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Abstract: This paper presents an explicit method for constructing tangential and anisotropic bases in quadratic
spaces. We will also provide three theorems that allow us to explicitly calculate vectors that are orthogonal or
tangent to given vectors or that provide necessary and sufficient conditions for the existence of such vectors. A
classical theorem on quadratic space states that every finite-dimensional quadratic space has an orthogonal basis.
A result that seems to be unanswered is under what conditions a finite-dimensional quadratic space has a basis
consisting of isotropic vectors. A second problem is whether or not every finite-dimensional quadratic space has a
basis consisting of mutually tangent vectors, where two vectors v, w are tangent if (- v)2 = (u - u)(v - v). In this

paper, we attack these two problems.
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1. Introduction

A detailed and basic study to understand quadratic forms appears in [4,5]. The anisotropic part
of a quadratic form over a field has been studied by P. Koprowski and B. Rothkegel in [3]. On the
other hand, the algorithms that allow us to understand the anisotropic part of a quadratic form are
systematically presented in the works of P. Koprowski and A. Czogala (see [1,2]). If V is a quadratic
, the equation u - v = 0, with u,v € V, is usually
interpreted as the orthogonality of the vectors u and v there are numerous geometric examples that
justify this point of view. However, little mention is made of the condition (1 - v)? = (u - u)(v - v). In
the present work, we propose to convince the reader, with several examples, that this last condition

" o1

space, that is, a vector space with inner product

expresses the fact that the vectors u and v are fangents, prior identification of vectors with everyday
geometric entities. We will also provide three theorems that allow us to explicitly calculate vectors that
are orthogonal or tangent to given vectors or that provide necessary and sufficient conditions for the
existence of such vectors.

2. Preliminary Facts

For the sake of simplicity and convenience to the reader, we will begin this section with some
basic and necessary concepts for understanding this work.

Definition 1. Let V an vector space over an abstract field F, an inner product over Visamap ¢: V x V = F
which satisfies the following properties:

(i) @(uq +up,v) = @(u1,v) + @(u,v), Uy, up,v € V;
(i) (Au,v) = Ap(u,v),A € F,u,veV;
(iii) @(u,v) = ¢(v,u), u,ve V.

Usually write u - v instead of ¢(u,v). Two vectors u,v € V are called orthogonal if u - v = 0 and
tangent if (u-v)? = (u-u)(v - ).

An quadratic space V is a vector space over a field F endowed with an inner product

We say that V is regular, if u - v = 0 for every u € V implies that v = 0.

“u o
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Definition 2. Let u # 0 be a vector in the quadratic space V, we call u isotropic if u - u = 0 and anisotropic if
u-u#0.

A subespace S of V is totally isotropic if for every pair u,v € S, wehave u -v = 0.

Definition 3. Let V be a quadratic space of finite dimension n. The index of V (ind V) is the maximum
dimension of a totally isotropic subspace of V. So, ind V=0 if and only if V is anisotropic.

The Grammian of a basis 8= {vy,0vy,...,v,} of V is the determinant [v; - v;|. We shall write
Gram#B= |v; - vj|.

We will have the opportunity to use, the following results, the tests can be consulted in detail in
each reference.

Theorem 1 (See [5], 42.1). Every finite-dimensional quadratic space has an orthogonal basis.

Theorem 2 (See [5], 42.2-42.4). The following assertions are equivalent in a finite-dimensional quadratic space
V:

1. V es regular;

2. V has an orthogonal anisotropic basis;

3. For every basis 3B of V, Gram B # 0.
4. There exists a basis 9B of V such that Gram 98 # 0.

For each subset A C V, we define:
At ={ueV:a-u=0vac A} 1)
Note that A+ is a subspace of V.
Theorem 3 (See [5], 42.6). If U is an arbitrary subspace of V, we have:
dimU + dim U+ = dimV + dimU N V*.
Corollary 1. If V is regular, for every subspace of V, we have:
dimU + dimU* =dimV and U=U"".

3. Tangency and Orthogonality

In this section, we will study vectors tangent or orthogonal to a fixed family of vectors.
Let V be a vector space over a field IF. A vectorial determinant is an expresion of the type:

'01 '02 “ee U}’l
a1 a2 te A1n
o= . ) . ) (2)
an-11 p-12 - Ap—1n

where v1,vy,...,0;, € V and each a;; € F, fori € {1,2,...,n—1}and j € {1,2,...,n}. The
development of this determinant is always on the first row and therefore v = Ajvq + Ayvp + - - - + A0y
where A; is the cofactor of ay; in the matrix:
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ao1 ao2 ce aon
a1 a2 te A1n
0=
p-11 Ap-12 - Ap—1n

where a,; = 1 foreachi=1,...,n.

