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Self-Consistently Model an Elementary Charge
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Department of Electrical and Computer Engineering, Tandon School of Engineering, New York University, 5 Metrotech Center,
Brooklyn, NY 11201; nkd217@nyu.edu

Abstract

New general-relativistic formulations to model an elementary charge are presented, based on an
electromagnetic theory of gravity, where the gravity is equivalently expressed as a gradient function
of an effective permittivity distribution of the empty space. The metric tensor elements of general
relativity are directly related to the effective permittivity function of the empty space, using which
the energy density associated with the electric field surrounding the charge is properly defined. The
empty space, represented by the equivalent permittivity function, would be fundamentally non-linear,
in which case the definition of energy density, as conventionally applied for a linear medium, needs to
be corrected. Further, the definition of energy density itself is modified allowing both positive and
negative values, such that the total energy remains unchanged while the local values are much stronger,
resulting in much stronger local gravitational effects. Solutions for the metric-tensor elements and the
resulting energy/mass of the charge particle are studied, based on the Einstein-Maxwell equations with
the different new formulations of the energy density and of the associated full stress-energy tensor. The
solutions are verified with Schwarzschild and Reissner-Nordstrom metrics, as well as for calculation
of light deflection by a massive body, as validation of the general new formulations for the specific
reference cases of conventional modeling. Stable solutions for energy/mass are successfully derived
for a spherically symmetric, surface distribution of an elementary charge, with specific modified
definitions of energy density. A stable solution of the charge with the lowest possible energy/mass
is associated with a ”static” electron without spin. Significance of the new results and formulations,
specifically established for the electron, are recognized in relation to the fine-structure constant of
quantum electrodynamics, and towards further application of the theory to model other elementary
particles and general electrodynamic problems.

Keywords: elementary particle; electromagnetic theory of gravity; general relativity

1. Introduction
Einstein’s theory of general relativity [1,2], in the form of the Einstein field equations that govern

the geometry of curved space-time, superseded the existing Newton’s theory of gravitation [3,4]. It
successfully formulated the gravitational force as a fundamental manifestation of the curved structure
of space-time, established in the presence of any mass/energy distribution. The theory of general
relativity became highly successful to model and predict astrophysical effects, such as precession of
Mercury’s orbital motion [5], and deflection of starlight due to solar gravitation [6]. Subsequently,
Einstein sought to combine Maxwell’s electromagnetic theory with his new theory of gravity, so
that the success of the general-relativistic formulations to astrophysical problems could possibly be
extended to self-consistently model elementary charge particles, such as an electron or a proton. To
this end, the general-relativistic formulations maybe combined with Maxwell’s equations, in the form
of the Einstein-Maxwell equations [7]. The Reissner-Nordstrom metric [8,9] provides a solution to the
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Einstein-Maxwell equations, for a massive charge particle with a given mass and charge. However, the
Reissner-Nordstrom metric does not lead to a self-consistent result for an elementary charge particle
(electron). In fact, no self-consistent solution could be successfully established for an elementary
particle, based on any such conventional formulation of the Einstein-Maxwell equations. Accordingly,
the measured mass of no known elementary charge particle has been successfully derived from any
such conventional theory.

An electromagnetic theory of gravity was proposed in [10], where the gravitational field could
in principle be modeled in terms of an equivalent permittivity distribution of the empty space. This
concept was not successfully pursued as an independent theory, because it could not compete with
general relativity in terms of any new predictive or theoretical value. However, the basic concept
is still physically valid, and maybe advanced in complement with the general relativity framework.
Any concern in the proposed electromagnetic model of [10], in regard to possible inconsistency with
observed deflection of starlight in Sun’s gravity, could be resolved. This would be possible through
a hybrid interpretation by combining the definitive local deflection effect due to the non-uniform
permittivity, which would as well be observed by an external global observer, with an additional
contribution to transform the local effect to the global observer. Now, such an equivalent non-uniform
permittivity distribution may need to be used, in order to properly define the energy density associated
with the electromagnetic field surrounding a charge. Accordingly, the conventional expressions of
the energy density, and the related stress-energy tensor elements, appearing in the Einstein-Maxwell
equations, that are valid only in an ideal free-space medium, need to be properly corrected in terms of
the new equivalent permittivity distribution. The equivalent permittivity needs to be modeled as a
non linear medium, because the permittivity representing gravity would be dependent on the energy
density, or equivalently on the strength of the electric field in the medium or the magnitude of the
associated source charge. Further, it may also be recognized that a definition of the energy density is
theoretically non-unique, as noted in [11]. Accordingly, the energy density maybe modified by adding
a suitable extra term that contributes significantly strong positive and negative values at different
locations, such that the total energy due to the additional term is zero. The modified energy-density
would be theoretically equivalent to the original energy density, both cases resulting in the same total
energy, but with significantly different local values resulting in significantly different local gravitational
effects.

In this paper, we present new general-relativistic formulations in relation to an electromagnetic
theory of gravity. Metric solutions for the Einstein-Maxwell equations, under different corrected
or modified definitions of the stress-energy tensors are studied, with the objective of finding a self-
consistent solution for a static elementary charge, such that the mass associated with a stable structure
of the charge is entirely due to the energy density of the charge’s own electromagnetic field. The
solutions are verified with the Schwarzschild [12,13] and the Reissner-Nordstrom [8,9] metrics, as well
as for calculation of light deflection by a massive body, as validation of the general new solutions for
specific reference cases of conventional modeling. Stable solutions for energy/mass are successfully
derived for a spherically symmetric, surface distribution of an elementary charge, using specific
modified definitions of energy density. As a simple first-order approximation, the energy density is
modified with an additional term expressed as the divergence of a radial vector field proportional to
the original energy density, with a suitable constant of proportionality γ. Assuming that the stable
solution with the lowest mass/energy represents a “static” electron without any spin, the value of the
new physical constant γ is estimated. More fundamentally, the constant γ, the resulting lowest stable
mass of a static elementary charged particle, and the classical radius of the charge associated with
the mass, are related to each other by a dimensionless constant, independent of any specific value of
the charge or mass of the particle. Accordingly, by having suitable different values of the constant γ

valid at different (smaller) radial distances from the center of the charge, the new general-relativistic
formulations could in principle be extended to model other stable structures of the elementary charge,
such as the proton, associated with a different (larger) mass.
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The dimensionless constant derived from the above first-order model is recognized to be closely
(numerologically) related to the fine-structure constant of quantum electrodynamics. The first-order
approximation for the modified energy density is then substituted by a more accurate function, repre-
senting suitable second-order dependence on the original energy density, with a suitable normalized
coefficient αw. It is shown that, the special dimensionless constant introduced above, re-derived with
the second-order dependence, is precisely related to the fine-structure constant, with a suitable value
of the parameter αw. It is a significant success, precisely tracing the origin of the fine structure con-
stant through the proposed theory. The small difference between the dimensionless constant derived
from the first- and second-order models, may perhaps provide another useful physical parameter,
closely related to the deviation of electron’s measured g-factor from its first-order estimation using the
fine-structure constant [14].

The presentation is partitioned into different sections as follows. The basic principles and the-
oretical background, based on which the rest of the analyses are advanced, are first introduced in
sections 2, 3. The theoretical elements of an electromagnetic theory of gravity [10] are introduced
in the section 2, which is followed by key formulations of Einstein’s field theory in the section 3,
specifically established in relation to the equivalent electromagnetic model. A reference solution to
the key formulations, applied in the region external to a spherical massive body, and the angular
deflection of light around the body, are respectively verified with the associated Schwarzschild metric
and the predicted deflection from a conventional general relativity model, in sub-sections 3.1, 3.2.
Analysis and solutions for an elementary charge particle, with a linear modeling of the surrounding
permittivity distribution, are presented in section 4, with a specific solution that assumes an ideal
free-space medium, verified with the Reissner-Nordstrom metric in sub-section 4.1. Analysis with a
more rigorous non-linear modeling of the permittivity medium, with solutions derived based on an
iterative numerical method, is presented in section 5.

