(p) + vi(p)v4*(p)
—u2(p)ud*(p) — u3(p)u2*(p) — v2(p)v3*(p) — v3(p)v2*(p)

e—i(po(xl—xl')—pl(xo—xo')+p2 (x3—x3")—p3(x2—x2")+(px—x"))

f( 4)4 ( R(p) ' SR(p))e(i(po(xl_xl’)_pl(XO_x0’)+P2(x3—X3’)_P3(xz—X2’)+m))
21
J»(_ (2l4 54 (SR(p) + SR( )) e—(i(po(x1—x1’)—P1(x0—x0’)+P2(xg—x3’)—p3(xz—xg')+(p,x—x’)))
T p

. m 0 0 O
— d’p 0 m 0 O e(i(po(x1—x1’)—pl(xg—xo’)+p2(x3—x3’)—p3(x2—x2’)+(p,x—x’)))
eo* {0 0 m o0
0 0 0 m
. m 0 0 O
L2 [0 m 000 ) - (iwo(rimxi)-pa(ro—xe") +pa(xs—x5") -3 (x2-x )+ px—x1))
ot \0 0 m 0
0 0 0 m

=4mIs(x' —x) + 4mIs(x — x')
{a;(x), b;(0} = a;(x)b;(x) + bj()a;(x") = 4Re(M)6(x' —X)5;
{bi(x), a0} = b;(x)a;(¥) + a;(X)b; (x) = 4Re(M)§(x — x')§;;
Besides these relations, the following ‘anti-commutation relations take place between the
components of the annihilation and creation operators
{bi (), b;(x)} = b;(GOb; (x') + b (X" )by (%) = 0
{a;(®),a;(x)} = a;(®a;(x") + a;(xVa;(x) = 0
Let's define operators of the total number of particles in the form
NiG) = e Ny = [ dx (a0
Let's find the commutators

[Nji, b;(0)] = fd‘*X’ [b;(x")a; (x")b; () — b;(x)b; (x")a;(x)] =

j d*x [by (<) a, ()b () + by (x)b; () (x)] =
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J 60 (60100 + b0 (x) | =
4Re(m) J d*x' bj(x)8(x' — x)8;; = 4Re(m)8;;b;(x) = [Nj;, bj ()]
[N a;(x)] = f d*x' [b;(x")a; (x)ay(X) — a;(X)b;(x")a;(x)] =
f d*x' [~by(x)a; (0 a;(x') — a;(0b; (K a; (x)] =
—f d*x’ [(bj(x’)ai(X) +a (X)bj(x')) ai(x')] -

_4Re(m) f dx' (x' — X)8ya,(x') = —4Re(m)Sya(x) = [Ny 4, ()]

Instead of defining the vacuum state through its properties under the action of annihilation
operators

d;(p)|¥y) = d,(p)|¥y) = b (P)I¥y) = b1(P)I¥yp) = 0
d,(p)|¥y) = d3(p)[¥p) = b3(P)I¥y) = bz (P)|¥y) =0

which would entail the ratios

ax)|¥y) =0 Nj|¥y) =0
we will not require from operators all these properties, but we will be limited by a weaker and simpler
definition of vacuum, namely, absence of particles in vacuum

Nji|lP0) =0
Let's use the found commutator
4Re(m);;b;(x) = N;;b;(x) — b;(X)Nj;
4Re(m)6;;bj(X)|¥y) = N;ibj (X)) — bj(X)N;;|¥y)
N;;ib;(x)|¥y) = 4Re(m)é;;b;(x)|¥y)
[¥1) = b; (x)| %)
Nji|qj1) = 4Re(m)6ij|‘P1)
On the obtained one-particle state let's act on the obtained one-particle state by the creation
operator again
4Re(m)6;;bj (X)) = N;ib; (XY ;) — bj(X)N;;|¥;)
4Re(m)6;;b;(X)|¥;) = N;;b;(X)|¥;) — 4Re(m)d;;b;(x)|¥;)
Njib;(x)I'¥,) = 2(4Re(m)&;;)b; (x)[¥1)
|¥,) = bj(x)|qj1)
Nj; |¥,) = 2(4R9(m)6ij) |¥)

We have obtained a state with two particles and we can thus increase the number of particles to
infinity. All particles are identical and indistinguishable from each other, each of them is in all
allowed states, of which the free field has infinitely many. Electrons in an atom have fewer allowed
states, but still any electron occupies all of them equally with the others. This theory describes both
electron and positron, the difference between them being only in the sign of the mass, it being

convenient to consider that the electron has a negative mass and the positron a positive one.
Similarly, we use the commutator of the annihilation operator

—4Re(m)d;;a;(x) = Nj;a;(x) — a;(X)N;
—4Re(m)6;ja;(X)|¥,) = Njja; X)|'¥2) — a;(X)N;;['¥>)
—4Re(m)d;;a;(X)|¥;) = Njja; X)|¥,) — 2(4Re(m)é;j)a; (x)['F>)
Njja;(X)|¥,) = 4Re(m)d;;a;(X)|¥,)

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202401.1032.v7
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 17 June 2025 d0i:10.20944/preprints202401.1032.v7

111 of 127

Thus, the action of the annihilation operator has transformed the two-particle state into a one-
particle state. Using the same calculations, we obtain the result of the annihilation operator action on
the one-particle state

Njja; ()|¥;) = 0% a;(x)|¥))
And in the same way we define the result of its action on the null state
Njja;(X)|¥y) = —4Re(m)d;;a;(X)|¥y) = 4Re(—m)d;;a;(X)[¥y)

We obtain a state with the number of particles minus one, but we see that in fact it is a state with
one particle whose mass is negative. Thus, the positron annihilation operator is also the electron
creation operator. It destroys positrons until they run out, after which it starts creating electrons. The
creation operator, on the contrary, destroys electrons, and when they run out, starts creating
positrons. Thus, since there are many electrons in our universe, this operator cannot be creating
positrons because it cannot destroy all electrons due to their number. Moreover, the operator of
annihilation of positrons because of the absence of the latter, only creates more and more electrons.

