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Article

The Velocity in Static Spherical Metric of f(R)
Quadratic Lagrangian Gravity
Nenad Ð. Lazarov

Department of Theoretical Physics and Condensed Matter Physics (020), Vinča Institute of Nuclear Sciences—National Institute
of the Republic of Serbia, University of Belgrade, P.O. Box 522, 11001 Belgrade, Serbia; lazarov@vinca.rs

Abstract

In this work will be discussed the behavior of the velocity got from the static spherically symmetric
metric which was produced by the square lagrangian of f(R) gravity. Metric have been presented by E.
Pachlaner and R. Sexl in their paper. Also it will be given the relations for radial and transverse velocity
of cosmos in two and three dimensions and to consider their behavior. The metric was obtained
from the lagrangian of linear combination Ricci scalar and square of Ricci scalar as f(R) gravity model
and correction of Einstein lagrangian. The exact equations of field are difficult to solve, so they are
calculated in the weak field approximation.

Keywords: relativity and gravitational theory; equations of motion; exact solutions; approximation
procedures; weak fields

1. Introduction
1.1. Equation of Field

In this work has been considered velocity of cosmos in one and two space dimensions and
try to find the behavior of radial and total velocity of cosmos. Action integral which proposed by
E. Pachlaner and R. Sexl in their paper [1] is:

L =
∫

d4x
[(

R +
a2

6
R2

)√
−g + 2kΛ(r)

]
, (1)

where k is Einstein gravitation constant. a is constant of dimension of length and R is Ricci scalar.
Λ(r) is action integral of matter fields. They calculated the field equations from the variation metric
elements gµν in the action integral and solve them for a point mass at rest at the origin. They used the
weak field approximation to solve problem and get following equation [1]:

∆
(
−a2∆ + 1

)
Ψ = kmδ(r). (2)

They used centrally symmetric field and introducing polar coordinates to get next equation [1]:

∂2Ψ
∂r2 +

2
r

∂Ψ
∂r

− a2
(

∂4Ψ
∂r4 +

4
r

∂3Ψ
∂r3

)
= kmδ(r). (3)

After they had solved equations, they got two solutions [1]: first for a2 > 0

Ψ =
rs

r

(
−1 + e−

r
a

)
, (4)

and second for a2 < 0

Ψ =
rs

r

(
−2sin2

(
r

2abs(a)

)
+ 2c4sin

(
r

2abs(a)

) )
, (5)
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where rs = 2GM/c2 is Schwarzschild radius, G is gravitational constant, c is light of velocity and M is
mass of center of gravitation and c4 is indefinite constant. For solar system, Schwarzschild radius is
2.95 km and it is much less than distance between Sun and Earth. Because the solution is indefinite
and strongly oscillating for a2 < 0, they decided to continue with first solution where a2 > 0.

1.2. Metric

After they had solved equations of field, they got for the line element next static spherically
symmetric metric [1]:

ds2 = A(r)dt2 − B(r)dr2 − C(r)r2dθ2 − C(r)r2sin2θdφ2, (6)

where A, B and C are functions of radius r. Metric elements of metric tensor are given [1]:

g00 = A(r) = 1 − rs

r
− rs

3r
e−

r
a , (7)

g11 = −B(r), (8)

where are

B(r) = 1 +
rs

r
+

4rsa2

3r3 − e−
r
a

[
rs

r
+

4rsa
3r2 +

4rsa2

3r3

]
, (9)

g22 = −r2C(r), (10)

g33 = −r2C(r)sin2θ, (11)

and

C(r) = 1 +
rs

r
− 2rsa2

3r3 − e−
r
a

[
rs

3r
+

2rsa
3r2 − 2rsa2

3r3

]
. (12)

The metric presents a spherically symmetric spacetime in general relativity.
Cristoffel symbols are given by next expression:

Γα
εν =

1
2

gασ(gσε,ν + gσν,ε − gεν,σ), (13)

where are

gµν,α =
∂gµν

∂xα
. (14)

Also the following notations are used A(r) = A, B(r) = B, and C(r) = C.
The general form of geodesic equations without external field is given by next expression [2]:

d2xµ

dp2 + Γµ
αβ

dxα

dp
dxβ

dp
= 0. (15)

