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The Extremal Universe Exact Solution from Einstein’s
Field Equation Gives the Cosmological Constant
Directly

Espen Gaarder Haug

Norwegian University of Life Sciences, As, Norway; espenhaug@mac.com

Abstract: Einstein’s field equation is a highly general equation. However, the equation itself
provides limited information about the universe unless it is solved with different boundary
conditions. Multiple solutions have been utilized to predict cosmic scales, and among them, the
Friedmann-Lemaitre-Robertson-Walker solution that is the back-bone of the development into
todays standard model of modern cosmology: the A-CDM model. However this is naturally
not the only solution to Einsteins field equation. We will investigate the extremal solutions of
the Reissner-Nordstrom, Kerr, and Kerr-Newman metrics. Interestingly, in their extremal cases,
these solutions yield identical predictions for horizons and escape velocity. These solutions can be
employed to formulate a new cosmological model that resembles the Friedmann equation. However,
a significant distinction arises in the extremal universe solution, which does not necessitate the ad
hoc insertion of the cosmological constant; instead, it emerges naturally from the derivation itself. To
the best of our knowledge, all other solutions relying on the cosmological constant do so by initially
ad hoc inserting it into Einstein’s field equation. This clarification unveils the true nature of the
cosmological constant, suggesting that it serves as a correction factor for strong gravitational fields,
accurately predicting real-world cosmological phenomena only within the extremal solutions of the
discussed metrics, all derived strictly from Einstein’s field equation.

Keywords: general relativity theory; cosmological constant extremal solution; Reissner-Nordstrom;
Kerr; Kerr-Newman

1. Extremal solutions to Einsteins field equation

The Reissner-Nordstrom [1,2] metric for a spherical charged gravitational object is an exact
solution to Einsteins [3] field equation and is given by:

2 2\ 1
2 r 2 r
ds* = (1 - % + rg) c2dt? — <1 — 2;217\4 + r‘g’) dr® — r*(d6? + sin® dp?) (1)

Here, in SI units, we have ré = keqqc%, where k, is the Coulomb constant and g is the charge. The

special case when rg = GC—ZM is well known as the extremal solution of the Reissner-Nordstrom metric,

seen for example Zee [4] and Aretakis [5]. Furthermore, the Kerr [6] metric is given by:

2
ds? = %(cdt — asin? 0d¢)? — %drz —yde? - LI; g(adt — (P + a?)dg)? @)

where A = 2 —rsr+ a2 and & = r2 + a®cos? 6, and rs = Zf—ZM The Kerr metric also has an

extremal solution when a = GC—ZM

The Kerr-Newman [7,8] metric extends the Kerr metric to include charge, and it is given by:

© 2023 by the author(s). Distributed under a Creative Commons CC BY license.
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ds? = E(cdt — asin? 8d¢)? — Kdrz —2de? — LIZIL (adt — (r* + a®)d¢)? (3)
Here, A = 12 — rgr +a% + ré and ¥ = 2 + 42 cos? 0, where rs = 2(63721\/1 In the special case of 2 = 0,

it simplifies to the Reissner-Nordstrom metric and in the special case of ro = 0, it simplifies to the Kerr
metric.

The extremal solutions of the Reissner-Nordstrém metric (ro = GM/ c?), as well as the extremal
solution of the Kerr metric (1 = GM/c?) and the extremal solution of the Kerr-Newman metric
(a®> + ré = GZM?2/c*) (see [4,9]), all have one and the same horizon given by:

GM
Th = =z 4)
This is half the Schwarzschild radius. In the Schwarzschild [10] metric, the escape velocity is

Ve = 2GVM, see [11]. However, in the extremal solutions of the Reissner-Nordstrom, Kerr, and

Kerr-Newman metrics, the escape velocity is given by:

2GM  G2M?
i ©)

We will soon see that this higher-order term %, which differentiates it from, for example, the
Schwarzschild metric, could play a critical role in understanding the cosmos.

Table 1 summarizes the known key results from the extremal solutions. However, relatively few
people have shown interest in these extremal solutions, resulting in a limited number of predictions
being discussed based on them. From our perspective, these predictions are unrelated to cosmological

models, which we will explore in the next section.

Table 1. The table sumarize the extremal solutions of the metrics we will be looking at.

