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Abstract: This works presents the “First-Order Features Adjoint Sensitivity Analysis Methodology
for Neural Integro-Differential Equations of Fredholm-Type” (1st-FASAM-NIDE-F) and the “Second-
Order Features Adjoint Sensitivity Analysis Methodology for Neural Integro-Differential Equations
of Fredholm-Type” (2nd-FASAM-NIDE-F). It is shown that the 1st-FASAM-NIDE-F methodology
enables the most efficient computation of exactly-determined first-order sensitivities of decoder
response with respect to the optimized NIDE-F parameters, requiring a single “large-scale”
computation for solving the 1st-Level Adjoint Sensitivity System (1st-LASS), regardless of the
number of weights/parameters underlying the NIDE-F decoder, hidden layers, and encoder. The
2nd-FASAM-NIDE-F methodology enables the computation, with unparalleled efficiency, of the
second-order sensitivities of decoder responses with respect to the optimized/trained weights. The
application of both the 1st-FASAM-NIDE-F and the 2nd-FASAM-NIDE-F methodologies is
illustrated by considering a paradigm heat transfer model, which has been chosen because it can be
formulated either as a first-order differential-integral equation of Fredholm type (NIDE-F) or as a
conventional second-order “neural ordinary differential equation (NODE)”, while admitting exact
closed-form solutions/expressions for all quantities of interest, including state functions, first-order
and second-order sensitivities. This heat transfer model enables a detailed comparison of the 1st- and
2nd-FASAM-NIDE-F versus the recently developed 1st- and 2nd-FASAM-NODE methodologies,
highlighting the considerations underlying the optimal choice for cases where the neural net of
interest is amenable to using either of these methodologies for its sensitivity analysis.

Keywords: Fredholm neural integro-differential equations; first-order features adjoint sensitivity
analysis methodology; second-order features adjoint sensitivity analysis methodology; heat transfer

1. Introduction

In practice, the system under consideration is modeled by learning the operator that can
reproduce the system by using data sampled from the respective system. Typical operator learning
problems are formulated on finite grids, using finite-difference methods that approximate the
domain of the operator under investigation. Recovering the continuous limit is a challenging
undertaking, particularly since irregularly sampled data may alter the evaluation of the learned
operator. The use of differential equation solvers to learn dynamics through continuous deep
learning models of neural networks, called “Neural Ordinary Differential Equations” (NODE), has
been introduced by Chen et al. [1]. As demonstrated by various applications [1-9], NODE models
provide an explicit connection between deep feed-forward neural networks and dynamical systems,
offering flexible trade-offs between efficiency, memory costs and accuracy while bridging modern
deep learning and traditional numerical modelling. However, NODE models are limited to
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describing systems that are instantaneous, since each time-step is determined locally in time, without
contributions from the state of the system at other times.

In contradistinction to differential equations, integral equations (IE) model global spatio-
temporal relations, which are learned through an IE-solver (see, e.g., [10]) which samples the domain
of integration continuously. Due to their non-local behavior, IE-solvers are suitable for modeling
complex dynamics. The problem of learning dynamics from data through integral equations has been
addressed by Zappala et al. [11], who have introduced the Neural Integral Equation (NIE) and the
Attentional Neural Integral Equation (ANIE). The NIE and the ANIE can be used to generate
dynamics and can also be used to infer the spatio-temporal relations that generated the data, thus
enabling the continuous learning of non-local dynamics with arbitrary time resolution [11,12]. Often,
ordinary and/or partial differential equations can be recast in integral-equation forms that can be
solved more efficiently using IE-solvers, as exemplified in scattering theory [13], fluid flow [14], and
integral neutron and photon transport [15].

Zappala et al. [16] have also developed a deep learning method called Neural Integro-
Differential Equation (NIDE), which “learns” an integro-differential equation (IDE) whose solution
approximates data sampled from given non-local dynamics. The motivation for using NIDE stems
from the need to model systems that present spatio-temporal relations which transcend local
modeling, as illustrated by the pioneering works of Volterra on population dynamics [17]. Combining
the properties of differential and integral equations, IDEs also present properties that are unique to
their non-local behavior [18-20], with applications in computational biology, physics, engineering
and applied sciences [18-23].

All neural nets are trained by minimizing a “loss functional” which aims at representing the
discrepancy between a “reference solution” and the output produced by the respective net’s decoder.
The neural-net is optimized to reproduce the underlying physical system as closely as possible.
However, the physical system modeled by a neural-net comprises parameters that stem from
measurements and/or computations which are subject to uncertainties. Therefore, even though the
neural net would ideally model perfectly the system’s parameters, the uncertainties inherent in these
parameters would propagate to the subsequent results of interest, which are various functionals of
the net’s decoder output rather than some “loss functional.” Hence, it is important to quantify the
uncertainties induced in the decoder’s output by the uncertainties that afflict the parameters/weights
underlying the physical system modeled by the respective neural-net. The quantification of the
uncertainties in the net’s decoder and derived results (called "responses”) of interest require the
computation of the sensitivities of the decoder’s response with respect to the optimized
weights/parameters comprised within the neural net.

Neural nets comprise not only scalar-valued weights/parameters but also scalar-valued
functions (e.g., correlations, material properties, etc.) of the model’s scalar parameters. It is
convenient to refer to such scalar-valued functions as “features of primary model parameters.”
Cacuci [24] has recently introduced the “nth-Order Features Adjoint Sensitivity Analysis
Methodology for Nonlinear Systems (nth-FASAM-N),” which enables the most efficient computation
of the exact expressions of arbitrarily high-order sensitivities of model responses with respect to the
model’s “features.” Subsequently, the sensitivities of the responses with respect to the primary model
parameters are determined, analytically and trivially, by applying the “chain-rule” to the expressions
obtained for the response sensitivities with respect to the model’s features/functions of parameters.

Based on the general framework of the nth-FASAM-N methodology [24], Cacuci has developed
specific sensitivity analysis methodologies for NODE-nets, as follows: the “First-Order Features
Adjoint Sensitivity Analysis Methodology for Neural Ordinary Differential Equations (1st-FASAM-
NODE)” [25] and the “Second-Order Features Adjoint Sensitivity Analysis Methodology for Neural
Ordinary Differential Equations (2nd-FASAM-NODE)” [26]. The 1st-FASAM-NODE and the 2nd-
FASAM-NODE are pioneering sensitivity analysis methodologies which enable the computation,
with unparalleled efficiency, of exactly-determined first-order and, respectively, second-order
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sensitivities of decoder response with respect to the optimized/trained weights involved in the
NODE'’s decoder, hidden layers, and encoder.

Two important families of IDEs are the Volterra and the Fredholm equations. In a Volterra IDE,
the interval of integration grows linearly during the system’s dynamics, while in a Fredholm IDE the
interval of integration is fixed during the dynamic-history of the system, but at any given time
instance within this interval, the system depends on the past, present and future states of the system.
By applying the general concepts underlying the nth-FASAM-N methodology [24], Cacuci [27,28] has
also developed the general methodologies underlying the “Second-Order Features Adjoint
Sensitivity Analysis Methodology for Neural Integral Equations of Fredholm-Type (2nd-FASAM-
NIE-F)” and the “Second-Order Features Adjoint Sensitivity Analysis Methodology for Neural
Integral Equations of Volterra-Type (2nd-FASAM-NIE-V).” The 2nd-FASAM-NIE-F encompasses the
“First-Order Features Adjoint Sensitivity Analysis Methodology for Neural Integral Equations of
Fredholm-Type (1st-FASAM-NIE-F), while the 2nd-FASAM-NIE-V encompasses the “First-Order
Features Adjoint Sensitivity Analysis Methodology for Neural Integral Equations of Volterra-Type
(1st-FASAM-NIE-V).” The 1st-FASAM-NIE-F and 1st-FASAM-NIE-V methodologies, respectively,
enable the computation, with unparalleled efficiency, of exactly-determined first-order sensitivities
of decoder response with respect to the NIE-parameters, requiring a single “large-scale” computation
for solving the Ist-Level Adjoint Sensitivity System (1st-LASS), regardless of the number of
weights/parameters underlying the NIE-net. The 2nd-FASAM-NIE-F and 2nd-FASAM-NIE-F
methodologies, respectively, enable the computation (with unparalleled efficiency) of exactly-
determined second-order sensitivities of decoder response with respect to the NIE-parameters,
requiring only as many “large-scale” computations as there are first-order sensitivities with respect
to the feature functions.

This work presents the “First- and Second Order Features Adjoint Sensitivity Analysis
Methodology for Neural Integro-Differential Equations of Fredholm-Type” abbreviated as “1st-
FASAM-NIDE-F” and “2nd-FASAM-NIDE-F,” respectively. These methodologies are also based on
the general framework of the nth-FASAM-N methodology [24]. The 1st-FASAM-NIDE-F is presented
in Section 2, while the 2nd-FASAM-NIDE-F is presented in Section 3, in the sequel. Section 4 presents
an illustrative application of the 1st-FASAM-NIDE-F and 2nd-FASAM-NIDE-F methodologies to a
heat transfer model. This illustrative model has been chosen because it can be formulated either as a
first-order differential-integral equation of Fredholm type or as a conventional second-order “neural
ordinary differential equation (NODE)”, while admitting exact closed-form solutions/expressions for
all quantities of interest, including state functions, first-order and second-order sensitivities. The
availability of these alternative formulations, either as a NIDE-F or a NODE, of the illustrative
paradigm heat conduction model makes it possible to compare the detailed, step-by-step,
applications of the 1st-FASAM-NIDE-F versus the 1st-FASAM-NODE methodologies (for computing
most efficiently the exact expressions of the first-order sensitivities of decoder response with respect
to the model parameters) and, subsequently, to compare the applications of the 2nd-FASAM-NIDE-
F versus the 2nd-FASAM-NODE methodologies (for computing most efficiently the exact
expressions of the second-order sensitivities of decoder response with respect to the model
parameters).

The discussion offered in Section 5 concludes this work by highlighting the unparalleled
efficiency of the 1st-FASAM-NIDE-F and 2nd-FASAM-NIDE-F methodologies, respectively, for
computing exact first- and second-order sensitivities, respectively, of decoder responses to model
parameters in optimized NIE-F networks. Ongoing work aims at developing the “First- and Second-
Order Features Adjoint Sensitivity Analysis Methodologies for Neural Integro-Differential Equations
of Volterra-Type” (1st- FASAM-NIDE-V and 2nd-FASAM-NIDE-V, respectively), which will enable,
in premiere, the most efficient computation of the exact expressions of the first- and second-order
sensitivities of decoder-responses with respect to the optimized network’s weights/parameters for
NIDE-V neural nets.
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2. First-Order Features Adjoint Sensitivity Analysis Methodology for Neural
Integro-Differential Equations of Fredholm-Type (1st-FASAM-NIDE-F)

The mathematical expression of the network of nonlinear Fredholm-type Neural Integro-
Differential Equations (NIDE-F) considered in this work generalizes the NIDE-net model introduced
in [16] and is represented in component form by the following system of Nth-order integro-
differential equations:

gcm [h(t);f(e);t]dn(:]Tin(t)=gi [h(t):f(8)] )
+i¢i,j[f(9);t]tj'dﬂ//j [n(r):f(0);]; teftyt, |; i=1...,TH.

The boundary conditions, imposed at the “initial time” t=t, and/or “final time” t=t, on the
functions h (t) and their time-derivatives associated with the encoder of the NIDE-F net
represented by Equation (1) are represented in operator form as follows:

B;[h(t);f(8);t]=0;att=t, and /or t=t;; j=1..,BC. (2)

The quantities appearing in Equations (1) and (2) are defined as follows:

(i) The real-valued scalar quantities t and 7, t, <t,r<t,, are time-like independent variables

which parameterize the dynamics of the hidden/latent neuron units. Customarily, the variable
t is called the “global time” while the variable 7 is called the “local time. The initial time-value
is denoted as t, while the stopping time-value is denoted as t, . Thus, the dynamics modeled

by Equation (1) depends both on non-local effects, as well as on instantaneous information.

(ii) The components of the TH -dimensional vector-valued function h(t)2 [hl (), g (t)]T
represents the hidden/latent neural networks; TH denotes the total number of components of
h(t). In this work, the symbol “ 2" will be used to denote “is defined as” or, equivalently, “is

by definition equal to.” The various vectors will be considered to be column vectors. Typically,
vectors will be denoted using bold lower-case letters. The dagger “1” symbol will be used to

denote “transposition.”
(iii) The components of the column-vector 02[6,...6, ]T represent the “primary” network

parameters, namely scalar learnable adjustable parameters/weights, in all of the latent neural
nets, including the encoders(s) and decoder(s)) where TW denotes the total number of
adjustable parameters/weights.

(iv) The scalar-valued components f; (6) , 1=1..,TF , of the vector-valued function

f(0)£[ £,(0),.... frr (O)T represent the ”feature/functions of the primary model parameters.”

The quantity TF denotes the total number of such feature functions comprised in the NIDE-F.
In particular, all of the model parameters that might appear solely in the boundary and/or initial
conditions are considered to be included among the components of the vector 0 . In general,
f(0) is a nonlinear vector-valued function of 0. The total number of feature functions must

necessarily be smaller than the total number of primary parameters (weights), i.e., TF <TW .
When the NIDE-F comprises only primary parameters, it is considered that f,(8)=6, for all

i=1..,TW=TF.
(v) The functions y; [h (7);f(0); z’} model the dynamics of the neurons in a latent space where the

local time integration occurs, while the functions ¢, ; [f (G)Jt] map the local space back to the

original data space. The functions g;[h(t);f(8)] model additional dynamics in the original

data space. In general, these functions are nonlinear in their arguments.
(vi) The functions ¢ ,[h(t);f(8);t] are coefficient-functions, which may depend nonlinearly on the

functions h(t) and (@), associated with the order, n=1..,N , of the time-derivatives

d"h (t)/dt" of the functions h (t).

d0i:10.20944/preprints202504.2086.v1
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(vii) The operators B;[h(t);f(8);t], j=1..,BC, representboundary conditions associated with the
encoder and/or decoder, imposed at t =t, and/orat t=t, on the functions h (t) and on their
time-derivatives; the quantity “BC” denotes the “total number of boundary conditions.”