Theorem 4. Let V a regular quadratic space on finite dimension n over a field F; let B = {w1,w> ..., wy} be

a basis of V and let {v1,v;...,v,_1} be a collection of linearly independent vectors of V. Definev € V by a
means of the vectorial determinant:

wl wz “e . wn
wl.‘vl wz.vl ... w?’l‘vl
v =
wy1:-Up—1 W2 Uy—1 - Wp-Uyp-1

Thenv #0,v-v; =0 foreachi=1,...,n —land v - v = det(w; - w;) det(v; - v;).

An immediate corollary of this theorem states that the vectors {v1,v;, ..., v,_1} are orthogonal to
an anisotropic vector if and only if det(v; - v;) # 0.

Theorem 5 (See [4,5]). Let V be a reqular quadratic space on finite dimension n over a field F. Let 3
={v1,v2..., 04} beabasis of V and let a1, a5 ..., 0,1 € F be arbitrary scalars. Consider the vector:

U1 (%) Un 0
0171 0102 01 On X1
v =
Op—-1:71 Op—1-02 -+ Up-1-On Q&p_
'Un.vl UH'UZ Un.'(]n y

where y is a root of the quadratic polynomial.

o1 1% e ) X 1
U101 0102 - U1 Up1 U1 Un a1
p(X) =
Up-1-01 Up-1-02 -+ Up-1°"Unp-1 Up-1'Un &p-1
Uy + U1 Un 0y -+ Up-Up_q Un - On X

Let A = det(v; - vj) =Gram$B. Then v-v; = (=1)"'w;A foreachi =1,...,n —1,v-v, = (=1)""'pA
and v-v = A2

Proof.
v1 - U; Uy - U; 0 0 0 —u;
U101 U1 Upn o V101 U1 Uy o1
0-0; = =
Up—1-01 -+ Up—_1-Un O&up_q Op—1-01 *°* OUp-1'Un Qup_1
’(]n.’z)l PR ’Z)n.vn I/l ’Z)n.vl ’Un.’(]n #
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In a similar way, we prove that v - v, = (—1)"~!yA. On the other hand,
V-1 .o V- Uy 0
(%] U1 Un aq
v-v=
Op—1-01 *°* OUp-1'Un Qu_1
’Z)n . Ul DR ’Z)n . Un ]’l
o e Ny U 0
01-01 0 U1 U U1 - Un &1
= (-1)"a
Up—-1-01 " Un-1"Un-1 Up-1"Un &p-1
Un - 01 Un - Up—1 Un - On 2
= (=)"'Ap(u) + (-1)"A] = (-1)"TAD + (-1)"1A] = A%
a
From the previous theorem, we can obtain the following two corollaries.
Corollary 2. In case v, - v; = 0 foreach 1,2,...,n — 1 and if D is the non-singular matrix:
(%] U1 Up—1
D= (3)
Upn-1-01 - Up—1"Un-1

and B = (a1, ...,0,_1), then the roots of p(X) are the numbers:

j=+,/(1—BD1BT) (v, - vn)

(These numbers are in F if and only if there exists a scalar A € F such that \/(1 — BD1BT)(vy, - v,) = A?).
Proof. If we develop the determinant giving p(X) through the last row, we obtain:

p(X) = (=1)" ' X?D| = (=1)" " (vn - va)S

where:
oy ) cee Xy 1
U101 0102 ce 01 0p—1 X
Up—-1:01 Op—1-02 -+ Uyp-1-Op-1 &p-1

Since the matrix D is invertible, we can find a vector A = (aq, a3, ..., &, 1) such that AD = B. Subtract
from the first row os S the linear combination &1 S, + - - - + &;,_1S;, where Sy, ..., S;; denote the second,
third, ..., n-th row of S. We obtain then:

0 0 1— ABT

’(]1.’1]1 .« o e ’Z]l.’(]_l a]
S=| ‘ ! ‘ = (-1)""YD|(1 - ABT).
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Replacing A by BD~1, we finally obtain:
S = (-1)""}D|(1 - BD'BY).