Analyses and solutions based on modified energy density are presented in section 6. These
include analytical solutions for the permittivity distribution, the metric elements, and the particle’s
energy/mass for a first-order modeling in sub-sections 6.1, 6.2, as well as numerically derived solutions
based on a finite-difference/element technique for a more rigorous second-order modeling in sub-
section 6.3. The particular analysis in the sub-section 6.1 is based on a modeling of the modified energy
density using a trace-free stress-energy tensor, whereas that in the sub-section 6.2 using an ideal fluid
model of the stress-energy tensor. A reference solution for the particular analysis in the sub-section 6.2,
established internal to a uniform spherical body, is verified with the associated Schwarzschild metric
in sub-section 6.2.1. General discussions and specific conclusions are presented in the last section 7.

2. Electromagnetic Theory of Gravity: The Basic Principles
An electromagnetic theory of gravity proposes that a gravitational field Eg(r̄), defined as the

gravitational force F(r̄) per unit mass m0, can be modeled in terms of an equivalent permittivity
distribution ϵ(r̄) of the empty space, at a general location r̄ [10,15,16]. This is in contrast to conventional
treatment of the empty space as an ideal medium with a uniform permittivity ϵ0. The proposed theory
is based on a fundamental recognition that the mass m(r̄), or the equivalent energy W(r̄) = m(r̄)c2

0, of a
gravitating body is inversely proportional to the local permittivity ϵ(r̄) = ϵ0ϵr(r̄), or directly proportional
to the local inverse-permittivity 1/ϵ(r̄) = ϵ(r̄) = ϵ0ϵr(r̄). This dependence is consistent with the energy
W = q2/(8πϵrq) of a spherical surface charge of radius rq, placed at a location with permittivity ϵ. The
ϵr(r̄) and ϵr(r̄) are the relative and inverse-relative permittivity distributions, respectively. And, the
mass m0 of the body is its intrinsic mass m(r̄ → ∞) when placed far from any source of gravity, where
the empty space is characterized as an ideal free-space with permittivity ϵ(r̄ → ∞) = ϵ0ϵr(r̄ → ∞) = ϵ0,
or inverse-permittivity ϵ(r̄ → ∞) = ϵ0ϵr(r̄ → ∞) = ϵ0. Accordingly, the gravitational field Eg(r̄) maybe
expressed as a gradient function of the inverse-relative permittivity distribution ϵr(r̄).
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m(r̄) = m0
ϵr(r̄)

= m0ϵr(r̄),

F(r̄) = −∇W(r̄) = −∇(m(r̄)c2
0) = −m0c2

0∇ϵr(r̄),

Eg =
F(r̄)
m0

= −c2
0∇ϵr(r̄). (1)

Like the permittivity distribution ϵ(r̄), the permeability µ(r̄) = µ0µr(r̄) of the empty space is also
required to be a non-uniform distribution, in contrast to the conventional uniform value µ0. The
relative permeability µr(r̄) is required to be equal to the relative permittivity ϵr(r̄), so that any magnetic
energy associated with a mass varies in the same proportion as the electric, and therefore the total,
energy W(r̄) = m(r̄)c2

0 as we formulated above. Accordingly, the speed of light c(r̄) = c0/
√

µr(r̄)ϵr(r̄) is
non-uniform, inversely proportional to ϵr(r̄) or directly proportional to the inverse-relative permittivity
ϵr(r̄). c0 is the speed of light in an ideal empty space (free-space), with ϵr = µr = 1.

In the equation (1), the gravitational force F, and the associated gravitational field Eg defined as
the force per unit intrinsic mass m0 (invariant with location r̄), are required to exhibit the standard 1/r2

dependence with radial distance r, in the external region of a spherical body, as observed in a global
frame of reference. Accordingly, in consistency with the Newtonian gravity, the negative-divergence
of the field in (1) would be proportional to the mass density mτ(r̄) = Wτ(r̄)/c2

0, with proportionality
constant 4πG, for a general mass distribution mτ(r̄) or its equivalent energy distribution Wτ(r̄).

−∇ · Eg(r̄) = c2
0∇ · ∇ϵr(r̄)

= 4πGmτ(r̄) =
4πGWτ(r̄)

c2
0

. (2)

With proper definition for an inertial mass of a given body in a gravitational field, and its equation of
motion enforced in proper space-time coordinates, the associated force field in (1,2) is expected to be
consistent with general relativity. This would be validated in the following studies, verified with key
reference solutions.

3. Basic General Relativity Formulation of a Spherically Symmetric Body, in
Relation to the Effective Permittivity Function

The basic formulations of general relativity for a spherically symmetric structure, which maybe a
charged or neutral body, consists of the Einstein field equations in terms of the Einstein tensor Gµν, the
Ricci curvature tensor Rµν, and stress-energy tensor Tµν; geodesic equation of motion in terms of the
Christoffel symbols Γm

ik ; and metric equation in terms of metric elements gµν [17,18].

Gµν = Rµν − 1
2 Rgµν = 8πG

c4
0

Tµν

(Einstein field equations), (3)

m0
d2r
dt2

= −m0c2
0Γ1

00 =
m0c2

0
2g11

∂g00
∂r

(geodesic equation), (4)

ds2 = g00c2
0dt2 + g11dr2 + g22dθ2 + g33dϕ2

= g00c2
0dt2 + g11dr2 + r2dθ2 + r2sin2θdϕ2

(metric equation). (5)

The radial gravitational force F = Fr̂ for a spherically symmetric structure, as defined in (1), is
to be properly enforced in a local frame for dynamical modeling. The local medium is associated
with a non-uniform light speed c = c0ϵr, which is different from a uniform free-space medium with
c = c0 assumed in a Newtonian mechanics, or in the global frame of Einstein’s general relativity.
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Accordingly, for a stationary gravitating body in the local frame, the force F would not be equal to
the body’s free-space mass m0 times the acceleration d2r

dt2
, as would be the case using conventional

Newton’s law seen in the global coordinates (r, t), but be equal to m′
0 times the acceleration d2r′

dt′2
, where

the "primed" variables are the respective transformed parameters defined in the local ("primed")
coordinates. Accordingly, the gravitational force F and the associated gravitational field Eg = F/m0,
defined in (1,2) as per the electromagnetic theory of gravity, may now be expressed in term of its
complementary metric parameters of the general relativity formulation in (5). The new mass m′

0

introduced in the local coordinates is equivalent to m = m0ϵr defined in (1), which is equal to m0c/c0.
Accordingly, the m′

0 maybe defined in the general relativity framework as the free-space mass m0 times
√−g00, where the metric parameter √−g00 from (5) represents the ratio c/c0 of the local and global light
speeds.

m′
0

d2r′
dt′2

r̂ = −m0c2
0

∂ϵr
∂r r̂ = F = Egm0 r̂,

m′
0

d2r′
dt′2

= (m0
√−g00)

d2r(√g11)

d(t
√
−g00)

2

=
m0

√g11√
−g00

d2r
dt2

=
m0c2

0
2
√
−g00g11

∂g00
∂r ,

∂ϵr
∂r = − 1

2
√
−g00g11

∂g00
∂r .

∂ϵr
∂r = − 1

2
∂g00

∂r ; g00g11 = −1. (6)

The above relationship (6) is established for the specific geodesic equation (4) of radial acceleration
of a stationary (slow moving) body, in a spherically symmetric gravitational field, that maybe similarly
extended to any general geodesic motion. The validity of (6) would be evident from the following
studies, verified with key reference solutions.

The Ricci tensor elements Rµν and the Christoffel symbols Γm
jk used in the general relativity

formulation of (3) can be shown to be expressed in the following forms for a spherically symmetric
body [12,17,19].