Customarily, the NIDE-F net is “trained” by minimizing a user-chosen loss functional
representing the discrepancy between a reference solution (”target data”) and the output produced
by the NIDE-F decoder. The “training” process produces “optimal” values for the primary

parameters 0=[6,,..., 6, ]T , which will be denoted in this work by using the superscript “zero,” as
follows: 0° = [191049?\,\, T. Using these optimal/nominal parameter values to evaluate the NIDE-F
net yields the optimal/nominal solution h°(t,x)= [hlo (t),....hey (t)]T which will satisfy the following
form of Equation (1):

d"h’(t)

ni‘{ci,n[ho(t);f(eo);t] di[n =9i[h°(t);f(0°)]

©)
L i
20, [F(0°)it ][ dey, [0 (2):£(0°)iz |; i =1, TH;
j=1 t
subject to the following optimized/trained boundary conditions:
B[ h°(1):F(6°);t]=0; at t=t, and for t=t; j=1..,BC. 4)

After the NIDE-F net is optimized to reproduce the underlying physical system as closely as
possible, the subsequent responses of interest are no longer “loss functionals” but become specific
functionals of the NIDE-F’s “decoder” output, which can be generally represented by the functional
R [h;f (G)J defined below:

tf

R[h;f(0)]= [ D[h(t):f(6);t]dt. (5)

to
The function D[h(t);f(8);t] models the decoder. The scalar-valued quantity R[h;f(0)] isa
functional of h(t,x) and f(8) , and represents the NIDE-F's decoder-response. At the

optimal/nominal parameter values, i.e., at 0 = 0°, the decoder response takes on the following formal
form:

R[h";f(e")]:tj D[h0 (t);f(e°);t]dt. (6)

The physical system modeled by the NIDE-F net comprises parameters that stem from
measurements and/or computations. Consequently, even if the NIDE-F net models perfectly the
underlying physical system, the NIDE-F’s optimal weights/parameters are unavoidably afflicted by
uncertainties stemming from the parameters underlying the physical system. Hence, it is important
to quantify the uncertainties induced in the decoder output, R[h;f (9)], by the uncertainties that
afflict the parameters/weights underlying the physical system modeled by the NIDE-F net. The
relative contributions of the uncertainties afflicting the optimal parameters to the total uncertainty in
the decoder response are quantified by the sensitivities of the NIDE-F decoder-response with respect
to the optimized NIDE-F parameters. The general methodology for computing the first-order

sensitivities of the decoder output, R [h;f (0)} , with respect to the components of the feature function
f(0), and with respect to the primary model parameters 6,,...,6, , will be presented in this Section.

The known nominal values 0° of the primary model parameters (“weights”) characterizing the
NIDE-V net will differ from the true but unknown values 6 of the respective weights by variations
denoted as 5020-0° . The variations 60=0-0° will induce corresponding variations
of £f (0) —f°, fO&f (00) , in the feature functions. The variations 50 and of will induce, through

Equation (1), variations v (t)2 [vil) (), V) (t)T £[sh(t),...,0hy, (t)]T around the

d0i:10.20944/preprints202504.2086.v1
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nominal/optimal functions h°(t). In turn, the variations &f 2f(8)—f° and v (t;x) will induce
variations & R(ho;fo; V(l);é'f;t) in the NIE decoder’s response.

The “First-Order Features Adjoint Sensitivity Analysis Methodology for Neural Integro-
Differential Equations of Fredholm-Type (1st-FASAM-NIDE-F)” aims at obtaining the exact
expressions of the first-order sensitivities (i.e., functional derivatives) of the decoder’s response with
respect to the feature function and the primary model parameters, followed by the most efficient
computation of these sensitivities. The 1st-FASAM-NIDE-F will be established by applying the same
principles as those underlying the 1st-FASAM-N [24] methodology. The fundamental concept for
defining the sensitivity of an operator-valued quantity R(x) with respect to variations 6x in a

neighborhood around the nominal values x°, has been shown in 1981 by Cacuci [29] to be provided

by the 1st-order Gateaux- (G-) variation & R(X0 ; 5X) of R(x), which is defined as follows:

SR(X%;0x) 2 {;—S[R(x" +g§x)]}£_0 2 lim RO +e0%)-R(X) , @)

£—0 <

for ascalar ¢ and for arbitrary vectors 6x in a neighborhood (X°+85X) around X’.When the G-
variation 6R(X°;6X) is linear in the wvariation oJx , it can be written in the form
5R(x°;5x):{6R/8x}xo ox , where {6R/ox}, denotes the first-order G-derivative of R(x) with
respect to X, evaluated at x°.

Applying the definition provided in Equation (7) to Equation (5) yields the following expression
for the first-order G-variation SR (ho;f0 -y 6f) of the response R [h;f (9)] :

SRR 5 ) = 1 0T D1 (1) v (1): + 0 dt}
(nFsft2v":o1) {dgtjo [1° () + 2V (1):F° + 20Tt B .
:{5R(h0;f°;§f)}dir+{5R(h0;fo;v(1))} ,

ind

where the “direct effect term” arises directly from variations §f and is defined as follows:

{5R(h0;fo;5f)}dir A El“tj' dt{@D[h(ta)f;f(e);t] 5fi} , 9)

and where the “indirect effect term” arises indirectly, through the variations v (t) in the hidden

state functions h(t), is defined as follows:

{5R(h°;f°;v(1))} ) é%tj‘dr{aD[h(t);f(e);t]V'(l) (t)} : (10)

i=1g oh, (t) I

The direct-effect term can be quantified using the nominal values (ho i ) but the indirect-effect

term can be quantified only after determining the variations vt (t), which are caused by the
variations of through the NIDE-F net defined in Equation (1).
The first-order relationship between the variations vt (t) and Sf is obtained from the first-

order G-variations of Equations (1) and (2). The first-order G-variations of Equations (1) and (2),
respectively, are obtained, by definition, as follows:

{diz [0 () 0 (031 (0°) a0

dg, [ 1° (t)+ &v® (t);f (0°) + 51 |
) de (th

dt"

d"[h? (t)+esh (t)]}

=0

+{%i¢i’j [f (90)+€5f;t]t{£dﬂ//j [ho (r)+gv(1) (r);f(9°)+£5f;r}} 70.

d0i:10.20944/preprints202504.2086.v1
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d :
{EBJ.[ho(t)+gv(1)(t);f(9°)+g5f;t]} =0; t=ty;t=t;; j=1..,BC. (12)

=0
Carrying out the operations indicated in Equations (11) and (12) yields the following NIDE-F net
of Fredholm-type for the function v\ (t):

TH N T C; N ny@®
{sz h (1) ;5 [hf :| ‘El)(t)+nz;{ci'” [h;f(e);t]dTn(t)}

k=1n=1 ah ( )
s oy, [h;f (0
_{Z_:(pi,j [f t]j dr ) %V&l) (1)} (13)
TH [ dg. | h(t 0 I Ea .
;{ g [h(t ()( ]V'(()(t)} :é{q;g(h;f;t)ﬁfk}eo,|:1,...,TH;
w B [hif(0)t] [z B [mf(0)it]
{kZ ah, (1) % (t)}eo‘ {kz of, o (14)
at t=t,; t=t;;j=1..,BC;
where:
: . doc,[f(e)t]d"h g, (fit)"
R e 0 S LU
n=1 k J:l
oy 4 hie):f (e)ﬂ (15)
Lo (Y ovi[n(©):*(0)i7 ] i=1..TH; k=1,..,TF.

+Y o (F;t)]dr ;
afk j=1 : f[ afk

The NIDE-F net represented by Equations (13) and (14) is called [24] the “1st-Level Variational
Sensitivity system (1st-LVSS) and its solution, v (t) is called [24] the “Ist-level variational

function.” All of the quantities in Equations (13) and (14) are to be computed at the nominal parameter
values, but the respective indication has not been explicitly shown in order to simplify the notation.

It is important to note that the 1st-LVSS is linear in the variational function v (t). Therefore,
the 1st-LVSS represented by Equation (13) can be written in matrix-vector form as follows:
L[h:f(0);t]v? (1) =QY [ n;f(8);t]5 (), (16)
where the TH xTF -dimensional rectangular matrix QY [h;f (9);t:| comprises as components the

quantities q|(1k) (h;f) defined in Equation (15), while the components of the TH xTH square matrix
L[h;f(0);t]2[L],.,y are operators (algebraic, differential, integral) defined below, for
i,k=1.,TH:

N d"h (t) éc, [hif(0)it]

N ny@®
L"Vi(l)(t)é; dtI” - oh (1) : Vi()(t)“‘zci,n[h;f(ﬂ);t]d D)

dt"

(17)
21 =50 6"”[“ a2 itf)(e);t]vs”(t);
L 23 0T E';‘;) '}v@(t) e L
U (18)
—ifﬂi,j[f t]jd aw’[hf —nw ] O (z); i,k =1..,TH.

Note that the 1st-LVSS would need to be solved anew for each variation & F j=L1..,TF, in

order to determine the corresponding function vt (t) , which is prohibitively expensive
computationally if TF is a large number. The need for repeatedly solving the 1st-LVSS can be
avoided if the variational function v (t) could be eliminated from appearing in the expression of

the indirect-effect term defined in Equation (10). This goal can be achieved [24] by expressing the
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right-side of Equation (10) in terms of the solutions of the “1st-Level Adjoint Sensitivity System (1st-
LASS)” to be constructed next. The construction of this 1st-LASS will be performed in a Hilbert space

comprising elements of the same form as V" (t) e H ,(€,), defined on the domain Q, 2te [to t J .
This Hilbert space is endowed with an inner product of two elements
27 (1) é[;ﬁ(l) (), 20 (t)]j- eH,(Q) and 1% (t)= [771(1) (), (t)]T eH () , denoted as
<x(1) (t),n® (t)>1 and defined as follows:

t

<x“)(t),n<l’(t)>léj [X@()T @ (t)dt = Z j 20 ()7 (t)dt. (19)

to =1y,

The next step is to construct the inner product of Equation (13) with a vector
a¥(t)2 [af) (t),....a% (t )T eH (), where the superscript “(1)” indicates “1st-Level”, to obtain the
following relationship:

1) . 1y ® —{a® O .
(a¥ (1), L[ (0):t]v? (1)) =(a® (1)@ [m;£ (0);t] 5t (0)) . (20)
The terms appearing in Equation (20) are to be computed at the nominal values (ho JF° ) but the

respective notation has been omitted for simplicity.
Using the definition of the adjoint operator in H (€, ), the term on the left-side of Equation

(20) is integrated by parts and the order of summations is reversed to obtain the following relation:
(a (1), LW (0):t]v? (1)), =(v (), A [mif (0);t]a® (1)), + P (msf;v5a® ), 1)
where the operator AY [h;f(e);t]éL* [h;f (0);t] denotes the formal adjoint of the operator
L[h;f (0);'[] and where P(h; F;V(l);a(l)) represents the scalar-valued bilinear concomitant
evaluated on the boundary t=t;, and/or t=t,. Note that the THxTH matrix valued operator
® [h;f (0);@ 4 {Agl) [h;f(ﬂ);t}}TH - acts linearly on the vector al (t) The “star” superscript (*)

will be used in this work to denote “formal adjoint operator.”
It follows from Equations (20)and (21) that the following relation holds:

a® —P(h:f:v?:a®
(v (0), A9 Thif (0):t]) =(a (1).QUr) —P(hif;v?;a®). (22)
The term on the left-side of Equation (22) is now required to represent the indirect effect term

defined in Equation (10) by imposing the following relation:

OTh;f(0);t]a" (1) = aD[hgh)étf)(e);t]; t, <t<t,. (23)

Using Equations (22) and (23) in Equation (10) yields the following expression for the indirect
effect term:

{oR(n:fv?)]  ={(a¥ (1).QUsf) ~P(nifiv;a )}e . (24)

The boundary conditions accompanying Equation (23) for the function a (t) are now chosen

at the time values t=t, and/or t=t; so as to eliminate all unknown values of the 1st-level
variational function v (t) from the bilinear concomitant P(h;f;v(l);a(l)) which remain after
implementing the initial conditions provided in Equation (2). These boundary conditions for the
function a® (t) can be represented in operator form as follows:
B}[a(l) (t);f(e);tho; att=t, and/or t=t,; j=1,..,BC. (25)
The Fredholm-like NIDE net represented by Equations (23) and (25) will be called the “1st-Level
Adjoint Sensitivity System” and the solution, a® (t), will be called the “1st-level adjoint sensitivity

function.” The 1st-LASS is solved using the nominal/optimal values for the parameters and for the
function h(t) but this fact has not been explicitly indicated in order to simplify the notation.

d0i:10.20944/preprints202504.2086.v1
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Notably, the 1st-LASS is independent of any parameter variations so it needs to be solved just once
to obtain the 1st-level adjoint sensitivity function a® (t) The 1st-LASS is linear in a® (t) but is, in

general, nonlinear in h(t;x).
Adding the result obtained in Equation (24) for the indirect-effect term {5 R (h0 0 v )} to the
ind

result obtained in Equation (9) for the direct-effect term yields the following expression for the first-
order G-differential of the response R [h;f (0)] :

5R(h°;f°;v(1);5F) = {<a(1) (t),Q(l)éf >1 - P(h;f;v(l);a(l))} .
0

Efa| PG o] e limoronolor),

o°

(26)

where R(l)[i;h(t);a (t);f((—))}éaR[u(x);f (G)J/ﬁfi denotes the first-order sensitivity of the

response R[u(x);f(8)] with respect to the components f,

of the “feature”. Each sensitivity
R® [i; u(x);a% (x);f (a)} is obtained by identifying the expression that multiplies the corresponding

variation ¢ f; and can be represented formally in the following integral form:
t
RO[i;h(t);a” (t);f(0) |2 [S®[isn(t);a® (t):£(0) Jdt; i =1,...TF. 27)
tO

The functions S(l)[i;h(t);a(l) (t);f(e)] will be subsequently used for determining the exact
expressions of the second-order sensitivities of the response with respect to the components of the
feature function f(8) of model parameters.