Geodesic equations are differential equations for the four space-time components: xµ = (t(p),
r(p), θ(p), φ(p)), where p is affine parameter describing the trajectory. The geodesic equations rep-
resent freely moving bodies in spacetime. The equations of field can be derived from the geodesic
equation, which is a second-order differential equation. Geodesic equations present the trajectories
of bodies moving under the influence of gravity. The form of the geodesic equations will depend on
the coordinate system and the metric coefficients A(r), B(r), and C(r). The line element ds describes a
curved spacetime. In general relativity, the motion of objects is generated by the curvature of spacetime
which is determined by gravity.
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1.3. Gravitation Potential and Fifth Force

In the weak field limit, gravitational potential may be written [2,3]:

Φ =
c2

2
(A − 1), (16)

where A is 00 component of metric tensor.
In this case gravitation potential has next shape :

Φ = −GM
r

(
1 +

1
3

e−
r
a

)
, (17)

and it is a similar with the potential of fifth force [5]. The fifth force was used by Ephraim Fischbach to
explain experimental deviations in the theory of gravity. Some scientists consider the fifth force to be
a type of fundamental interaction such as the four interactions in nature: gravitational, electromag-
netic,strong nuclear, and weak nuclear forces.

The fifth force should explain astronomical observations that predict corrections to the theory
of gravity.

The term fifth force was mentioned in a 1986 paper byEphraim Fischbach and coauthors. The
paper discussed the results obtained in Eotvos (Eötvös) experiment of Lorand Eotvos (Loránd Eötvös)
at the beginning of the 20th century and they presented that we need to modify the gravity inverse
square law [6,7].

Fuji considered in his 1971 paper the modification of the gravitational force and proposed that
the distance dependence of the force could be corrected by introducing a term similar to the Yukawa
potential [8,9].

The magnitude of the strength of the interaction in above equation is given by parameter 1/3 [7].
In the paper of Fischbach presented that the the strength of the interaction is around 1/100 of

gravity and the range of the interaction is a few hundred meters [10].
Discreapance between models of general relativity and quantum field theory and between the

cosmological constant problem and hierarchy problem led to the introduction of a fifth force [7].
Many scientists believe that the dark matter and dark energy are the causes of the accelerated

expansion of the universe. Some scientists believe that the fifth force is some kind of dark matter [11,12].

2. Geodesic Equation and Velocity of Cosmos
2.1. Cristoffel Symbols

Cristoffel symbols Γα
εν different from zero for static spherically symmetric metric proposed by

E. Pachlaner and R. Sexl are [4]:

Γ1
00 =

1
2B

dA
dr

, Γ0
10 = Γ0

01 =
1

2A
dA
dr

, Γ1
11 =

1
2B

dB
dr

, (18)

Γ2
33 = −sinθcosθ, Γ3

23 = Γ3
32 = ctgθ, (19)

Γ2
12 = Γ2

21 = Γ3
13 = Γ3

31 =
1

2Cr2
d
[
Cr2]
dr

, (20)

Γ1
22 = − 1

2B
d
[
Cr2]
dr

, Γ1
33 = − 1

2B
d
[
Cr2]
dr

sin2θ. (21)

2.2. Geodesic Equations in Four Dimensions

Geodesic equations in four dimensions are [2–4]:

d2t
dp2 +

1
A

dA
dr

dt
dp

dr
dp

= 0, (22)
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d2r
dp2 +

1
2B

dA
dr

(
dt
dp

)2
+

1
2B

dB
dr

(
dr
dp

)2
− 1

2B
d
[
Cr2]
dr

(
dθ

dp

)2
− 1

2B
d
[
Cr2]
dr

sin2θ

(
dφ

dp

)2
= 0, (23)

d2θ

dp2 +
1

Cr2
d
[
Cr2]
dr

dθ

dp
dr
dp

− sinθcosθ

(
dφ

dp

)2
= 0, (24)

d2 φ

dp2 +
1

Cr2
d
[
Cr2]
dr

dφ

dp
dr
dp

+ 2ctgθ
dφ

dp
dθ

dp
= 0. (25)

2.3. Geodesic Equation in Two Dimensions and Velocity of Cosmos

In one space dimension, geodesic equations are given by following relations.
First equation is:

d2t
dp2 +

1
A

dA
dr

dt
dp

dr
dp

= 0. (26)

First equation becomes:
dt
dp

=
1
A

. (27)

Second equation is:
d2r
dp2 +

1
2B

dA
dr

(
dt
dp

)2
+

1
2B

dB
dr

(
dr
dp

)2
= 0. (28)

Second equation becomes:

B
A2

(
dr
dt

)2
− 1

A
= K = const. (29)

Velocity in one space dimension is: v = dr
dt =

√
A
B + K A2

B .