Γm
ik = 1

2 gmj(gij,k + gjk,i − gik,j),

Rµν = Γρ
νµ,ρ − Γρ

ρµ,ν + Γρ
ρλΓλ

νµ − Γρ
νλΓλ

ρµ. (7)

Γ0
01 = Γ0

10 = g′00/(2g00);

Γ1
00 = −g′00/(2g11), Γ1

11 = g′11/(2g11),

Γ1
22 = −r/g11, Γ1

33 = −rsin2θ/g11;

Γ2
12 = Γ2

21 = 1/r, Γ2
33 = − sin θ cos θ;

Γ3
13 = Γ3

31 = 1/r, Γ3
23 = Γ3

32 = cot θ;

Γm
ik = 0, for all other values of i, k, m. (8)
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R00 =
−2rg′′00g00g11+rg′00g00g′11−4g′00g00g11+rg′200g11

4rg00g2
11

= (

√
−g00g11

g11
)[
−4g′00g00g11−2rg′′00g00g11+rg′00(g00g11)

′

4rg00g11
√
−g00g11

]

= (

√
−g00g11
−2g11

)[ 2
r

1√
−g00g11

g′00 + 1√
−g00g11

g′′00

− 1
2g00g11

√
−g00g11

g′00(g00g11)
′]

= −
√
−g00g11
2r2g11

∂
∂r (r

2 1√
−g00g11

∂g00
∂r )

=

√
−g00g11

g11
∇ · (− 1

2
√
−g00g11

∂g00
∂r r̂). (9)

R11 =
−2rg′′00g00g11+rg′00g00g′11+4g2

00g′11+rg′200g11
4rg2

00g11

= R00
g11
g00

+
(g00g11)

′
rg00g11

, (10)

R22 = R33/sin2θ

=
−2g00g11+rg00g′11−rg′00g11+2g00g2

11
2g00g2

11
. (11)

A prime (′) notation is used in the above equations (8-11) as an alternate representation for a radial
derivative (∂/∂r), and the (, k) notation in (7) represents a derivative with respect to the kth variable. The
basic relations (7-11) would be routinely used in the following studies.

3.1. Reference Solution External to a Spherically Symmetric Body

We will solve the metric elements of (5) in the region external to a spherically symmetric body
of mass M, using the new complementary frameworks established in the above sections 2, 3. In the
external region, the stress-energy tensor and consequently the the Ricci tensor of (3) is zero. Under this
condition, the relationship (10) between R00 and R11 is used to relate the metric elements g00 and g11.

R00 − 1
2 Rg00 = R00 = 8πG

c4
0

T00 = 0,

R11 − 1
2 Rg11 = R11 = 8πG

c4
0

T11 = 0,

R11 = R00
g11
g00

+
(g00g11)

′
rg00g11

= 0,
(g00g11)

′
rg00g11

= 0,

g00g11 = constant=-1;

−g00(r → ∞) = g11(r → ∞) = 1. (12)

The expression of ϵr(r) derived from the 1/r2-dependent gravitational field Eg of the spherical
body, based on (2), maybe used in (6) together with the above relationship (12) between the metric
elements g00 and g11. This would lead to the following derivation of the metric elements.

c2
0∇ϵr(r) = −Eg = GM

r2 r̂,

ϵr(r) = 1 − GM
rc2

0
; ϵr(r → ∞) = 1,

− 1
2

∂g00
∂r =

∂ϵr
∂r ; g00g11 = −1,

−g00(r) = 1 − 2GM
rc2

0
= 1 − Rs

r , Rs = 2GM
c2
0

,

g11(r) = − 1
g00(r)

= (1 − Rs
r )

−1
. (13)
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The above expressions are verified with the Schwarzschild metric [12,19].
It maybe noted, the mass m located in a gravitational field, referred to as the target mass, is defined

in (1) as a product of its location-invariant value m0 (the mass measured in an ideal free space) and a
variable factor ϵr(r̄). Like the target mass m, the source mass M of gravitation also needs to be properly
defined. The source mass M of a given body should be defined as the body’s effective mass, reduced in
the presence of its own local gravitational potential. In the context of the electromagnetic theory of
gravity, in reference to the definition of the m in (1), the M maybe expressed as an integration of the
distribution of the body’s conventional mass M0, defined in an ideal free space, weighted by the local
inverse-relative permittivity distribution ϵr(r̄), associated with the body’s own gravitational field.

3.2. Light Deflection by the Spherical Body

The above model of the inverse-relative permittivity distribution ϵr(r̄), now verified in consistency
with the Schwarzschild metric, maybe further validated to model light deflection around the massive
spherical body, as shown in Figure 1. An angular deflection δθ in the local frame, which would also be
equal to that seen in the external frame, maybe modeled using the ϵr(r̄) distribution, by tracing the
light path using Snell’s law [20].

∆ sin θ = cos θ∆θ = sin θ
∆ϵr(r)
ϵr(r)

,

∆θ = tan θ
∆ϵr(r)
ϵr(r)

≈ tan θ( GM
c2
0r2 )dr,

δθ =
∫

∆θ ≈ 2
∞∫

r0
tan θ( GM

c2
0r2 )dr =

2GM
c2
0r0

π/2∫
0

sin θdθ = 2GM
c2
0r0

. (14)

An additional deflection δθ′ would be seen only in the external (primed) frame, as a result of
geometrical deviation due to differences of light speed between the external and local frames, at
different locations along the light path. The total deflection, δθ′t = δθ + δθ′, as seen in the external
(primed) frame agrees with prediction from general relativity, and with measured deflection of star
light around the Sun [6,21].

dθ = δ
r , dθ′ = δ′

r′ = δ
rc(r)/c0

= dθ
ϵr(r)

; δ′ = δ,

∆θ′ = dθ′ − dθ = ( 1
ϵr(r)

− 1)dθ ≈ GM
c2
0r

dθ,

δθ′ =
∫

∆θ′ ≈ 2
π/2∫
0

GM
c2
0r

dθ = 2
π/2∫
0

GM
c2
0r0

sin θdθ

= 2GM
c2
0r0

, δθ′t = δθ + δθ′ = 4GM
c2
0r0

. (15)
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Figure 1

4. Elementary Static Charge, with the Surrounding Free-Space Modeled as a
Linear Medium

We will now apply the complementary formulations of (1-6) to model a static elementary charge
placed in an empty space. The general relativity formulation takes the form of the Einstein-Maxwell
equations [7], where the energy density and the related stress-energy tensor elements are defined, by
treating the empty space as an ideal free-space medium with a uniform permittivity ϵ0. Whereas, the
complementary electromagnetic theory treats the empty space as a non-uniform medium, modeled
as a distribution of inverse-relative permittivity ϵr(r̄). The validity of the non-uniform model of the
empty space we verified above, in consistency with the Schwarzschild metric and light deflection in
the external region of a spherical neutral body. Accordingly, the non-uniform ϵr(r̄) model of the empty
space may also be needed to properly model the energy density in the electric field of a charged body.
We explore such a modeling, starting with the basic formulation of the Einstein-Maxwell equations.

R00 = 8πG
c4
0

T00 = 8πG
c4
0

Wτ
g11

, Wτ = 1
2 ϵD2 =

q2ϵr
32π2ϵ0r4 ,

R11 = 8πG
c4
0

T11 = 8πG
c4
0

Wτ
g00

,

R11 = R00
g11
g00

+
(g00g11)

′
rg00g11

= 8πG
c4
0

Wτ
g00

,
(g00g11)

′
rg00g11

= 0,

g00g11 = constant=-1;

−g00(r → ∞) = g11(r → ∞) = 1. (16)

The relationship between the Ricci elements R00 and R11 in (10), in terms of the metric elements
g00 and g11, is used in the above derivation, leading to the condition g00g11 = −1. Further using the R00

expression of (9) in the above derivation, combined with (2,6), we get,

R00c2
0
√
−g11/g00 = − 1

2∇ · ( 1√
−g11g00

∇g00) =

∇ · c2
0∇ϵr(r) = −∇ · Eg = 4πG

c2
0

Wτe,

8πG
c2
0

Wτ√
−g11g00

= 4πG
c2
0

Wτe; Wτe = 2Wτ . (17)

Notice that the effective energy density Wτe of gravitation, which is the divergence of the field
Eg times 4πG/c2

0, associated with the energy distribution in an electric field, is twice the actual energy
density Wτ . Whereas, for a neutral material distribution, the Wτe is equal to the energy density Wτ . In
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other words, a given elemental energy in the electric field would produce twice the gravitational effect,
as compared to an equivalent amount of energy (=mass×c2

0) in a neutral material distribution.