If the mass is zero, then in any state the number of particles is zero, i.e., for example, the
electromagnetic field in spinor space, where it should be fermionic, simply has no particles. The
absence of particles does not contradict the presence of the field, which is represented by the same 16
spinors, this field obeys Fermi statistics, and it has no charge and can be treated as a Majorana
fermion. This field interacts with electrons in spinor space, and the result of the interaction manifests
itself in vector space.

With the help of the creation and annihilation operators we can write the matrix element for the
situation when the initial and final states are states with arbitrary number of particles

(Wnla(x)b (0)[¥,)

d*p (1) (1) 8 8 : CF)
= f 2t (PnlP)4Re(m)| o 5 1 o el (Pox1=P1Xo+P2xspaxz+(px)
0 0 0 1
(W |b(x)a™ (0)|¥y,)
d*p (1) 2 8 8 : )
— ,f(ZT)“ (W |¥)4Re(m) | 0 0 1 o e ~i(Pox1-P1X0+D2x3-P3%2+(PX))
0 0 0 1

We would like the spinor matrix element to have properties of the Green's function, i.e. to satisfy
the equations which for this case are given below and which can be combined into one equation

a 0 a 0
(ax, 0x; B 0x)0x3 B m) D(x) = 6()

(0[]0[] a[1ar]

0%; 0%, 0%, 0%;

- rﬁ)D(x) =6(x)

(a 9 9 a) a[1a[1 a[]la[]
ax, 0%, 0x,0xs) "\ \owmox, 0% 0%

) —m |D(X) = 6(x)

where the delta function can be represented as

4
6(x) = d’p et (Pox1=D1x0+P2x3-D3X2+(DoX 1~ P1X0+P2X3-D3X2))
(2m)*

The solution of the combined equation has the form

d* ei(poxl—p1x0+p2x3—p3x2+®)
mg:f p

(2m)* (p1p, — Pops — M) (P1P2 — PoP3z — M)
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Therefore, we complement the denominator of the integrand, for what we relate the creation
and annihilation operators
d*p

h(x) = L

[ b;(P)uL(p) + ib3(P)u3 () + id; (Pu2(p) + dj (Pus(p) | e~ Por Prxvtpexs by (p)
+b;(p)vI(p) + ib3(p)v3(p) + id3(P)v2(p) + di(p)v4(p)|  (P1pz — Pops —m)
d*p

W= oy

[‘“(p)ul(p) + id,(p)u3(p) + iby(p)UZ(p) + by (p)ud(p) | e PoriPiZrtpexspsxr+(px)
+d,(p)v1(p) + ids(p)v3(p) + ibs(p)v2(p) + b,(p)v4(p) (p1p2 — Pop3 — M)

(L]Jnlﬁ(x)ET (Y) |Lpn) =

17 0 0 O ' —
_d“p 0 7 0 O 4Re(m)el((p'x_)’)+(p,x—y))
~ [ o e (§ 59
(2m) 00 0 I (p1p2 — Pop3 — M)(P1pP2 — PopP3 — M)

(Wn|5(x)aT(Y) |qJn> =

1 0 00 ' -
- f p w w0 £ 00 4Re(m)e-l(<p.x—y)+(p,x_y))
(2m)* \nlin 8 8 (]) 0/ (1p2 — pops — M) (p1p2 — Pops — M)

The electron and positron have different mass sign, so their matrix elements will be different.
We can repeat the above calculations, keeping the annihilation operator, but defining the
creation operator differently

d*p
(2m)*
[dz(p)ul(p) + idy(p)u3(p) + ib,(PIu2(p) + b1 (PIUAD) | ipyx,—pyxytpyxs-paes+ )
+d,(p)v1(p) + id;(p)v3(p) + ibs;(p)v2(p) + 54(p)v4(p)

a*p
(2m)*
ldi(p)u_l_(p) — id;(p)u3(p) — ib3(PIu2(P) + bi(PIUA(P) | ,i(pyx;prxytpars—psxrt @)
+d;(p)v1i(p) — id3;(p)v3(p) — ib3(p)v2(p) + bi(p)v4(p)

As a result, we obtain the anticommutator

(@00, b;(x)} = @, (x) + by(x)a; (%) = (a@)b) + (b(x)a’(x))")

a(x) =

b(x) =

ij
a(x)b” (x') + (b(x’)aT(x))T = 4Py 16 (X' —X) + 4P,I6(x — x') = 8P,6(x — X')

Py = poPo + P1P1 + P2P2 + P3P3
As before, using the creation and annihilation operators, we construct the matrix element for a
state with an arbitrary number of particles
d*p

0= o
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[‘“(p)ul(p) + id,(p)u3(p) + iby(p)UZ(p) + by (p)ud(p) | e!PoriPiZrtpexspsxr+(px)
+d,(p)v1(p) + ids(p)v3(p) + ibs(p)v2(p) + b,(p)v4(p) (p1p2 — Pop3 — M)
d*p

