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Keywords: (p, g)-calculus, (p,q)-Bernoulli polynomials, (p,q)-Euler polynomials,
(p, ¢)-Genocchi polynomials, (p,¢)-Fubini numbers and polynomials, (p,q) Stirling
numbers of the second kind.

2010 Mathematics Subject Classification.: 11B 68, 11B73, 11B75, 11B83, 05A30.

1. Introduction

During the last two decades , the theory of (p, ¢)-calculus has been discussed and
investigated extensively by many mathematicians and also physicists. For example
Corcino [3] worked on the (p, g)-generalization of the binomial coefficients and also
provided several useful properties parallel to those of the ordinary and g-binomial
coefficients. Duran et al. [5-8] considered (p, g)-extensions of Bernoulli polynomi-
als, Euler polynomials and Genocchi polynomials and obtained the (p, g)-analogues
of familiar earlier formulas and identities. Milovanovic et al. [15] introduced a new
generalization of Beta functions based on (p, ¢)-numbers and committed the integral
modification of the generalized Bernstien polynomials. Sadjang [20] developed several
properties of the (p, ¢)-derivatives and the (p, ¢)-integrals and as an application gave
two (p, q)-Taylor formulas for polynomials.

Throughout this presentation, we use the following standard notions N = {1,2,--- },
No={0,1,2,---} =NU{0}, Z= = {-1,-2,--- }. Also as usual Z denotes the set of
integers, R denotes the set of real numbers and C denotes the set of complex numbers.

The (p, ¢)-numbers are defined as

pn__qn
p—q

n—2 n—3

[n]p,q:pnflep g+ P+ p" P =

We can write easily that [n], , = p" ']

given by [nlq/p = %. Thereby this implies that (p, ¢)-numbers and g-numbers

n]q/p» Where [n],/, is the g-number in g-calculus

are different, that is, we cannot obtain (p,g)-numbers just by substituting ¢ by ¢/p
in the definition of g-numbers. In the case of p = 1, (p,q)-numbers reduce to g-
numbers, (see [9, 10]).

The (p, ¢)-derivative of a function f with respect to x is defined by

f(pz) — flqz)

D, f(x) = D, f(x) = ®—q)x

(x #0) (1.1)
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and (D, ,f(0)) = f(0), provided that f is differentiable at 0. The number (p, q)-
derivative operator holds the following properties

Dy o(f(2)g9(x)) = 9(p(x))Dp,q f (%) + f(qx)Dp,q9(2), (1.2)
and
(z) g(qx)Dp,qf(x) - f(qx)Dp,qg(x)
( (@) 9(px)g(qz) ' (13)

The (p, ¢)-analogue of (z + a)™ is given by
(@+a)y,=(@+a)(pr+ag) - (p"z+ag"*)(p" ' +ag"""),n > 1

En: ( >p q ("2") gk gk, (1.4)

where the (p, ¢)-Gauss Blnomlal coefﬁments(k)p , and (p, q)-factorial [n], 4! are de-
fined by

(D = iz (n > k) and [nlyq! = [l - 2lpallpa: (0 € N).

[n—Fkl,, q![k]p

The (p, ¢)-exponential function are defined by

> (3) n
p\2/x" q
epq(x) = Z B and E, 4(x Z (1.5)
n=0 pvq p,q
holds the identities
epq(T)Epq(—x) =1 and €p—q- (z) = Ep4(7), (1.6)
and have the (p, q)-derivatives
Dy qepq(7) = epq(px) and Dy, 4By o(x) = Ep 4(q7). (1.7)

The definition (p, q)-integral is defined by

> o
/f dp,qx = (p — q)a Z s} ( k+1>
k=0

in conjunction with

/ab f(x)dp g = /Obf(x)dp,qx — /Oa f(@)dy gz, (see [20]). (1.8)

The generalized (p, ¢)-Bernoulli polynomials, the generalized (p, ¢)-Euler polynomials
and the generalized (p, ¢)-Genocchi polynomials are defined by means of the following
generating function as follows (see [3-10, 13-15, 18, 20]):

t “ . i
(W) ep,‘l(xt D,q yt Z B( ) LL’ Y:p, )[ } | t |< o, (19)
D,q e
2 ’ (a t"
e 1) @Byt = ZE (wy:p o ltl<m  (110)
P,q e
and
(%)O‘ ep.q(@t)Ey o(yt) = iG%a)(x,y :p, q)in <. (1.11)
ep,q(t) * ! ’ ’ n=0 [n]p,q!

It is clear that
B{(0,0:p,q) = B (p,q) , ES(0,0:p,9) = B (p,q),
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and
G(0,0: p,q) = G (p.q) (n € N).
Geometric polynomials (also known as Fubini polynomials) are defined as follows
(see [1]):
N k
Fp(x) = Z{ . }k!x , (1.12)
k=0
where { Z } is the Stirling number of the second kind (see [11]).