4.1. Solution for a Massive Elementary Charge Particle

We will now specifically apply the above formulations to a spherical body of charge Q and mass
M, and use the conventional definition of energy density Wτ = ϵ0E2/2 = Q2/(32π2ϵ0r4), associated with
the electric field E = r̂Q/(4πϵ0r2) at a radial distance r from the charge Q, in a free-space medium with
permittivity ϵ0. Following the derivation of (17), with the Wτe = 2Wτ as discussed earlier, we get,

∇ · c2
0∇ϵr(r) =

4πG
c2
0

Wτe = 8πG
c2
0

Wτ = GQ2

4πϵ0c2
0r4 , (18)

∇ · ∇ϵr(r) =
GQ2

4πϵ0c4
0r4 =

R2
Q

r4 , R2
Q = GQ2

4πϵ0c4
0
= 2r2

0,

ϵr(r) = 1 − GM
rc2

0
+

R2
Q

2r2 ; ϵr(r → ∞) = 1 − GM
rc2

0
,

− 1
2
√
−g00g11

∂g00
∂r = − 1

2
∂g00

∂r

=
∂ϵr
∂r ;

√−g00g11 = 1,

−g00(r) = 1 − 2GM
rc2

0
+

R2
Q

r2 = 1 − Rs
r +

R2
Q

r2 , Rs = 2GM
rc2

0
,

g11 = − 1
g00

= (1 − Rs
r +

R2
Q

r2 )

−1

. (19)

The above result is verified with the Reissner-Nordstrom metric [8,9], as a validation of the new
formulations. Note that, as in the case of the Schwarzschild metric discussed earlier, the mass M in
this case should also be the effective mass, properly reduced in the presence of the local permittivity
distribution. Similarly, we need to revise the above derivation, by revising the energy density in terms
of the local permittivity distribution.

The origin of the total mass M in the above Reissner-Nordstrom model is undefined, a part of which
is presumably associated with the energy density of the electric field of the charge. The conventional
definition of the energy density used in the above model would result in the electromagnetic energy
W = Q2/(8πϵ0rq) of a spherical surface charge Q of radius rq, which would indefinitely increase as
the radius reduces, resulting in a unstable structure. In contrast, with the revised energy density as
formulated in the following section, we now seek a solution where the mass M = m of the charged
body with Q = q is entirely due to the electromagnetic energy W = mc2

0 associated with an elementary
spherical surface charge q, of radius rq, constituting a self-consistent stable structure.

4.2. Revised Solution for an Elementary Charge Particle

∇ · c2
0∇ϵr(r) =

4πG
c2
0

Wτe = 8πG
c2
0

Wτ =
Gq2ϵr

4πϵ0c2
0r4 , (20)

∇ · ∇ϵr(r) =
Gq2ϵr

4πϵ0c4
0r4 =

2r2
0ϵr
r4 ,

r0 =

√
Gq2

8πϵ0c4
0
= 9.74 × 10−37m,

ϵr(r) = cosh(
√

2r0
r )− Gm√

2r0c2
0

sinh(
√

2r0
r ); ϵr(r → ∞) = 1;

−c2
0

∂ϵr(r)
∂r (r → ∞) = Eg(r → ∞) = Gm

r2 . (21)
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Note that the radial parameter r0 is of the similar scale as the Planck length lp =
√

Gh̄/c3
0 = 1.6× 10−35m

[22]. Using the above expression for the distribution ϵr(r̄), the energy/mass of the charge is derived by
integrating the energy density Wτ .

m(rq) = 1
c2
0

∫
τ

Wτdτ =
∫
τ

q2ϵr(r)
32π2ϵ0c2

0r4 dτ =
∞∫

rq

q2ϵr(r)
8πϵ0c2

0r2 dr

=
q2

8πϵ0c2
0r0

[ 1√
2

sinh(
√

2r0
rq )− Gm

2r0c2
0
(cosh(

√
2r0
rq )− 1)],

m
m0

= 1√
2

sinh(
√

2r0
rq )− m

2m0
(cosh(

√
2r0
rq )− 1);

m0 =
q2

8πϵ0c2
0r0

=
r0c2

0
G ,

m√
2m0

=
sinh(

√
2r0
rq )

1+cosh(
√

2r0
rq )

,

m(rq → 0) =
√

2m0 = 1.85 × 10−9kg. (22)

Substituting the above mass in (21) would complete the solution for ϵr(r̄).

ϵr(r; rq) = cosh(
√

2r0
r )−

sinh(
√

2r0
rq )

1+cosh(
√

2r0
rq )

sinh(
√

2r0
r ),

ϵr(r = rq) = cosh(
√

2r0
rq )−

sinh(
√

2r0
rq )

1+cosh(
√

2r0
rq )

sinh(
√

2r0
rq ) = 1. (23)

As discussed earlier, the effective energy density Wτe in the above derivation is twice the actual
energy density Wτ . It maybe of interest to find solution also with the Wτe equal to Wτ . By substituting
Wτe = Wτ in (17), and then revising the subsequent derivations, we would get the following expressions
for ϵr(r̄) and mass m.

ϵr(r) = cosh(
r0
r )− m

m0
sinh(

r0
r ),

m
m0

= tanh(
r0
rq ), m(rq → 0) = m0 = 1.31 × 10−9kg, (24)

ϵr(r = rq) = 1/ cosh(
r0
rq ), ϵr(r = rq → 0) = 0. (25)

Using the above solutions (23,25) for ϵr(r̄), associated with the electromagnetic theory of gravity,
with the condition g00g11 = −1 from (16) in (6), the respective metric tensor elements g00 and g11 of the
complementary general relativity formulation, can now be expressed.

−g00(r; rq) = 1
g11(r;rq)

= 2ϵr(r; rq)− 1 =

2 cosh(
√

2r0
rq −

√
2r0
r )+2 cosh(

√
2r0
r )−cosh(

√
2r0
rq )−1

1+cosh(
√

2r0
rq )

,

−g00(r = rq) = g11(r = rq) = 1;

Wτe = 2Wτ . (26)
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−g00(r; rq) = 1
g11(r;rq)

=
2 cosh(

r0
rq − r0

r )−cosh(
r0
rq )

cosh(
r0
rq )

,

−g00(r = rq) = 1
g11(r=rq)

=
2−cosh(

r0
rq )

cosh(
r0
rq )

,

−g00(r = rq → 0) = g11(r = rq → 0) = −1;

Wτe = Wτ . (27)

The mass derived in the linear modeling of (22,24) for different r = rq, together with the corre-
sponding ϵr(r = rq) from (23,25) and −g00(r = rq) = 1/g11(r = rq) from (26,27) at the variable charge radius
r = rq, are plotted in Figures 2 and 3, respectively for the cases Wτe = 2Wτ and Wτe = Wτ. For the same
respective cases, the Figures 4 and 5 plot ϵr(r) (23,25) and −g00(r) = 1/g11(r) (26,27) at different radial
distance r, but for a selected fixed charge radius rq = r0/8.

Note that the resulting mass in (22,24), as plotted in Figures 2 and 3, does not exhibit any stable
state. A stable state of the charge is defined such that the mass/energy of the charge exhibits a local
minimum with respect to the charge’s radius rq, where the first derivative of the mass m with rq is zero
and the second derivative positive. For rq approaching zero, the first derivative of m in (22,24), Figures
2 and 3, is seen to be zero, but with the second derivative negative, and therefore rq = 0 is strictly not a
stable state. Instead, this may be recognized as a "neutral" or "quasi-stable" state where the resulting
self-force on the charge is zero, due to the zero first-derivative, but it is still unstable exhibiting a local
maximum value of the mass with respect to variation of the charge radius.

In any event, the quasi-stable mass, m =
√

2m0 = 1.85 × 10−9kg and m = m0 = 1.31 × 10−9kg, from the
linear model of (22,24) for rq = 0, respectively for the cases Wτe = 2Wτ and Wτe = Wτ, is much larger
than the physical mass of any known charged particle. Accordingly, any physical relevance of the
mass, although it is of theoretical interest as a unique quasi-stable value generated completely due the
electromagnetic energy of the charge itself, is not quite clear.

Figure 2
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Figure 3

Figure 4

Figure 5
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5. Elementary Static Charge, with the Surrounding Free-Space Modeled as a
Non-Linear Medium

The inverse-relative permittivity ϵr(r̄) is clearly dependent on the amplitude of the charge q. The
electric field is proportional to the product of the charge q and the ϵr(r̄), and therefore is a non-linear
function of q Accordingly, we may need to further revise the above solutions by treating the empty
space, associated with the inverse-relative permittivity ϵr(r̄), as a non-linear medium. The energy
density and related stress-energy tensor elements in the Einstein field equations (3) and the Einstein-
Maxwell equations (16) maybe properly revised, in terms of an integral of the ϵr(r̄) with a charge
element dq, as the charge is theoretically built from its initial value of q = 0. A new effective parameter
ϵ′r(r̄) is introduced for analytical convenience, that represents this integral of ϵr(r̄) with charge, for the
non-linear modeling.