(2m)*

ldi(p)u_up) — id;(p)u3(p) — ib;(p)u2(p) + b (p)ud(p) | e~ (Poxi~Pi¥o+paxs—psx:+ (px))
+d;(p)v1i(p) — id3(p)v3(p) — ib5(p)v2(p) + b;(p)v4(p) (p1P2 — PoP3z — M)

h(x) =

(WA&(X)BT (Y) |qJn> =

1 0 0 O ' -
- f Ty w w0 £ 00 8POel((p'x‘Y)+(p,x—y))
(2m)* * 8 8 (]) (1) (p1p2 — PoP3 — M)(P1P2 — PoP3 — M)

(Wnlz(x)aT(Y)lan> =

gpye (Px-V+PxY)

0 0 O
1 0 0
0 7 0

OO ~

4

= f d_p (Wn|Pn)

(2m)* (p1P2 — PoPs — M)(P1P2 — PoP3 — M)

0 0 O

Now instead of mass the matrix element includes energy, therefore such theory is applicable
also to the field with zero mass, i.e. it can serve as a model not only for the electron, but also for the
electromagnetic field in spinor space. The only problem is that if earlier the action of the annihilation
operator on the zero-point state gave a particle with negative mass, now this action gives a particle
with negative energy, which makes the interpretation of such theory more difficult.

Note that in this revision the creation and annihilation operators are conjugate to each other

d*p

0= | Gy

[dz(p)ul(p) +id,(p)u3(p) + ib,(p)u2(p) + by (p)ud(p) o (®0+X)
+d,(p)v1(p) + ids(p)v3(p) + ibs(p)vZ(p) + b, (p)v4(p) | PiD; — Dobs — M
= d4p

®) = | Zay

Idi (P)UL(p) — id; (P)uB(p) — ibi(p)u2(p) + bi(plud(p)| e (®9+®)
+d;(p)vi(p) — id3(p)v3(p) — ib3(P)v2(p) + b (p)v4(p)| p1p2 — Pops —m

The considered free field matrix elements describe the situation when there is a point source

h(x) =

N

with coordinate x and a point sink with coordinate y. In the general case in the spinor space the
distribution of source-stocks J(x) can be given and the value of

1
w(Q) = _Ej. d*x d*y J;(x)D;;(x — y)J;(y)

which is used for finding the integral over the trajectories and which can be written using the Fourier
transform for the spinor space
d*x

@) = [ G Jioge™ (#78)
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L dp — 8(PoPo + P1P1 t+ P2P2 + P3Ds)
wQ) = —Eﬁ- ﬁ]l(l’) 8ij ——
(2m) (P1p2 — PoPs — M) (P1D2 — PoP3 — ™M)
In quantum field theory it is customary to calculate a similar quantity

1
W) =3 [[ dx @ 0Py x - g,

in which the coordinates, momenta and the Fourier transform connecting them belong to the vector

space. In our opinion, the transition to spinor space, more fundamental than vector space, which is a
superstructure over spinor space, can eliminate divergences in calculating integrals in the framework
of the formalism of the integral over trajectories. In momentum space the similarity is even more
obvious, the kernels of the integrals are the same, the only difference is in the space where the
integration takes place and the way of calculating the Fourier transform —either in vector or in spinor

5ii
ﬂ (2 )‘*jl( ) 2_p? —PZJZ — P;? — 2 /i P)

wQ) = - ff JAO) il 1)
(2m)* (p1p2 — Pop3z — M)(P1P2 — PoP3 — M)

The spinor space has the additional advantage that the integrand is factorized

_ J.(p) 3 J;(p)
W)= ﬁ (2m )4 O 1Py — Pops — M) % (P1P2 — Pop3 — M)

space

This factorization in momentum space looks like a consequence of a more fundamental property
of factorization in coordinate space

1
W) =3 [ d*x d*y1GoDy - 1, @)

1
= f d*x d*y J;(x) (W, ax)BT (y) [¥,),]; (¥)

1
—5 [[ ¢ty e, W)

i) (ab™®)) J;®)

1
='_§(q%

x d*y J;(x)(a(x)bT(¥))i;); ()| ¥n)

We can assume that first it makes sense to perform integration separately on x and y, and only

( f d*x JT (x) a(x)> ( f d*y bT(y)](y)> ¥,)

Since earlier we have obtained an explicit representation of field operators in both vector and

then to perform multiplication

1
W) = -5 (¥

spinor space, we do not need to refer to the equation of motion and the Lagrangian. Proceeding from
these representations, we define the creation and annihilation operators, and from them we construct
the matrix element as a function of relative coordinates.

There is another way to give the properties of the Green's function to the propagator by
introducing the necessary multiplier not in the definition of the creation and annihilation operators,
but directly in the propagator. In this case we can proceed from two similar equations

(a[_]a[_]_a[]a[_]>(a a3 9

_ 2 uv — Sk
0%, 0%, 0% 0%; ) \ox, ox, ax06x3) m* 195D () = 8,80

<<a a 0 6) m) <agag_aﬁaﬁ)_m g*' Dy (x) = 65'5(x)

dx; 0x, axo d0x; 0x; 0x, 0X, 0x3
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Their solutions have the form

d*p Sy ei((p’x_y)er)
P& =) = | Guys Goups = povs) Bips — eps) — 2
d*p 8y ¢ (Px+Bxy)
@m*  PP-m?
d*p Sva ei((p’x_y)er)
D,,(x—y) =

(2m)* (p1p2 — Pops — M) (P1P2 — PoPs — M)

The first variant is remarkable because in it the denominator of the integrand coincides with the
similar denominator of the photon propagator and the Feynman propagator for the fermion. The
advantage of the second variant is that the denominator consists of two conjugate terms, which can
be included from the beginning in the mutually conjugate creation and annihilation operators.

