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Abstract: In this article, after an extended literature survey on the topics of weighted entropy and 
possibility theory, including probability-possibility transformations, we present some new results 
regarding the analytical study of the maximum point of weighted entropy. Then, we build an 
inversion procedure which allows for computing feasible weights given an optimal point solution, 
which shows to be insensitive to a positive linear scaling. From there, we associate the calculated 
feasible weights with a possibility distribution and show that the inversion procedure can be 
interpreted to elicit a new probability-possibility transformation, which is studied from the 
perspective of a set of axioms including consistency and preference order preservation. Numeric 
examples are outlined and some related criteria are evaluated while the new probability-possibility 
transformation is compared with other standard possibility distributions mentioned in the 
literature, with the results showing an admissible performance. However, there is an intrinsic 
limitation regarding a least upper bound of the optimal point of weighted entropy and another 
restriction concerning a threshold for consistency, but an alternative is still mentioned that can be 
considered for future work related to this subject. 

Keywords: weighted entropy; discrete setting; utilities; maximum point; inversion procedure; 
feasible weights; fuzzy weighted entropy; probability-possibility transformation; consistency 
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1. Introduction 

Weighted Shannon entropy was initially published in 1968 by Marianne Belis and Silviu Guiaşu, 
characterized within the scope of a quantitative-qualitative measure of information in cybernetic 
systems [1], introducing the concept of utility of an event associated to goals. To avoid ambiguity, in 
this paper we will be dealing with the quantity denoted by Equation (1), regarding a discrete and 
finite setting of events. 

 

𝐻௪ = − ෍ 𝑤௜𝑝௜ log 𝑝௜

௡

௜ୀଵ
 (1)

Equation (1) is relative to a complete probability distribution 𝑃 = (𝑝ଵ, 𝑝ଶ, … , 𝑝௡) with domain in 
the simplex ௡ିଵ = ൛൫𝑝ଵ,⋯,𝑝௡൯: 𝑝௜ ≥ 0, ∑ 𝑝௜

௡
௜ୀଵ = 1ൟ, and the weights will be considered strictly positive 

real numbers (𝑤௜ > 0). Later, we clarify that the case 𝑤௝ = 0 for some 𝑗 shows to be less important 
for the scope of this article.   

Utilities have a long history in the field of conceptualizing goals and preferences in the topics of 
Moral and Economics (e.g., [2-4]), with utility theory mainly based in the notion of mathematical 
expectation. A recent review of utility concepts within several theories – since its approach by 
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Aristotle and discussion by Jeremy Bentham in the last quarter of 18th century – can be found in 
Monroe et al. [5]. 

Yet, in the very same year (1968) and independently, Lotfi Zadeh presented the same 
mathematical structure concerning the theme of probability measures of fuzzy events [6], where the 
weights are replaced by the values of the membership function, denoting another component of 
uncertainty associated with fuzzy events, a concept he had previously defined as a class of objects 
with a grade of membership ranging between zero and one [7].  

Probability is associated with measuring random uncertainty, while fuzziness – and, more 
specifically, possibility theory – is considered a setting for handling imprecision due to epistemic 
uncertainty, referred to as a lack, poverty, or limited amount of information [8], meaning that 
possibility and probability do not capture the same facets of ignorance, a possibility distribution 
representing certain but fuzzy evidence (e.g., [9-10]). A possibility distribution can be considered a 
particular fuzzy set of mutually exclusive possible values ([11], p. 860), and yet, possibility, 
probability and utility, can be combined in hybrid frameworks under the scope of information fusion 
(e.g., [12-14]). 

This paper is organized as follows: in Section 2 we review the literature background concerning 
weighted entropy and its developments or applications, mainly based on utilities; next, in another 
subsection, we address a note on a possibility-weighted entropy and possibility theory including 
probability-possibility transformations. In Section 3, we present some new results regarding the 
analytical study of the optimal point of weighted entropy and the inversion procedure is also 
outlined. In Section 4, the results are interpreted in terms of a probability-possibility transformation. 
Last, in Section 5, we focus on discussion assessed with a set of axioms and some numerical examples, 
then proceeding to highlight some limitations and possible further developments on this subject. 

2. Literature Review 

In this section, we will address separately background surveys concerning weighted Shannon 
entropy associated with finite and discrete settings, and then – linked by the concept of entropy of 
fuzzy events – a note on possibility theory and probability-possibility transformations. In either case, 
we follow a broad chronological order in the surveys, but not strictly, as there are exceptions. 

2.1. On Weighted Entropy 

Ralph Hartley introduced a measure of information defined as the logarithm of the number of 
possible symbol sequences [15], conceived with no reference to the concept of probability but else to 
possibility in an usual sense, and later named Hartley entropy (e.g., [16]). After two decades, Claude 
Shannon introduced a measure of uncertainty of the outcome in a random experiment using the 
logarithm of the number of available choices ([17], p. 7) with the mean value of the random variable 
called entropy [18], a name that was proposed to him by John von Neumann (e.g., [19]).  

In summary, considering a discrete random variable with 𝑛  outcomes such as 𝑋 =

{𝑥ଵ, 𝑥ଶ, … , 𝑥௡}, each associated with an elementary event with probabilities Pr[𝑋 = 𝑥௜] = 𝑝௜  for 𝑖 =

1, … , 𝑛, the entropy is evaluated as 𝐻 = −𝑘 ∑ 𝑝௜ log 𝑝௜
௡
௜ୀଵ  with 𝑘 > 0 being a constant that allows for 

changing the base of the logarithms; for the sake of simplicity we will consider 𝑘 = 1 when using 
natural logarithms. It should be noted that when the events are equally probable, Shannon entropy 
reduces to Hartley entropy. 

In fact, the concept, and even the name ‘entropy’, was already in use in statistical physics in 
works of Boltzmann and Gibbs since the 19th century (e.g., [20]), and the consistency between the 
interpretations in statistical mechanics and information theory was discussed by E. T. Jaynes 
concluding that uncertainty and information should be considered synonymous [21]. There are other 
entropies, including weighted versions, such as the framework conceived by Pal and Pal [22], but 
those will not be considered in this paper. 

After Belis and Guiaşu characterization of weighted entropy [1], three years later Silviu Guiaşu 
carried out an axiomatic and analytical study [23], deriving what he called the principle of maximum 
information associated to the maximum point and the corresponding maximum value. From then 
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until today, there have been many developments and applications, and we will mention several, with 
a focus on discrete settings and pioneer research.  

Longo opened a discussion on coding procedures involving qualitative parameters as utilities, 
embodied in what he named useful self-information whose mean value was called ‘useful entropy’ 
[4], and Skala referred to it stating that could be conceived as pertaining to the field of semantic 
information [24]. Also in the 70’s, Bouchon applied the concept of ‘useful information’ to 
questionnaires, clarifying that the importance should else be ascribed to preference(s), defined as the 
product of utility and probability associated with an event [25]. Two years later, Sharma et al. 
published results concerning measures on ‘useful information’ [26], while Aggarwal and Picard 
generalized into information measures with preference(s) [27].  

In the beginning of the 80’s, Dial and Taneja provided a characterization of a generalization 
referred to as weighted entropy of type (α, β) [28] and Kapur made a comparative survey of various 
measures of entropy including weighted entropy [19] which he showed that could be used to explain 
the entropy of a Markov chain. The framework was also applied in the field of Geography where it 
was used to discuss the spatial pattern of aggregation in cities [29], and in Economics too, considering 
a state-value weighted entropy as a measure of investment risk [30]. Still, Guiaşu resumed the subject 
using the concept now applied to data clustering and deriving a connection with Sturges’ rule [31], 
while Jumarie dealt with the observed weighted entropy applied to pattern recognition [32]. 

Entropy of fuzzy events, considering two kinds of uncertainty – probabilistic and possibilistic – 
was discussed by Criado and Gachechiladze using weighted Shannon entropy and other frameworks 
[33]. Also, when discussing fuzzy sets, Cios et al. referred to weighted entropy emphasizing that 
choosing the weights like 𝑤௜ = − 𝑝௜ log 𝑝௜⁄  transforms 𝐻௪ into a sum of squared probabilities [34], 
which is known as Simpson index [35-36]. Still, cost-weighted entropy was used to select 
measurements with most discernment at the lowest cost in the context of flexible manufacturing 
systems [37].  

In the new millennium, Guiaşu presented and discussed conditional and weighted measures of 
ecological diversity [38] – therein revisiting weighted entropy – where the weights could reflect 
supplementary information about the abundance, the economic significance, or the conservation 
values of the species. Srivastava and Maheshari emphasized a new weighted information generating 
function, whose derivative at a specific point originates weighted entropy [39], a result which could 
be considered akin to previous deductions by Hooda and colleagues (e.g., [40]). 