Fαβ = ∂α Aβ − ∂β Aα,

F01 = Er/c0, F10 = −Er/c0; Fαβ = 0, (αβ) ̸= (01), (10),

Aα = (−ϕ/c0, Ā) = (−q/(4πϵ0rc0), 0, 0, 0), ∂α = (∂/(c0∂t),∇),

Tµν = 1
µ0

(FµαgαβFνβ − 1
4 gµνgσαFαρFσβgρβ),

T00 = 1
2 ϵ0D2g11 = 1

2 ϵ0E2g11 = 1
2 ϵ0D2/g11 (28)

(conventional form, ideal free-space);

Tµν =
q∫

q=0

ϵr(q)
µ0

[gαβd(FµαFνβ)− 1
4 gµνgσαd(FαρFσβ)gρβ],

T00 = 1
2 ϵ0D2ϵ′r(q)/g11, ϵ′r(q) =

2
q2

q∫
q=0

ϵr(q)qdq

(revised form, non-linear empty space). (29)

Note that the integrals in the above expressions (29) of Tµν apply only to the force elements,
leaving all the metric terms out of the integrand. For a linear modeling the effective inverse-relative
permittivity ϵ′r(r̄) in (29) would be equal to ϵr(r̄). Therefore, the Tµν of (29) would simplify into the
conventional form of the electromagnetic stress-energy tensor (28) [23], with ϵ′r(r̄) = ϵr(r̄) =1, if the empty
space is treated as an ideal free-space. Accordingly, the energy density Wτ = g11T00 associated with the
T00 in (29) would simplify to its conventional form used in (18,16), or to its revised form in (20,16), if
the empty space is modeled as a linear medium with its inverse-relative permittivity equated by unity
or ϵr(r̄), respectively.

The solution (21) is now revised as per the above non-linear model of the energy density.

∇ · c2
0∇ϵr(r, q) = 4πG

c2
0

Wτe = 8πG
c2
0

Wτ =
Gq2ϵ′r(r,q)
4πϵ0c2

0r4 ,

∇ · ∇ϵr(r, q) = Gq2ϵ′r(r,q)
4πϵ0c4

0r4 =
Gq2

4πϵ0c4
0r4

2
q2

q∫
q=0

ϵr(r, q)qdq

= (
2r2

0
r4 )(

q2

q2
e
) 2

q2

q∫
q=0

ϵr(r, q)qdq, r2
0 =

Gq2
e

8πϵ0c4
0

. (30)

As discussed with (25), choosing Wτe = Wτ instead of Wτe = 2Wτ in the above derivation, we would
get,

∇ · ∇ϵr(r, q) = (
r2
0

r4 )(
q2

q2
e
) 2

q2

q∫
q=0

ϵr(r, q)qdq;

Wτe = Wτ . (31)

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 14 January 2026 doi:10.20944/preprints202601.0926.v1

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.

https://doi.org/10.20944/preprints202601.0926.v1
http://creativecommons.org/licenses/by/4.0/


14 of 24

5.1. Numerical Analysis, Modeling the Inverse-Relative Permittivity as a Power Series

The inverse-relative permittivity ϵr(r̄) may be expressed as a power series in the following form.

ϵr(r, q) =
∞
∑

i=0
ai(

r0
r )

i
=

∞
∑

i=0

∞
∑

j=0
bij(

q
qe )

2j
(

r0
r )

i
,

a0 = 1, a1 = Gm
r0c2

0
= m

m0
, ϵr(r → ∞) = 1 − Gm

rc2
0

,

ai =
∞
∑

j=0
bij(

q
qe )

2j
, b00 = 1, b0j(j > 0) = 0,

a1 =
∞
∑

j=0
b1j(

q
qe )

2j
= Gm

r0c2
0
= m

m0

=
∞∫

rq

r0
r2 (

2
q2
e

qe∫
q=0

ϵr(r, q)qdq)dr. (32)

For the case with Wτe = 2Wτ , the series coefficients bij may be solved using the following iterative
relations.

b00 = 1, b0j(j > 0) = bi0(i > 0) = 0,

b1j(j > 0) =
∞
∑

i=0

bi(j−1)
(i+1)(j) (

r0
rq )

i+1
,

bij(i > 1, j > 0) = 2
b(i−2)(j−1)
(i)(i−1)(j) ; Wτe = 2Wτ . (33)

Instead, with Wτe = Wτ we would need a similar iterative solution, but without the multiplying
factor 2 in the above iterative expression of bij.

b00 = 1, b0j(j > 0) = bi0(i > 0) = 0,

b1j(j > 0) =
∞
∑

i=0

bi(j−1)
(i+1)(j) (

r0
rq )

i+1
,

bij(i > 1, j > 0) =
b(i−2)(j−1)
(i)(i−1)(j) ; Wτe = Wτ . (34)

The metric elements g00 and g11 for the above iterative solutions of bij are expressed in terms of
the corresponding series expansion (32) of the inverse-relative permittivity ϵr(r̄), with the maximum
value for the charge variable q equated to the elementary charge qe. The same relationships in (26,27)
between the g00, g11 and ϵr would as well apply here.

−g00(r; rq) = 1
g11(r;rq)

= 2ϵr(r; rq)− 1

= 2
∞
∑

i=0

∞
∑

j=0
bij(

r0
r )

i − 1,. (35)

The mass m = a1m0 = a1c2
0/(Gr0) derived from the above non-linear modeling in (32) for different

r = rq, together with the corresponding ϵr(r = rq) from (32) and −g00(r = rq) = 1/g11(r = rq) from (35) at the
variable charge radius r = rq, are plotted in Figures 2 and 3, respectively for the cases Wτe = 2Wτ and
Wτe = Wτ. For the same respective cases, the Figures 4 and 5 plot ϵr(r) (32) and −g00(r) = 1/g11(r) (35) at
different radial distance r, but for a selected fixed charge radius rq = r0/8. The data in the Figures 2–5
for the non-linear model are also compared with the respective results for the linear model from the
last section 4.2, for a comparative study.

The mass from the non-linear modeling, plotted in the Figures 2 and 3, exhibit stable conditions
(as defined earlier in section 4.2) with the lowest stable mass m = 1.59m0 = 2.08 × 10−9kg at rq = r0/7.1 =
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1.37 × 10−37m, and m = 1.12m0 = 1.47 × 10−9kg at rq = r0/5 = 1.95 × 10−37m, respectively for the modeling with
Wτe = 2Wτ and Wτe = Wτ. For the stable values of the charge radius rq, the first derivative of the mass
with respect to the radius is seen to be zero, and with the second derivative positive. This is distinct
from the quasi-stable results from a linear modeling of the free-space, presented earlier in the last
section 4.2.

However, as in the linear model of the last section, a stable mass in the non-linear model is
also much larger than the physical mass of any known charged particle. Accordingly, any physical
relevance of a stable mass in this case is also not clear. Although, such a stable mass is of theoretical
interest, as one of the special discrete solutions (see Figures 2 and 3) associated with a self-consistent
structure of an elementary charge, established completely due the electromagnetic energy of the charge
itself.

6. Elementary Static Charge, with Modified Energy Density for the Surrounding
Free-Space

The energy density Wτ in an electromagnetic field, as defined in the Poynting theorem [20],
is theoretically not unique [11]. One may theoretically modify the definition, in consistency with
conventional physics. We may introduce a modified definition of energy density W′

τ = Wτ +∇ ·U, where
the vector U is defined with a suitable choice of direction, with its magnitude zero in the external region
of a neutral body. By integrating the W′

τ and using divergence theorem, it maybe shown that the W′
τ

would result in the same total energy enclosed inside the neutral body as the original energy density Wτ .
Therefore, both the definitions W′

τ and Wτ of energy density would result in the same gravitational field
in the region outside of the neutral body, in consistency with observed Newtonian gravitation in the
external region. However, the two definitions may significantly differ in the internal charged structure
of the neutral body, resulting in significantly different gravitational effects in the internal region.
As a simple first-order model, the new vector U maybe defined proportional to the original energy
density Wτ , directed radially from the local center of gravity, with ζ as the constant of proportionality.
The original energy density is modeled by treating the inverse-relative permittivity distribution ϵr(r̄)

in the empty space as a non-linear medium, as implemented in section 5. The modification of the
energy density would lead to modifying the (0, 0)th element T00 = Wτ/g11 of the stress-energy tensor
to T′

00 = W′
τ/g11. All other elements Tµν of the stress-energy tensor maybe similarly modified to T′

µν,
defined proportional to the W′

τ (or to the modified form of an appropriate energy density associated
with the tensor element.)