It may seem artificial to add an additional multiplier to the denominator of the plane wave. But
then we must remember where the plane wave itself came from, namely, that it is a solution of the
homogeneous wave equation. But the wave cannot arise from nothing, it must have a source, that is,
it must be a solution of the inhomogeneous wave equation. In the case of a source in the form of a
delta function, this solution includes just such a multiplier in the denominator.

Using the found field operators and propagators, one can make corrections in the rules of
construction of Feynman diagrams. In particular, one of 16 pseudospinors should be compared to the
external lines of the fermion, and one of four pseudovectors should be compared to the external lines
of the boson instead of the polarization vector. One should also correct the type of propagators of the
fermion and the boson. All these corrections can be done even within the classical Feynman diagrams
in vector space. Then the outer lines will be explicitly expressed through the momentum components,
and the diagram will look the same in any reference frame. A complete transition from integration in
vector space to integration in spinor space would be a more radical step, the consequences of which
are yet to be studied.

In particular, when integrating over the momenta associated with the inner lines of Feynman
diagrams in vector space, a divergence of the form [ d*P(1/P*), for example, arises. In spinor space
the denominator remains the same, but the numerator in the integral [ d*p(1/P*) is of lower order,
since the component of the momentum vector is a bilinear form of the component of the momentum
spinor.

In light of the existence of operators capable of creating and annihilating fermions and bosons
that are constrained to a particular point in space, a re-evaluation of the concept of elementary particle
interaction becomes imperative. Without recourse to prior reasoning or justification, it can be
assumed that the interaction is described by the multiplication of any set of such operators bound to
the same point in space. This product, which also incorporates constant multipliers to account for the
degree of interaction, is then integrated over the entire coordinate space. The result of this integration
is a multiple integral over the momentum space, which in vector space often diverges, but in spinor
space perhaps not.

Previously defined operators
- d*p
b(x) = 20

b; (p)ui(p) + ib;(p)ud(p) + id3(p)u2(p) + d; (p)ud(p) | e~ (PoxiPrxv+p2xs=psxr+ (i)
+b;(p)v1(p) + ibs(p)v3(p) + id5(p)v2(p) + d;(p)v4(p) (p1p2 — PoP3 — M)

d*p
2n)*

ax) =
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d,(PuL(p) + idy (PIu3(P) + ib,(PIUZ(p) + by (p)uk(p) | &' Por PrrotPexs P24 (b))
+d,(p)v1(p) + id;(p)v3(p) + ib3(p)vZ(p) + bs(P)VA(P)|  (p1p2 — PoPz — M)

create or annihilate the fermion at a precisely defined point of space, while the momentum of the
fermion is not defined. Taking into account the symmetry between the coordinate and momentum

operators in quantum mechanics, we can postulate similar operators for a fermion with exactly
definite momentum and indefinite coordinate.

B(p) = f d*x

l b ()UL(X) + ib:()U3(X) + id5(u2(X) + di (X)ud(x) | e~ {(xopi=x1Po+x2p5=x3p2+(xp))
+b;(x)v1(x) + ib;(x)v3(x) + id;(x)v2(x) + d;(X)v4(x) (x1%, — x0x3 — 1)

a@) = [ d*x

[dl(x)ul(x) + id,(x)u3(x) + ib,(®x)u2(x) + b;(xX)u4(x) e~ i(Xop=xX1po+x2p3-23p2+(x.p))
+d,(x)v1(x) + id3(x)v3(X) + ib3(x)v2(X) + b, (x)v4(X) (x1%, — xgx3 — 1)

where [ is the invariant interval of the spinor coordinate space. Now the difference between an
electron and a positron is determined by the sign of the interval.

The simplest recipe for the description of the electron-positron field seems to be the use in its
equation of motion of the matrix, which we obtained in the construction of the anticommuting field
operator, namely

Po (%)
Se® = | 1) =23 =p2p1p0) — | 22 | (=P =0 D3, 2)
R 12 3 21 PO Do Iz 0 F3 P2

—P3 —P1
D2 Po

+{ 253 | @190 P30 = | ZB | (03,02, P2, PO)
—Do 1 PO P33 P2 —D> 3» P2 M1y PO
(4] P3

which after the substitutions
0
Po~ 52 =0, P1—>—a—xof—ao P2 g = 0; Ps"‘@f—az
transforms into a differential operator
0, 03
a0 a2
Sgp = 9 (03, —03,—0,,01) — 9 (09, =04, —0,,03)

3 1
0, do

03 01

62 a0

+ p (=00, 01, =05, (93)) — Y (—0,,03,—0,,01)
1 3
—0 —0,

Earlier we showed that
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—PoP3 + P2P; 0 0 0
0 pP1P2 — P3P0 0 0
S =
#(p) 0 0 PoP; — Pob3 0
0 0 0 —P3Pp + PP
PP — Pobs 0 0 0
+ 0 —Ps3Po + P12 00
0 0 —pop; + P2D; 0
0 0 0 pP1P2 — P3P0

= 2(p1p2 — P3Pp)1

Thus, the equation of motion has the form
(Sg —2mDe(x) =0

After transition to the momentum space by means of integral transformation

d* , _
o o

we get the equation of motion

(Sr(p) —2mDe@(p) =0
(P1p2 — P3Py — M) @(p) = 0

The Green's function is a solution of the inhomogeneous equation

(Sg —2mI)Dp(x) = 15(x)
4

- . et

(Sr(p) — 2mI)Dr(p) =1
(p1p2 — P3Py — M)Dr(p) =1

Dr(p) =
AL ——
d4—p I . .
D (X) :f el((pvx)+(pix))
R (2m)* pyp; — P3py — m

Let us note that the diagonality of the left part of the free field equation
(p1p2 = p3po) @ (p) = mig(p)

allows to take into account in a simple way the influence of the external electromagnetic potential
expressed in the spinor form
((P1 —ay)(pz — az) — (p3 — az)(po — ao))lq’(l’) = ml@(p)

Due to the diagonality of the equation, the addition of an external field does not break its
invariance, unlike in the vector space. It turns out that at the spinor level the fields interact additively.
There arises a strange assumption that since the matrix is diagonal, there is no need to zero out the
non-diagonal elements to ensure mass invariance, hence Newton's laws are not relevant in spinor
space, and the components of the momentum spinor always commute.