Another axiomatic framework for weighted entropies was provided by Ebanks, under the scope 
of generalizations of the entropies of degree α with utility values [41], and one can find an application 
that discusses the composition of the landscape mosaic using a parametric generalization of weighted 
entropy [42], previously addressed in 1997 [43]. The framework was also applied to security 
quantification [44].  

Moving to the 2020’s, Singer et al. built an information-gain ratio measure for selecting the 
classifying attributes in ordinal classification trees using weighted entropy [45] and, by taking into 
account specific qualitative characteristics of each event, were formulated measures of directed 
information [46]. Still, a novel definition was proposed to improve clustering performance for small 
and diverse datasets considering intra-class and inter-class weighted entropies for categorical and 
numeric attributes  [47]. Under health sciences domain, weighted entropy was used for detecting 
disease association with genetic rare variants of patients [48], and a weighted entropy method was 
used to assess how the indicators affected the relative importance of nodes in a network [49]. 

Weighted entropy, including the entropy of a fuzzy event in the sense of Zadeh, was revisited 
under the scope of artificial intelligence with a focus on monotonicity [50]. Also, Aggarwal discusses 
a weighted entropy framework for randomness and fuzziness, pointing out some hermeneutic 
difficulties arising from the interpretation of the entropy of a fuzzy event as a measure of uncertainty 
[51] noting that, in the context, it does not provide an intuitive measure [52]. 

We will delve deeper into this connection although from a different perspective, emphasizing a 
special case of fuzziness regarding a possibility distribution, reminding that there are two conflicting 
views on this subject: from one perspective, knowledge representation in possibility theory is driven 
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by the principle of minimal specificity [8], stating that any hypothesis not known to be impossible 
cannot be ruled out; however, in another view, when moving from probability to possibility it is 
claimed that the conversion should satisfy the preference preservation constraint and the criterion of 
maximal specificity [9], what is particularly emphasized when referring to measurements. 

An informational principle usually evoked, similar to the closed-world assumption, says that 
any situation not yet observed is tentatively considered as impossible ([11], p. 862), which is a 
correlate of the frequency interpretation of probability that is considered characteristic of the 
ensemble, and, without the ensemble, cannot be said to exist [53]. 

Next, we will remind possibility theory sensu Zadeh, evoking that probabilistic and possibilistic 
settings are not two equivalent representations of uncertainty, as the possibilistic representation is 
weaker because it handles imprecision or incomplete knowledge, and possibility measures are based 
on an ordering structure rather than an additive one (e.g. [54]). 

2.1. On Possibility-weighted Entropy and Probability-possibility Transformations 

An important theme for this article concerns the recovery of weighted entropy from the original 
formulation by Zadeh as the entropy of a fuzzy event ([6], p. 426) referred to as Equation (1) when 
replacing 𝑤௜  by 𝜇௜  (for 𝑖 = 1, … , 𝑛.), concerning the value of the membership function associated 
with an event expressed with an outcome {𝑥௜}, occurring with probability 𝑝௜  and such that 𝜇௜ =

𝜇(𝑥௜ ), with 0 ≤ 𝜇௜ ≤ 1  measuring the degree of feasibility of {𝑥௜}  for other reasons than 
randomness: for instance, a lack of proper identification or any form of incomplete knowledge about 
the situation. 

It was also Lotfi Zadeh who, in 1978, inaugurated the concept of fuzzy sets as a basis for a theory 
of possibility [55] – inspired by a paper on possible automata, where the authors addressed the notion 
of possibility required in the analysis of system stability and reliability [56] – clarifying that, in 
general, a variable may be associated both with a possibility distribution and a probability 
distribution. He stated that the possibility distribution function denoted like 𝜋௑(𝑥), meaning the 
possibility that 𝑋 = 𝑥, is numerically equal to 𝜇ி(𝑥), 𝐹 being a fuzzy set and 𝜇ி  its membership 
function with 𝜇ி(𝑥) assessing the grade of compatibility of 𝑥 with the concept labeled 𝐹.  

Stated briefly, a possibility distribution restricts a set of possible values for a variable of interest 
in an elastic way and this may be used for representing uncertainty for an ill-known state of the world 
([11], p. 859). Or, in another way, a possibility distribution is a mapping to the unit interval, describing 
what one knows about the more or less plausible values of the uncertain variable and these values 
are assumed to be mutually exclusive, since the uncertain variable takes on only one value, the true 
one ([57], p. 30).  

For the purposes of this article, we will consider membership values 𝜇௜  to be possibility values 
denoted as 𝜋௜ = 𝜋 (𝑥௜), and interpretable as the degree of feasibility with respect to the adequate 
identification of a specific occurrence. As Dubois clarified ([58], p. 47), the connection between 
possibility theory and probability theory can be fruitful in the scope of statistical reasoning when 
uncertainty due to variability of observations should be distinguished from uncertainty due to 
incomplete information.   

Zadeh also introduced a (weak) possibility-probability consistency principle associated with a 
variable 𝑋  taking the values {𝑥ଵ, … , 𝑥௡}  with possibility distribution 𝜋 = (𝜋ଵ, … , 𝜋௡)  and 
probability distribution 𝑝 = (𝑝ଵ , … , 𝑝௡) , then defining the degree of consistency of 𝑝  with 𝜋 
expressed by the inner product of the corresponding vectors, 𝛾 = ∑ 𝜋௜𝑝௜

௡
௜ୀଵ  and observing that the 

computation of 𝛾 corresponds to the heuristic observation that a lessening of the possibility of an 
event tends to lessen its probability, but not the opposite. The product 𝛾 approaches the infimum 
value zero when the vectors are almost orthogonal while, on the contrary, the maximum value 𝛾 = 1 
occurs when all events with non-zero probability are completely possible (𝜋௜ = 1, ∀𝑖). 

In fact, it is said that when representing knowledge, 𝜋(𝑥௜) = 1 means that {𝑥௜} is certainly 
possible because this value or state has been actually observed, and in turn 𝜋(𝑥௝) = 0 , when 
representing knowledge, means that nothing is known about this value ൛𝑥௝ൟ which has not been 
observed [59], what can imply that ൛𝑥௝ൟ  should be ruled out; the limit case 𝜋௝ = 0  means 
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impossibility, either because of the impossibility of the event at stake – which corresponds to 𝑝(𝑥௝) =

0 in the axiomatic definition of probability – or of identifying the specific outcome because of a 
complete lack of feasibility. 

Next, we will focus on reviewing some pioneering conceptualizations on this topic, and then we 
will move on to recent developments. Some intermediate references will be addressed later in the 
discussion of results. 

Dubois and Prade notably elaborated on this subject, with developments that go on since 1980 
until nowadays, for instance soon observing that what is probable is certainly possible and what is 
inevitable, or necessary, is certainly probable, thus concluding that consistency entails that the degree 
of possibility of an event must be equal to or greater than its degree of probability ([60], p. 138).   

Although a possibility measure was conceived relating to nested sets, it was clarified that 
considering that 𝑋 is a finite set equipped with a probability measure and introducing a point-to-set 
mapping Γ  from 𝑋  to some set 𝑆 , then a possibility measure is completely specified by the 
knowledge of its restriction to the set of singletons of 𝑆: {𝜋௜ = ({𝑠௜}), 𝑠௜ ∈ 𝑆}, and because (𝑆) =

1, there exists an order 𝑖 such that 𝜋௜ = 1 (e.g., [54], [61]). A possibility measure is driven by the 
‘maxitivity’ property.  

Dubois and Prade also introduced a distinction between physical and epistemic possibility, and 
derived a pioneer probability-possibility transformation from statistical evidence expressed in a 
histogram [62], which preserves the probability of elementary events, conveying the concept of 
consistency between possibility and probability distributions, namely 𝜋(௜) ≥ 𝑝(௜), ∀𝑖. Establishing a 
decreasing ordering of the probabilities 𝑝(ଵ) ≥ 𝑝(ଶ) ≥ ⋯ ≥ 𝑝(௡) and associated possibility values of 
the distribution 𝜋(ଵ) ≥ 𝜋(ଶ) ≥ ⋯ ≥ 𝜋(௡) with 𝜋(ଵ) = 1 and 𝜋(௡ାଵ) = 0, they built a bijective mapping 
defined as 𝜋(௜) = 𝑖𝑝(௜) + ∑ 𝑝(௝)

௡
௝ୀ௜ାଵ  and, inverting, obtaining 𝑝(௝) = ∑ భ

ೖቀ(ഏ(ೖ)షഏ(ೖశభ)ቁ
௡
௞ୀ௝  a subject that 

was revisited and enhanced in subsequent publications [63-64]. Later, Yamada showed that the above 
mentioned transformation was one satisfying the principles of probability-possibility consistence and 
preference preservation [65]. 