In the following subsections, the detailed forms of the 1st-LASS will be provided for first-order
(n=1) and, respectively, second-order (1=2) Fredholm-like NIDE.

2.1. First-Order Neural Integral Equations of Fredholm-Type (1st-NIDE-F)

The representation of the first-order (n=1) neural integral equations of Fredholm-type (1st-
NIDE-F) is provided below, for i=1..,TH :
ty
e [0 (0] = g, [m(t)se (o) T+ S, L6 amv, (e (0] @)
Yo
The typical boundary conditions provided at t=t, (“encoder”) are as follows:
h(t)=¢e;i=1..TH, (29)
where the scalar values € are known, albeit imprecisely, since they are considered to stem from
experiments and/or computations. Equations (28) and (29) are customarily considered an “initial
value (NIDE-F) problem” although the independent variable t could represent some other physical
entity (e.g., space, energy, etc.) rather than time.
The 1st-LVSS for the function v (t) is obtained by G-differentiating Equations (28) and (29),

and has the following particular forms of Equations (13) and (14) for n=1:

Vel ™| oc;, : L
{Ci,l[h(t);f(e)]}eo dv; (t)+dh (t )2{5 . [h )]vﬁ)(t)}

dt dt = (

‘{.TZL%,,- [f(6) t]f ded, > [h = } (30)

TH t TF
—kZ{ o (t) ] }eo - { if)fp St i=Lon TH;
v (t,)=56; i=1..TH; (31)

where:
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. dh(t)ec; h(t); L oo (
@l (i) £ - DO T [MOTO) 320, iy, [yt (0):c]e
dt of, T -
. f TL tf a h
+—8g'(8?'f’t) +> 0 ftjd 4L ) ) ] =1,..,TH; k=1..,TF.
k

j=1

The 1st-LASS is constructed by using Equatlon (19) to form the inner product of Equation (30)

with a vector a® (t)2 [ai(l) (t),...,a% (t)]T eH, (Q) to obtain the following relationship:
pob dv® (t) dh TH ac, [h ]

Zjal dt{”[h ] idt dt Z 6h() W)

i=1 t, k=1

—

& on ()

—Zgo”fttjdr;%(r);fﬂv&l)(f) iag[ ft] ()} (33)

—Zja dthl(h,f,t)

i=1 to

Examining the structure of the left-side of Equation (33) reveals that the bilinear concomitant

the following relation:

will arise from the integration by parts of the first term the on the left-side of Equation (33) to obtain
TH U dv®
5 o e (0]

_ £y 0. 40
2 _P(h,f,vl,al)

TH U " d {ai(l) (t)Ciy1 [h(t);f]} "
dt

(34)

_ZIVi (t)

i=1 t

where the bilinear concomitant P(h;f; V(l);a(l)) has the following expression, by definition:

TH
p(hitivia) 2 $5a0 1, Ja, [(t, )it ] 1) () [ ()i F v ()] @)
i=1
The second term on the left-side of Equation (33) will be recast in its “adjoint form” by reversing

the order of summations so as to transform the inner product involving the function a®(t) to an

inner product involving the function v (t (t), as follows:

i‘tj dhéft)zz“;aci,la[hf:() )if] o ()= i‘tjv (t)ac,la[hh()f]; () )dt o

The third term on the left-side of Equation (33) is now recast in its “adjoint form” by reversing
the order of summations and integrations so as to transform the inner product involving the function

a®(t) into an inner product involving the function V" (t), as follows:

$ faa @30, 100 t]fza‘”’['”() 2y
° S (37)
L al//J[hf

_;{[dﬂﬁ = ah Izak )@k,j[f(e);th.

The fourth term on the left-side of Equatlon (33) will be recast in its “adjoint form” by reversing
the order of summations and integrations so as to transform the inner product involving the function

a® (t) into an inner product involving the function v (t ( ) as follows:

ag [h ,f,t] TH B agk [h(t);f(0);t]
> I 3| 2wl -
i=L g k1 k() —1t0 aI()

Using the results obtained in Equations (34)—(38) in the left-side of Equation (33) yields the
following relation:

(38)
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v  (t) IH hit),f| .
Izl:tj'oa dt{ |1|:h :|d Idt(t)+dhat(t)kz_;aclghk((tt)) :|V|(<)(t)
“ oy [h(r fr] mog [h(t):fit]
2 ft{dizl A0 DT AW M)}
:P(h;f;v(l);a(l)) > v {dial 2 ()] (39)
acl[“(tt)qz (B0 S 2D ey (0o
_iaw(t)agk[ha;_(;:) } fa( (a3l (hiri)s1
The relation in Equation (39) is rearrangezl as follows:
Zja dtzq,lg(hft)aF P (h;f;v®ia®)
Shooal- 2 wemn] S0 TR0
Sl a0 ) [0y eJoe-Fat (0 B LT

tO 1
The term on the right-side of Equation (40) is now required to represent the “indirect-effect”
term defined in Equation (10), which is achieved by requiring the components of the function

a® (1) [ai(l) (t),..., al (t)]T to satisfy the following system of first-order NIDE-F equations:

—i{ai(l)(t)ci,l[h }} 6C|l[h f}l; () d h (t)

t
]TZL,IaI// [a:f jZak )¢k,j[f(e);,]d,_zz“;aﬁl)(t)agk[ha(rt]i)(;tf)(e);t] .
aD[h(t);f );t]__
=T(t)' =1..TH.

The relation obtained in Equation (41) is the explicit form of the relation provided in Equation
(23) for the particular case when n =1, i.e, when considering first-order neural integral equations of
Fredholm-type (1st-NIDE-F).

The unknown values V, (tf ) in the bilinear concomitant P (h; f:v; a(l)) in Equation (40) are
eliminated by imposing the following final-time conditions:
a® (t)=0; i=1..TH. (42)
It follows from Equations (33)—(42) and (31) that the indirect-effect term defined in Equation (10)
has the following expression in terms of the 1st-level adjoint sensitivity function a® (t):

{5R(hfa<l>)}m—ja dthlk(hft)df +Za o)a[h(t)if]oe.  @3)

The first-order NIDE-F obtained in Equations (41) and (42) represents the explicit form for the
particular case n=1 of the 1st-LASS represented, in general, by Equations (23) and (25). To obtain the

1st-level adjoint sensitivity function a® (t)2 [ai(l) (t),....a% (t)}T , the 1st-LASS is solved backwards
in time (globally) using the nominal/optimal values for the parameters and for the function h(t) but

this fact has not been explicitly indicated in order to simplify the notation. Notably, the 1st-LASS is
independent of any parameter variations so it needs to be solved just once to obtain the 1st-level
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adjoint sensitivity function a® (t) The 1st-LASS is linear in a®” (t) but is, in general, nonlinear in
h(t;x).
Using the results obtained in Equations (43) and (9) in Equation (8) yields the following

expression for the G-variation ¢ R(ho; F°;v(1);5f) , which is seen to be linear in the variations o f i

j=1..,TF , in the model’s feature functions (induced by variations in the model’s primary

parameters) and the variations de;, i=1...,TH in the decoder’s initial conditions:

t .
S M&F £3a0 ty)c.[h(ty):f |oe

5R[h(t);f;a“) ] Zjd

=1ty J i=1

(44)
TF TH
+qu dthJk (hif;t)sf, _za—Raf za—Rée
i=1 to j= j=1 afj i=1 ae

The expression in Equation (44) is to be satisfied at the nominal/optimal values for the respective
model parameters, but this fact has not been indicated explicitly in order to simplify the notation.
Identifying in Equation (44) the expressions that multiply the variations oJ¢ yields the

following expressions for the decoder response sensitivities with respect to the encoder’s initial
conditions:

R _al a (t,)c,[h(ty) f]zja,-(l)(t)ciyl[h(t);f]§(t—to)dt;i=1,...,TH. (45)

It is apparent from Equation (45) that the sensitivities 0R/de; are functionals of the form
predicted in Equation (27). It is also apparent from Equation (45) that the sensitivities 0R/de, are
proportional to the values of the respective component a (t;) of the 1st-level adjoint function
evaluated at the initial-time t=t,. This relation provides an independent mechanism for verifying
the correctness of solving the 1st-LASS from t=t, to t=t;, (backwards in time) since the
sensitivities 0R/de;, can be computed independently of the 1st-LASS by using finite differences of
appropriately high-order in conjunction with known variations J¢, and the correspondingly

induced variations in the decoder response. Special attention needs to be devoted, however, to ensure
that the respective finite-difference formula is accurate, which may need several trials with different
values chosen for the variation J¢, .

It also follows from Equations (44) and (32) that the sensitivities OR/df; of the response
R [h;f (0)} with respect to the components f, (8) of the feature function f(8) have the following

expressions, written in the form of Equation (27):
t

or/ef, 2R jih(t);a® (1):£(0) |2 [SP] jin(t);a® (t):£(0) |t j=1...TF; (46)
fo

where

51(1)[j;h(t);a(l)(t);f(ﬁﬂ= a)f,f t] Ti il (© dt)ﬁci,l[hg;);f(e)]

i

20 (%, Th(e)it (0)s¢]0r 7)

The subscript “1” attached to the quantity S" [j; h(t);a" (t);f (9)] indicates that this quantity

refers to a “first-order” NIDE-F net, while the superscript “(1)” indicates that this quantity refers to
“first-order” sensitivities.

The sensitivities with respect to the primary model parameters can be obtained by using the
result shown in Equation (46) together with the “chain rule” of differentiating compound functions,
as follows:
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NS =1, TW. (48)

When there only model parameters (i.e., there are no feature functions of model parameters),
then f(0)=¢ forall i=1..,TF £TW, and the expression obtained in Equation (46) yields directly

the first-order sensitivities 6R/89j ,forall j=1,..,TW . In this case, all of the sensitivities 8R/ oo, ,
for all j=1..TW would be obtained by computing integrals (using quadrature formulas). In
contradistinction, when features of parameters can be established, only TF (TF <TW) integrals
would need to be computed (using quadrature formulas) to obtain the oR/oF;, j=1,..,TF; the

sensitivities with respect to the model parameters would subsequently be obtained analytically using
the chain-rule provided in Equation (48).

Occasionally, the boundary conditions may be provided through a measurement at the
boundary t=t, (“decoder”), as follows:

h(t)=d;; i=1..TH, (49)
where the scalar values d; are known, albeit imprecisely, since they are considered to stem from

experiments and/or computations. In such a case, the determination of the first-order sensitivities
OR/éf; of the response R[h;f(0)] with respect to the components f,(8) of the feature function

f(8) follows the same steps as in Section 2.1.2, above, yielding the following results:

(i) The 1st-LASS will become an “initial value problem” comprising Equation (41), subject not the
conditions shown in Equation (42), but subject to the following “initial conditions

a (t,)=0; i=1..TH. (50)
(ii) The sensitivities 6R/of, of the response R[h;f(6)] with respect to the components f,(9) of

the feature function f(0) will have the same formal expressions as in Equation (46) but the

components of the 1st-level adjoint function a® (t)2 [ai(l) (t),....a% (t )T will be the solution of
Equations (41) and (50).
(ifi) The sensitivities of the response R[h;f(0)] with respect to boundary conditions at t=t, will

have the following expressions:

oR 1 P
a—di:ai()(tf)cill[h(tf),f], i=1..,TH. (51)

2.2. Second-Order Neural Integral Equations of Fredholm-Type (2nd-NIDE-F)

The representation of the second-order (n=2) neural integral equations of Fredholm-type
(2nd-NIDE-F) is provided below, for i=1...,TH :
dh, (t d?h (t
civl[h(t);f(e)}#+cm[h(t);f(e)]d—z(): g;[h(t);f(0)]

t
+.TZ_L1¢‘vi[f(°);t]thj [h(z);f(0);z]dr; i=1..,TH.

There are several combinations of boundary conditions that can be provided, either for the
function h (t) and/or for its first-derivative dh, (t)/dt, i=1..,TH, at either t=t, (encoder) or at

(52)

t=t; (decoder), or a combination thereof. For illustrative purposes, consider that the boundary
conditions are as follows:
h(t)=e; h(t)=d;i=1..TH. (53)

The 1st-LVSS is obtained by taking the G-variations of Equations (52) and (53) to obtain the
following system, comprising the forms taken on for n=2 by Equations (13) and (14), respectively:
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{Ci,1[h(t);f(9)}} dVIt (®) {ac'l[g(:gt’; V1(<1) (t)}eo
) d v) TH Ci h(t),f(@)} L

Hlaa[hO:F O], g ;{ oh, (t) ﬁ)(t)}eo (54)
_{%C"i,i [f(6 t]Jd . 18% [h f( (;)’TJVS)(T)
_:ZH;{@gi [ha:] (t) ;I]V'El) (t)} ::Z;{qu(lk) (h f)}eo f o1 TH:

v (tp) =065 v (t; )=0d;; i=1...TH; (55)

where for i=1...,TH;and k=1,...TF:

q_(l)(h.f)é_dh (t) éc, [h(t); ())]_thi (t)aci,z[h(t)?f(ﬂ)Lr@gi(h;f;t)

ik ! dt afk dt? afk 8fk (56)
+;5¢.a,fkf ;t) tJf. ;[h(z) );T]dﬂriﬂj(f;t)}dra% [h(;]?k;f(ﬁ);r].