Therefore:
p(X) = (=1)" ' |D|[X* = (1= BD'B")(vy - vs)]

and the roots of p(X) are the numbers u = ++/(1 — BD-1BT)(uvy, - v,). In this case, the vector v in
Theorem 5 is:

’Ul PEEY ’Z]n_l O
U101 o U1 Up &1
v=(=1)"""|D|poy — (vn - vn)
Op-1-01 ** Up-1'Unp-1 O&p-1

O

Corollary 3. If a? = v; - v; for each i = 1,2,...,n — 1, there exist 2"~1 possibilities for the sequence
&1, ..., 0,_1. If we additionally suppose that v; -v; = 1fori =1,...,n — 1 we conclude that there exist at most
21 vectors that are simultaneously tangent to vy,va,...,v,_1. If K = R and we fix B = (aq,...,0,_1)
where uclz =v;-v;foreachi =1,...,n — 1, then there exist two, one, or none linearly independent vectors
tangent to vy, . ..,v,_1 according to (1 — BD™'BT) > 0; BD='BT = 10r (1 — BD'BT) < 0. These vectors
may be written in the form:

1—BD-1BT 0101 T 01 0p—1 51
v=%D|y| ——v| . _ . .
On - On : .. : :

Up—-1:01 *+° Op—1-Up-1 &u-1

4. Tangential and Anisotropic Bases

Let us remember that in a quadratic space V of dimension n a base B = {v1,vy,...,v,} is unitary
(resp. antiunitary) if v; - v; = 1 (resp. v; - v; = —1) foreachi € {1,2,...,n}.

Theorem 6. If K = R, V is reqular and dim V = 2indV + 1, then V has a tangential basis which is unitary
or antiunitary.

Proof. We can write V as following: V = (v1,v]) L (vp,v5) L --- L (vs,0}) L (v), where indV =s,
vj-v; =0, v, =1foreachi=1,2,...,sand v- v # 0. Since K = R, we can suppose, without loss of

generality, thatv-v =1orv.-v = —1.

We, define w; = v; + v, w, = 20 — %, wy = v. We have then w; - w; = v-v = w} - w). Also,
w; - w; = (v;+0) - (20; — 3%) =2—1=1foreachi=1,2,...,s and w; - w} = w; - w; = —1fori # j,
wi-v = (v;+v)-v=0v-0,w - v= (20, - %) -v=—1 Then, {wy,w],..., ws,w;, v} is tangential
basis of V which is unitary or antiunitary dependingifv-v =1orv-v=-1. O

Before generalizing this theorem, we need the next lemma.

Lemmal. Letb € R, b > landlet V = (uqy) L (u) L --- L (vy) be an anisotropic quadratic space over R.
We suppose that u; - u; = 1 foreachi € {1,...,n} (positive case) or u; - u; = —1 foreachi € {1,...,n}
(negative case). Let uj, uy, ..., u,_; be linearly independent vectors in V such that u;. - uj = b for i # j and
r_
i =
there exists a vector u' € V such that uj, ..., u),_,,u’ are linearly independent and v’ - u! = b (u' - u' = —b?)

r*n—17s
in the positive (negative) case.

each ! - u! = b?, in the positive case, or u - u’ = —b for i # j and u! - u} = —b?, in the negative case. Then
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Proof. Letw € V such thatw - u} = 0 for eachi € {1,2,...,n — 1} and w - w = £1, (+1 in the positive
case and —1 in the negative case). Let:

n—1
1
/! /
MO = /\ 1221 ul', Where)\ == m
We see that:
(n—1)A = n-1 <1, and then (n — 1)?A% < 1
C(n-1)+(b-1) ! ’
Hence:
n—1
up-uy = AP( ) upui+2) upuj)
i=1 i<j

= A ((n—1)p*+ (n—1)(n—2)b)
= AMm-1Dbb+n-2)
= An-1)b.

Since A(n — 1) = m < 1, we conclude that ufj - u) < b < b. Then, if u = |/b% — uf) - ul), =
uy + pw is the vector we were looking for. In the negative case we have u - u! = —b for each

ie{1,2,...,n—1}and:
uh - uph = A2 [—(n—1)b* — (n—1)(n —2)b] = =A% (n — 1)bA~1 = —A(n —1)b.

Clearly —A(n —1)b > —b® since A(n — 1) < 1 < b. Therefore, uf, - uy > —b*. Defining p’' =
\/b? + ufy - ul), the vector u’ = u) + p'wsatisfies u’ -1’ = —b?>and v’ - ul = —bforeachi € {1,2,...,n—
1}. O

The next theorem is the most important result of this paper:

Theorem 7. Let V be a reqular quadratic spaces over R such that dimV = n > 2indV > 0. Then V has
unitary tangential basis or an antiunitary tangential basis.

Proof. Let s = indV, we can find isotropic vectors v1,7},...,vsv; on V with v; - v} = 1 for each
i =1,2,...,s and anisotropic mutually orthogonal vectors u, ..., u; such that uj-uj = 1 for every
j€{1,2,...,t} (positive case) or such that u; - u; = —1 forevery j € {1,2,...,t} (negative case) and
such that:

V = (vy,0]) L+ L (vs,0%) L (ug) L - (uy).