Reissner-Nordstrom Kerr Kerr-Newman
. 2 M2 2 M2 2 M2
Horizon =M JEM 20, CM g JGME 2 — GM 4 JGME 20 g2
c ¢ Q c ¢ c a4 Q
Extremal solution rg = %\4 a= GC—QA 12+ a2 = Gcﬁw
Extremal solution horizon = GTM = GC—ZM = GC—ZM
: : _ [26M _ M2 _ [26M _ M2 _ [26M _ M2
Escape velocity extremal solution Ve = = Ve = = Ve = =

2. Cosmological Model

The horizon and escape velocity play a central role in predicting black holes. Interestingly, the
Hubble sphere also exhibits several mathematical aspects of a black hole, including a horizon known
as the Hubble radius (ry = HLO) as we now will discuss. The Friedmann critical mass-equivalent for

the universe is given by M, = ﬁ When considering a Hubble sphere with the Friedmann critical
mass, the Schwarzschild radius is given by

rs = 2GM. _ ZG% S (6)
T2 2 T H,

This implies that the Schwarzschild radius is exactly identical to the Hubble radius if the Hubble
sphere were filled with the Friedmann critical mass-energy. The mathematical similarities between
Hubble spheres and black holes have led several researchers in prominent journals such as Nature to
suggest and speculate that the observable universe could be inside a black hole (see Pathria [12] and

Stuckey [13]).
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It is important to note that our intention is not to claim that we live inside a black hole, but rather
to highlight the mathematical properties shared by the Hubble sphere and black holes. However, in
the A-CMD model, the universe has expanded well beyond the Hubble radius due to the assumption
of space expansion, including an accelerating expansion attributed to dark energy. The hypothesis of
dark energy appeared necessary to reconcile the model with high-redshift supernova observations.

The escape velocity and the horizon derived from the metric of interest have practical applications,
even in cosmology. For instance, Schutz [14] derived the critical density of the universe based on simply
the escape velocity formula from the Schwarzschild metric, resulting in an equation that depends on
the Hubble constant. However, in this discussion, we will not explore cosmology through the escape
velocity derived from the Schwarzschild metric. Instead, we will focus on the predictions of the escape
velocity using the extremal solutions of the Reissner-Nordstrom, Kerr, and Kerr-Newman metrics.

Subsequently, we will derive an equation analogous to the Friedmann [15] equation from the
escape velocity in the extremal solutions. Our interest lies initially in the special case where the escape
velocity is equal to the speed of light (c). Let us rephrase the escape velocity formula as follows:

2GM  G*M?
- - ¢
r c4r
26M M2,
r 2z
8 Gpor? B G>M? _ 2
3 c2r2
8nGp G*M* &
3 2t 2
2712
81Gp — 3% _ 2 ”
3 r2
Here, p = % = 4]7\T’Ir 5 represents the volumetric mass density of a sphere with radius r. Next, we
3

replace v with the Hubble radius ry = HLO' and furthermore, it must be equal to r, = Ci—ZM since the

escape velocity is ¢ at the horizon ry, = GC—ZM Therefore, we assume that

GM, _ ¢
c2 n H()

Here, M, is the mass equivalent of all mass and energy in the universe we are considering.

®)

rg =71, =

Solving for M, gives M,, = GLI?;O ~ 1.77 x 10% kg (when assuming Hy = 70 km - s~! - Mpc~1), which

means the mass is exactly twice that of the critical mass (mass equivalent) of the Friedmann universe,
C o 3 , e . .

which is M, = Z(S—HO Next, let’s replace r = rg = HLO in equation 7, and we obtain:
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G*M2
8nGp — 3 a2
3 2
212
8nGp —3 Gcéfl‘ c? 2
H — P
3 r%,
3¢?
8nGp — = i
8nGp — %
"H — HZ
3 0
2
8nGp —3 (%) c? 5
3 = Hp )

Next, it’s important to note that the ad hoc inserted cosmological constant in general relativity theory

isidenticalto A = 3 (%) 2 Oxr. When Qp =1, wehave A =3 (@)2, which means we can rewrite
the equation as follows:
2