Replacing the momentum components by derivatives gives us an analogue of the Schrodinger
equation

0 J 0 9
<—a—xo —aq (X)> <a—x3 - az(X)> - <— a—xz —az (X)) <a_JC1 — ao(x)> lo(x)

= mlg(x)
If we get rid of the unit matrix, we obtain the same equation for spinor space that we considered
at the beginning of the paper. It turned out to be exact, not requiring an addition to take into account
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the electron's spin, as it was necessary for the Schrodinger equation in vector space. In the spinor
equation the spin of the electron is taken into account automatically.

We can go further and assume that the picture of interaction of fields is more symmetric and is
described by the mixed equation

i) ) ) e
ax,  ayy) \ax; dys) \"ax, " ay,)\ox, ay,)) O
= (m+4dm)le(x,y)
In the extended momentum space (p,a) the equation has the form
((P1 —a;)(p; — az) — (p3 — az)(po — ao))I‘P(P, a) = (m+Am)l@(p,a)
From the equation we can isolate the part responsible for the interaction
(=p1az — a1p2 + p3ao + azpo)l@(p,a) = Amie(p,a)
( d 0 4 d 0 d 0 ad 0
0xg0ys 0y,0x3 0x;0y; 0y, 0x;

The solution of this homogeneous equation is a plane wave

)Itp(x, y) = Adml@(x,y)

@(x,y) = el(Poxi=P1xo+Pax;=P3xrtaoy ~a1yptazys=asy:+(px+@y)

The theory outlined in the article allows us to answer the question how the fermion field changes
under the action of Lorentz transformations on the coordinates. Exactly, if we move to another frame
of reference by rotations and boosts, the coordinate spinor changes. As a consequence, the
momentum spinor changes, the components of which are the coefficients of the expansion on the new
coordinates, and the momentum spinor undergoes exactly the same transformation as the
coordinates, so that the phases of all plane waves in spinor space do not change. The components of
the new momentum spinor are substituted into the 16 spinors describing the fermion field. Thus,
there is no any uniform law of transformation of a spinor of the fermionic field, each of 16 spinors
corresponding to the particles forming it, is transformed in its own way.

However, if, following Heisenberg [12, Chapter 3, Paragraph 1], we index the field components
differently

Po(X) = $00(X) @1(X) = $10(X) P2(X) = §11(X) P3(X) = —$01(X)

Then it can appear that this field § on the first index will be transformed by three spatial
rotations and three boosts, and on the second index it will be transformed by three rotations in
isotopic space. In this case the additional quantum number related to the sign of mass may be an
isotopic spin.

Let us suggest that the coordinate and momentum spinor spaces can also be indexed in a similar
way

Xo = Xoo X1 = X10 X2 = X11 X3 = —Xo1
Po = Poo P1 = P10 P2 = P11 P3 = —Po1
Thus, we are in a space ) that is subject to three rotations, three boosts, and three isotopic
rotations. All of these transformations are equally real, but there is an imbalance due to the luck of
isotopic boosts. After all, isotopic rotations, like spatial rotations, are generated by Pauli matrices;
these rotations also do not form a group. Therefore, the full isotopic group must also consist of three
rotations and three boosts.
Let's rewrite the previously used quantities with new variables

DPoX; — P1Xg T P2X3 — P3X2 = PooX10 — P10Xoo — P11Xo1 T Po1X11
0 1\ /Xoo (0 1 )E)
1 0) (X10) + (Po1 P11) (—1 0) (E

m = p1P2 — PoP3 = P10P11 T PooPo1

= (Poo P10) (
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Table 3.
—P3
_ [ D2 —P3 —Do Po1  —Poo
ul(p) = m) (- (B =)
Po
Po
_| ~Ph1 Po D3 Poo  —Po1
u4(p) = p2> <_P1 E) (_P10 P11)
—Ps3
—D3
— _| P2 2 Po1 —Poo
ul(p) = p1> (_E P1) (_P11 P10)
Do
Po
wp) =| (P_O_ p3) (@ ‘E)
Pz_ —P1 P2 —Pi0 P11
—DPs3
(4]
_ | Po P P2 P10 —P11
vi(p) = D3 <p0 E) (Poo _.001)
1%
D2
_[~Dp3 (pz —ﬂ) (E —m)
4 = ol o -9
vA(P) <_p0) —P3 —Po Po1 —Poo
b
1
vig) =| P (& ‘PZ) (@ :&)
& Po D3 Poo Po1
D2
D2
— _| —Dp3 [ 1 P11 —P1o
V4(p)_<_o> (_E _Po> (Po1 _Poo)
1
—P:
_ | ~Po -p1 P2 —P10 P11
u3(p)—<p3> (_po E) (_Poo _Po1)
D2
D2
_ |3 P2 D1 P11 P1o
“2(p)‘<po> (&, ) (2 7o)
—P1
-1
3p) = 1 (B ) (e ZPu)
u3(p) <&> —Po D3 —Poo  —Po1
D2
23
_| —Ps P2 1 P11 Pio
UZ(P)—<O> (—ﬁ po) (,001 Poo)
-1
D3
_ | D2 (p3 —%) <—m —W)
3 = ki 2 i
v3(p) <p1> p: P P11 P10
Do
()
_ |~ ph Po —DP3 Poo Po1
v2(p) = —p2> <_p1 _E) (_Plo _P11)
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P3