Using theorem 6, we can find a tangential basis
/ / /
B = {wy, wy, wy, W), ..., Ws, W, Uy }

of the subspace Vp = (v1,v]) L --- L (vs,0}) L (u1) which is unitary in the positive case or antiunitary
in the negative case.

By Lemma 1 we can find linearly independent vectors i}, u}, ..., uy in (up) L --- L (u;) such that
jrup=4and uj-u; =
i # j in the negative case.

In the positive case we define u = —v; 4+ 20, —uy € V). If i < s:

u 2 for i # j in the positive case and such that u} - u; = —4 and u; - uj = —2 for

]

wi-u=(v;+uy) (—vs+20, —uy) = —uy -u; = -1
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and
wi-u = (20} —uy) - (—0s + 205 —ug) = ug -up =1,

where w; and w/ are defined as in theorem 6. The next step is to prove that wy, wj, ..., ws, wg, uy, u +
ubh, u~+uy, ..., u+ ujis a tangential basis for V. Take 1 < j < t. If i <,

wi-(utu) = wi-u=-1,
wi-(utu) = wi-u=1,
andifi =s,
ws'(u"_u;‘) = ws‘u:(US+M1)-(—US+ZU;—M1):1,
wi (utu) = wieu= (205 —up) - (=05 + 205 —ug) = —1.

Continuing in the positive case, let us calaculate (u + u}) - (1 + u;) Ifi#j, (u+ul)- (u+ u;) =
uou+u§.u]’» = 3+2=-landifi =j (utu)) - (u+u)) =u-u+u,-u, = -3+4=1 We
conclude then that wy, w}, ..., ws, w;, uq, u + ub 4+ u +uj, ..., u + uj is a tangential unitary basis for V.

In the negative case, we apply again lemma 1 and find linearly independet vectors uf, uj, ..., u;
in (uz) L -+ L (u) such that uj - u; = =2 fori # jand u; - uj = —4 foreachi € {2,3,...,t}. The
proposed antiunitary tangential basis is wy, W}, ..., ws, Wi, uy, u + up,..., 1+ u; where u = —vg —
20! — uq and w;, w: are as in the positive case. We have now, if i < s:

wi-u = (vjt+uy) (—vs—20, —uy) = —uy-up = 1.
wiou = (20, —up) - (—vs =20, —uy) = —up-up = 1.
andifi =s:
ws-u = (vs+uy) (—vs—20, —up) = —2(vs-0}) = —up-u; = —-2+1=—1.
weu = (2vi+ur) (—vs =205 —up) = —2(vs vf) = —up g = —2+1= -1

Ifl1<j<tandi <s, wehave:

wi-(u+u) = wi-u=1

wi-(u+u)) = w-u=1,
and fori =s:

ws (utu) = wsou=-1

wi - (utu) = weou=-L

Therefore, [w; - (u + u;-)]2 = (w; - w;)[(u+ui) - (u+uj)] =1,since (u+u) - (utuj) =u-u+uj-ui=
3—4=-1.
Finally, if 1 < i,j < t:
(utup) (u+u;) = w-utu-u
!/ /

(u+ul) - (u+u) = v-u+tu-u

=3—-2=1fori#j
—3 4= 1.
Therefore, wy, w}, ..., ws, w5, Uy, U+ uy, ..., u+ uy is a tangential antiunitary basis for V. [

The following theorem gives us the necessary and sufficient conditions for a quadratic space to
have a tangential base.
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Theorem 8. Let V = U & V-, where U is a reqular subspace of V. Then V has a tangential basis if and only if
U has a tangential basis.

Proof. Suppose dim U = 1 and dim V- = m. Suppose V has a tangential basis {01, vy, ..., 0nim},

every v; can be written in the form v; = u; +u;, u; € U and %; € V. We claim the vectors
{uy,uy, ..., upym generate U. Indeed, if w € U is arbitrary, we have scalars A1, Ay, ..., Ay such
that:

w = Mo+ A0+ + AptmOnim-

Therefore, w — (Aquy + Agtin + - - - + Apgmlngm) = Mg + Aot + - - - + Apymlngm- Since w — (Aquq +
Aty 4+ -+ 4+ Aypmttym) € UN VL, wehavew = Aquqg 4+ Agtin + - - + Aypmilnym as was to be proved.
Therefore, a subfamily of {uq,uy, ..., uy4+m with n elements is a basis for U, say U = (uy, up, ..., uy).
Observe now:

(i - uj)® = ((ui + ) - (4 +7))* = (v; - 0})% = (03~ 0) (vj - 0)) = (w; - 3) (uj - ).