W′
τ = Wτ +∇ · U,

∫
τ

W′
τdτ =∫

τ
(Wτ +∇ · U)dτ =

∫
τ

Wτdτ +
∫
τ
(∇ · U)dτ

=
∫
τ

Wτdτ +
∫

S,Closed
U · ds =

∫
τ

Wτdτ,

U = 0, on S; U = ζWτ r̂. (36)
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6.1. Modified Energy Density, Modeled as a Trace-Free EM Field

T′
µν = TµνW′

τ/Wτ = Tµν + (Tµν/Wτ)∇̄ · (ζWτ r̂),

T′
00 = ( 1

2 ϵ0ϵ′rD2 +∇ · ( ζ
2 ϵ0ϵ′rD2 r̂))/g11

= W′
τ/g11 = (Wτ +∇ · (ζWτ r̂))/g11,

∇ · c2
0∇ϵr(r) = −∇ · Eg = 4πG

c2
0

Wτe

= 8πG
c2
0

( 1
2 ϵ0ϵ′rD2 +∇ · ( ζ

2 ϵ0ϵ′rD2 r̂)),

c2
0∇ϵr(r) = −Eg ≃ 8πGζ

c2
0

( 1
2 ϵ0ϵ′rD2)r̂ = γ

2 ϵ0D2ϵ′r r̂,

γ = 8πGζ

c2
0

, g11g00 = −1; Wτe = 2W′
τ . (37)

The above derivation based on the modified definition of energy density, leading to the relation-
ship g11g00 = −1, follow similar steps (16,17) in section 4 that use a conventional definition of energy
density. The new modified energy density W′

τ and the associated stress-energy tensor elements T′
µν in

(37) would substitute for the respective conventional terms Wτ and Tµν in deriving (16,17).
We assume that the new part ∇ · U = ∇ · (ζWτ r̂) of the modified energy density W′

τ in (36), and
accordingly the new part ∇ · (ζWτ r̂)/g11 of the modified tensor element T′

00 in (37), are significantly larger
in magnitude compared to the respective original parameters Wτ and T00. Similarly, the new parts
(Tµν/Wτ)∇ · (ζWτ r̂) of all the modified stress-energy elements T′

µν in (37), that are introduced in addition
to the original elements Tµν, are also assumed to be significantly larger in magnitude compared to the
original elements. Therefore, the respective original elements maybe ignored in all further analysis.

The effective energy density Wτe in the above derivation is twice the modified energy density W′
τ ,

similar to that discussed in section 4 for conventional energy density. Similar to the implementation in
section 4, it would also be useful here to consider the case with the Wτe equal to W′

τ . This case would
be of interest when we model the modified energy density (the dominant new part) in section 6.2 as
baryonic matter. The two cases would share similar analysis, differing only by a factor of 2 in defining
the proportionality parameter γ in (37,38) that relates the original energy density Wτ = ϵ0D2ϵ′r/2 to the
resulting gravitational field Eg. All subsequent results, normalized in terms of the γ, would remain
unchanged.

∇ · c2
0∇ϵr(r) = −∇ · Eg = 4πG

c2
0

Wτe

= 4πG
c2
0

( 1
2 ϵ0ϵ′rD2 +∇ · ( ζ

2 ϵ0ϵ′rD2 r̂)),

c2
0∇ϵr(r) = −Eg ≃ 4πGζ

c2
0

( 1
2 ϵ0ϵ′rD2)r̂ = γ

2 ϵ0D2ϵ′r r̂,

γ = 4πGζ

c2
0

, g11g00 = −1; Wτe = W′
τ . (38)

The above equation (37) or (38) can be analytically solved for the inverse-relative permittivity
distribution ϵr(r̄), in terms of the parameter γ.
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∂ϵr(r,q)
∂r =

γq2

32π2ϵ0c2
0r4 ϵ′r(q) =

γ

16π2ϵ0c2
0r4

q∫
q=0

ϵr(r, q)qdq,

∂2ϵr(r,q)
∂r∂q = γ

16π2ϵ0c2
0r4 ϵr(r, q)q = − ∂2ϵr(r,q)

∂(r−3)∂(q2)
(

6q
r4 ),

∂2ϵr(r,q)
∂(r−3)∂(q2)

= −
r3
µ

4q2 ϵr(r, q), r3
µ =

γq2

24π2ϵ0c2
0

,

ϵr(r, q) =
∞
∑

k=0

(−1)k

22k(k!)2
a2k = J0(a), a = (

rµ
r )

1.5
,

ϵ′r(r, q) = 2
q2

q∫
q=0

ϵr(r, q)qdq

=
∞
∑

k=0

(−1)k

22k(k!)2(k+1)
a2k = (2/a)J1(a), (39)

where J0(·) and J1(·) are, respectively, the zeroth and first-order Bessel functions [24], and k! = k(k −
1)(k − 2) · · · 1. The inverse-relative permittivity function ϵr(r, q) maybe established as a power-series of
(1/r)m, m ≥ 0, with unknown q-dependent coefficients, starting with the (m = 0)th coefficient equal to
unity which would enforce the required free-space value ϵr(r, q) = 1 at large distance r → ∞. The other
coefficients may then be iteratively solved in agreement with the required partial-differential equation.
The validity of the established series solution (39) for ϵr(r, q), also recognized in the Bessel-function form,
may be directly confirmed by simply substituting the series solution in the required partial-differential
equation, and then verifying that the equation is indeed satisfied.

Using the condition g00g11 = −1 from (37,38) in (6), the metric elements g00 and g11 may now be
expressed in terms of the inverse-relative permittivity ϵr from (39). The same relationships in (26,27)
between the g00, g11 and ϵr would as well apply here.

−g00(r) =
1

g11(r)
= 2ϵr(r)− 1

= 2J0(a = (rµ/r)1.5)− 1. (40)

Using the solutions of ϵr and ϵ′r from (39), the energy/mass of the charge is derived by integrating
the energy density Wτ .

m(r = rq) = 1
c2
0

∫
τ

Wτdτ =
∫
τ

q2ϵ′r(r)
32π2ϵ0c2

0r4 dτ =

mµ

∞∫
r

2J1(a=(rµ/r)1.5)

(rµ/r)1.5
rµ

r2 dr,

m(r=rq)
mµ

=

(rµ/r)1.5∫
a=0

4J1(a)
3a4/3 da

=
∞
∑

k=0

(−1)ka(2k+ 2
3 )

22k(k!)2(k+1)(3k+1)
; mµ =

q2

8πϵ0c2
0rµ

. (41)

The normalized mass m/mµ, inverse-relative permittivity ϵr(r), and metric elements g00(r) and g11(r),
are plotted in Figure 6 (noted with αw = 0) as functions of normalized radii rµ/r, showing stable (local
minimum) solutions for the mass at discrete normalized radii rµ/(r = rq). Assuming that the lowest
stable mass m/mµ = 1.5425 from Figure 6, with the associated classical radius rµ/r = 1.5425, corresponds
to a static electron with about half the mass me = 9.109 × 10−31kg of a complete electron with spin, the
new parameter γ is estimated as a new fundamental physical constant of nature. Further, the γ, the
resulting lowest stable static mass ms, and the associated classical radius rs = q2/(8πϵ0msc2

0), are found
to be related to each other by a dimensionless constant, which is found to be numerologically closely
related to the fine structure constant [25,26].
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ms = 1.5425mµ = me
2 = 9.109×10−31

2 kg,

mµ =
q2

8πϵ0c2
0rµ

= 2.49 × 10−30γ−1/3 = me
3.085 ,

γ = ( 3.085×2.49×10−30
me )

3
= 600 (m/s2)/(J/m3). (42)

ms = 1.5425mµ, rs =
rµ

1.5425 ,

ms
r2
s

= (1.5425)3 mµ

r2
µ

= (1.5425)3( 3π
γ ),

4γms
r2
s

= (1.5425)3 × (12π) = 138.359

≃ 1
α =

4πϵ0c0 h̄
q2 = 137.036 . (43)

Figure 6

6.2. Modified Energy Density, Modeled as a Perfect Fluid of Conventional Baryonic Matter

It is not certain if the additional part of the modified electromagnetic energy density W′
τ in (36) is

to be treated in the same manner as the conventional electromagnetic energy density, as implemented
in (29,30), or as conventional baryonic matter in the form of a perfect fluid [13]. The following
formulations are established to model a perfect fluid with a general distribution of energy density Wτ ,
that maybe specifically applied to model the additional part of the modified electromagnetic energy
density W′

τ in (36). The basic formulations of the Christoffel symbols and Ricci elements of (7-11) will
be used here as the starting point of the derivation, leading to the following relations.