Still, in the 1980’s, Yager [66] had discussed specificity and entropy relative to a mathematical 
theory of evidence, introducing a measure of dissonance, or conflict, relative to disjoint subsets, while 
specificity is a measure indicating the degree to which a possibility distribution points to one (and 
only one) element as its manifestation – as so, a possibility distribution 𝜋 is said to be at least as 
specific as an another 𝜋ᇱ if (and only if) for each state of affairs 𝑠 one has 𝜋(𝑠) ≤ 𝜋ᇱ(𝑠). 

As Elmore et al. say, a possibility distribution can represent complete knowledge and complete 
ignorance [13]: the former, occurs when the distribution has exactly one value of 1 and all the other 
are 0, while complete ignorance is represented by a distribution in which all values are 1, meaning 
equally fully possible occurrences; the first case is also known as the dogmatic possibility distribution 
and the second by the vacuous distribution (e.g., [67]), the first being the extreme case of maximal 
specificity while the second is the opposite. Also, Higashi and Klir [16] suggested an alternative 
theory of information within the framework of possibility theory, and proposed a measure of 
possibilistic uncertainty or imprecision (U-uncertainty), conceived as a counterpart of Shannon 
entropy, and later proved to be the only possibilistic measure of uncertainty satisfying an axiomatic 
framework compatible with Shannon and Hartley’s entropies [68].   

Dubois and Prade discussed both contributions mentioned above and provided an 
interpretation of Yager’s index [69], also clarifying that U-uncertainty estimates the imprecision of 
the focal elements. The consistency of possibility-probability transformations was studied by 
Delgado and Moral [70] from an axiomatic perspective, considering Zadeh formulation and Dubois 
and Prade criteria, highlighting a maximally specific possibility distribution, considering the usual 
decreasing ordering defined as 𝜋(௜) = ∑ 𝑝(௝)

௡
௝ୀ௜  for 𝑖 = 1, … , 𝑛. 

Klir has proposed a family of transformations based on the principle of uncertainty invariance – 
namely, the interval scale transformation – considering that uncertainty and information are 
interchangeable concepts [71], where non-specificity refers to ambiguity in the information and, on 
the other side, dissonance or conflict are associated with mutually exclusive events and Shannon 
entropy. Probability-possibility transformations can be conceived as mechanical manipulations, 
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bijective mappings between the probabilistic and a possibilistic models. However, Sudkamp proved 
that there is no probability-possibility transformation, which is symmetric and expansible, and 
preserves second order properties concerning the relationship between two or more distributions 
[72], such as independence or conditionalization.    

In the early 90’s, Dubois, Prade and Sandri [9] made an update addressing the topic of 
possibility-probability transformations, stating that the principle of insufficient reason should guide 
the transformation of possibility into probability, while the principle of maximum specificity should 
operate in the opposite direction, clarifying that moving from probability to possibility in a finite 
setting could be expressed as finding a possibility distribution 𝜋  dominating 𝑝  satisfying the 
preference preservation constraint and the criterion of maximal specificity, which intends to preserve 
as much original information as possible. In particular, when representing measurement results one 
looks for maximally specific probability-possibility transformations [73].  

There are several types of probability-possibility transformations and Oussalah made a detailed 
review on that subject providing a comparative analysis of five different transformations, regarding 
several criteria including specificity and preference preservation [74]. Yamada [65] clarified that if 
possibilities are considered a ratio scale, the bijective transformation built by Dubois and Prade (e.g., 
[62-63]), can be labeled optimal, in the sense that it is the unique transformation based on 
equidistribution and satisfying consistency, the preference and the order preservation principles. 

As Mei et al. summarize, there are basically three methods of probability-possibility 
transformation that have been suggested in the literature [75], the most common being the ratio scale 
method satisfying the normalization requirements of probability and possibility; the second method 
is the arising accumulation transformation, built by Dubois and Prade; and the third is based on Klir’s 
method based on interval scale and information invariance. 

There is a recent axiomatic characterization of the probability-possibility transformations [76], 
which will be used later in this work, and has already been applied in relation to an analogous 
situation regarding the optimal point of the weighted Gini-Simpson index [77]. 

 3. Analytical Results and Inversion Procedure 

In this section we present some analytical results concerning the characterization of the 
maximum point of weighted entropy, such as the evaluation of partial derivatives and the assessment 
of the dependence of the optimal point coordinates on weights, relative to monotony. Then, we will 
address and solve the inversion procedure. 

3.1. Analytical Study of the Maximum Point of Weighted Entropy 

As previously mentioned, Silviu Guiaşu built what he named the principle of maximum 
information with no constraint [23], stating that the weighted entropy is maximum when the 
maximizing point is defined by Equations (2), where 𝛼 is the solution of the equation written below.  

𝑝௜
∗ = exp൫−(𝛼 𝑤௜ + 1⁄ )൯ for 𝑖 = 1, ⋯ , 𝑛 and 𝛼: ∑ exp൫−(𝛼 𝑤௜ + 1⁄ )൯௡

௜ୀଵ = 1. (2)

Then, the maximum value is given by evaluating the quantity 𝐻௪
∗ = 𝛼 +

∑ 𝑤௜exp −(𝛼 𝑤௜ + 1⁄ )௡
௜ୀଵ . Next, we will make proofs of some propositions regarding the maximum 

point. For the partial derivatives we replace the more usual notation 𝜕𝑓 𝜕𝑤⁄  for the short form 𝜕௪𝑓. 
In the following, we are using natural logarithms, like Guiaşu did in his paper. 

Proposition 1: For 𝑛 ≥ 3, and 𝑤௜ > 0 for 𝑖 = 1, … 𝑛 one has 𝛼 > 0. 
Proof: Consider the equivalence  
∑ 𝑝௜

∗ = 1௡
௜ୀଵ ⇔ ∑ 𝑒ି(ఈ ௪೔⁄ )ିଵ = 1௡

௜ୀଵ  ⇔ ∑ 𝑒ି(ఈ ௪೔⁄ ) = 𝑒௡
௜ୀଵ ; 

let 𝑤௠ be a weight such that 
𝑒ି (ఈ ௪೘⁄ ) ≤ 𝑒ି (ఈ ௪ೖ⁄ ) for 𝑘 = 1, … , 𝑛; 
then, the following inequality holds: 𝑛𝑒ି (ఈ ௪೘⁄ ) ≤ ∑ 𝑒ି (ఈ ௪ೖ⁄ )௡

௞ୀଵ = 𝑒.  

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 17 December 2024 doi:10.20944/preprints202412.1479.v1

https://doi.org/10.20944/preprints202412.1479.v1


 7 

 

And 𝑒ି (ఈ ௪೘⁄ ) ≤ 𝑒 𝑛⁄ ; so, for 𝑛 ≥ 3 , and taking natural logarithms on both sides one has 
− 

ఈ

௪೘
≤ ln

௘

௡
< 0  what implies 𝛼 > 0  since 𝑤௠ > 0  by hypothesis, and also we get that 𝑤௠ =

min
௜ୀଵ,…,௡

𝑤௜ . □ 

Remark 1: If 𝑛 = 2, one has 𝛼 < 0 as we show next. From Equations (2) we have 𝑒ି(ఈ ௪భ⁄ )ିଵ +

 𝑒ି(ఈ ௪మ⁄ )ିଵ = 1 or, equivalently, 𝑒ି(ఈ ௪భ⁄ ) +  𝑒ି(ఈ ௪మ⁄ ) = 𝑒; let 𝑤௝  be the weight such that 𝑒ି ൫ఈ ௪ೕ⁄ ൯ ≥

𝑒ି (ఈ ௪ೖ⁄ ) ; then, the following inequality holds 2𝑒ି ൫ఈ ௪ೕ⁄ ൯ ≥ 𝑒ି (ఈ ௪ೖ⁄ ) + 𝑒ି ൫ఈ ௪ೕ⁄ ൯ = 𝑒  and so 
𝑒ି ൫ఈ ௪ೕ⁄ ൯ ≥

௘

ଶ
, and taking logarithms we have − ൫𝛼 𝑤௝⁄ ൯ ≥ 1 − log 2 > 0, thus 𝛼 < 0. □ 

Proposition 2: For 𝑛 ≥ 3, one has 𝑝௜
∗ < 𝑒ିଵ. 