Therefore, {u1,...,u,} is a tangential basis U.
Suppose now that U has a tangential basis {u1, ..., u,}. Let {#y, . ..,y } be a basis for V. Denote

w; = uy + 1, for each i € {1,...,m}. We calculate (u; - w;)? and (w; - w;)*:
(wi-w)® = (- (ur 7)) = (u; - u1)? = (ui - u;) (ug - ug) = (- ) (w;j - w)),
(wi-wj)? = ((u+3%) - (ur +17))* = (uq - uy) (g - 1) = (w; - w;) (wj - w)).

Since V=U®V*, {ug,up, ..., un,wi,..., wy} is a tangential basis for V. O

We will finish this work with the definition of isometries.

Definition 4. Two quadratic spaces V1, Va over the same field F are isometric if there exists an isomorphism
P Vi — Vo such that v-v' = (v) - ¢ (v') for each pair of vectors v,v" € Vy. Such mapping  is called an
isometry between Vy and V.

The following theorem will be very useful for our purposes, its proof can be consulted in detail in
([5], Theorem 42:16).

Theorem 9. Let U, V be isometric reqular subspaces of a quadratic space W. Then U and V- are isometric
too.

The problem about the existence of isotropic basis of a regular space V over the field of real
numbers is solved with the following theorem:

Theorem 10. IfF =R, V is reqular and if s = indV > 0. Then V has an isotropic basis.

Proof. If V is a hyperbolic space and we keep the notation of theorem 6, it is clear that {v1, v}, ..., vs, v} }
is the desired basis. Suppose now that t = dimV —2indV > 0. Let us consider the extension
V* =V L (up41) where upyq - uppg = u;-u; for each i € {1,2,...,t}. By theorem 7, V* has a
tangential basis {v1,v2, ..., V2s4¢+1} Where v; - v; =lorv;-v; = —1foreachi € {1,2,...,2s +t+1}.
We define the vectors w; = ©v; & vy yt+1, where i € {1,2,...,2s + t} and the sing + is taken if
Ui " V2stt+1 7 V2stt+1 - Vastt+1 and the sing — is taken if 0; - V254141 = V254141 - Vas44+1. It is clear that
every w; is isotropic and (vps.¢11)" = (w1, W, ..., Wasi4)-

Since the subspaces (vps41+1) and (vy41) of V* are isometric, theorem 9 implies that their orthog-
onal complements are isometric too. Therefore, V = (u; 1) is isometric to (ups;;,1)* and V has an
isotropic basis. [
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Corollary 4. If V = U & V*, U is regular and indU > 0, then V has an isotropic basis.

Proof. By theorem 10, U has an isotropic basis 4. If 3 any basis of V-, then 8 U3 is an isotropic
basis of V. [

We will finish the paper with some remarks and two conjectures.

Using induction and theorem 5, it may be proved easily that every quadratic space V over the
field of complex numbers has a tangential basis provided that V is regular and dim V' > 3.

We also observe that if V is a hyperbolic space of index s > 0, say V = (v1,0}) L --- L (v, 0})
where v; - v; =0 = U; -v; and v; - U; =1foreachi=1,2,...,s, then there exists a linear automorphism
¢: V — Vsuch that ¢(v;) = v/ and ¢(v}) = —v; foreachi=1,2,...,s.

¢ satisfies the following property:

e u-w=—¢(u)- ¢(w) for every pair u,w € V.

Hence, if the hyperbolic space V has a unitary tangential basis and also an antiunitary tangential
basis.

We say a quadratic space V is bitangential if V has a unitary tangential basis and also an
antiunitary tangential basis.

Therefore, if a hyperbolic space V has a unitary tangential basis , then V is bitangential.

The previous comments motivate the following conjectures:

Problem 1. If V is a regular quadratic spaces over R of any finite dimension, then V cannot be tangential.
A weaker conjecture is:
Problem 2. IfF = R, no hyperbolic space over R can be have a tangential basis.

If this last conjecture is true, we can finally state: If F = R, the only regular quadratic spaces over
R that have a tangential basis are those of positive index and which are not hyperbolic spaces.

5. Conclusions

The results presented in this article allow us to obtain an explicit method to construct tangential
and anisotropic bases in quadratic spaces. We will also provide three theorems that allow us to
explicitly calculate vectors that are orthogonal or tangent to given vectors or that provide necessary
and sufficient conditions for the existence of such vectors.
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