R00 =

√
−g00g11

g11
∇ · (− 1

2
√
−g00g11

∂g00
∂r r̂)

= 4πGWτ
c4
0

√
−g00
g11

,

R11 = R00
g11
g00

+
(g00g11)

′
r(g00g11)

= − 4πGWτ
c4
0

√
−g11
g00

+
(g00g11)

′
r(g00g11)

, (44)
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R00 − 1
2 Rg00 = 8πG

c4
0

T00 = 8πG
c4
0

(−Wτ g00),

R = (− 8πG
c4
0

(−Wτ g00) + R00)
2

g00
,

R = − 8πGWτ
c4
0

(−2 + 1√
−g00g11

) = − 8πG
c4
0

Tµνgµν

= − 8πG
c4
0

(−Wτ g00g00 + 3T11g11);

T11g11 = T22g22 = T33g33 = p,

3T11/g11 = Wτ(−1 + 1√
−g00g11

) = 3p, (45)

R11 − 1
2 Rg11 = 8πG

c4
0

T11 = 8πGWτ
3c4

0
g11(−1 + 1√

−g00g11
)

= − 4πGWτ
c4
0

√
−g11
g00

+
(g00g11)

′
r(g00g11)

+ 4πGWτ
c4
0

g11(−2 + 1√
−g00g11

),

(g00g11)
′

r(g00g11)
= 4πGWτ

3c4
0

g11(4 +
2√

−g00g11
). (46)

Given inverse-relative permittivity distribution ϵr, independently solved from (2,39) for a given en-
ergy/mass distribution, the two equations - the relationship (6) of the two variables g00 and P = −g00g11

with the known ϵr, and the above relationship (46) for the same two variables - maybe numerically (by
trial iterations) solved for the two variables g00 and P = −g00g11 (and hence g11 = −P/g00) for a general
problem. Analytical solution maybe possible for a simple mass/energy distribution.

6.2.1. Validation of the Model with Schwarzschild Solution Internal to a Uniform Spherical Body

As an illustration/validation of the theory for a simple case, we will analytically derive
Schwarzschild solution inside a body of mass M and radius R0, with a uniform mass-density ρ =
Wτ/c2

0, following the procedure prescribed above. We will start the derivation with simple solution
for the ϵr(r̄) in this case, satisfying (1,2), and then solve for g00 and g11 as prescribed above. The results
maybe verified with known solutions from the Schwarzschild metric in the internal region of the body
[13,27].

Note that, as mentioned in section 3.1, the mass M needs to be properly defined by integrating the
distribution of the body’s conventional mass M0, which is defined in an ideal free space, weighted by
the local inverse relative permittivity distribution ϵr. Accordingly, the uniform positive mass density ρ

assumed here would refer to uniformity of the weighted mass density, not of the conventional mass
density defined in an ideal free space. That may not always be physically realistic if the resulting
solution for the ϵr is negative, in which case the weighted mass density would be negative, contradicting
the uniform positive density originally assumed.

−1
2
√
−g00g11

∂g00
∂r =

∂ϵr
∂r = −Egr = GMr

R3
0c2

0
,

− ∂g00
∂r =

∂(P/g11)
∂r =

∂(Pg11)
∂r = P ∂g11

∂r + g11 ∂P
∂r =

2
√

P GMr
R3

0c2
0
=

√
P rRs

R3
0

; Rs = 2GM
c2
0

, P = −g00g11,

∂g11
∂r = −g11 1

P
∂P
∂r + 1√

P
rRs
R3

0
= − 4πGρr

3c2
0

(4 + 2√
P
) + 1√

P
rRs
R3

0

= − GMr
R3

0c2
0
(4 + 2√

P
) + 1√

P
rRs
R3

0
= − 2rRs

R3
0

,

g11 = 1 − r2Rs
R3

0
= 1

g11
; g11(r = R0) = 1 − Rs

R0
. (47)
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Using the above expression of g11 in the top line equation, g00 is solved as follows.

−1
2
√
−g00g11

∂g00
∂r =

∂ϵr
∂r = GMr

R3
0c2

0
= rRs

2R3
0

,

−1
2
√
−g00

∂g00
∂r =

√
g11

rRs
2R3

0
= ∂b

∂r , b2 = −g00,

∂b
∂r = rRs

2R3
0

/

√
1 − r2Rs

R3
0

, b = b0 − 1
2

√
1 − r2Rs

R3
0

= 3
2

√
1 − Rs

R0
− 1

2

√
1 − r2Rs

R3
0

; b(r = R0) =

√
1 − Rs

R0
,

g00 = −b2 = − 1
4 (3

√
1 − Rs

R0
−

√
1 − r2Rs

R3
0

)

2
. (48)

The modeling of a conventional baryonic matter as a perfect fluid, now validated for a neutral
mass distribution, is then applied for the energy distribution of an elementary charge, with its modified
definition of the energy density proposed at the beginning of the section 6. The distribution ϵr associated
with the modified energy density, solved in the sub-section 6.1, with proper choice of the parameter
constant γ for Wτe = W′

τ in (38), would apply for the present modeling of the modified energy density
as baryonic matter. Using the given ϵr in (39), the metric elements g00 and g11 are solved by numerical
iterations of the equations (6,46), as prescribed earlier, and are plotted in Figure 7 (noted with αw = 0).
It maybe noticed, the solutions for the g00 and g11 in Figure 7 exhibit a singularity (radial derivative
→ ∞) at radius r/rµ ≃ 1. For radii smaller than the singular location, there is a definite real solution
for the equation (46) with √−g00g11 = −1/2, which maybe substituted in (6) to derive g00 (and hence
g11 = −1/(4g00)) using the given ϵr in (39), by enforcing continuity of g00 at the singularity. The same
normalized mass in Figure 6, derived in (41) using the given ϵr, applies as well for the present modeling.

Figure 7

6.3. Higher-Order Dependence of the Modified Energy Density

In the modeling of the above sections 6.1, 6.2, the modified energy density W′
τ = Wτ +∇ · U (see

(36)) was defined, with the function U in the dominant, new part proportional to the original energy
density Wτ (see (37)), as a simple first order approximation. The resulting stable mass ms, its equivalent
classical radius rs, and the parameter γ, were related to each other in (43) by a dimensionless constant
4γms/r2

s = 138.359, which was found to be suspiciously close to the inverse-fine structure constant 1/α

= 137.036. Suspecting that the actual value of the dimensionless constant 4γms/r2
s be exactly equal to

1/α, we anticipate that the small difference between the constant 4γms/r2
s , derived based on the above
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first-order modeling, and 1/α, would be adjusted by a more rigorous treatment with a higher-order
dependence of the modified energy density.

∇ · Eg = − 4πG
c2
0

W′
τ = − 4πG

c2
0

(Wτ +∇ · U),

Eg = −c2
0∇ϵr(r) ≃ − 4πG

c2
0

U = − 4πG
c2
0

( ζWτ r̂

1+
W2

τ
W2

τ0

)

= − γ(ϵ′rϵ0D2/2)r̂

1+αwϵ′2r (r)(
q

qmax )
4
(

rµ
r )

8 , γ = 4πGζ

c2
0

, (49)

∂ϵr(rµ0,q0)
∂rµ0

= −
(3/2)r2

µ0

q0∫
0

ϵr(rµ0,q0)q0dq0

1+αw

[
2

q0∫
0

ϵr(rµ0,q0)q0dq0

]2
r8
µ0

,

q0 =
q

qmax =
q
qe , rµ0 =

rµ
r , r3

µ =
γq2

e
24π2ϵ0c2

0
, (50)

where the dimensionless parameter αw, or equivalently the energy-density parameter Wτ0, represents
a suitable second-order dependence of the function U(Wτ) on the energy density Wτ. The effective
inverse-relative permittivity ϵ′r is expressed in terms of the inverse-relative permittivity ϵr, as defined
in (29).