Proof: From Equation (2) we have that 𝑝௜
∗ = 𝑒ି(ఈ ௪೔⁄ )ିଵ. Since 𝑤௜ > 0 by hypothesis and 𝛼 > 0 

as was shown in Proposition 1 we have 𝑒ି(ఈ ௪೔⁄ ) < 1 and therefore we obtain 𝑝௜
∗ = 𝑒ି(ఈ ௪೔⁄ )ିଵ < 𝑒ିଵ 

for 𝑖 = 1, … , 𝑛.□ 
Remark 2: Thus, the quantity 𝑒ିଵ is the supremum (least upper bound) of the maximum point 

coordinates. 
Proposition 3: One has 𝜕௪೔

𝛼 =
ఈ

௪೔
ቀ

ଵ

௪೔
𝑝௜

∗ቁ ቀ∑
ଵ

௪ೖ
𝑝௞

∗௡
௞ୀଵ ቁൗ .  

Proof: From ∑ 𝑒ି(ఈ ௪೔⁄ ) = 𝑒௡
௜ୀଵ  we get 

  
𝜕௪೔

∑ 𝑒ି (ఈ ௪ೖ⁄ )௡
௞ୀଵ = 0 ⇔ ∑ 𝜕௪೔

൫𝑒ି (ఈ ௪ೖ⁄ )൯௡
௞ୀଵ = 0, 

hence  
ఈ

௪೔
మ 𝑒ି (ఈ ௪೔⁄ ) + ∑ ൬−

௘ష ൫ഀ ೢೖ⁄ ൯

௪ೖ
𝜕௪೔

𝛼൰௡
௞ୀଵ = 0, 

and evaluating 𝜕௪೔
𝛼 one has  

𝜕௪೔
𝛼 =

ఈ

௪೔
మ 𝑒ି (ఈ ௪೔⁄ ) ቀ∑ ቀ

ଵ

௪ೖ
𝑒ି (ఈ ௪ೖ⁄ )ቁ௡

௞ୀଵ ቁൗ .  

Then, multiplying numerator and denominator by the quantity 𝑒ିଵ we get the result 𝜕௪೔
𝛼 =

ఈ

௪೔
ቀ𝑒ିଵ ଵ

௪೔
 𝑒ି (ఈ ௪೔⁄ )ቁ ቆ𝑒ିଵ ቀ∑

ଵ

௪ೖ
 𝑒ି(ఈ ௪ೖ⁄ )௡

௞ୀଵ ቁቇ൘ = 

=
ఈ

௪೔
ቀ

௣೔
∗

௪೔
ቁ ቀ∑

௣ೖ
∗

௪ೖ

௡
௞ୀଵ ቁൗ . □ 

Remark 3: From the result above, we can check that 𝜕௪೔
𝛼 <  

ఈ

௪೔
.  

Proposition 4: For 𝑛 ≥ 3, the partial derivatives sign is 𝜕௪೔
𝑝௜

∗ > 0 and 𝜕௪ೕ
𝑝௜

∗ < 0 if 𝑗 ≠ 𝑖. 
Proof: One has   
𝜕௪೔

𝑝௜
∗ = 𝜕௪೔

൫𝑒ି(ఈ ௪೔⁄ )ିଵ൯ = 𝑒ି(ఈ ௪೔⁄ )ିଵ𝜕௪೔
ቀ−

ఈ

௪೔
ቁ = 𝑝௜

∗𝜕௪೔
ቀ−

ఈ

௪೔
ቁ, 

and using Proposition 3, we obtain the development 𝜕௪೔
𝑝௜

∗ = 𝑝௜
∗ ఈି௪೔డೢ೔

ఈ

௪೔
మ =  =

𝑝௜
∗ ቀ𝛼 −

ఈ

௪೔
𝑝௜

∗ ቀ∑
௣ೖ

∗

௪ೖ

௡
௞ୀଵ ቁൗ  ቁ 𝑤௜

ଶൗ  from which one has 𝜕௪೔
𝑝௜

∗ = 𝑝௜
∗ ఈ

௪೔
మ ቀ1 − ቀ

௣೔
∗

௪೔
ቁ ቀ∑

௣ೖ
∗

௪ೖ

௡
௞ୀଵ ቁൗ ቁ. 

Given that ቀ
௣೔

∗

௪೔
ቁ ቀ∑

௣ೖ
∗

௪ೖ

௡
௞ୀଵ ቁൗ < 1 and 𝛼 > 0 (from Proposition 1), we obtain 𝜕௪೔

𝑝௜
∗ > 0.  

Also, for 𝑖 ≠ 𝑗 we have that 

𝜕௪ೕ
𝑝௜

∗ = 𝜕௪ೕ
൫𝑒ି(ఈ ௪೔⁄ )ିଵ൯ = −𝑒ି(ఈ ௪೔⁄ )ିଵ

డೢೕ
ఈ

௪೔
 and using Proposition 3 while rearranging terms we 

get  

𝜕௪ೕ
𝑝௜

∗ = −
ఈ

௪ೕ

௣ೕ
∗

௪ೕ
 

௣೔
∗

௪೔
ቀ∑

ଵ

௪ೖ
𝑝௞

∗௡
௞ୀଵ ቁ൘ < 0. □ 

Remark 4: So, we can say that for 𝑛 ≥ 3 any optimal coordinate 𝑝௜
∗ increases with (the increase 

of) its own weight 𝑤௜  and decreases with (the increase of) any other weight 𝑤௝(for 𝑗 ≠ 𝑖).    
Proposition 5: For 𝑛 ≥ 4, if one has 𝑤௝ = 0 then 𝑝௝

∗ = 0. 
Proof: Since 𝑛 ≥ 4, from Proposition 1 we have that 𝑎 > 0. Then, using Equation (2) one has 

𝑝௝
∗ = 𝑒ି൫஑/௪ೕାଵ൯ and evaluating lim

௪ೕ→଴శ
𝑝௝

∗ implies that although α changes its value, yet it remains a 

strictly positive quantity (𝑎 > 0), because that result holds for 𝑛 ≥ 3; in fact, to check this situation 
consider ∑ 𝑒ି(஑/௪೔ାଵ)௡ିଵ

௜ୀଵ + 𝑒ି(஑/௪೙ାଵ) = 1  equivalent to ∑ 𝑒ି஑/௪೔௡ିଵ
௜ୀଵ + 𝑒ି஑/௪೙ = 𝑒 ; if 𝛼 → 0  when 

𝑤௡ → 0, for the first part of the sum we would have lim
ఈ→଴

∑ 𝑒ି஑/௪೔௡ିଵ
௜ୀଵ = 𝑛 − 1 > 𝑒 if 𝑛 ≥ 4, thus it 
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can’t be 𝛼 → 0  and we have 𝑎 > 0 ; then, lim
௪ೕ→଴శ

𝑒ି൫஑/௪ೕାଵ൯ = 𝑒ିஶ = 0  and we can make the 

extension by continuity stating 𝑤௝ = 0   𝑝௝
∗ = 0, which entails that the domain becomes a face of the 

original simplex, what is still a simplex with lower dimension. □ 
Remark 5: The result of Proposition 5 applies for several 𝑤௝ = 0 as far as there remain at least 

three 𝑤௜ > 0 with 𝑖 ≠ 𝑗 corresponding to at least three 𝑝௜
∗ > 0. This result is the reason why we 

stated in the Introduction that the case for 𝑤௝ = 0 for any 𝑗, or some, would be irrelevant for the 
scope of this article, since the event(s) matching to the outcome(s) ൛𝑥௝ൟ  should be considered 
impossible and thus would be absent in the optimal point. 

3.2. An Inversion Procedure Anchored in the Optimal Point of Weighted Entropy 

The issue addressed in this section consists of the inverse problem: given a n-tuple (𝑝ଵ
∗, … , 𝑝௡

∗ ) 
considered to be a solution of the maximum point of 𝐻௪, what would be a set of real positive numbers 
{𝑤௜}௜ୀଵ,…,௡ that would generate that solution? We consider that the 𝑝௜

∗ are given in a complete setting, 
verifying 0 < 𝑝௜

∗ < 𝑒ିଵ (taking into account Proposition 2) and ∑ 𝑝௜
∗௡

௜ୀଵ = 1.  
Ordering the optimal probabilities in a descending way like 𝑝(ଵ)

∗ ≥ 𝑝(ଶ)
∗ ≥ ⋯ ≥ 𝑝(௡)

∗  and using 
Equations (2) with a fixed α supports a parallel ordering in the values of the weights such as 𝑤(ଵ) ≥

𝑤(ଶ) ≥ ⋯ ≥ 𝑤(௡) , also confirmed by the study of partial derivatives in Proposition 4. In fact, an 
ordering procedure would not be necessary, but simplifies the reasoning and display of results, 
avoiding a heavier notation with permutation, and facilitates when converting to a possibility 
distribution. 