P2 (E _Po) (_P01 _Poo)

1 P2 D1 P11 P10
Po
Po

IS (2 ) (foo P
D2 P1 D2 Po1 P11

D3

v3(p) =

Summarizing, we can formulate the following theses. The initial coordinate space is described
by complex quantities, which can be represented as a square matrix
Y = (X o0 Xo1 )
=\ X1

The field is a superposition of plane waves with complex phase

PooX10 — P1oXoo — P11Xo1 T Po1X11

= (Poos P10) ( 1 (1)) (fl)g) + (Por, P11) ( 1 (1)) (g)

where the momentum coefficients of the decomposition are represented as
_ (Poo Po1 )
Pro = \p1o P11

The phase of a plane wave is constructed using two metric tensors of spinor space and therefore
does not change if x,z and p,s are affected by the same transformation, which is a combination of
three rotations and three boosts with arbitrary angles at the first index and a combination of three
rotations and three boosts with arbitrary angles at the second index. Any transformation is given by
12 real values representing the angles of the turns and boosts. When we considered a four-component
spinor, we made do with 6 angles, since we took the same rotation and boost angles for both indexes.
Note also that only under this condition the mass invariance takes place.

Each plane wave in superposition has a multiplier in the form of a matrix

o (500 €01 )
SN T =T
which may be any matrix of 16 momentum combinations given in the table, e.g.

(P o)
—P11 Pio

Each of these matrices can be compared to some elementary particle, and at transformation of
coordinate and momentum space it is transformed according to some inherent law. The field operator

has the form

(Eoo()(aﬁ) 501()(043))_ d4py6
510()(043) 511()(043) B (2m)?

5\ —p1o P . P11 P —Po1

d;(pys) ( pgln %0) +idy(pys) ( p(l)z _pn) +iby(pys) (pzi ng) bi(pys) ( P;))(On f%l)

o) (. 02+ (2 )¢ ) B et (3 )
ooy Demrammal, DED)

i) (5, )+ (o) (. )+t (2 50)+ i) (L3, o)

p P p p ~P10
i) (g ) +0io) (5" o) +ailo) (550, T50) + o) (B2 Z50)

—p
e—i((ﬂoo P1o)(_01 )(X00)+(P01 911)( é)(%))
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In addition, a complex conjugate version of the phase should be added to both exponents, as
was done above, then there would be an imaginary value in the exponent.

For the field ¢, (xqp), we can obtain the equation of motion as an equation in partial derivatives
on the complex variables x,z by substituting the derivatives on these variables instead of the
derivatives on x, in the previously discussed equations.

We can also consider the decomposition of the field by the previously considered plane waves
of the form

exp[Xi(pox; — P1Xp + D2X3 — P3X2) (PoX] — D1Xy + P2X3 — P3X3)] =
exp[Zi(pPooX10 — P10oXoo — P11Xo1 T+ Po1X11) (PooX10 — P1oXoo — P11Xo1 T PorX11)] =

*i <(Poo P10) (_01 3) (ﬁ:g) + (Po1 P11) (—01 3) (%))

((m P10) (_01 (1)) ();:(1)(())) + (po1 P11) (_01 (1)) (iii))

For the simpler case of a scalar field these plane waves correspond to the Green's function
d*p expl—i(pox; — p1xy + Pa¥Xs — P3¥z) (PoX; — P1Xy + PaXs — P3x;)]
(2m)* i[pz = po + 1 — ps]

satisfying the equation

(60 06) (66 60)D()_6
0x;0x, 0x)0x3 dx,0x; 0x30x X) = 0(x)

Recall that the transition from spinor space to vector space is performed by transformations

exp

D(x) =

1, 1.
Pu=§p Sup Xu=zx Sux

m = PzP2 — PoP3
MZ =POP0_P1P1_P2P2_P3P3
M? = mm
Lorentz transformations are given by 2x2 matrices with a set of valid rotation angles and boosts

i 1 i 1 i 1
nl = exp (—§a110'1) exp (Eﬁllaj) exp (— 5“1202) exp (531202) exp (—Ea13a3) exp (531303)

i 1 i 1 i 1
n2 = exp (—Eazla,) exp (EBZNU) exp (— Eazzag) exp (EﬁZZJZ) exp (—§a23o3) exp (§ﬁ23a3)

_(nl 0
N= ( 0 n2)
1
AL = ZTr[S#NSvNT]

After acting on both spinors of the Lorentz transformation with 12 arbitrary angles
p'=Np x'=Nx
P,_l I'I'S ! XI _lxITS xl
w=o P oup Ay =3 u
and corresponding transformations in the vector space
P'=4AP X' =4AX
m' = pip; — PoP3
2
M'* = PyPy — PyPy — PyPy — Py P,
there is still equality of masses
M?* =m'm
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and invariance of the plane wave phase in spinor space

! ! ! ! ! ! ! r
PoX1 — P1Xo T P2X3 — P3X3 = PoX; — P1Xg + P2X3 — P3X>

(Poxi — pixg + pyxs — pixy)(PoXi — P1Xg + PaX3 — P3X3)

= (pox; — DP1Xp + D2X3 — D3%2) (PoX] — P1Xg + P2X3 — P3X2)

(poxi — pixg + poxs — pixs) + (poxi — pixy + Pyxs — pixy)

= (PoX; — P1Xgp + P2X3 — P3x2) + (PoX; — P1X + P2X3 — D3Xz)
However, at arbitrary 12 angles, the mass is not invariant
m' #m
and the phase of a plane wave in vector space also changes at Lorentz transformations
PyXog — PiX{ — P, X5 — P3X3 # PoXog — P1 X, — P, X, — P3X3

And only under the condition of equality of 6 corresponding angles in the transformation

matrices, i.e. under equality
nl =n2
both these invariance properties are restored.