The 1st-LASS is constructed by using Equation (19) to form the inner product of Equation

(54)with a vector a (t)2 [af) (t),....a%H (t)]T €H () to obtain the following relationship:

™ v (t)moc, | h(t);f]
O
v ?h (t) T oc; , T a
+Ci,2[h(t);f]d dltz(t)+d :,Ez(t)kla 'a&hgt; f]VIE) t)
(57)

Yo moay [h(e)ifie] o g [h(t ,f,t] )}

_zgo,, ft{[drl;—( o (2= 0

H '

=> [a( dthl(hft)

=i
Examining the structure of the left-side of Equation (57) reveals that the bilinear concomitant
will arise from the integration by parts of the first and third terms the on the left-side of Equation

(57), as follows:

ZI& Cia hf] W dt+2ja ¢, [h:f] 2"(1)(t)dt_ (h;f;\,a);a(l))
_1t0 i=L . 2 (58)
2{ {PMqimoﬁﬂm+;;wuo§a4woq{moﬁ}m

where the bilinear concomitant P (h; f; v : a(l)) has the following expression:

o) B {al (1 e[t A1)t ()Lt 4 )
3 v "
+;{ai(l) (tf )Ci,z |:h(tf );f]d'd—ftf)_ai(l) (tO)Ci,z [h(to);f] d Idt(to)}

c a® (59)
S ){ el ]+ci,2[h<t):de'dt“)}
JriTZHl:vi(l)(to){a,.(l)(t)wﬂ:m[h(t);f]da1 }
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The remaining terms on the left-side of Equation (57) will be recast into their corresponding
“adjoint form” by using the results obtained in Equations (34)—(38). Using these results together with
the results obtained in Equations (58) and (59) yields the following expression for the left-side
Equation (57)'

dv® (t) dh(t)m 6ci1[h(t);f]v(l)

5 7a dt{.l[h R Ty el

|1t0

d2v® (1) dh (t) 2 ac, [h(t)if]

+6,[h(t):f] T z N0 v (t)

Z(p” f t :[d :Hla(//] g: ( )f T:| ( ) :ZH;ag [a: ( ,)f’t:| ( )}
=P(h;f;v(”;a(1)) I v (t) {i Jas[h(1);f]}at (60)
+:Z_H;zf[vi(1)(t)d_22{ai(l)(t)ci’z[h(t);f]}dt+§jvi(l) ac,a[h (tt) f]Zak 1) dt dh (t) .
I (t)a°'2[“() f]kz 0 a3 i 2RO
_itjfdrv aw,[ IZak ) [F(0);t]dt

=t ,1 oh,

Using Equation (58) and rearranging the terms on the right-side of Equation (60) yields the
following relation

ZI@ dth.k(hft)aF p(n:f:v:a)

_Til“{:[v dt{_—{ai(l)(t)ci,l[h(t);fJ}+jT22{ai(l)(t)ciyz[h(t);f]}

oc, [h(t):f]m o cdh (1) ac,[h(t):f]m o d*h(t) (61)
oo 20 0Ta T e “E)(t)Tdt
_iaﬁl)()agk[hahi(t) t] Jz_;@‘hg;f {[kZ‘I )wk’j[f(ﬂ);r]dr}

The term on the right-side of Equation (61) is now required to represent the “indirect-effect”
term defined in Equation (10), which is achieved by requiring the components of the function

a® (1) [af) (t)..... al (t)]j- to satisfy the following 1st-LASS:

S ()6 (@] o (o 0 [0(0:1)

ac,, [h(t)f ] o, dh (1) ac,[h(t):f]m o d*h(t)
“an &2 0% T kzai)(‘)Tdt

TH . . t (62)
_kz_la@(t)agk [hﬁ(rt]i)(-:)(ﬂ),t] ;6% [hf)e I Yo [ O)e]
aD[h(t);f(0);t]

The relation obtained in Equation (62) is the explicit form of the relation provided in Equation
(23) for the particular case when n =2, i.e.,, when considering second-order neural integral equations
of Fredholm-type (2nd-NIDE-F).
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The unknown values involving the function V; (t) in the bilinear concomitant P(h;f; v(l);a(l))

defined in Equation (59) are eliminated by imposing the following conditions:
a (t,)=0; a”(t,)=0; i=1..TH. (63)
It follows from Equations (33)—(42) and (31) that the indirect-effect term defined in Equation (10)
has the following expression in terms of the 1st-level adjoint sensitivity function a® (t):

{oR(n;fra®)} —ja dth,k (hsf;t) s, —P(hifv®;a®), (64)
where the boundary quantity P(h;f;v ;a(l)) contains the known remaining terms after having
implemented the known boundary conditions given in Equations (55) and (63), and has the following

explicit expression:
da® (t
Z5e {c,z[h ol t( )} . (65)

s da” (1)
B(hfv®a) 2 Zéd{,z[h ] t} .

Using the results obtained in Equations (64), (65), (56) and (9) in Equation (8) yields the following
expression for the G-variation ¢ R(ho;fo;v(l);é'f) , which is seen to be linear in the variations Jd,,

s¢ (i=1..,TH)and &f, (j=1..TF):

t=i

SR[h(t);f(0);a® (t);6f |2 Zjdt [ ]5fj
TH U . LI dai(l)(t)
+ [a (1)t afl (hif;t)s T, +Z5o|i C, [h(t);f]T (66)

H ® TF TH TH
-> 5S¢, {ci’z[h(t);f]da'dt(t)} Z 8R +Zﬁ5di zﬁ&
i=1
t=

j=1 i1 8d, i 169

The expression in Equation (66) is to be satisfied at the nominal/optimal values for the respective
model parameters, but this fact has not been indicated explicitly in order to simplify the notation.
It also follows from Equations (66) and (56) that the sensitivities aR/ of, of the response

R [h;f (G)J with respect to the components f, (0) of the feature function f(ﬁ) have the following

expressions, written in the form of Equation (27):

aR/afjéR(”[j;h(t);a(l)(t);f(ﬂ)}éthS)[j;h( a® (1):£(0) [dt; j=1..,TF; (67)

where
Sgl)[j?h(t)ia(”(t);f(e)}éM 2 )dhdtt)acnl[ht-,f (0)]
oty Lt
T: dt ) ) : (68)
20 I (et (0);e]ar
%af” (t)kf"* (f;t)tjdra‘//k [h(r) ;f‘,f(ﬁ);rl

f J
The subscript “2” attached to the quantity S [j; h(t);a" (t);f (9)] indicates that this quantity
refers to a “second-order” NIDE-F net, while the superscript “(1)” indicates that this quantity refers
to “first-order” sensitivities. As expected, the expression of S [j;h(t);a(l) (t):f (9)] reduces to the
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expression of Sl(l) [j;h(t);a(l) (t);f (G)] when the “second-order NIDE-F net” reduces to the “first-

order NIDE-F net” in the case when ¢ ,[h(t);f(8)]=0.
Identifying in Equation (66) the expressions that multiply the variations &€ yields the

following expressions for the decoder response sensitivities with respect to the encoder’s initial-time
conditions:

R 19a” (1) I -
a_&:—{ci,z[h(t)’f]T} | :—icnz[h(t)'f]

Identifying in Equation (66) the expressions that multiply the variations o&d; yields the

daf’ (1)

S(t—t,)dt;i=1...,TH. (69)

t=

following expressions for the decoder response sensitivities with respect to the final-time conditions:
R dal¥ (t) ¥ da” (t) :
—=—4¢,|h(t);f |——= =|c,|h(t);f |——=65(t—t,)dt;i=1..TH. (70
od, {"2[()} d ] t['z[()] & o) 70)
=t¢
If the boundary conditions imposed on the forward functions h, (t) and/or the first-derivatives

dh (t)/dt , i=1..TH , differ from the illustrative ones selected in Equation (53), then the

A

corresponding boundary conditions for the 1st-level adjoint function a® (t)=[ail) (t),....alH (t)]T
would also differ from the ones shown in Equation (63), as would be expected. The components of
a¥(t)2 [al(l) (t),....a%% (t)]T would consequently have different values; therefore, all of the first-order

sensitivities dR/of; would have values different from those computed using Equation (68), even

though the formal mathematical expressions of the respective sensitivities would remain unchanged.
Of course, the sensitivities 0R/0e; and 0R/dd; would have expressions that would differ from

those in Equations (69) and (70), respectively, if the boundary conditions in Equation (53), and
consequently those in Equation (63), were different, since the residual bilinear concomitant

P (h;f; v ; a(l)) would have a different expression from that shown in Equation (65).

3. Second-Order Features Adjoint Sensitivity Analysis Methodology for Neural
Integro-Differential Equations of Fredholm Type (2nd-FASAM-NIDE-F)

The second-order sensitivities of the response R[h;f(ﬂ)] defined in Equation (5) will be

computed by conceptually using their basic definitions as being the “first-order sensitivities of the
first-order sensitivities.” Recall that the generic expression of the first-order sensitivities,

R® [ i;h (t);a(l) (t) .f (O)J , b =1..,TF, of the response with respect to the components of the feature
function f(8) is provided in Equation (46). It follows that the second-order sensitivities of the

response with respect to the components of the feature function will be provided by the first-order
G-differential 6R” of RY [jl; h(t); a? (t):f (0)} , which is by definition obtained as follows:

SRY [ jhC (8);a (1);F°(8); v (x); 52" (x); 5f}

é{ d §R(l)[j1;h° (x)+ev? (x);a*? (x) + esa (x); f° +g§f}}

de o (71)
T aR(l)[jl;u;a(l);fJ

_ @Of i -h-a®-f-yO - sa@

_; af—,z 5f1.2+{5R [Jl,h,a ;FivY (x); 04 (x)}}ind,

00

where the indirect-effect term {5 RY [jl;h;a(l);f;v(l) (X);é’a(l) (X)J} comprises all dependencies on
ind

the vectors v (x) and a” (x) of variations in the state functions h(t) and a®”(t), around the
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respective nominal values denoted as h°(t) and a™ (t), respectively, which are computed at the

nominal parameter values 0°. This indirect-effect term is defined as follows

] @ ;- o (+)-
{éR(l)[jl;h;a(l);f;v(l);éa(l)]}_ d étj-dt{asl [Jl,h(t),a (t),f (9)] V(l) (X)}
o

ou

0

W | o8] dih(t):a (t):f(0) .
+ dt{ [ 7 ]5a(1) (X))t 5 h=L..TF.
b .

(72)

The variational function §a(1)(x) is the solution of the system of equations obtained by G-

differentiating the 1st-LASS defined in Equations (23) and (25), which is by definition obtained as
follows:

{ ZA [h°+gv (t);f° +&of; t}[ ) 4+ g5l }}

=0

{d 6D[ +gv)()f°+g§ft]} N (73)
== ©j=1..TH.

de oh; (t)

{% B; [h" +ev? (t);F° +eof; a®® 4 g5a®:t ]}

=0

; 1=1...,BC. (74)

Carrying out the operations indicated in Equations (73) and (74) yields the following relations

™ o D[ +ev® (1) +asfit ||
Bl S e (0| W
+{T2H:A,§1)(h;f;t)} sal!

k=1
W5 t) e @ (i g .
(et)= 2 ai, (5 ishifit) 51, (0); (75)
o° j2=1
j=1..TH; j, =1..,TF.

2 H H a D Il +€V ( ) fO f
q(y) (J J -h.f.t)A{ 95‘ t
0

of, (0)ah, (t)

(76)
o ) . -
- h;f;t a i v 1=L...,TH; j, J, =1....TF.
{ahwylA (hfit)al” (] )}

00

6B;(h;f;a(1)) ) OB;(h;f;a(l)) ) aB; (h;f;a(l)> |
{T(t)} 0 V()(t)+{6a(l—)(t)} 0 5;,1(>(t)+{W O 5t(0)=0;

(77)
att=t, and/or t=t,; j=1,..,BC.

For subsequent derivations, it is convenient to represent the relations in Equation (75) in matrix-
vector form, as follows:

Vz(f)(u;a(l);f)v(l)(t)+vz(§)(u;f)5a(1)(t)=Q(2)[h(t);a(l)(t);f(O);tJ&f(G);
6A(1)(h;a(l);f) 62D(h;a(1);f) _
ch(t) — an(t)en(r) | °
oAY (h:a):f
V2 (hial) oA () : (79)
a’(t) |

Q[ i fprhia®:f (0) |2 {a), (i smifit)]

THTF

(78)
where

1>

\s (h;a(l);f)

>

As indicated by Equation (78), the variational functions v (X) and Sa" ( ) are the solutions

of the system of matrix equations obtained by concatenating the 1st-LVSS defined by Equations (14)
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and (16) with Eqgs (77) and (78). The concatenated system thus obtained will be called the 2nd-Level
Variational Sensitivity System (2nd-LVSS) and has the block-matrix form provided below:

(WMO 252,07 20):f [V (2)] ={QP[2U% (2t)ifisf ]| it <t<t; (80)
(BP 207 (21):v® (2t):f0f |} =0[2]2[0,0] ;at t=t, and/or t=t,. (81)

To distinguish block-matrices from block-vectors, two bold capital-letters have been used (and
will henceforth be used) to denote block-matrices, as in the case of “the second-level variational

matrix” VM® [2><2; U(Z)(Z;t);f] . The “2nd-level” is indicated by the superscript “(2)”. The

argument “2x2 ", which appears in the list of arguments of VM®? [2>< 2;u® (2;t) ;f] , indicates that

this matrix is a 2x2 -dimensional block-matrix comprising four submatrices, each of dimensions
TDxTD . The structure of the block-matrix VM® [2>< 2;u” (2;t);f} is provided below:

L[h;f(0):t] 0

WML RO @O e i) v i) |

(82)

The argument “2” which appears in the list of arguments of the vector U (2 t) and of the
“variational vector” V®(2;t) in Equation (80) indicates that each of these vectors is a 2-block
column vector, each block comprising a column-vector of dimension TD; the vectors U'” (2;t) and
V) (2;t) are defined as follows:

u® (2;t)é( 2)(0 ]; v (2;t)é[ V(li(t) ] (83)
a’(t) sa” (1)

The 2-block vector Q\(,z) [2; u® (2t) ;f;5f} is defined as follows:

“Th(t);f(0):t]5£(0)
Q”[h(t):a® (0);f (0):t]or(0) |

The 2-block column vector Bf,z)[Z;U(Z)(2;t);V(2)(2;t);f;§f] in Equation (81) represents the

{2 [2; u® (2;t);f;§f]é

concatenated boundary/initial conditions provided in Equations (14) and (77), evaluated at the
nominal parameter values. The argument “2” in the expression 0[2]2[0,0]' in Equation (81)

indicates that this expression is a two-block column vector comprising two vectors, each of which has
TD -components, all of which are zero-valued.