2.4. Geodesic Equation in Three Dimensions and Velocity of Cosmos

In two space dimensions, geodesic equations are:

d2t
dp2 +

1
A

dA
dr

dt
dp

dr
dp

= 0, (30)

d2r
dp2 +

1
2B

dA
dr

(
dt
dp

)2
+

1
2B

dB
dr

(
dr
dp

)2
− 1

2B
d
[
Cr2]
dr

(
dφ

dp

)2
= 0, (31)

d2 φ

dp2 +
1

Cr2
d
[
Cr2]
dr

dφ

dp
dr
dp

= 0. (32)

First and third equation become:

dt
dp

=
1
A

,
dφ

dp
=

K1

Cr2 . (33)

Substitution first and third equations in second equation following expression will be obtained:

d2r
dt2 +

[
− 1

A
dA
dr

+
1

2B
dB
dr

](
dr
dt

)2
+

1
2B

dA
dr

− 1
2B

(
K1 A
Cr2

)2 d
[
Cr2]
dr

= 0, (34)

where are

f (r) = − 1
A

dA
dr

+
1

2B
dB
dr

, (35)

h(r) =
1

2B
dA
dr

− 1
2B

(
K1 A
Cr2

)2 d
[
Cr2]
dr

. (36)
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Equation becomes:

d2r
dt2 + f (r)

(
dr
dt

)2
+ h(r) = 0, (37)

where are
dr
dt

=
1
dt
dr

and
d2r
dt2 = −

(
dr
dt

)3 d2t
dr2 . (38)

Substitute first and second derivates in equation we get:

d2t
dr2 − f (r)

dt
dr

− h(r)
(

dt
dr

)3
= 0. (39)

Solving above equation we get:(
dr
dt

)2
=

C1 −
∫

2h(r)e2
∫

f (r)drdr

e2
∫

f (r)dr
. (40)

Substitute functions f (r) and h(r), the following expression is obtained for radial velocity(
dr
dt

)2
=

A2

B

[
C1 +

1
A

−
K2

1
Cr2

]
. (41)

Radial velocity is vr =
dr
dt =

√
C1

A2

B + A
B − K2

1
Cr2

A2

B ,

vr =
dr
dt

=
AK1√

B

√
C1

K2
1
+

1
AK2

1
− 1

Cr2 ≈
√

C1
A2

B
+

A
B

= v1dim. (42)

Transverse velocity: vφ = r dφ
dt = K1 A/Cr.

3. Results and Discussion
3.1. Radial Velocity in Two Dimensions

Radial velocity in two dimensions (one space dimension and one time dimension) E. Pachlaner
and R. Sexl metric are given by following equation:

v2dim =

√√√√ 1 − rs
r − rs

3r e−
r
a

1 + rs
r + 4rsa2

3r3 − e−
r
a

[
rs
r + 4rsa

3r2 + 4rsa2

3r3

](1 + K
(

1 − rs

r
− rs

3r
e−

r
a

))
. (43)

On the next two pictures Figure 1 and Figure 2 are shown velocity in two dimensions for different
value of parameter K. The first picture are very similar to Newton’s behavior of the galaxy rotation
speed curves and the second image is very similar to the behavior of rotational speed curves as
proposed by Vera Cooper Rubin. Gravitational law of Newton gives that the stars near galactic center
rotate faster than the stars futher from the galactic center as shown on the Figure 1. Meanwhile the
observations of galaxy rotation curves predict that the stars in outer shells of galaxies have got constant
orbital speed as on Figure 2. The difference between Newton prediction and observations can be
explaned by the existence of dark matter and dark energy. Besides dark matter and dark energy there
are many theories which proposed to change Newton law of gravitation to explain rotation curves.
One of this theories is the introduction of fifth force as mentioned in first section of this paper. It should
be mentioned that the velocity results in all four images are normalized to the speed of light.
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Figure 1. Radial velocity as a function of radius in Astronomical Units in two dimensions for K = −1, a = 1,
rs = 1.

Figure 2. Radial velocity as a function of radius in Astronomical Units in two dimensions for K = 1, a = 1,
rs = 1.