Next, we ascribe the value 𝑤(ଵ) ≔ 1 in what could be named a fixed-pole method (e.g., [78]); 
one gets the simplification 𝑝(ଵ)

∗ = exp ቀ−൫𝛼ᇱ 𝑤(ଵ)⁄ + 1൯ቁ = 𝑒ିଵ𝑒ିఈᇲ  and solving for 𝛼ᇱ  one has 

𝛼ᇱ=−(1 + log 𝑝(ଵ)
∗ );  then, we have 𝑝(ଶ)

∗ = 𝑒ିଵ exp൫− 𝛼ᇱ 𝑤(ଶ)⁄ ൯ equivalent to log 𝑝(ଶ)
∗ = −1 −

ఈᇲ

௪(మ)
 and 

with 𝛼ᇱ = −1 − log 𝑝(ଵ)
∗  it follows that we get log 𝑝(ଶ)

∗ = −1 − ൫−1 − log 𝑝(ଵ)
∗ ൯ 𝑤(ଶ)ൗ  thus obtaining 

𝑤(ଶ) = ൫log 𝑝(ଵ)
∗ + 1൯ ൫log 𝑝(ଶ)

∗ + 1൯ൗ ; and, in general, we have the following relation 𝑤(௝) =

൫log 𝑝(ଵ)
∗ + 1൯ ൫log 𝑝(௝)

∗ + 1൯ൗ  for 𝑗 = 1, … , 𝑛, with 𝑝(ଵ)
∗ = max

௜ୀଵ,…,௡
𝑝௜

∗. 

Proposition 6: The weights computed as 𝑤(௜) = ൫log 𝑝(ଵ)
∗ + 1൯ ൫log 𝑝(௜)

∗ + 1൯ൗ  for 𝑖 = 1, … , 𝑛 are 
solution of the equation ∑ exp ቀ−൫𝛼ᇱ 𝑤(௜)⁄ ൯ቁ௡

௜ୀଵ = 𝑒. 
Proof: The proof is straightforward. For a generic 𝑖, and with 𝛼ᇱ = −1 − log 𝑝(ଵ)

∗  one has that 

evaluating exp ቀ−൫𝛼ᇱ 𝑤(௜)⁄ ൯ቁ becomes exp ൬− ൫−(1 + log 𝑝(ଵ)
∗ )൯ ൬

୪୭୥ ௣(భ)
∗ ାଵ

୪୭୥ ௣(೔)
∗ ାଵ

൰ൗ ൰  and so 

exp ቀ−൫𝛼ᇱ 𝑤(௜)⁄ ൯ቁ = exp൫log 𝑝(௜)
∗ + 1൯ = 𝑒𝑝(௜)

∗ then ∑ exp ቀ−൫𝛼ᇱ 𝑤(௜)⁄ ൯ቁ௡
௜ୀଵ = ∑ 𝑒𝑝(௜)

∗௡
௜ୀଵ = 𝑒 ∑ 𝑝(௜)

∗ = 𝑒௡
௜ୀଵ . 

□ 
Proposition 7: A positive linear transformation of the weights like 𝑢(௜) = 𝑐𝑤(௜)  with 𝑐 > 0 

implies 𝛼ᇱᇱ = 𝑐𝑎ᇱ and the optimal point coordinates remain unchanged. 
Proof:  One has 𝑝(௜)

∗ = exp ቀ−൫𝛼ᇱ 𝑤(௜)⁄ + 1൯ቁ = exp ቀ−൫𝑐𝛼ᇱ ൫𝑐𝑤(௜)൯⁄ + 1൯ቁ and with 𝑢(௜) = 𝑐𝑤(௜) 

we have 𝛼ᇱᇱ = 𝑐𝛼ᇱand 𝑝(௜)
∗ = exp ቀ−൫𝛼ᇱᇱ 𝑢(௜) + 1⁄ ൯ቁ for 𝑖 = 1, … , 𝑛. □ 

4. Eliciting a Novel Probability-possibility Transformation 
As previously mentioned in the literature review Zadeh [6] stated that the mathematical 

expression 𝐻௉(𝐴) = − ∑ 𝜇஺(𝑥௜)௡
௜ୀଵ 𝑝௜ log 𝑝௜  evaluates the entropy of a fuzzy set 𝐴 with respect to a 

given probability distribution 𝑃 = (𝑝ଵ, … , 𝑝௡), where 𝜇஺(𝑥௜) stands for the value of membership 
function concerning the occurrence with outcome {𝑥௜} in relation to 𝐴. Also, the author inaugurated 
a theory of possibility with a basis on fuzzy sets [55], and postulated that the possibility that 𝑋 = 𝑥௜  
denoted as 𝜋௑(𝑥௜) equates the value of the membership function 𝜇஺(𝑥௜). 

One sentence that highlights and expands the original formulation by Zadeh concerning 
possibility theory, states that a possibility distribution 𝜋௑ is a mapping from a referential understood 
as a set of mutually exclusive values for the attribute 𝑋 to a totally ordered scale such as the unit 
interval [79], and any such mapping from a set of elements, viewed as a mutually exclusive set of 
alternatives, can be seen as acting as an elastic restriction on the value of a single-valued variable. 
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We will deal in this section with Equation (3), an analogue of Equation (1), with the same 
domain, the simplex ௡ିଵ = ൛൫𝑝ଵ,⋯,𝑝௡൯: 𝑝௜ ≥ 0, ∑ 𝑝௜

௡
௜ୀଵ = 1ൟ , and the possibility distribution values 

considered real numbers in the interval 0 < 𝜋௜ ≤ 1, associated with the normalization condition 
max

௜ୀଵ,…,௡
𝜋௜ = 1 for some 𝑖. 

𝐻గ = − ∑ 𝜋௜𝑝௜ log 𝑝௜
௡
௜ୀଵ . (3) 

Therefore, observing Equation (3), we see that the syntax of Equation (1) holds, but the semantics 
has changed somewhat.  

In fact, if one refers to the quantity 𝑔௜ = − log 𝑝௜ = log(1 𝑝௜⁄ ) > 0  when 𝑝௜ < 1 , as the 
information gain associated with the occurrence of the matching event (e.g., [52]), then Shannon 
entropy evaluates the uncertainty associated with a discrete and finite random variable 𝑋; now, in 
Equation (3) one has another quantity, 𝑓௜ = −𝜋௜ log 𝑝௜ , a fuzzy information gain verifying 𝑓௜ = 𝜋௜𝑔௜ ≤

𝑔௜  as 0 < 𝜋௜ ≤ 1, modulated by another level of imprecision concerning incomplete knowledge 
about the situation, for instance a lack of accuracy. For example, when throwing a dice with the dots 
faded, making it difficult or impossible to recognize the outcome with naked eye (but, presumably, 
not with a lens or specific test), that can be considered a kind of incomplete knowledge coupled with 
ambiguity: rolling a dice means a certain outcome, yet if one cannot identify it properly then becomes 
a matter of incomplete knowledge or fuzziness. 

Concomitantly, we will not refer to 𝐻గ as a measure of uncertainty, as we consider that the 
information gain keeps exclusively associated with randomness, and reducing inaccuracy amplifies 
the gain; so, we can refer to Equation (3) as ‘possible information’ using an analogy with the ‘useful 
information’ mentioned in the literature review concerning weighted entropy. And obviously, one 
has 𝐻గ ≤ 𝐻 for the same probability distribution and equality is only attained in the case 𝜋௜ = 1 for 
all singletons with strictly positive probability. However, Equation (3) should not be confused and 
misinterpreted with fuzzy entropy in other senses, like the concept of a non-probabilistic entropy of 
fuzzy sets (e.g., [80]). 