The need for solving the 2nd-LVSS is circumvented by deriving an alternative expression for the

indirect-effect term {5 RY [jl;u;a(l);f;v(l);é'a(l)]} defined in Equation (72), in which the function
ind

v (2;t) is replaced by a 2nd-level adjoint function that is independent of variations in the model

parameter and state functions. This 2nd-level adjoint function will be the solution of a 2nd-Level
Adjoint Sensitivity System (2nd-LASS), which will be constructed by using the same principles as
employed for deriving the 1st-LASS. The 2nd-LASS is constructed in a Hilbert space H,(€),

Q, éte[to,t,J , comprising block-vectors having the same structure as V(z)(Z;t) that can
generically be represented as follows: @@ (2;t) [q)(z) Lt ([3(2)(2;t)]T eH,(Q) , with
(p(z)(i;t)é[(p,(i) ()10 (1) s 2 (t )] for i=1,2.TheHilbertspace H ,(€) isendowed with the
following inner product of two vectors ®? (2t)eH () and ¥?(2t)eH ,():
(%9 (2,1), 0 (21)) 2 i(w (i:0),0® (i21),
t (85)

H
:Z.[le()nll dt+Zj;{ 7]521) t)dt.

J=lty J=lty
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The inner product defined in Equation (85) will be used to construct the 2nd-Level Adjoint
Sensitivity System (2nd-LASS) for a 2nd-level adjoint function

AP (21) 2 [a(z) (Lt),a® (2;t)]T eH,(), a? (t)= [ai(j) (t),...,ai(’i)H (t)]Jr ,i=12, by implementing

the following sequence of steps, which are conceptually similar to those implemented in Section 2 for
constructing the 1st-FASAM-NIDE-F methodology:

1. Using Equation (85), construct the inner product of the yet undetermined function
AP (2t)= [a(z) (Lt),a® (2;'[)]1— eH ,(©,) with Equation (80) to obtain the following relation:

-
_ {<A(z) (2;t),Q\(,2) [2; u® (2;t);f;5f]>2}

2. Use the definition of the operator adjoint to VM(2)|:2><2; U(Z)(Z;t);f] in the Hilbert space

" (86)

90

H,(€,) to transform the inner product on the left-side of Equation (86) as follows:

_ {P(z) (U(z).A(z).V(2).f)}
7 1 1 00

{<A<2>(z;t),VM(z)[2x2;u(z)(z;t);f]v(z)(z;t)> }
2 (87)

o0

+{<v<2) (21t), AM®[ 22,0 (2:t);£ |A® (2;t)>2}

1
o°

where the quantity {P(Z) (U(Z) L A® V) f )} , denotes the corresponding bilinear concomitant on the
0

domain’s boundary, evaluated at the nominal values for the parameters and respective state
functions, and where the operator AM" [2>< 2,07 (2;t) ;f} = {VM(Z) [2 x2;U% (2;1) ;f]} denotes the
formal adjoint of the matrix-valued operator VM(2)|:2><2; U(Z)(Z;t);f}, comprising (2x2) block-

matrices, each of dimensions TD?, having the following block-matrix structure.

0 J* ) {L*}T I:Vg)* :|j -

o [v&]

3. Require the inner product on the right-side of Equation (87) to represent the indirect-effect term

L
@[ 2% UD (2:1)f | 2
AM®[2x2;U (2,t),f]_[vz(f) v

{5 R® [jl; u;a®;f;v; sa J} defined in Equation (72) by imposing the following relation:

ind
{AM(Z) [2><2; U(z)(z;t);f]A(z) (2 jl;t)}90 ={Q(A2) [2; j;u? (2;t);f]}00 i =1..,TF; (89)
where

a5 jiih(t):a (1):F (0) ] fou
3| i;ih(t);a (1);f (0)] foa

Since the source-term on the right-side of Equation (89) is a distinct quantity for each value of
the index j, , this index has been added to the list of arguments of the function

11>

Q(AZ) |:2; jl; U(z) (2;t);f:| , jl =1..TF. (90)

AP (2; jl;t)é[a(z) (L j;t).a? (2 jl;t)]T in order to emphasize that a distinct function A (2; j;t)
will correspond to each index j,. Of course, the adjoint operator AM® |:2>< 2:u®? (2;t);f} that acts
on the function A®(2; j;;t) is independent of the index j;, and could, in principle, be inverted just
once and stored for subsequent repeated applications to the ], -dependent source terms
QY [2; i u® (2;t);f] for computing the corresponding functions A® (2 0i1).

4. The definition of the function A®(2;j;t) is completed by requiring it to satisfy adjoint

boundary/initial conditions represented in operator form as follows:

(B2 (207 (2t):A (2 jit)it |}, =0[2]; j =L... TRt t=t, and/or t=t,.(91)
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The boundary/initial conditions represented by Equation (91) are determined imposing the
following requirements:

(a) they must be independent of unknown values of V% (2;t);
(b) the substitution of the boundary and/or initial conditions represented by Equations (81) and

(91) into the expression of the bilinear concomitant {P(z) (U(z);A(Z);V(Z);f)} , must cause all terms
0

containing unknown boundary/initial values of v (2;t) to vanish.

The NIDE-net comprising Equations (89) and (91) is called the “2nd-Level Adjoint Sensitivity
System (2nd-LASS)” and its solution, A® (2;j,;t)= [a(z) (L j;t),a? (2 jl;t)T, i =1..,TF, is called
the “2nd-level adjoint sensitivity function.” The unique properties of the 2nd-LASS will be
highlighted in the sequel, below.

Using in Equation (72) the relations defining 2nd-LASS together with the 2nd-LVSS and the
relation provided in Equation (87) yields the following alternative expression for the indirect-effect

term, involving the 2nd-level adjoint sensitivity function A®(2; j;;x)= [ a? (1 j;;x),a? (2 jl;x)T

instead of the 2nd-level variational function V? (2; t) :

{oRY] jihia £ A (2 ix) ]| =[PP (UP A VEfof )|

+{<A(2)(2; jl;t),Q\(,z)[Z;U(Z)(Z;t);f;éf]>2} 0

where {|5(2) ( VIR NCRVICR ¥ )} , denotes known residual (non-zero) boundary terms which may

" (92)

not have vanished after having used the boundary and/or initial conditions represented by Equation
(81) and (91).

Replacing the expression obtained in Equation (92) into Equation (71) yields the following
expression:

(RO U (2:0); A (2 jt)ifiof || = (PP (UD AP VO£t )

o°

)
+{<A<Z>(2;jl;t),Q<f>[2;u<2>(2;t);f;5f]>2} +J:Z: % st, (93)
00

* [0°R[h;f(0
= {M} sf,0 L =1..TF.
2k 0
The expressions of the second-order sensitivities 82R[h;f(0)} /61‘ ;,0f;, of the response with

respect to the components of the feature function are obtained by performing the following sequence
of operations:

(i) Use Equation (84) to recast the second term on the right-side of Equation (93) as follows:

((A” @i QP [z @ustar]) | ={{a® @ 4. Q" @it @)eJor) |,

94)
(e 21t @ e @t 01 ) ]

(i) Recall that QY [h(t);f(e);t]of £ Z{q O (n;f;t) 51, } , » Where the quantities qly (h;f;t) were

defined in Equation (15). Recall that Q® [h(t);a(l) (t):£(0) J Zqﬁz (i i £;t)51, (6)
=l

where the quantities quj)z (i1 Jo;h;f;t) were defined in Equation (76). Insert these expressions in

Equation (94) to obtain the following relation:
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{<A(2)(2; jl;t),Q\(,2)|:2§U(2)(2;t);f;§f}> } { {itj ql(lk) h:f: t (Jla )dt}é‘sz}
2)¢° j2=1] i=l g, 0
" (95)

TF H
DY T a? (i bimifit)al (jit)dt |5, ¢
90

jo=1| i=l g,

(iii) Insert into Equation (93) the equivalent expression obtained in Equation (95), and subsequently
identifying the quantities that multiply the variations &f; , to obtain the following expression

for the second-order sensitivities 9°R [h f(0 :| / of, of,

o*R[h;f (0 ] oR! [Jl,ua f] aﬁ<z>( u®: A@: ,f,§f)

of, of, of. of
12 I2 (96)
+qu.k (hifst)af? (jst dt+ZIq., (i Jshifst)ald (jt)dt; jy, j, =1..,TF.
) i=1 o

It is important to note that the 2nd-LASS is independent of variations Jf and variations

(®)(2;x) in the respective state functions. It is also important to note that the (2xTD)’ -dimensional
matrix AM®? [2>< 2:u®? (2;t);f} is independent of the index J, . Only the source-term
Q(AZ) [2; i u® (2; t);f] depends on the index j;. Therefore, the same solver can be used to invert the
matrix AM® [2>< 2; u®@ (2;t);f} in order to solve numerically the 2nd-LASS for each j,-dependent
source Q(AZ) [2; s u® (2;t);f] in order to obtain the corresponding j, -dependent 2xTD -
dimensional 2nd-level adjoint function A® (2;j;t)= [a‘z) (L j;t),a? (2 jl;t)}T . Computationally, it

-1
would be most efficient to store, if possible, the inverse matrix {AM(Z) [2 x2;U? (2; t) ;f}} , in order

to multiply directly the inverse matrix {AM(z) [2><2; u® (2;t);f}}7l with the corresponding source
term Q(Az) [2; N u® (2;t);f}, for each index j;, in order to obtain the corresponding j;-dependent
2xTD -dimensional 2nd-level adjoint function A® (2; j;t)% [a(z) (L jist),a® (2 jl;t)}T .

Since the adjoint matrix AM 2 [ZXZ;U 2 2t ;f} is block-diagonal, solving the 2nd-LASS is

equivalent to solving two 1st-LASS, with two different source terms. Thus, the “solvers” and the
computer program used for solving the 1st-LASS can also be used for solving the 2nd-LASS. The 2nd-
LASS was designated as the “second-level” rather than the “second-order” adjoint sensitivity system,
since the 2nd-LASS does not involve any explicit 2nd-order G-derivatives of the operators underlying
the original system but involves the inversion of the same operators that need to be inverted for
solving the 1st-LASS.

If the 2nd-LASS is solved TF -times, the 2nd-order mixed sensitivities OZR[h;f(O)] /6f L of,

will be computed twice, in two different ways, in terms of two distinct 2nd-level adjoint functions.
Consequently, the symmetry property &°R[h;f(0)]/of, of, =0’R[h;f(0)]/of,of,  provides an
intrinsic (numerical) verification that the Ist-level adjoint function a® (x) and the components of
the 2nd-level adjoint function A®(2; j;x) and are computed accurately.

The second-order sensitivities of the decoder-response with respect to the optimal
weights/parameters 6,k =1,..,TW , are obtained analytically by using the chain rule in conjunction

with the expressions obtained in Equations (46) and(96), as follows:
FRINEO)] o [gaRNr(0)] (o)
00,00, 26, o (8) 06,

}, j,k=1..TW. 97)
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4. Illustrative Application of the 1st-FASAM-NIDE-F and 2nd-FASAM-NIDE-F
Methodologies to a Heat Transfer Model

The application of the 1st-FASAM-NIDE-F Methodology will be illustrated in this Section by
considering a model of linear steady-state heat conduction through a homogeneous slab of thickness
£, having a constant thermal conductivity denoted as k and involving a distributed heat source that
is proportional to the temperature distribution within the slab; the proportionality constant is
denoted as Q. The slab is considered to be insulated on one side, which is held at a temperature T,

. The temperature distribution within the slab, denoted as T (x), is thus modeled by the following

linear heat conduction equation:

dT(x) Q_ . P LNt ]
e +kT(x)_O,O<x<.€,T(O)_TO,{ ™ :0—0. (98)

Consider that the model response of interest, denoted as R(T), is the average temperature

within the slab, which is defined as follows:
‘L
R(T)é%jT(x)dx. (99)
0
The model’s primary parameters are k,Q,T,, which can be subject to uncertainties, but their

nominal/optimal values k°,Q° ,TOO are considered to be known. These parameters are considered to

be components of the following (column) “vector of model parameters”:

02(kQT,)". (100)
The solution of Equation (98) has the following expression:
T(x)=T,cosxy(8); »(8)=,Q/k. (101)

The quantity y(8) is a “feature function” of the primary model parameters. Using in Equation
(99) the result obtained in Equation (101) yields the following closed form expression for the model
response:
s Ty
R(T)_Wsm (y(0). (102)
At the nominal parameter values, the nominal value of the temperature distribution and of the
average temperature response, respectively, have the following expressions:

T (x)=Ty cosxy®; »° £ y(6°); (103)
TO
R°(T°) éﬁsin 05°. (104)

4.1. Applying the 1st-FASAM-NIDE-F Methodology to Obtain the First-Order Response Sensitivities to the
Primary Model Parameters

The heat conduction equation presented in Equation (98) can be recast into the following
equivalent NIDE-F form:
dT(x) , ¢ . .
— (0)[ T (x)dx =T,y(0)[sin £7(8) —sinxy(8)]; T (0)=T,. (105)
0
The first-order sensitivities of the response R(T) will be determined from the first-order
Gateaux- (G-) differential, denoted as SR, of R(T), which is obtained by applying the definition of
the G-differential to Equation (99), as follows:
Al d1p 1;
SR=<—=||T(X)+&6T (x)|dx; ==|dT(x)dx. 106
L2 e o)es| ~2foTo (106

&=0
The variation 8T (X) is the solution of the 1st-Level Variational Sensitivity System (1st-LVSS)
obtained by G-differentiating Equation (105), which yields the following NIDE-F for arbitrary
variations ST (x) and 6y(8) around the nominal values T°(x),0°:
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= :_e(TOO + 6T, )(}/ +g57>[sin (’()/O +8§7)—Sin X(;/O +€5}/):|}g_0 ; (107)
{;—g[TO(x)-kgé'T(X)LO} ) =6T,.