H2 = 87er3 Ac

This equation is very similar to the Friedmann equation for homogeneous, isotropic universe,
except our cosmological constant has been derived from the extremal solutions of Einstein’s field
equations rather than being ad hoc inserted in the field equation (or later). To our knowledge, the
extremal solutions have not been previously utilized to construct a cosmological model. In 1917,
Einstein [16] ad hoc inserted a cosmological constant into his field equation, which he referred
to as an extended field equation. It was based on sound reasoning and was actually aimed at
achieving a steady-state universe model. However, after Hubble’s discovery of cosmological redshift
in 1929, Einstein removed the cosmological constant, allegedly referring to it as his biggest blunder
(although this statement is uncertain, as it comes from a single source, Gamow [17]). Later, in 1998, a
astrophysicists team led by Saul Perlmutter [18] and another led by Brian Schmidt and Adam Riess [19]
that observed high-redshift supernovae that did not conform to the model, the cosmological constant
was again reintroduced and praised along with the hypothesis of dark energy. However, for the first
time, we have a cosmological model that is simular to the Friedmann model, except the cosmological
constant is derived and likely carries a considerably different interpretation than it is traditionally
given.

(10)

If we use energy density rather than mass density we get

— At
H% _ 87'[Gp;§5 c (11)
where: pr = % =5 = %, represents the volumetric energy density of a sphere with radius

37y 37y

equal to the Hubble radius.

3. Cosmological Redshift from Einstein’s Extremal Universe

The cosmological redshift in the extremal solution is as follow:
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_ 2GM, , G*M2
M=y \/1 net *an
Az 1 _ 2GMy G2M?2
Y + c4r%

Here, 1 and 7 represent the distance from the emitter (for example a supernova or galaxy) to the
Hubble sphere horizon and r, the distance from the Hubble sphere horizon to the observer (in our
case basically Earth based observatories). The first term of the Taylor series expansion is given by:

~ 13
z c2riry (13)
G

Ifri =ry = ?f“ , which corresponds to the observer’s distance to the Hubble sphere horizon,

then we have:

2~ (rg —r)GM,
c2ryry
. 3 . . ..
Furthermore, since M, = G"—HO, we can substitute Gi\f" with rp, resulting in:
Ty —T
,~ H—12) (14)
r2

Moreover, when the object emitting the photons (galaxies, quasars!

, supernovas) is not too far
away from us, we can approximate also r; in the denominator as rg. Substituting this approximation

into the denominator, we obtain:

(rg —12)
C
Hy
ry —12)H
, ~ (rH—1)Ho (15)
c
We define the distance d as the difference between ry and rp. This distance represents the
distance from us to the object that emits the photons, such as stars, galaxies, supernovas, and quasars.
Consequently, the expression becomes:
dHy

~ tHo 16
za 5 (16)

This corresponds to the well-known prediction of the cosmological redshift approximation, which
is also used in the standard model (see, for example, [14,20,21]). However, in the extremal solutions of
Einstein’s field equations that we have derived, this redshift does not necessarily seem to be related
to the expansion of space. Instead, it appears to be a pure gravitational redshift caused by the mass
(energy) within the entire Hubble sphere. However, multiple interpretations could exist here, and one
should naturally carefully investigate this before any firm conclusions are made.

1 quasars are assumed to be early forming glaxies.
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4. A Closer Look at the Mass (Energy) of the Universe

We can derive a new, more general formula for the mass (or more precisely, the mass-equivalent
since we do not distinguish between mass and energy in this context (as we naturally have M = E/c?)

of the universe by solving the universe equation, H3 = M, for M. This yields:
A3+ Ar?

M= (6GH0 v (7

- _3(m)’ -3 impli :

Since A =3 - = -, wecan simplify further:

H
y 3+ %r%{) 3

= = 18
6GH)j GHy (18)

However, if we set the cosmological constant to zero (A = 0), we obtain M = ﬁ, which
corresponds to the critical mass of the universe in the Friedmann model. Nevertheless, in the extremal
solutions of the Reissner-Nordstrom, Kerr, and Kerr-Newman metrics, the cosmological constant
automatically emerges as an additional term. This suggests that the mass (energy) of the universe may
be exactly twice that given by the critical mass in the Friedmann universe. At the very least, we believe
that more researchers should carefully investigate this alternative model of the universe, which is an
exact solution to Einstein’s field equations. What is important here is not that the critical Friedmann
universe mass is what it is when the cosmological constant is set to zero, but rather that a different
mass emerges where the cosmological constant instead directly arises from the extremal solutions of
Einstein’s field equations.