We had adopted Equation (3) as a synthesis of a possibility-weighted entropy, where we denote 
for short 𝜋௜: = 𝜋௑(𝑥௜) associated with a complete ordering such as 𝜋(ଵ) ≥ ⋯ ≥ 𝜋(௡) ≥ 𝜋(௡ାଵ) = 0, 
with 𝜋(ଵ) = 1 meaning that the correspondent outcome {𝑥ଵ} of an elementary event is considered 
fully possible which is the normalization condition, associated with the parallel probability ordering 
𝑝(ଵ)

∗ ≥ 𝑝(ଶ)
∗ ≥ ⋯ ≥ 𝑝(௡)

∗ .  
Also, one must keep in mind the consistence principle previously mentioned by Dubois and 

Prade (e.g., [54], [79]), stating that one must have 𝜋(௜) ≥ 𝑝(௜)
∗  for 𝑖 = 1, … , 𝑛, and remind that Equation 

(3) can be considered a framework for dealing with a joint description of a random variable and a 
fuzzy variable, associating the two uncertainty systems of probability and possibility, as other 
methods do (e.g., [81]).  

Let us remember the results presented before in the propositions related to the weights, and 
replace the notation with the most usual in probability-possibility transformations changing 𝑤(௜) by 
𝜋(௜)  for 𝑖 = 1, … , 𝑛, with 𝜋(ଵ) = 1 for normalization and adapting Proposition 6, we get the values 
𝜋(௝) defined by the following equation(s):  

𝜋(௜) = ൫log 𝑝(ଵ)
∗ + 1൯ ൫log 𝑝(௜)

∗ + 1൯ൗ  for 𝑖 = 1, … , 𝑛. (4)

5. Discussion of Results 

In this section, we will provide two types of results: theoretical, relative to checking axioms for 
an admissible probability-possibility transformation; and empirical, scrutinizing numeric examples. 
Last, we will make general comments and suggestions on this subject, including possible further 
research.  

5.1. Checking Axioms 

Jin et al. presented a set of four axioms (see [76]), regarding an admissible probability-possibility 
transformation, that we will check, relative to the problem at stake associated with Equations (4). 
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 A1) Bijectivity. If 𝑇: 𝑝 𝜋 is such a transformation, 𝑇 should be injective so that there is an 
inverse transformation 𝑇ିଵ: 𝜋 𝑝 ; the domain of 𝑇  is the open interval ]0, 𝑒ିଵ[  (from 

Proposition 2), with a defined 𝑝(ଵ)
∗ = max

௜ୀଵ,…,௡
𝑝௜

∗ from which one sets 𝜋(ଵ) = 1 for normalization. 

From Equations 4, we have 𝜋(௝) = ൫log 𝑝(ଵ)
∗ + 1൯ ൫log 𝑝(௝)

∗ + 1൯ൗ  and manipulating the expression 
one gets 𝑝(௝)

∗ = 𝑓൫𝜋(௝)൯ = 𝑒ିଵexp൫൫log 𝑝(ଵ)
∗ + 1൯ 𝜋(௝)ൗ ൯; thus, for a given 𝑝(ଵ)

∗ , it follows that 𝑝(௝)
∗ =

𝑓(𝜋(௝)) is defined as a one-to-one correspondence with 0 < 𝜋(௝) ≤ 1 and 0 < 𝑝(௝)
∗ < 𝑒ିଵ; yet, 

𝑇ିଵ is not surjective concerning the whole unit interval ⌈0,1⌉, but stands only in the restriction 
mentioned, the open interval ]0, 𝑒ିଵ[, and bijectivity only applies there; 

 A2) Concerning co-monotonicity, one should observe that the following equivalence holds: 

𝑝(௜)
∗ ≥ 𝑝(௝)

∗  𝜋(௜) ≥ 𝜋(௝); one has 𝜋(௜) ≥ 𝜋(௝) 
୪୭୥ ௣(భ)

∗ ାଵ

୪୭୥ ௣(೔)
∗ ାଵ

≥
୪୭୥ ௣(భ)

∗ ାଵ

୪୭୥ ௣(ೕ)
∗ ାଵ

 and inverting both members, we 

obtain 
୪୭୥ ௣(೔)

∗ ାଵ

୪୭୥ ௣(భ)
∗ ାଵ

≤
୪୭୥ ௣(ೕ)

∗ ାଵ

୪୭୥ ௣(భ)
∗ ାଵ

 from what one can multiply by log 𝑝(ଵ)
∗ + 1 < 0 (because 𝑝(ଵ)

∗ < 𝑒ିଵ), 

then obtaining log 𝑝(௜)
∗ + 1 ≥ log 𝑝(௝)

∗ + 1 and 𝑝(௜)
∗ ≥ 𝑝(௝)

∗ ; 

 A3) Consistency, entailing that for 𝑗 = 1, … , 𝑛 one should have 𝜋(௝) ≥ 𝑝(௝)
∗ ; then, it should hold 

that 
୪୭୥ ௣(భ)

∗ ାଵ

୪୭୥ ௣(ೕ)
∗ ାଵ

≥ 𝑝(௝)
∗  𝑝(௝)

∗ ൫log 𝑝(௝)
∗ + 1൯ ≥ log 𝑝(ଵ)

∗ + 1  with 𝑝(ଵ)
∗ , 𝑝(௝)

∗ ∈ ]0, 𝑒ିଵ[ ; one can research 

the behavior of 𝑓൫𝑝(௝)
∗ ൯ = 𝑝(௝)

∗ ൫log 𝑝(௝)
∗ + 1൯ in the interval 0 < 𝑝(௝)

∗ < 𝑒ିଵ; 𝑓൫𝑝(௝)
∗ ൯ has a single 

minimum point at 𝑝(௝)
∗ = 𝑒ିଶ  with value 𝑓(𝑒ିଶ) = −𝑒ିଶ ; so, if we want to ensure that the 

inequality 𝑝(௝)
∗ ൫log 𝑝(௝)

∗ + 1൯ ≥ log 𝑝(ଵ)
∗ + 1 stands, a sufficient condition is that we have −𝑒ିଶ ≥

log 𝑝(ଵ)
∗ + 1     log 𝑝(ଵ)

∗ ≤ −1 − 𝑒ିଶ  and then 𝑝(ଵ)
∗ ≤ exp(−1 − 𝑒ିଶ) ; so, there is a threshold 

relative to 𝑝(ଵ)
∗  for ensuring consistency of the transformation; previously, we had already the 

condition 𝑝(ଵ)
∗ < 𝑒ିଵ ≅ 0.36788 but now that quantity is lessened about 0.047 to ensure axiom 

A3. We denote that threshold as τ = exp(−1 − 𝑒ିଶ) ≅ 0.32131;  

 A4) Support preserving, meaning 𝑝(௜)
∗ = 0 if and only if 𝜋(௜) = 0. From proposition 5 we know 

that, for 𝑛 ≥ 4 , the following implication holds 𝜋(௜) = 0     𝑝(௜)
∗ = 0 ; then, with 𝜋௜ =

൫log 𝑝(ଵ)
∗ + 1൯ ൫log 𝑝(௜)

∗ + 1൯ൗ  we can evaluate the extension by continuity with the limit 

lim
௣(೔)

∗ →଴శ

୪୭୥ ௣(భ)
∗ ାଵ

୪୭୥ ௣(೔)
∗ ାଵ

= 0 and infer 𝑝(௜)
∗ = 0   𝜋(௜) = 0. 

Summarizing, the axioms were verified with some restrictions: concerning A1, when we move 
from probability to possibility the domain is the open interval ]0, 𝑒ିଵ[ and therefore the inverse 
transformation, although injective, is not surjective in relation to the whole unit interval [0,1]; 
referring to A3, for assuring consistency one has to observe a sufficient condition relative to a 
threshold more restrictive than the least upper bound for the optimal probabilities, meaning 
max

௜ୀଵ,…,௡
𝑝௜

∗ < exp(−1 − 𝑒ିଶ) = 𝜏. 

5.2. Numerical Examples 

Below, we present detailed numerical examples that help illustrate and discuss the probability-
possibility transformation outlined in this paper; in any case, the examples have a small dimension 
𝑛 = 7 , suitable to convey a qualitative appreciation and analysis. Two other examples aim to 
complement and highlight the relevance of the threshold mentioned when discussing axiom A3. 

In the first case, we computed the optimal probability point of weighted entropy given the 
weights, using Equations (2) outlined by Guiaşu. In the second example, the probability distribution 
was imported from a numerical example previously discussed, concerning the weighted Gini-
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Simpson index [77]. Then, using the probability distribution(s) as input(s), we computed the novel 
possibility distribution with the procedure outlined in this article in Equations (4). 