Performing the operations indicated in Equation (107) yields the following form for the 1st-
LVSS:

{%JT(XH 72(e)£(sr(x)dx}9_eo ~q" (x),
a® (%) 2 {[(8T, ) 7(8) + 5y (8)T, ][sin ¢(8) —sin Xy(e)]}e:00 (108)

+8y(0){T,7(0)[ £ cos [y(8) — xcos X}/(B)]}e:eo - {wy(e)y(e)ﬁ (x)dx} ;

0-0°
{ST(¥)},_, =T, (109)

For subsequent reference, it is noted that the solution of the above 1st-LVSS has the following

expression:
8T () = 6T, cos xy(8) — 5y ()T, xsin xy(8). (110)

The 1st-LVSS would need to be solved repeatedly, using every possible parameter variation, in
order to determine the corresponding value of the temperature variation ST (). These repeated
computations can be avoided by eliminating the appearance of the variation &T(x) in Equation

(106); this aim can be achieved by deriving an alternative expression for the response variation JR
that would not involve the variation T (x). This alternative expression for R will be constructed

in terms of the first-level adjoint function, which is, in turn, obtained as the solution of the 1st-Level
Adjoint Sensitivity System (1st-LASS) to be constructed next by using the inner product defined in
Equation (10) for the single-component function 6T (x).Forming the inner product of Equation (109)

with a yet undefined function a” (x) yields the following relation:
L L L
j'a dx— ST (x )+72(9)ja(1)(x)dxj&T(x)dx:.[a(”(x)q(l)(x)dx. (111)
0 0 0

The relation obtained in Equation (111) is satisfied at the nominal/optimal parameter values but
this fact has not been explicitly indicated in order to simplify the notation. Integrating by parts the
first term on the left-side of Equation (111) and rearranging the second term on the left-side of
Equation (111) yields the following relation:

ja )0 LT (x)+720)] 2% (x) ] oT ()0 =¥ (1) (1)

‘ da(l) (X) £ (112)
a(0)0T (0)+] 5T(x>Xm‘T”z(")f am(x)dxl'

The function a” (x) will now be determined as follows: (i) require that the last term on the

right-side of Equation (112) be identical to the G-differential 6R defined in Equation (106); and (ii)
eliminate the unknown quantity 6T (¢) in Equation (112). These requirements lead to the following

NIDE-F for the function a” (x):

~ da® (x )

dx
a®(r)=o. (114)

7%(0) j a¥ (x)dx = Z (113)

d0i:10.20944/preprints202504.2086.v1
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The NIDE-F-net represented by Equations (113) and (114) constitutes the 1st-Level Adjoint
Sensitivity System (1st-LASS) for the 1st-level adjoint sensitivity function a® (x). The 1st-LASS is

satisfied at the nominal parameter values but this fact has not been explicitly indicated in order to
simplify the notation.
Using Equations (111)—(114) in conjunction with Equation (106) yields the following alternative

expression for the G-differential dR in terms of a® (x):
L
oR =[a" (x)q” (x)dx+a" (0)5T, . (115)
0

Using in Equation (115) the expression provided for q® (x) in Equation (108) and identifying
the expressions that multiply the variations 6T, and Jy(0) yields the following expressions for the
first-order sensitivities of the response with respect to the initial condition T, and the feature

function 7(9) respectively'

=7(0) j a® (x)[sin £(8) —sin xy(8) ] dx +a" (0); (116)
:f )[sin £(8) —sin xy(8)]dx
8}/(9) 0 117)

+T0y(0)ja )[¢cos £y (8) — xcos xy(6)]dx — 2;/(())J'a(1 dij(x)dx

The expressions obtained in Equations (116) and (117) can be evaluated after having determined
the 1st-level adjoint sensitivity function a® (x). Also, these expressions are to be evaluated using the

nominal/optimal parameter values, but this fact has not been explicitly indicated in order to simplify
the notation. Notably, the 1st-LASS is independent of parameter variations, so it needs to be solved

only once to determine a® (X). The closed-form explicit expression of the solution of the 1st-LASS
represented by Equations (113) and (114) is provided below:
Oy 2(x—1)
v (X) =~
([2+0°*(9)]
Using the expression obtained in Equation (118) into Equations (116) and (117), respectively, and

performing the respective integrations yields the following closed-form expressions:
OR _sinly(0) .

(118)

; (119)
aTO Ly (0)
OR T
U __ 0 _ 270 120
o) )7 ()S'” 7). (120)

As expected, the expressions obtained in Equations (119) and (120) coincide with the expressions
that would be obtained by the direct differentiation of the expression for the model response R(T)
obtained in Equation (102) with respect to T, and y(8), respectively. Of course, the closed-form
exact expression for the model response in terms of the model’s primary parameters and/or feature
functions is not available in practice.

The sensitivities of the model response with respect to the primary parameters are obtained by
using the result obtained in Equation (120) in conjunction with the following “chain-rule of

differentiation”:
@z oR oy@®) 1 oR (121)
oQ 0y(0) aQ 2\/ 87(0)
R _ R 67(0) 1 Q oR (122)

&k oy(0) ok 2k k 07(0)
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4.2. Applying the 1st-FASAM-NODE Methodology to Obtain the First-Order Response Sensitivities to the
Primary Model Parameters

The traditional form of the heat conduction model provided in Equation (98) is a neural ordinary
differential equation (NODE) which can be analyzed directly by using the “First-Order Features
Adjoint Sensitivity Analysis Methodology for Neural Ordinary Differential Equations (1st-FASAM-
NODE) introduced by Cacuci [25]. The G-differential of Equation (98) yields the following 1st-LVSS
in NODE-form satisfied by the temperature variation 6T (X):

{;TZZM (x)+7*(8)sT (x)} =—{267(0)7(O)T (X)}, o3 O<x<; (123)
5T(0)=5T,; {%ﬂ(x)} o (124)

The 1st-LASS corresponding to the above 1st-LVSS is obtained by implementing the same steps
as outlined in the previous Subsection, by constructing the inner-product of a yet undetermined

function b" (x) with Equation (123) to obtain the following relation:
4 2 14
[b® (x)dx{;—zé'l' (x)+72(0)5T (x)} =—257(0)y(0) [bY (X)T (x)dx. (125)
0 X 0

The relation obtained in Equation (125) is to be evaluated at the nominal/optimal parameter
values but this fact has not been explicitly indicated in order to simplify the notation.
Integrating by parts the first term on the left-side of Equation (125) yields the following relation:

j)_b(l)(X)dx|:§é_r(x)+72(0)§'r(x):| =b(1)(g){%5T(X)}M —b<1>(0){%5T(X)}X0

@ (x @ (x . 2p@ (y _ (126)
—{é‘r(x)dbd—()} +{5I’(x)—dbd( )} +ja‘r(x){—d = hﬁ(ﬂ)b“’(x)}dx.

X X 0

Identifying the last term on the right-side of Equation (126) with the G-differential 6R provided
in Equation (106), using the conditions provided in Equation (124) and eliminating the unknown
boundary values on the right-side of Equation (126) yields the following expression for the G-

differential in terms of the function b (x):

] (1)
SR =-257(8)y(8) [bY (x)T (x)dx - 4T, {dbd—x(x)} , (127)

where the 1st-level adjoint sensitivity function b® (x) is the solution of the following 1st-Level

Adjoint Sensitivity System (1st-LASS):

dZp®
—dxz(X) +72(0)b (x) = %; 0<x<f; (128)
db™ ()
b0 () =0 1L g 129
(¥ { | o

Identifying the quantities that multiply the variations 6T, and Jy(8) in Equation (127) yields

the following expressions for the sensitivities of the model response with respect to T, and y(0):

R db® (x) o , _

—aTO_—{ i !b (x)8"(x)dx; (130)
R _ f

70 2y(e)£b (X)T (x)dx. (131)

The 1st-LASS can be readily solved to obtain the following expression for the 1st-level adjoint
sensitivity function b” (x):
p® ()

_ 1-cos(x—1)y(8)
ey

(132)
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Using in Equations (130) and (131) the expression for b® (x) obtained above yields the following

expressions:
ﬁ:sinw(e)_ (133)
aT,  (y(@)
oR To T .
—= cosLy(0) - sin (y(0). (134)
oy(8)  7(8) r*(6)

All of the results obtained in Equations (125)—(134) are to be evaluated at the nominal parameter
values but this fact has not been explicitly indicated in order to simplify the notation.

4.3. Comparison: Applying the 1st-FASAM-NODE Methodology Versus Applying the 1st-FASAM-NIDE-F
Methodology

In cases where the model can be equivalently expressed in either NODE or in NIE-F forms, such
as shown in Equation (98) or Equation (105), respectively, it is important to highlight the similarities
and differences between applying the 1st-FASAM-NODE methodology versus applying the 1st-
FASAM-NIDE-F methodology for determining the first-order response sensitivities to the underlying
model parameters. Evidently, the final results obtained in Equations (133) and (134) by treating the
heat conduction model as a NODE, cf. Equations (98), are identical with the corresponding results
obtained in Equations (119) and (120) by having treated the heat conduction model as a NIDE-F, cf.
Equation (105). Furthermore, even though the form of the 1st-LVSS produced by the NODE
methodology, namely Equations (123) and (124), differs from the form of the 1st-LVSS produced by
the NIDE-F methodology, namely Equations (108) and (109), the solutions to these 1st-LVSS are
identical to each other, having the expression provided in Equation (110)

However, the 1st-LASS corresponding to the NODE heat conduction model differs from the 1st-
LASS corresponding to the NIDE-F heat conduction model, so that the corresponding 1st-level

adjoint sensitivity function ™ (x) for the NODE-model, namely Equation (132), differs from the 1st-

level adjoint sensitivity function a® (x) for the NIDE-F heat conduction model, which is provided

in Equation (118). Consequently, the expressions obtained in terms of the respective 1st-level adjoint
sensitivity functions of the sensitivities of the model response with respect to the primary parameters
and feature function for the NODE-representation, namely Equations (130) and (131), differ from
those obtained for the NIDE-F representation, namely Equations (116) and (117). The structure of the
1st-LASS and expressions for sensitivities appear to be simpler in the NODE-representation than in
the NIDE-F representation, but the choice of representation/framework will be largely influenced by
the neural-net software available to the individual user.

4.4. Illustrative Application of the 2nd-FASAM-NIDE Methodology Versus the 2nd-FASAM-NODE
Methodology for Computing the Second-Order Response Sensitivities to Model Features and Parameters

The general principles underlying the 2nd-FASAM-NIDE-F methodology presented in Section
3 will be applied to the paradigm heat conduction model considered in this Section in order to
highlight the salient issues arising when applying this methodology to determine the second-order
sensitivities of model responses to model features and parameters.

4.4.1. Application of the 2nd-FASAM-NIDE-F methodology

When applying the 2nd-FASAM-NIDE-F, the second-order sensitivities arise from the first-
order sensitivities obtained in Equations (116) and (117). Thus, the second-order sensitivities arising
from Equation (116) are provided by its G-differential for arbitrary variations around the nominal
parameter and function values (indicated by the use of the superscript “zero”). Using in Equation
(116) the result obtained in Equation (118) and applying the definition of the G-differential to the
resulting expression yields the relation below:
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(&)%), &), el T
+{(f_g(yo o) a1 ) 1) [ 07)-sinx( 1+ 7] dx} ;

=0

(135)

where the expressions for the above direct-effect and, respectively, indirect-effect terms are obtained
as shown below:

00

5(3%1" = —{47£2 (o7)(2+ 0% )2}

| (136)
+(5y){_[(sinf;/—sin Xy +yLcos Ly — Xysin x;/)a(l)(x)dx} ;
0 o0
oR £ . "
S| —| ={r[(sinty—sinxy)sa? (x)dx; . (137)
aTO ind 0 o0

The direct-effect term can be evaluated immediately. The indirect-effect term depends on the
variational function §a® (x), which is the solution of the G-differentiated 1st-LASS, comprising
Equations (113) and (114), obtained by definition as follows:

{_%[aayo)(X)+55a(1)(X)J}£_O {(7 +557) Jf'[ 40 (x )+55a(1)(x)de} =0; (138)

=0
sa (r)=0. (139)
Performing the operations indicated in Equation (138) yields the following NIDE-F, to be

evaluated at the nominal parameter values:

—disa +7j5a dx_—zy(sy)j a® (x)dx. (140)

Since the indirect-effect term only depends on the variational function & a® (x) but does not

depend on the variational function &T(x), the relations presented in Equations (139) and (140)

constitute the 2nd-LVSS for the function sa'” (x), which is dependent on parameter variations and
would need to be solved anew for each parameter variation of interest. The need for computing
sa® (x) can be avoided by expressing the indirect-effect term defined by Equation (137) in terms of
a 2nd-level adjoint sensitivity function that is independent of parameter variations. This adjoint
function will be denoted as a'? (l; X), where the argument “1” indicates that this adjoint function
corresponds to the first-order sensitivity 6R/dT, , which was chosen in this case to be the “first” 1st-

order sensitivity to be considered. The 2nd-LASS to be satisfied by a® (L,x) will be constructed by

applying the 2nd-FASAM-NIDE-F, which commences by forming the inner product of a® (Lx)

with Equation (140), to obtain the following relation:
L

L L
~[a® (1; x)[%éaw (x)} dx -+ [a® (1;,x)dx[ 5a® (y)dy
0 0

,, ; 0 (141)
= —Zy(éy)ja(z) (L x)dxj a¥ (y)dy.
0 0
Integrating by parts the first term on the left-side of Equation (141) and reversing the order of
integrations in the remaining terms yields the following relation:
¢ t
[sa® (X)Li a® (Lx)+y*[a? (1 x)dx}dx —a? (1 0)sa (1)
X
0 . 1 (142)
+a® (1;,0)5a" (0) =2y (57) [a® (1, x)dx[a® (y)dy.
0 0

The first term on the left-side of Equation (142) is now required to represent the indirect-effect
term defined in Equation (137) to obtain the relation below:
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% a® (1,x)+ ;/zjja(z) (Lx)dx = y(sin £y —sinxy). (143)
The unknown quantity & at (0) is eliminated from Equation (142) by imposing the following
condition:
a®?(10)=0. (144)
Replacing the results obtained in Equations (139), (143) and (144) into Equation (142) yields the
following alternative expression for the indirect-effect term:

5(?) = —2;/(5;/)j[a(2) (1 x)dxj a® (y)dy, (145)

where the 2nd-level adjoint sensitivity function a® (L,x) is the solution of the 2nd-Level Adjoint

Sensitivity System (2nd-LASS) comprising Equations (143) and (144). The 2nd-LASS is a NIDE-F net
that does not depend on parameter variations and needs to be solved once only at the nominal

parameter values; its solution, a? (L, x), is used in Equation (145).