5. Deeper philosophical aspects of the Extremal solutions

The extremal solutions have received relatively little attention, especially regarding their
predictions in cosmology. Although all three metrics studied yield the same horizon and escape
velocity (in the extremal solutions), they differ in their interpretation. The extremal solution of the
Reissner-Nordstrom metric lacks rotation but possesses charge, while the extremal solution of the Kerr
metric has rotation but no charge. The Kerr-Newman metric’s extremal solution possesses both charge
and rotation. Nonetheless, all of these solutions lead to the same cosmological equation, as shown in
Equation 11. Still from a deeper philosophical aspect they have different interpretations.

It is also considered a mystery why the electromagnetic force is enormous compared to the
gravitational force. If we compare the Coulomb force between a proton and an electron to the
theoretical gravitational force between a proton and an electron, we obtain:

lel]e]
E| ks
|FC| = i A 226 x 10 (19)
Fol  gMmre

Where F, represents the Coulomb force [22], F; denotes the Newtonian gravitational force [23], and
e represents the elementary charge. Additionally, My, and m, respectively refer to the proton and
electron masses. The significant disparity in strength between the electrostatic and gravitational forces
is well-documented in the literature. However, despite this knowledge, the gravitational force between
a proton and an electron has never been measured. Thus, there is still clearly room for us to gain a
deeper understanding of gravity at the atomic and subatomic scales.

On the other hand for two Planck [24,25] masses (m, = 4/ %) the electrostatic force is identical to
the gravitational force as we have

|p195|
E k
Bl % m g (20)
[Fel g™y
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Here, g, represents the Planck charge: g, = % The fact that these forces are equal at the Planck
scale indicates the potential unification of electromagnetic and gravitational forces at the Planck scale
as expected by multiple researchers. However, this is based on Newton’s theory, and we need to move
beyond it. In the extremal solution of the Reissner-Nordstrom metric, we have:

G G
r2Q = 11ke\qp||qp|c—4 = nGmpm,[,C—4 (21)

Here, n represents the number of Planck masses in the large gravitational mass M, so we have
n= mMp The extremal solution of Reissner-Nordstrom is consistent with the electrostatic force being

identical to the gravitational force at the Planck scale. The term C% is identical to part of Einsteins
gravitational constant and is needed to convert the units to the right form needed for predicting gravity
phenomena.

If gravity is ultimately caused at the Planck scale as first suggested by Eddington [26] in 1918 and
assumed by most researchers working on quantum gravity theory today (see for example [27-30]), then
the extremal solution could be the only truly valid exact solution for real phenomena. This suggests
that the extremal solution of the Reissner-Nordstrom metric could be the most realistic model for the
universe. This possibility could explain why no ad hoc inserted constants are needed in this specific
solution to fit cosmological observations. Naturally, this hypothesis needs to be carefully investigated

and, at this stage, can be seen as plausible.

6. Implications

We will now shortly summarize some of the most important implications in terms of cosmological
predictions of the extremal universe:

®  The cosmological constant does not need to be ad hoc inserted as done today; it automatically

arises from the extremal solutions of Einsteins field equation and is given by A =3 (%)

¢  The cosmological redshift prediction in the extremal solutions will different predictions of
cosmological redshift for objects very far away, i.e., those significantly close to the Hubble
sphere horizon (the Hubble horizon). This could potentially change the interpretation of Hubble
red-shift and be seen as an alternative model to other cosmological models such as the A-CDM
model. As a minimum this should be carefully investigated.

*  The amount of energy (mass) in the Hubble sphere is twice the Friedmann critical mass. Therefore,

itis M, = GC—;IO instead of M, = 25—% We will take a closer look at the mass in the section below.

7. Conclusion

We have demonstrated that the extremal solutions of the Reissner-Nordstrom, Kerr, and
Kerr-Newman metrics yield the same cosmological model, which is analogous to the Friedmann
equation. However, a significant distinction exists in that the cosmological constant is now derived
rather than being ad hoc inserted into the field equation. Furthermore, the cosmological redshift
observed in the extremal solution appears to be a specific instance of gravitational redshift caused
by the mass and energy within the Hubble sphere. Naturally, this notion necessitates careful study
and investigation. Nevertheless, considering that this new cosmological model is an exact solution
to Einstein’s field equation and the only known solution where the cosmological constants emerge
automatically without the need for ad hoc insertion, we believe it merits thorough consideration by the
research community over an extended period, during which it can be compared to other cosmological
models that are also compatible with Einstein’s field equation.

Data Availability Statement: No external data has been used for this study.
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