Thus, a plane wave with invariant phase in spinor space is a more general concept than a plane
wave in vector space, although the concept of invariant mass cannot be introduced for it in the general
case.

Let us consider constructing an explicit expression for the tensor with spin two to propose a
model for the gravitational field carrier. By means of gamma matrices in the Weyl basis

00 1 0 00 0 1

v _ 00 1 v_[ 00 10

Yo 1.0 00 £ 0 -1 0 0

010 0 -1 0 00

00 0 —i 00 1 0

v_[0 0 i 0 v_[0 0 0 -1

Y2 0 i 0 0 Y3 10 0 0

—i 0 0 0 0 1 0 0

we define the following six matrices in the form of commutators
l
O = EVX W]

00 0 i 00 0 1 00 i 0
00 i 0 0 0 -1 00 0 —i
91 o —i 0 0)/%27 {0 =1 0 0% (i 0 00
i 0 0 0 1 0 0 0 0 i 0 0
00 1 0 00 0 i 00 0 1
00 0 —1 o 0o =i o0 0010
9%2=11 0 0 0 9B=lo i o0 0)%2 (o 1 0 0
0 -1 0 0 —i 0 0 0 10 00

Using these matrices, we define the coordinate and momentum tensors
3 3 3 3

I
Xy = [Zxaxﬁxny(J#V)aB(oﬂv)ya]
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By this scheme it is possible to generate a tensor of higher rank also
3

Muver = Z Z Z Z [ 7 PaPsPys(ou )aﬁ(fffr)yg]

0
but we will restrict ourselves to rank 2. The tensor is symmetric and has zero trace
0 Iy T, T3
T 0 Ty Tg
T[Z 7-[4 0 T[6
T3 T5 1 O

T =

here we have indicated, for example
Ty =T
We can rotate the initial spinor, and the vector and tensor constructed from it are rotated
together with it. By direct calculations we can check that when we rotate the spinor around any of
the axes by 720 degrees, it turns into itself, the vector turns into itself when we rotate by 360 degrees,
and 180 degrees is enough to translate our tensor into itself, i.e. the tensor defined by us has spin two.
Let us note some properties of the tensor. At change of a sign of mass of spinor

m = piP2 — PoP3

to the opposite one, all components of the spinor change. In the rest system at zero boosts

n;,+m,+n3=m ZZ uv:

u=0v=0

For fixed non-zero boosts, these sums are not equal to the integer square of the mass, but they
are invariant to rotations.

With the 16 momentum spinors at our disposal we can define 256 tensors of the form, e.g.

(u1)(u3) ZZZZL} (i), (u1) (u3) ("3)(%1/)“3(0#"))/5]

a=0 f=0y=06=0

If the spinor mass is not zero, each of these tensors is equal to one of the eight pseudo tensors

0 T T, T3 0 —T; —T, —T3
m, 0 T4 Ts -m; 0 —my —Tg
Ty Ty 0 g —T, —Ti, 0 —Tlg
T3 T Tty 0 —T; —Ts —Tl4 0
0 —m; T —T3 0 T —T, T3
—1; 0 Ty, —Tig m; 0 —Ty Ty
P Ty 0 myg -, —Ty 0 —Te
—m3; —Ts ms O 3 s —ms 0
0 —T1; Uy —T3 0 T —Ti, T3
—T; 0 My Ts m; 0 My —Ts
) —Tl, 0 —Tlg —T; Ty 0 g
—m3 M5 —Tg 0 T3 T s O
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0 T 1T, T3 0 —T; —T, ~—T3

m, 0 —m, —Ts —1; 0 Ty s
Ty, —Ti, 0 —Tlg —T, T, 0 g
m3; —TMs —ms O —m3 T s O

If the mass of the momentum spinor is zero, the degree of symmetry of the field increases and
the tensor obtained from the spinor has the form

0o o 0 O
0 0 m m,
0 my 0 m3
0 Ty, T3 0

and 256 pseudo tensors reduce to only two possible polarizations in the form of two pairs of tensors
with opposite signs

0 o 0 O 0 0 0 0
0 0 m m 0 0 —my T
O T[l 0 7T3 0 —7I1 0 _7T3
0 m, m3 O 0 —m, -m; O
0 0 0 0 0 0 0 0
0 0 m 1y 0 0 —T; T
0 TTq 0 T3 0 —Tq 0 —Ti3
0 -1, T3 0 0 ) —T3 0
For completeness of the theory we could define four types of tensors
0o 0o 0 O 0 0 0 0
7@ = 0 0 m m 2@ = 0 0 -m T
0 TTq 0 T3 0 —Tq 0 T3
0 T, T3 0 0 T, T3 0
0 0 0 0 0 0 0 O
73 = 0 0 m -—my 7@ = 0 0 T, T,
0 T4 0 T3 0 T4 0 —Ti3
0 —T, T3 0 0 T, —T3 0

from which it is possible to construct a combination having a diagonal form

0
7'[(1)7'[(1) + 7'[(2)7'[(2) + 7'[(3)77:(3) + 7'[(4')7'[(4) = g

e N eleNo)
ocoox o
o Wwo o

C

However, by our scheme we can construct only the tensors 7 and ©® from 16 spinors.
Therefore, we can propose the following expressions for the gravitational field operator and for its
propagator

o (P0+P)