Adding the expressions obtained in Equations (145) and (136) yields the following expression:

R 2 2 2\
O| — |=—4yl° (o) 2+
(aToJ 7l 7)( i )

+(57/)ja(1) (x)[sin £y —sin xy + yLcos (y —xysin xy ]dx (146)
0

2 2
PR o, TR o
oT,aT, T,y

—2)/(5}/).'. a? (Lx) dx-[ a (y)dy2
0 0

It follows from Equation (146) that:
R
OT,0T,
o°R
T, 0y

L
= [(sin £y —sinxy + y £ cos £y - xysin xy)a” (x) dx (147)
0

‘27j a” (3 X)de a® (y)dy -4y (2+0%%) "
0 0

The 2nd-LASS represented by Equations can be solved to obtain the following closed-form

expression, to be evaluated at the nominal parameter values, for its solution:
2

@ VL
a‘”’ (L Xx)=——=——Xx+cosyx—1. 148

Inserting the above expression for a® (L,x) into Equation (147) and performing the respective

integrations yields the following closed-form expression for the mixed second-order sensitivity:
o'R = icoszy(())— =
oTody  7(8) (y*(0)
The validity of the above expression can be readily verified by taking the appropriate derivative
of either of the first-order sensitivities provided in Equations (133) and (134).
The second-order sensitivities arising from Equation (117) are provided by its G-differential for
arbitrary variations around the nominal parameter and function values (indicated by the use of the
superscript “zero”), which is by definition obtained as follows:

sin£y(). (149)
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R a5 R R . / 0
5[@(@)] (aya))lh +5[ay(ﬂ)1m {0 reom ) [[o e 1)
x[smf y +£5}/ —sin x(y°+g§yﬂdx} _0+{di(To°+55T0)(7/°+g§y)
) oo (150)
XI[ +55a( (x )][ﬂcosﬁ(yo+g§y)—xcosx(y°+g§y)]dx}

_2{ (»° +€§)/):[[ X)+&5a” ]dxj[ X)+ &5T (X )]dx} ,

&=0
where the direct-effect and, respectively, indirect-effect terms have the following expressions:

£
5[ij =(5Ty) [(sin £° =sin xy*)a™* (x)dx
dir 0

oy(0)

+(67)T, (fcosﬁy —xcosx;x) a™? (x)dx

oct—

) (151)
+(Tg Sy +7°6T, ) [ (¢ cos £y° —xcos xy° )a a™ (x)dx
0

j(x sinxy® - (*sin ) at )(x)dx—2(6y)j'a(1’°)(x)dxj'TO(x)dx

0

g[ﬂj :_270j5a(1v0)(X)dx'[fTO(X)dX—Z;/Oja(l‘o)(X)de.éT(X)dX
07(0) Jq 0 0 0 0 (152)

L ‘
+T5 [ (sin ¢° —sinxy®* )52 (x)dx + T3 [ (£cos £y° — xcos xy® ) 5a™® (x) dx.
0 0

The variational function &T () is the solution of Equations (108) and (109) while the variational

function 6a(”(x) is the solution of Equations (139) and (140). Altogether, these four equations
constitute the 2nd-LVSS for the two-component vector-valued variational function

V@ 2:X)2| ST (x ,5a(1) X T. The need for repeatedly solving this 2nd-LVSS for all parameter
P y g p

:
variations of interest is circumvented by eliminating the appearance of V*(2;x)2 [é'T (x),5a" (X)]

in the expression of the indirect-effect term defined in Equation (152), by constructing an alternative
expression for this term using the solution of the 2nd-LASS, to be constructed by applying the steps
outlined in Section 3, as follows:

1. Consider the two-component vector function A®(2;2;x)= [a(z) (L2;x),a? (22 X)]T , where the
first argument denotes the component number and the second argument (“2”) indicates that this
function will correspond to the “second” first-order sensitivity OoR/dy(0) . Using the inner
product  defined in  Equation (85), construct the inner product of
AR (2; 2 x) 2 [a(Z) (1; 2: x), a® (2; 2: x)]T with Equations (108) and (140), respectively, to obtain
the following relation:

‘ £ ‘
[a® (x Z;X)digr (x)dx+y* [a® (1,2;x)dx[ 5T (x) dx
X 0 0

0

L I3 L
—I a? (2,2 x)dida(l) (x) dx+y2ja(z) (2,2 x)dx.[ sa (x)dx (153)
0 0
L L L
_[ a® (L,2;x)q" (x)dx - 2;/(57/)_[a‘2)(2;2;x)dxja(l)(x)dx.
0 0 0

2. Integrate by parts the first and third terms on the left-side of Equation (153) and rearrange the
terms to obtain the following relation:
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d

a® (1,2;¢)8T (¢)—a® (1,2;0)6T (0)—a® (2;2;¢)5a" (¢)
{ dx

+a® (2;2;0)5a" +fé'l’ a? (L2x)+y J'a(z) (L2 x)}dx
0
0 ® d e 2( . (154)
+[oa¥ (x)| =a® (2:2:%)+y*[a® (2,2;x) dx | dx
0 dx 0
L L L
= J'a(z’ (12,x)q" (x) dx—2y(5y)_.'a(z) (22 x)dx_[ a® (x)dx.
0 0 0

3. Require the third and fourth terms on the left-side of Equation (154) to represent the indirect-
effect term defined in Equation (152) by imposing the following relations:

d @ @ .
12; 1 2:X)=-2 X 155
—5 2 (L2x)+y ja X) 7Ia (155)

dx
+T, (sin £y —sin xy )+ Tyy (£ cos (y — xcos Xy ).

d () (9-9- 242 (9.9.
—a'” (2;2;x)+y1a'” (2;2;x)dx = =2y | T (x)dx
( ) _([ ( ) ! (%) (156)

4. Eliminate the unknown terms 6T (¢) on the left-side of Equation (154) by imposing the

following boundary conditions:
a?(52,0)=0;, a®(22,0)=0. (157)

5. Insert the boundary conditions represented by Equations (109) and (139) into Equation (154) and
use the relations underlying the 2nd-LASS to obtain the following expression for the indirect-
effect term defined in Equation (152):

5[ oR ] —a® (1; 2;0)61'0 +ja(2) (1; 2: X)q(l) (x) dx
67/(0) ind 0
(158)

l l
- 27(5y)Ja(2) (2,2;x) de' a® (x)dx.
0 0

Add the expression obtained in Equation (158) to the expression of the direct-effect term
provided in Equation (151) to obtain the following expression:

2
5( R jé OR OT, + o R57 a®?(1,2,0)0T, +J'a(2) (12;x)g™ (x)dx

oy0) ) oty B0y
£ Y ’
—27(57)fa‘2)(2;2ix)dj dx+ _[S|n€7/ smx;/ ()( )dx
0 0
£
Toj (¢cosy —xcosxy)a® (x)dx (159)
0

+(To8y + 76T, ) [ (¢cos £y —xcos xy)a™ (x) dx

o'—.(\

{

+Tor (S I(x sin xy — (% sin Cy) I (x)dx— 2(57)

0

O e

a (x)dxj:T (x)dx

Insert the expression of qf (X) into the second term on the right-side of Equation (159) and
collect the terms multiplying the variations 6T, and Jy , respectively, to obtain the following
expressions:

R

l
o a®(4,2,0)+ y_([(sin ty —sinxy)a® (1;,2;x)dx

(160)

+f sin £y —sinxy)a (x dx+yf tcos (y —xcos xy)a™ (x)dx;
0
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62R £ L
_[ a® (L,2;x)| T, (sin £y —sin xy )+ Ty (£ cos (y — xcos Xy ) — 2 _[T(x)dx dx
oYy % 0
£ 4 I3
—ZyJ a®(2,2; X)dxj a® (x)dx +Toj(,€ cos £y —xcosxy)a™ (x)dx
0 0 0 (161)

£ £ £
—2[a" (x)ax[T (x)dx+Toj(£cosfy—xcos xy)a® (x)dx
0 0

+Toyj(x sin xy — Czsm(y) J(x)dx.

The algebraic manipulations involved in obtaining the closed-form expressions of the second-
order sensitivities presented in Equations (160) and (161) are straightforward but involve a large
amount of algebra stemming from the fact that the 2nd-LASS involves the two-component 2nd-level
adjoint sensitivity function A®(2;2; x)é[a(z) (L2;x),a? (2 2;x)]T. The reason for needing such a
two-component adjoint function stems from the expression of the first-order sensitivity 6R/0y(8)
provided in Equation (117), which involves both the original function T (x) and the 1st-level adjoint

sensitivity function a (x). A significant amount of algebraic manipulations could be avoided by

eliminating the appearance of either T(x) or a® (x) in the expression of 6R/0y() . If either of
these functions were eliminated from appearing in the expression of 0R/dy(8) , then the G-

differential of 8R/0y(8) would depend either just on 5a® or just on ST, which are “single-

component” (as opposed to a “two-components”) variational sensitivity functions. In such a case, the
corresponding 2nd-LASS would also comprise just a single-component (as opposed to a “two-
component) 2nd-level adjoint sensitivity function. These considerations will be illustrated in the
following by using Equation (101) to eliminate the appearance of the function T(X) in the expression

provided in Equation (117) for dR/0y(0) , which would consequently take on the following simplified

expression:
!

=T, [a" (x)(£y cos £y —xy cos xy —sin £y —sin xy) dx. (162)
0

Applying the deflrutlon of the G-differential to Equation (162) yields the following expression:

5@}:5@) +5(@J | (163)
Jy OV ) ir O Jing

where the direct-effect and the indirect-effect terms are defined below:

5(6 j Ia )(£7 cos £y —xy cos xy —sin £y —sin xy ) dx
v dir (164)
+(57)T0ja(1) (X)(=C?ysin £y + (cos Ly + X*y €OS Xy — X COS Xy — £ €OS Ly — X COS Xy ) dX
0
R [ i i W
5 > =T, [ (£ycosty —xycos xy —sin £y —sin xy) 5™ (x)dx. (165)
Y Jind 0

The appearance in Equation (165) of the variational function a® () is eliminated by following
the same procedure as followed in the foregoing for the indirect-effect term &(dR/dT, ), , . Ultimately,
the indirect-effect term &(0R/dy), , will have the following expression in terms of a 2nd-level
adjoint sensitivity function denoted as a® (2x):

5(%) = —2y(§y)j[a(2) (2 x)dxj[a(l) (y)dy, (166)
0 Jing 0 0
where the 2nd-level adjoint sensitivity function a®? (2;x) is the solution of the following 2nd-LASS:

P @ (2;%)+y J'a (2;x)dx =T, (¢ cos Ly — xy cos xy —sin Ly —sinxy); (167)
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@ (2;0)=0. (168)
Adding the expressions obtained in Equations (164) and (166) yields the following expression
for the G-differential & {GR/ oy}

( j ja K;/cos(?y Xy COS Xy —sin (y — smx;/)d

X)(—(?ysin £y + £€0s y + X"y COS Xy —XCOS Xy — £€0S (y —XCOs Xy )dX  (169)

e
1o

. O°R R
-2y (8 2xdxja )dy2 0 a‘ro+a 5.
oT,or 0yoy
It follows from Equation (169) that the respective second-order sensitivities have the following
expressions:
OR _ ja(l) (X)(£y cosy —xy cos xy —sin Ly —sin xy ) dx = L eosty——Lsine (170)
T o Y =Xy v v Y Y Y 572 V-
aZR L l
- ~2y[a’® (2:x)dx[a" (y)dy
v 0 0 171)
+T, ja ( (%ysin Ly +(cos [y + X*y COS Xy — X COS Xy — £ COS [ — XCOS x;/)dx

The mixed second-order sensitivity 6°R/dT,6y in Equation (170) does not depend on the 2nd-
level adjoint sensitivity function a®? (2;x) and was therefore evaluated immediately. Solving
Equations (167) and (168) yields the following expression, to be evaluated at the nominal parameter
values, for the 2nd-level adjoint sensitivity function a® (2;x):

a® (2;x) =T xsin yx. (172)

Inserting the result obtained in Equation (172) into Equation (171) and performing the respective
operations yields the following expression:

°R T (Zsin.ﬂy(ﬂ) 5008 (7(8) ,ﬂsin,ﬂy(ﬂ)j
oy(0)ay(0) "\ (7°(8) 7° () y©) )

It is evident from Equation (147) and Equation (160) or, alternatively, Equation (173) that the

(173)

mixed second-order sensitivity 0°R/dT 8y is computed twice, employing distinct expressions
involving distinct 2nd-level adjoint sensitivity functions. This mechanism provides a stringent
verification of the accuracy of the computation of the respective adjoint sensitivity functions.