Introducing the above revised expression (50) of the modified energy density W′
τ in (37,38), the

derivations of sections 6.1, 6.2 maybe repeated, in principle, in order to revise the results of Figures
6 and 7 for inverse-relative permittivity ϵr, normalized mass m/mµ, and the metric elements g00 and
g11. However, the solutions may not be feasible analytically. Instead, we first revise the solution for
ϵr(r, q) from (37-39), with the revised expression (49) of W′

τ . Accordingly, a differential-integral equation
for ϵr(rµ0, q0) is established, with two normalized variables rµ0 = rµ/r and q0 = q/qmax, as formulated in
(50), which is numerically solved using a finite-difference/element technique. Note that the charge q is
treated in (49,50) as a variable, with its maximum value qmax equal to an elementary (electron) charge
qe. The corresponding normalized variable is q0 = q/qmax =q/qe, with its maximum value equal to one.
Whereas, the rµ, as defined in terms of q in (39), is treated in (49,50) as a constant parameter evaluated
at the maximum value of q = qmax = qe. All the derivations of the sections 6.1, 6.2 can now be revised, in
terms of the numerically revised solution for ϵr(r, q) ≡ ϵr(rµ0, q0).

The effective function ϵ′r(r, q = qe), as defined in (29), is revised in terms of the revised solution for
ϵr(r, q). Using the revised ϵ′r(r, q = qe), the normalized mass m(r = rq)/mµ of (41) is then revised, computed
numerically as a double-integration of ϵr(rµ0, q0), with respect to both the normalized variables q0 and
rµ0.

m(r = rq) = 1
c2
0

∫
τ

Wτdτ =
∫
τ

q2
e ϵ′r(r,qe)

32π2ϵ0c2
0r4 dτ =

mµ

rµ/r∫
rµ0=0

ϵ′r(rµ0, q0 = 1)drµ0, mµ =
q2
e

8πϵ0c2
0rµ

,

m(r=rq)
mµ

=

rµ/r∫
rµ0=0

1∫
q2
0=0

ϵr(rµ0, q0)d(q2
0)drµ0. (51)

Using (51), the lowest stable mass m = ms of Figure 6 is successfully revised to a slightly lower value,
from ms = 1.5425mµ to ms = 1.5376mµ, by adjusting the parameter αw = 0.00184 in (49,50). Accordingly, the
resulting dimensionless constant 4γms/r2

s in (43) is revised lower, to be precisely equal to the inverse-fine
structure constant 1/α = 137.036. This is a remarkable development, which would precisely trace the
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physical origin of the fine-structure constant to the new gravitational model of the elementary charge,
with the modified energy density presented here.

The revised results of inverse-relative permittivity ϵr, normalized mass m/mµ, and the metric
elements g00 and g11, for the special value αw = 0.00184, are plotted in Figures 6 and 7, as a function of the
normalized variable rµ0= rµ/r. These are plotted together with respective results from the approximate
first-order modeling in sections 6.1, 6.2, that are associated with αw = 0, for a comparative study.

The second-order expression (49) of the gravitational field Eg would start to deviate from the
simple first-order expression Eg = −γWτ r̂ at energy density larger than the threshold level Wτ0. This is
associated with a distance r from the center of an elementary charge q = qmax = qe, less than a normalized
threshold radius (r/rµ)8 = αw, as expressed in (49), assuming ϵ′r = 1. Accordingly, for the specific value
of αw = 0.00184 we have found in Figure 6, this threshold radius for the onset of the second-order
expression of (49) can be calculated to be r ≃ rµ/2.2 ≃ rs/1.4, where rs = rµ/1.5425 from (42,43) is the
classical radius associated with a static electron.

7. Discussion and Conclusion
New complementary formulations to model an elementary charge particle, combining general

relativity and an electromagnetic theory of gravity, were studied, with alternate definitions of energy
density and the related stress-energy tensor. These include the conventional definition of the energy
density in an ideal empty space, for reference, and new corrected and modified definitions using
an equivalent permittivity distribution for the empty space. The solutions for the metric-tensor
elements are verified with existing reference solutions. It is recognized that the empty space, modeled
by an equivalent permittivity distribution, be properly treated as a non-linear medium, in order to
successfully develop self-consistent solutions for an elementary charge, with a physical stable structure.
In contrast, the Reissner-Nordstrom solution, that uses the conventional model of energy density
in an ideal empty space, would lead to an unstable structure of the charge. A corrected version for
the Reissner-Nordstrom solution, where the energy density is modeled using an equivalent linear-
permittivity distribution of the empty space, allows only a quasi-stable structure (as defined in section
4.2). The quasi-stable behavior, although may not represent a physically realistic charge structure, the
associated energy/mass ∼ 1.5 × 10−9 may be of theoretical interest as a reference value for other related
models. A further revised version of this analysis, but now with the energy density defined using a
non-linear model for the equivalent permittivity distribution of the empty space, in fact leads to fully
stable charge structures (as defined in section 4.2) for discrete values of the charge radius. However,
the resulting level of the stable energy/mass, with the lowest possible value ∼ 1.75 × 10−9 (about same
level as the above quasi-stable case), is much larger than the energy/mass of any known physical
charge particle. Therefore, other than of special theoretical interest, as theoretically valid values of
energy/mass of a self-consistent, stable charge structure, it is doubtful if any physical charge structure
of nature represents such a stable solution.

This led us to seek other possible formulations, based on new modified definitions of energy
density, which may allow stable solutions for an elementary particle with much lower levels of
mass/energy. It is recognized that a definition of energy density in an empty space is theoretically
non-unique, and therefore a suitable modified definition might exist that more rigorously represents
physical nature, as compared to the conventional definition assuming an ideal empty space, or its
corrected versions discussed above.

Solutions for the metric tensor elements, and the associated energy/mass of stable charge struc-
tures were derived, using modified definitions of the energy density. A first-order modified model is
introduced, which is equivalent to an additional gravitational field proportional to the original energy
density, with constant of proportionality γ as a new parameter. By associating the stable solution, with
the smallest possible mass/energy, to a static electron without spin, the constant γ is estimated to be
about 600 (m/s2)/(J/m3), declared as a new fundamental physical constant of nature. More fundamen-
tally, the constant γ, the resulting smallest stable mass ms, and the associated classical charge radius
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rs, are related to each other by a dimensionless constant 4γms/r2
s = 138.359, which is numerologically

close to the inverse fine-structure constant 1/α=137.036 of quantum electrodynamics. This strongly
suggests that the proposed theory is possibly the physical basis of the fine-structure constant. However,
the small difference between the dimensionless constant derived from the presented theory and the
fine structure constant which is based on accurate measured data, is intriguing, suggesting that a
more accurate model is needed to bridge the small difference. Accordingly, a more rigorous modified
model is studied, by expressing the additional gravitational field with an appropriate higher-order
dependence on the original energy density.

A suitable second-order model is successfully formulated and numerically implemented using a
finite-difference/element technique. As anticipated, the model results in a somewhat reduced particle
mass (ms/mµ = 1.5376), as compared to that (ms/mµ = 1.5425) from the original first-order model, so that
the new adjusted dimensional constant 4γms/r2

s precisely matches the inverse-fine structure constant
1/α=137.036. This is a significant development, towards precisely tracing the physical origin of the fine
structure constant through the new theory. Further, the two values of 4γms/r2

s , before and after the
adjustment from the new higher-order model, may carry independent physical significance in finer
estimation of the electron’s g-factor.

Upon definitive resolution of the modified general-relativistic formulations, specifically for the
case of a static elementary charge, the complete formulations would provide a rigorous analytical
framework to model a complete electrodynamic structure of a spinning elementary charge. The same
analytical framework may also be extended, in principle, to model static or dynamic structures of other
elementary charge particles (proton, muon).
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