3.2. Radial and Transverse Velocity in Three Dimensions

Radial velocity in three dimensions (two space dimensions and one time dimension) E. Pachlaner
and R. Sexl metric are given by following equation:

vradial = v1 ∗ v2, (44)

where are:

v1 =

√√√√ 1 − rs
r − rs

3r e−
r
a

1 + rs
r + 4rsa2

3r3 − e−
r
a

[
rs
r + 4rsa

3r2 + 4rsa2

3r3

] , (45)

v2 =

√√√√(
1 + C1

(
1 − rs

r
− rs

3r
e−

r
a

))
− K2

1
1 − rs

r − rs
3r e−

r
a

r2
[
1 + rs

r − 2rsa2

3r3 − e−
r
a

[
rs
3r +

2rsa
3r2 − 2rsa2

3r3

]] . (46)
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The transverse velocity in three dimensions E. Pachlaner and R. Sexl metric are given by
following equation:

vtrans=

(
1 − rs

r − rs
3r e−

r
a

)
K1(

1 + rs
r − 2rsa2

3r3 − e−
r
a

(
rs
3r +

2rsa
3r2 − 2rsa2

3r3

))
r

. (47)

As can be seen in Figure 3, the transverse velocity decreases sharply with distance accoording
to a hyperbolic law. It can be concluded that transverse velocity does not significantly affect on the
total velocity of spread cosmos. As we can see in Figure 4, the radial velocity has a significant value
at large distances which is approaching some saturation velocity. It can also conclude that the radial
velocity curve has a similar shape as in Figure 2, for the model of one space dimension. The expression
for radial velocity in one space dimension is different from the expression in two space dimensions
by the term containing C(r) and that term is much smaller than others terms. So we can conlude that
the correction in the expression for velocity in three dimensions is quite small, and the radial velocity
curves are similar in two and three dimensions.

Figure 3. Transverse velocity as a function of radius in Astronomical Units in three dimensions for C1 = 1,
K1 = 1, a = 1, rs = 1.

Figure 4. Radial velocity as a function of radius in Astronomical Units in three dimensions for C1 = 1, K1 = 1,
a = 1, rs = 1.
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The Figure 5 shows the square value of radial velocity and the Figure 6 shows the sum of square
value of the radial velocity and the square value of the of transverse velocity. As can be seen Figure 5
and Figure 6 are similar, that is, the transverse velocity is very small compared to the radial velocity.
So we can conclude that the total velocity is equal to the radial velocity in two dimensions of space.

Figure 5. v2
radial velocity as a function of radius in Astronomical Units in three dimensions for C1 = 1, K1 = 1,

a = 1, rs = 1.

Figure 6. v2
radial + v2

trans velocity as a function of radius in Astronomical Units in three dimensions for C1 = 1,
K1 = 1, a = 1, rs = 1.
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Appendix A. Solving the Second Geodesic Equation in Two Space Dimensions
Our goal is to solve next differential equation:

d2r
dt2 + f (r)

(
dr
dt

)2
+ h(r) = 0, (A1)

to get expression for velocity in two space dimension cosmos. We need make inverse differential
equation to use next substitutions:

dr
dt

=
1
dt
dr

and
d2r
dt2 = −

(
dr
dt

)3 d2t
dr2 , (A2)

and we get next equation:

d2t
dr2 − f (r)

dt
dr

− h(r)
(

dt
dr

)3
= 0. (A3)

To solve above equation we will use following calculation steps.
First the equation will be multiple by factor 2 dt

dr and we get:

2
dt
dr

d2t
dr2 − 2 f (r)

(
dt
dr

)2
− 2h(r)

(
dt
dr

)4
= 0, (A4)

i.e.

d
dr

(
dt
dr

)2
− 2 f (r)

(
dt
dr

)2
− 2h(r)

(
dt
dr

)4
= 0. (A5)

Then we use substitution y(r) =
(

dt
dr

)2
, and we get

dy(r)
dr

− 2 f (r)y(r)− 2h(r)y(r)2 = 0, (A6)

− 1

y(r)2
dy(r)

dr
+

2 f (r)
y(r)

+ 2h(r) = 0. (A7)

Then we make new substitution v(r) = 1
y(r) , also

dv(r)
dr

= − 1

y(r)2
dy(r)

dr
. (A8)

Our equation becomes:

dv(r)
dr

+ 2v(r) f (r) = −2h(r), (A9)

d
[
v(r)e2

∫
f (r)dr

]
dr

= −2h(r)e2
∫

f (r)dr, (A10)

v(r)e2
∫

f (r)dr = C1 −
∫

2h(r)e2
∫

f (r)drdr, (A11)
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v(r) =
1

y(r)
=

C1 −
∫

2h(r)e2
∫

f (r)drdr

e2
∫

f (r)dr
. (A12)

Then we finally get the next expression:(
dr
dt

)2
=

C1 −
∫

2h(r)e2
∫

f (r)drdr

e2
∫

f (r)dr
. (A13)
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