@) 3
d T +d T S ——
atp | (GOTI®) + @I @)
(2m)* (GRS
+(a: )L @) + ) p)) ——
( 1P,y (p ;(Pmyy (p ) o———

b e @ ®) + 1) @), @)
uv,loc — p2

Py (x) =

We shall give a comparative description of second quantization of vector and tensor fields. The
theory is based on the coordinate and momentum spinors
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X0 Do

_ | X _ | D:
X=1x, P=\p,
X3 D3

From them vectors and tensors are formed

1 + 1 +
X =§Tr[xx S, B, = ETr[pp S,

p
Xy Py
X = f(; P= 2
X3 P3
3 3 2 )
DI =GR MIN
6=0

3
[/
Z |4 PaPpPyPs (qu)aﬁ (O-HV)],(S

We can propose a unified approach to the description of several kinds of fields. Let us write out
their operators, relating them to the spinor coordinate space

@) =
o (P0+P)

_ Idz (p)ul(p) + id,(p)ud(p) + ib;(p)u2(p) + by (p)u4(p)
d*p | [+d,(p)vi(p) + id3(p)v3(p) + ib3(P)VZ(p) + by (p)v4(P) | P1P2 — PoPs —

7|

(2m)* [di(p)ﬁ(p) — id}(p)uB(p) — ib3(p)u2(p) + bj (pud(p) | e (P0+@)
+d;(p)vi(p) — id;(p)v3(p) — ib3(p)v2(p) + b;(p)v4(p)|P1P2 — Pob3 —
p(x) =
Idz (PIMMD + id, (p)m® + ib,(p)m®? + bl(p)m(@l
f d'p | [+d,(p)mY + id3(p)m™® + ib, (p)m™® + b, (p)m™® | 1Pz — Dobs —
@M T d; (p)mED — id (p)mE® — iby@)m@ + by (pym@d) | e~ (E0)
Ld;(p)m(ﬁ) — id;(p)m™® — ibi(p)m™? + bz;(p)mw‘*)l P1P2 — Pob3 —
o l(@0+Px)

o i(@0+P)

' ldz(P)Pm + by (p)P? l
+d,(p)PW + b, (p)PO | P1Dz — Pob3 —
o~ i({@0+x)

d*p
4
(2m) l by (PP + d;(p)PO) l
+d;(P)P(4) + b{(p)P(” P1D2 — PoP3 — mJ
o (@0+)

ox) =

atp | (GOTI®) +d@m) @)

Puv X = 5=
(2m)* ~i((p0+(px)
+(d; @D ®) + d3 @ )

Here we have added a scalar field, where, for instance

P1D2 — PoP3

m®D = y1,ul, — ulyul;
Now we can apply Feynman diagrams to describe the interaction of fields and perform all
integration operations in spinor space. For each field we can write down the creation and annihilation
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operators and the propagator for the inner line. Then the product of several creation or annihilation
operators with the corresponding interaction constant is compared to the interaction event at some
point of the coordinate space. It is assumed that this event can occur at any point of the space and
therefore the integral over the spinor coordinate space is calculated, which gives as a result a delta
function from the sum of momentum spinors. This delta function expresses the law of conservation
of momentum. The inner lines of the diagram are matched to the propagators. The remaining
integrals are calculated over the whole momentum spinor space.

5. Conclusions

An alternative approach to analyze relativistic and quantum effects inherent in charged particles
in the presence of an electromagnetic field is proposed. Two ways of describing the electron behavior
in the electromagnetic field are considered: by means of the vector equation, which is based on the
plane wave model for a free electron, and the spinor equation, which is based on the representation
of the electron as a plane wave in spinor space. For both equations, which are valid for a free particle,
their applicability to an arbitrary physical situation is postulated, in particular to describe the
behavior of a particle in the presence of an electromagnetic field. The presented equations are
intended to fulfill the same role as the Schrodinger equation and the Dirac equation. At the same
time, in our opinion, the spinor equations more accurately describe the details of the interaction
between fields and particles.

According to the results of consideration the following picture emerges. Physical processes occur
in the spinor coordinate space, which is perceived by us as a vector Minkowski coordinate space, the
coordinates of which are equal to bilinear combinations of spinor coordinates. In the spinor space
propagate plane waves whose phase is equal to the scalar product of the momentum and coordinate
spinors. As amplitudes of plane waves in fermions are linear combinations of 16 pseudospinors,
whose components are components of the momentum spinor with changing signs of some of them.
The sign of the charge of a fermion is determined by the sign of its mass, which is calculated from its
momentum and invariant to Lorentz transformations. Scalar, vector and tensor fields also propagate
as plane waves in spinor space, but the coefficients of these waves are scalars, vectors and tensors
formed by simple combinations on the basis of Pauli matrices of 16 fermionic pseudospinors. In this
case only four pseudovectors (corresponding to four polarizations) of the photon and only two
pseudo tensors (corresponding to two polarizations) of the graviton are different. The spinor field
has spin equal to %2, the spin of scalar fields is automatically zero, that of vector fields is unitary, and
that of tensor fields is double.
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