Regarding the first two examples (and also using the correspondent probability distribution as 
input) other four different possibility distributions mentioned in the literature were evaluated to be 
compared with the new one, namely: 

 The one derived from the weighted Gini-Simpson index (see [77]) denoted 𝜋(௜)
଴  and computed 

like 𝜋(௜)
଴ = ൫1 − 2𝑝(ଵ)

∗ ൯ ൫1 − 2𝑝(௜)
∗ ൯ൗ ; 

 The so-called ‘optimal transformation’, mentioned in the literature review and considered well-
accepted (e.g., [13], [79]) defined as 𝜋(௜)

ᇱ = ∑ 𝑝(௝)
∗௡

௝ୀ௜ , which is considered satisfying criteria of 
consistency, ordinal faithfulness and maximal specificity;  

 The ‘ratio scale transformation’, quite well known and mentioned (e.g., [74], [79], [81]), denoted 

𝜋(௜)
ᇱᇱ = 𝑝(௜)

∗ 𝑝(ଵ)
∗⁄  with 𝑝(ଵ)

∗ = max
௜ୀଵ,…,௡

𝑝௜
∗;  

 And, last, the ‘arising accumulation transformation’ (e.g., [76]), derived by Dubois and Prade 
[62-63], calculated with the expression 𝜋(௜)

ᇱᇱᇱ = 𝑖𝑝(௜)
∗ + ∑ 𝑝(௝)

∗௡
௝ୀ௜ାଵ . 

Still, we will compare all the possibility distributions evaluated with three criteria or measures 
well known from the literature: 

1. The heuristic weak probability-possibility consistency principle of Zadeh (e.g., [55], [62]), 
computed like 𝛾 = 𝐩∗|𝛑, meaning the inner product of the vectors of probabilities and of the 
possibility distribution(s) at stake, which was discussed with consistency axioms and proved to 
be a solution for predicting 𝛑 given 𝐩∗ [70]; one has that 0 < 𝛾 ≤ 1, and the smaller the value 
(close to 0) the more orthogonal are the vectors, while near the value 1 approximates the 
‘vacuous distribution’ (𝜋(௜) = 1 for 𝑖 = 1, … , 𝑛), reflecting trivial possibility.  

2. A measure of specificity (e.g., [13], [82]), evaluated as 𝜎 = 1 − ∑ 𝜋(௝) (𝑛 − 1)⁄௝ஷଵ  coupled with 
the condition 𝜋(ଵ) = 1, assessing how a possibility distribution is countering uncertainty, the 
maximal specificity (𝜎 = 1) being attained  when a singleton is totally possible and all the other 
impossible, the so-called ‘dogmatic distribution’ ( 𝜋(௝) = 1  and 𝜋(௜) = 0  if 𝑖 ≠ 𝑗 ); on the 
opposite, the minimal specificity is achieved with the ‘vacuous distribution’, all singletons being 
totally possible, implying maximum uncertainty and ignorance and thus null specificity (𝜎 = 0);  

3. Last, it will be evaluated the total possibilistic uncertainty (e.g., [83-84]) here denoted 𝜗 =

∑ ൫𝜋(௜) − 𝜋(௜ାଵ)൯௡
௜ୀଶ logଶ൫𝑖ଶ ∑ 𝜋(௝)

௜
௝ୀଵൗ ൯with 𝜋(௡ାଵ) = 0,which can be considered inversely related 

with specificity; once more, the maximum value being 𝜗 = logଶ 𝑛 (if 𝑛 = 7, logଶ 7 ≅ 2.8074) 
attained with the ‘vacuous distribution’, and the minimum value (equal to 0) relative to the 
‘dogmatic distribution’. 

5.2.1. Numerical example computed with the optimal point of weighted entropy 

In this first example, seen in Table 1, given ordinal weights in decreasing order 𝑤(ଵ) = 7, 𝑤(ଶ) =

6, … , 𝑤(଻) = 1, the maximum point of weighted entropy was evaluated with Equations (2) and we can 
see that 𝐩∗ seems decreasingly balanced, ranging from 𝑝(ଵ)

∗ = 0.23  to 𝑝(଻)
∗ = 0.02 ; the calculated 

probabilities vary by about 11:1, while the original weights vary by a ratio of 7:1. The possibility 
distribution computed with Equations (4) is denoted 𝜋(௜) and the others mentioned above (𝜋(௜)

଴ , 𝜋(௜)
ᇱ , 

𝜋(௜)
ᇱᇱ , 𝜋(௜)

ᇱᇱᇱ) were computed with the same probability distribution as input, for comparison purposes. 
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Table 1. The input probability distribution is the maximum point of weighted entropy with the 
specified weights. Possibility distributions are computed as explained in the text1 

Input probability Possibility distributions 

Index 𝒑(𝒊)
∗  𝝅(𝒊) 𝝅(𝒊)

𝟎  𝝅(𝒊)
ᇱ  𝝅(𝒊)

ᇱᇱ  𝝅(𝒊)
ᇱᇱᇱ  

𝑖 = 1 0.23 1.00 1.00 1.00 1.00 1.00 
𝑖 = 2 0.21 0.84 0.93 0.77 0.91 0.98 
𝑖 = 3 0.19 0.71 0.87 0.56 0.83 0.94 
𝑖 = 4 0.16 0.56 0.79 0.37 0.70 0.85 
𝑖 = 5 0.12 0.42 0.71 0.21 0.52 0.69 
𝑖 = 6 0.07 0.28 0.63 0.09 0.30 0.44 
𝑖 = 7 0.02 0.16 0.56 0.02 0.09 0.14 

Measures  
𝛾 0.70 0.86 0.59 0.78 0.87 
𝜎 0.50 0.25 0.66 0.44 0.33 
𝜗 2.11 2.54 1.73 2.25 2.46 

1Numbers are presented rounded up with two decimal places for readability, although they were computed to 
fifteen digits. 

The possibility distribution 𝜋(௜)  looks balanced; we can see that it scores after 𝜋(௜)
ᇱ  (optimal 

transformation) in the three criteria (𝛾, 𝜎, 𝜗), thus being more orthogonal relative to the probability 
distribution (𝛾 = 0.70), and also more specific and less uncertain than the other three distributions at 
stake 𝜋(௜)

଴ , 𝜋(௜)
ᇱᇱ  and 𝜋(௜)

ᇱᇱ ; one also has the verification of the consistence criterium 𝜋(௜) ≥ 𝑝(௜)
∗  for 𝑖 =

1, … ,7 as it should be from the discussion of axiom A3 previously done. In this case, 𝜋(௜)
଴  and 𝜋(௜)

ᇱᇱᇱ  
show to be the less specific and concomitantly the more uncertain possibility distributions in the 
example. 

5.2.2. Numerical example with an imported probability distribution 

The next example draws from an imported probability distribution, computed as the optimal 
point of the weighted Gini-Simpson index (see [77]). It should be noted that this comparison could 
be claimed to be relevant, since one can make the first order approximation (dropping out the other 
terms) for the information gains associated with weighted entropy stating 𝑔௜ = − log 𝑝௜ = 1 − 𝑝௜ + 𝜀 
where 𝜀 means the error derived from omitting other terms in the approximation; and the Gini-
Simpson index, computed with truncated information gains 𝑔௜

ᇱ = 1 − 𝑝௜ , can be said to be a kind of 
relative of Shannon entropy (e.g., [85]), although it should be noted that the approximation is quite 
coarse for low probability values, meaning that the error term becomes more and more important.  

In Table 2, we can see the input probability and the figures of all the possibility distributions 
evaluated, 𝜋(௜) being the object of this article and all the other for comparison purposes. 

Table 2. The input probability distribution is imported as explained in the text. Possibility 
distributions are computed as mentioned in the text1. 

Input probability Possibility distributions 

Index 𝒑(𝒊)
∗  𝝅(𝒊) 𝝅(𝒊)

𝟎  𝝅(𝒊)
ᇱ  𝝅(𝒊)

ᇱᇱ  𝝅(𝒊)
ᇱᇱᇱ  

𝑖 = 1 0.32 1.00 1.00 1.00 1.00 1.00 
𝑖 = 2 0.23 0.30 0.67 0.68 0.72 0.91 
𝑖 = 3 0.17 0.18 0.55 0.45 0.53 0.79 
𝑖 = 4 0.12 0.12 0.47 0.28 0.38 0.64 
𝑖 = 5 0.08 0.09 0.43 0.16 0.25 0.48 
𝑖 = 6 0.05 0.07 0.40 0.08 0.16 0.33 
𝑖 = 7 0.03 0.06 0.38 0.03 0.09 0.21 

Measures  
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𝛾 0.45 0.69 0.60 0.65 0.80 
𝜎 0.86 0.52 0.72 0.65 0.44 
𝜗 0.85 1.96 1.55 1.75 2.26 

1Numbers are presented rounded up with two decimal places for readability, although they were computed to 
fifteen digits. 