In practice, the closed-form analytical expressions of the original functions, such as provide in
Equation (101), are seldom available. Nevertheless, if such expressions are available, they can be
advantageously used to reduce the amount of computations involved in determining the response
sensitivities, as shown in the foregoing.

4.4.2. Alternative Derivation of the Second-Order Sensitivities by Applying the 2nd-FASAM-
NODE-F Methodology

When applying the 2nd-FASAM-NODE methodology, the second-order sensitivities arise from
the first-order sensitivities obtained in Equations (130) and (131). Thus, the second-order sensitivities
arising from Equation (130) are provided by its G-differential for arbitrary variations around the
nominal parameter and function values (indicated by the use of the superscript “zero”), which is by
definition obtained as follows:

OR d |
81— 24— [ 0" (x)+esb (x) [5"(x)dxt = [sbY (x)5"(x 174
Tl 0set ] g0 ol aom amy
where §'(x) denotes the derivative of the Dirac-delta functional. The variational function & b® (x)

is the solution of the following 2nd-LVSS, obtained by G-differentiating Equations (128) and (129):
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%5&)(X)+725b(l)(X)=—2)/(§y)b(l)(x); 0<x<{(; (175)
O (y=0: 49 500 _
sbY (¢)=0; {&[éb (x)}}“_o. (176)

The above 2nd-LVSS for the function &b™ (x) is tobe satisfied at the nominal parameter values,

but the superscript “zero” (which has been used to denote this fact) has been omitted to simplify the
notation. The need for repeatedly solving this 2nd-LVSS for all parameter variations of interest is

circumvented by eliminating the appearance of sb? (x) in Equation (174). This aim will be
accomplished by expressing §{dR/dT,} in terms of the solution of the 2nd-LASS to be constructed
by applying the steps outlined in Section 3. Thus, consider an adjoint function that will be denoted
as b® (L x), where the argument “1” indicates that this adjoint function corresponds to the first-

order sensitivity oR/dT, , which is chosen in this case to be the “first” 1st-order sensitivity to be
considered. The 2nd-LASS to be satisfied by b (Lx) will be constructed by applying the 2nd-
FASAM-NODE, which commences by forming the inner product of b (Lx) with Equation (175),

to obtain the following relation:

L 2 l
[ (% x){j—zéb(l) (x)} dx -+ [0 (1;x) 5b"™ (x) dx
0 / X 0 (177)
=2y (5y) [b® (L x)b® (x)dx.

0

Integrating by parts the first term on the left-side of Equation (177) and rearranging the terms
yields the following relation:

db® (L0) +5b? (0) db® (10)

b® (1 f)%éb(” (0)-b (1 o)%ab“) (0)—8b™ (¢) ™ ™

(178)
L 2 L
+j5b(l) (x) j—zb(z) (L x)+72? (1 x)} dx = —27/(57)J'b(2) (L x)b" (x)dx.
0 X 0
The last term on the left-side of Equation (178) is now required to represent the G-differential
defined in Equation (174) to obtain the relation below:

d2

Fb(Z) (LX) + 720" (L,x) = 8(x). (179)
X
The unknown boundary terms are eliminated from Equation (178) by imposing the following
conditions:
b® (0)=0; {di b (1 o)} =0. (180)
X x=0

The system of equations comprising Equations (179) and (180) constitute the 2nd-LASS for the
2nd-level adjoint sensitivity function b® (Lx).

Replacing the results obtained in Equations (176), (179) and (180) into Equation (178) yields the
following alternative expression for the indirect-effect term:

R : R R
S| == ==2y(5y) 0@ (1 x)bW (x)dx £
(8T0 lnd 7(%7 )l (Bx) (x) o = o 0o b s

5. (181)

where the 2nd-level adjoint sensitivity function b® (L,x) is the solution of the 2nd-Level Adjoint
Sensitivity System (2nd-LASS) comprising Equations (179) and (180). The 2nd-LASS is a NODE net

that does not depend on parameter variations and needs to be solved once only at the nominal
parameter values; its solution, b® (L x),isused in Equation (181) to determine the respective second-
order response sensitivities.

Identifying in Equation (181) the quantities that multiply the respective parameter variations
yields the following expressions:
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o°R R
oT,oy oT,0T,
Solving the 2nd-LASS represented by Equations (179) and (180) yields the following expression for

= —Zyjb(z) (1 x)b™ (x)dx; (182)

the 2nd-level adjoint sensitivity function b® (x):
b® (1, x) = H (x)cosyx, (183)
where H(x) denotes the Heaviside-functional. Using in Equation (182) the results obtained in

Equations (183) and (132) yields the following expression:
o°R 1
m (9) sly(0) ———— 7 (9) ———sin(y(8). (184)

As expected, the expression obtained in Equation (184) is identical to the expressions obtained
in Equation (170) and (149).

The second-order sensitivities arising from the first-order sensitivity represented by Equation
(131) are obtained from its G-differential for arbitrary variations around the nominal parameter and
function values. Thus, applying the definition of the G-differential to Equation (131) yields the
following expression:

slomteal B ol B (185
0y (8) or@) g 10r(8) ]
where the direct-effect and indirect-effect terms have the expressions below:
R | 4 (e
5L 2_2(5)[bY (x)T (x)dx; (186)
o] 2287 (T ()
¢ ¢
5{&} 2-2y°[b ()T (x)dx—27° [ 5b™ (x)T (x)dx. (187)
a7(0) ind 0 0

The indirect-effect term &§{0R/y(0)}.

g Will be recast in terms of an alternative expression that

will not involve the variational functions 6T (x) and & b® (x) by applying the principles of the 2nd-

FASAM-NODE, which are fundamentally the same as those underlying the 2nd-FASAM-NIDE-F, as
follows:

1. Consider the two-component vector function B® (2;2;x)= [b(z) (L2;x),b? (2,2 X):| , where the
first argument denotes the component number and the second argument (“2”) indicates that this
function will correspond to the “second” first-order sensitivity, namely &R/dy(8) . Using the
inner product defined in Equation (85), construct the inner product of
B®(22;x) = [b(z) (L2;x),b?(2;2; X)] with Equations (123) and (175), respectively, to obtain the
following relation, to be satisfied at the nominal parameter values (although the superscript

“zero” will be omitted for simplicity):

2 L L 2
6@ (1:2) & 5T (x) s 2 [0 (1:2:%) 0T (x)dic+ [B (2:2:) 9 5 (x)ae
d dx* 0 0 dx’ (188)

+72jb‘z)(2; 2 x)&b(l)(x)dxz_zy(gy)j[b&) (1:2:%)T (x)+b? (2:2:x)b? (x )}dx

2. Integrate by parts the first and third terms on the left-side of Equation (188) and rearrange the
terms to obtain the following relation:


https://doi.org/10.20944/preprints202504.2086.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 25 April 2025 d0i:10.20944/preprints202504.2086.v1

36 of 39

d’h® (1;,2;x)

i&T( ){d—z yzb‘z)(L‘Z;x)}dx
Lo d*b® (2;2;x)
+.[5b()(x){T

0

+P[5T (x),86" (x),b® (1,2;x);6? (2;2; x)]

+7%0? (2;2;x) | dx
7o )} (189)

= —27(5y)j[b(2’ (L2;%)T (x)+b® (2;2;x)b" (X):| dx.

where the bilinear concomitant P[é’T (x),ob (X) b® (3,2;x);b® (2 2,X)] is defined below:

P[ 6T (x), 86 (x),b? (1.2;%);6 (2:2;%) | £b? (1,2, ) {%m }

b (1,2;0 { } {é‘l’ db‘z) (L2 x)}H +{é‘|’(x)b(2) (L2x)
)~

dx dx }xo (190)

+b@ (2,2 e) b (¢)-b® (2; 20) 5b '(0)

db(z) 2;2;( db®(2;2;0

—( )., st (o)—( )
dx dx

3. Require the first and second terms on the left-side of Equation (189) to represent the indirect-
effect term defined in Equation (187) by imposing the following relations:

d’b® (1,2;x)

- ()

o +7%0@ (1,2;x) = —2yb" (x); (191)
2\(2) 2:9:
b7 (22x) d(z’ 'X)+;/2b(2)(2;2;x)=—2yT(x). (192)
X

4.  Eliminate the unknown boundary terms in the expression of the bilinear concomitant defined in
Equation (190) by imposing the following boundary conditions:

db® (1;2; x db® (2;2;x
b (1,2;¢)=0; a7 (L2x) =0; b?®(2;2;0)=0; o (22x) =0. (193)
dx s dx o
The system comprising Equations (191)—(193) constitutes the 2nd-LASS for the two-component
2nd-level adjoint sensitivity function B® (2;2;x)= [b&) (L2;x),b?(2;2; X):|

5. Insert the boundary conditions represented by Equations (124) and (176) into Equation (193) and
use the relations representing the 2nd-LASS to obtain the following expression for the indirect-
effect term defined in Equation (152):

b® (1,2
R
0V )i dx o

_27(57)i[b(2) (L2;%)T (x)+b® (2;2;x)b® (x)] dx.

Adding the expression obtained in Equation (194) to the expression of the direct-effect term
provided in Equation (186) yields the following expression for the G-differential &{oR/0y}

ot 22 [ (T (e, {%}

0y(0)

(194)

/ (195)
—Zy(ﬁy)j[b(z’ (L,2;X)T (x)+b® (2;2;x)bY (x)} dx.

It follows from the expression obtained in Equation (195) that:

2 b? (1,2
R __|PPE2X)] (196)
T, oy dx

x=0
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2 ‘
- = —Zjb(l) ()T (x)dx— Zyj[b(z) (L2X)T(x)+b? (2;2; x)b(l) (x)] dx. (197)
0 0
Solving the 2nd-LASS represented by Equations (191)-(193) yields the following expressions for
the components of B® (2;2;x)= [b(z) (L2;x),b®(22; X)]T:

b®(1;2;x) =fi2[—£+§sin y(x—.e)—%cos;/(x—f)}
YV Ve V4

(198)
5 sin® y( 1 . 5 sin ¢ _
3smy,€+ > - SinyX+| — cos;/,€+—2 COS ¥ X;
20y yecosyl y cosyl 2y L 14
b® (2;2;x) =-Tyxsin yx. (199)
Using in Equation (196) the result obtained in Equation (198) yields the following expression:
2
_oRrR __ 1 cos(y(0)— 21 sin (y(0). (200)
aT,07(0)  7(6) Ly*(0)

As expected, the above expression coincides with the expression obtained, successively, in
Equations (149), (170) and (184). Evidently, the expression of the mixed second-order sensitivity
&’R/T 6y can be determined in several distinct ways, using distinct adjoint sensitivity functions,
thus providing alternatives for verifying the computational accuracy of the respective adjoint
functions, when these functions are computed numerically, as is the case in practice.

Inserting the results obtained in Equations (101), (183), (198) and (199) into Equation (197) and
performing the respective integrations yields the following expression:

&R T (2sin,€y(9)_Zcosvfy(e)_fsin@/(O)J
oy(0)oy(0) " (7°(0) 7*(8) 7))

As expected, the above expression coincides with the expression obtained in Equation (173).

(201)

5. Discussion and Conclusions

This first part work has introduced the First-Order Features Adjoint Sensitivity Analysis
Methodology for Neural Integro-Differential Equations of Fredholm-Type (1st-FASAM-NIDE-F),
which enables the most efficient computation of exactly obtained expressions of the first-order
sensitivities of NIDE-F decoder-responses with respect to the optimized NIDE-F weights/parameters.
After introducing the framework of the 1st-FASAM-NIDE-F for a NIDE-F involving arbitrarily-high-
order derivatives of the dependent variable (representing the hidden/latent neural networks) with
respect to the time-like independent variable, this work has presented the application of the 1st-
FASAM-NIDE-F to first-order and, subsequently, second-order NIDE-F neural nets. Remarkably, the
application of the 1st-FASAM-NIDE-F requires a single “large-scale” computation, for solving the
1st-Level Adjoint Sensitivity System (1st-LASS), in order to compute all of the first-order sensitivities
of the decoder response, regardless of the number of weights/parameters underlying the NIDE-F net.

Subsequently, this work has presented the general mathematical framework underlying the
Second-Order Features Adjoint Sensitivity Analysis Methodology for Neural Integro-Differential
Equations of Fredholm-Type (2nd-FASAM-NIDE-F), which enables the most efficient computation
of the exactly obtained expressions of the second-order sensitivities of NIDE-F decoder-responses
with respect to the optimized NIDE-F weights/parameters. Next, this work has presented the
application of the 1st-FASAM-NIDE-F and 2nd-FASAM-NIDE-F methodologies to an illustrative
paradigm heat conduction model. This illustrative model has been chosen because it can be
formulated either as a first-order differential-integral equation of Fredholm type or as a conventional
second-order “neural ordinary differential equation (NODE)”, while admitting exact closed-form
solutions/expressions for all quantities of interest, including state functions, first-order and second-
order sensitivities. The availability of these alternative formulations, either as a NIDE-F or a NODE,
of the illustrative paradigm heat conduction model makes it possible to compare the detailed, step-
by-step, applications of the 1st-FASAM-NIDE-F versus the 1st-FASAM-NODE methodologies (for
computing most efficiently the exact expressions of the first-order sensitivities of decoder response

d0i:10.20944/preprints202504.2086.v1
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with respect to the model parameters) and, subsequently, to compare the applications of the 2nd-
FASAM-NIDE-F versus the 2nd-FASAM-NODE methodologies (for computing most efficiently the
exact expressions of the second-order sensitivities of decoder response with respect to the model
parameters).

Ongoing work aims at developing the Second-Order Features Adjoint Sensitivity Analysis
Methodologies for Neural Integro-Differential Equations of Volterra-Type (2nd-FASAM-NIDE-V),
which will enable, in premiere, the most efficient computation of the exact expressions of the first-
and second-order sensitivities of decoder-responses with respect to the optimized network’s
weights/parameters for such neural nets.
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