From Table 2, one can see that 𝜋(௜)  performs differently from the previous example, when 
compared with all the other four possibility distributions.  

First, we should note that 𝑝(ଵ)
∗ = 0.32 is very near the threshold that was identified concerning 

axiom A3 (𝜏 ≅ 0.32131); yet, the figures still support general consistency as it should. When we move 
from 𝑝(ଵ)

∗ = 0.32 to 𝑝(ଶ)
∗ = 0.23 there is a decline of about 28%, but, correspondingly, from 𝜋(ଵ) =

1.00 to 𝜋(ଶ) = 0.30 there is a sharp decline of 70%; thus 𝜋(௜) shows the more orthogonal with the 
vector of probabilities when comparing with all the other possibility distributions using the criterium 
of Zadeh with the lowest value (𝛾 = 0.45); also, it has the highest specificity index (𝜎 = 0.86), what 
derives from the same abrupt transition between 𝜋(ଵ)  and all the other possibility values of the 
distribution; last, and correspondingly, it has by far the least uncertainty measure 𝜗 = 0.85.  

Then, it seems plausible consider that when one has 𝑝(ଵ)
∗ ≅ 𝜏, our new probability-possibility 

transformation generating 𝜋(௜) reveals a kind of abrupt behavior, regarding the possibility values 
following next to the maximum.  

Rechecking that situation with a similar example built with that goal: in Table 3 we can see a 
similar probability distribution, where the maximum value 𝑝(ଵ)

∗ = 0.32 is the same as the previous 
example, but next follows 𝑝(ଶ)

∗ = 0.30, meaning a decrease of less than 10% comparing with 𝑝(ଵ)
∗ , but 

the correspondent possibility values go from 𝜋(ଵ) = 1 to 𝜋(ଶ) = 0.68 with a decline of 32%.  
So, it seems that when 𝑝(ଵ)

∗  is near the threshold 𝜏 ≅ 0.32131 there will be an abrupt transition 
relative to the next term of the possibility distribution, even if the probability values are quite near; 
yet, 𝜋(ଶ)

ᇱ  shows the same transition in this example, and the other possibility distributions reckoned 
in the case seem considerably more conservative, namely 𝜋(௜)

଴  and 𝜋(௜)
ᇱᇱᇱ . 

Table 3. The input probability distribution is built to recheck the anomaly near the threshold. The 
possibility distributions are reckoned as usual 

 𝒊 = 𝟏 𝒊 = 𝟐 𝒊 = 𝟑 𝒊 = 𝟒 𝒊 = 𝟓 𝒊 = 𝟔 𝒊 = 𝟕 
𝒑(𝒊)

∗  0.32 0.30 0.18 0.10 0.05 0.03 0.02 
𝝅(𝒊) 1.00 0.68 0.20 0.11 0.07 0.06 0.05 
𝝅(𝒊)

𝟎  1.00 0.90 0.56 0.45 0.40 0.38 0.38 
𝝅(𝒊)

ᇱ  1.00 0.68 0.38 0.20 0.10 0.05 0.02 
𝝅(𝒊)

ᇱᇱ  1.00 0.94 0.56 0.31 0.16 0.09 0.06 
𝝅(𝒊)

ᇱᇱᇱ  1.00 0.98 0.74 0.50 0.30 0.20 0.14 
1Numbers are presented rounded up with two decimal places for readability, although they were computed to 
fifteen digits. 

5.2.3. Numerical example used to check consistency when the threshold 𝜏 is violated 

Here we use a numerical example where 𝑝(ଵ)
∗ = 0.34 meaning it is below the absolute constraint 

𝑒ିଵ but above the threshold previously identified when discussing axiom A3, namely 𝜏 ≅ 0.32131. 
Once more, given the probability distribution as input, the values of the new possibility distribution 
were computed using Equations (4). The results can be seen in Table 4. 

Table 4. The input probability distribution is built to check the threshold relative to axiom A3. The 
possibility distributions are reckoned as usual 

 𝒊 = 𝟏 𝒊 = 𝟐 𝒊 = 𝟑 𝒊 = 𝟒 𝒊 = 𝟓 𝒊 = 𝟔 𝒊 = 𝟕 
𝒑(𝒊)

∗  0.34 0.29 0.18 0.10 0.04 0.03 0.02 

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 17 December 2024 doi:10.20944/preprints202412.1479.v1

https://doi.org/10.20944/preprints202412.1479.v1


 14 

 

𝝅(𝒊) 1.00 0.33 0.11 0.06 0.04 0.03 0.03 
𝝅(𝒊)

𝟎  1.00 0.76 0.50 0.40 0.35 0.34 0.33 
𝝅(𝒊)

ᇱ  1.00 0.66 0.37 0.19 0.09 0.05 0.02 
𝝅(𝒊)

ᇱᇱ  1.00 0.85 0.53 0.29 0.12 0.09 0.06 
𝝅(𝒊)

ᇱᇱᇱ  1.00 0.95 0.73 0.49 0.25 0.20 0.14 
1Numbers are presented rounded up with two decimal places for readability, although they were computed to 
fifteen digits. 

From Table 4, one can see that in fact 𝜋(ଷ) < 𝑝(ଷ)
∗  and 𝜋(ସ) < 𝑝(ସ)

∗  and so the threshold shows to 
be relevant for assessing axiom A3; in this case, the possibility distribution does not verify the 
consistency principle which would demand 𝜋(௜) ≥ 𝑝(௜)

∗ , ∀𝑖. The noticeable flaws occur in the middle 
of the distribution, and none of the other possibility distributions show this anomaly. 

5.3. General Comments and Further Research 

As Mei stated, probability comes with randomness while possibility comes with fuzziness [86], 
and understanding randomness, fuzziness and unknown-uncertainty, and their related theories, 
keeps evolving [81]. Also, probability-possibility transformations is a field of research that goes on 
with new developments (e.g. [87-88]), as well as appear new frameworks dealing with weighted 
entropic models [89] or random and epistemic uncertainties (e.g. [90]), including portfolio selection 
based on fuzzy weighted entropy [91].   

The inversion procedure outlined in this paper, anchored in the optimal point of weighted 
entropy and using the normalization condition max

௜ୀଵ,…,௡
𝑤௜ = 1 is feasible and appeals naturally for 

considering a possibility distribution associated with the probability distribution at stake, which was 
established using Equations (4) and further discussed.   

From the theoretical results, it follows that the main limitation of this method is the one linked 
to the intrinsic restriction on the evaluation of optimal coordinates, bounded above by the supremum 
(least upper bound) value exp(−1) if 𝑛 ≥ 3. Still, when using the consistency criterium defined by 
Dubois and Prade implying 𝜋(௜) ≥ 𝑝(௜)

∗  ∀𝑖 , one has another constraint concerning a threshold, 
entailing max

௜ୀଵ,…,௡
𝑝௜

∗ ≤ τ = exp(−1 − 𝑒ିଶ)  for consistency. However, it should be reminded that a 

restriction of the type was already mentioned concerning the ratio scale transformation (e.g., [79]), and 
it could be also noted that Lofti Zadeh in his last papers emphasized that restriction is the principle 
which sustains information ([92-93]). 

It is easily seen that one could retrieve standardized weights from the results of the procedure 
making 𝑤′௜ = 𝜋௜ ∑ 𝜋௝

௡
௝ୀଵ⁄  obtaining adimensional numbers verifying intrinsically 0 < 𝑤′௜ < 1 and 

∑ 𝑤′௜
௡
௜ୀଵ = 1 , or else any other form of linear positive scaling as 𝑤′′௜ = 𝑐𝜋௜  with 𝑐 > 0 , as by 

Proposition 7 the optimal point coordinates are insensitive to such a transformation. And from there 
we can move forward addressing an utility structure anchored in values for goals, a subject of 
research that goes on, including model selection in artificial intelligence using fuzzy weighted 
entropy [94] or dynamic discrete choice where weighted entropy is used to assess information cost 
[95].   

Concerning the main limitation mentioned, relative to the barrier defined by the supremum of 
the maximum point coordinates clarified in Proposition 2, it cannot be overcome within the 
framework of weighted Shannon entropy. But we can move into another related one – mentioned as 
an expected utility and weighted entropy model – also defined with domain in the usual simplex, 
herein denoted as 𝐸௪ = 𝐻௪ + ∑ 𝑤௜𝑝௜

௡
௜ୀଵ  where it is shown that the optimal coordinates verify 0 <

𝑝௜
∗ < 1 ([43], [96-97]), which was previously used for assessing and discussing landscape mosaic 

composition with different habitats, within the field of landscape ecology. 
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