For x = 1 in (1.12), we get n'® Fubini number (ordered Bell number or geometric
number) F, [2, 11, 12, 21] is defined by

F,(1)=F, = Zn: { Z }k!. (1.13)

k=0
The exponential generating functions of geometric polynomials is given by (see [1]):

o

1— m(tt 1y > F"(x)g’ (1.14)

n=0

and related to the geometric series (see [1]):

d\" 1 - 1 T
— = kmak = —F,, (—— 1.
<xd1‘> 11—z ];) v 1—x (1—x)’|m|<
Let us give a short list of these polynomials and numbers as follows:

Fo(z) = 1, Fy(z) = z, Fy(2) = 2+222, F3(z) = 24622 +62°, Fy(z) = 24142243625 +242%,

and
Fo=1F =1F,=3,F3=13,F, =75.

Geometric and exponential polynomials are connected by the relation (see [1]):

Fu(z) = /0 " n(@)e A (1.15)

The goal of this paper as follows: In section 2, we consider generating functions
for (p, q)-analogue type of Fubini numbers and polynomials and give some properties
of these numbers and polynomials. In section 3, we derive summation formulas for
(p, g)-analogue type of Fubini numbers and polynomials. In Section 4, we construct a
relationships for (p, ¢)-Fubini polynomials associated with (p, ¢)-Bernoulli polynomi-
als, (p, ¢)-Euler polynomials and (p, ¢)-Genocchi polynomials and (p, ¢)-Stirling num-
bers of the second kind.

2. (p,q)-analogue type of Fubini numbers and polynomials

In this section, we introduce (p, ¢)-Fubini polynomials and obtain some basic
properties which gives us new formula for F,(z,y; 2 : p,q).

Definition 2.1. Let p,q € C with 0 <| ¢ |<]| p |[< 1, the (p, ¢)-Fubini polynomials
F.(x,y; 2z : p,q) are defined by means of the following generating function:

n

1
e
1—z(ep,q(t) — 1) P

It is easily seen from definition (2.1), we have

Fo(z,y:1:p,q) = Fu(z,y: p,q), Fn (0,051 : p, q) = Fu(p, q), (2.2)

(xt)Ep q(yt) = Z F.(z,y;2:p,q) (2.1)
n=0

[]p,q!
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where F,,(p, q) are called the (p, ¢)-Fubini numbers.

Obviously that
Fn(0,0:2: p,q) = Fu(z : p,q),
Fo(2,y;2 : p, Q)|p:1 = Fu(v,y;2:q),
lim F,(x,0:p,q) = Fp(x;2), (see[1])
q—>1;=1
lim F,(0,0;2:p,q) = Fn(z), (see][l,12]).
q—>1;:1
Theorem 2.1. The following series representation for the (p, ¢)-Fubini polynomials
F.(z,y;z : p,q) holds true:

= n

Fa@yizipg) =3 ( " ) Fomp. )N (@ + )0 (2.3)
m=0 p,q

Proof. Using equation (1.4) and (2.1) in the Lh.s. of equation (2.1) and then applying

the Cauchy product rule and equating the coefficients of same powers of ¢ in both

sides of resultant equation, we get representation (2.3). O

Theorem 2.2. The following summation formula for the (p, ¢)-Fubini polynomials
F.(x,y; 2 : p,q) holds true:

Fo(z,4;0:p,q) = > < nm ) pl3)g("2")gmyn—m, (2.4)
m=0 p,q
. n nom n—m
Fo(z,y;2:p.q) = » < m ) P2 F (0,52 2 p, g™, (2.5)
m=0 p,q
n 'n n—m _
Fu(z,y;2:p,9) = Y ( m ) ") B ,05 2 pog)y . (2.6)
m=0 p,q

Proof. Suitably using equations (1.4)-(1.6) in generating function (2.1) to get three
different form. Further making use of the Cauchy product rule in the resultant expres-
sions and then comparing the like powers of ¢ in the both sides of resultant equation,
we find formulas (2.4)-(2.6). O

Theorem 2.3. For n > 0, the following formula for (p, q)-type Fubini polynomials
holds true:

(@ +y)p,=Fn(z,y52:0,q9) — 2F(x + 1, y;2 1 p,q) + 2F (2,952 1 p, q)- (2.7)
Proof. We begin with the definition (2.1) and write

1 — 2(ep,q(t) — 1)6
1-— Z(ep,q(t) _ 1) P,q
_ epq(at)Ep 4 (yt) 2(epq(t) — 1)

T ol—z(et—1)  1- 2(epq(t) — 1)ep’q(xt)Ep’q(yt)-

Then using the definition of (1.4) and (2.1), we have

ep,q(Tt)Epg(yt) = (xt) Epq(yt)

(oo} oo

t’ﬂ
> (@), lpa! > [Fu(w,y;2:p,q) = 2F(w + 1,432 : p,q) + 2Fu (@, 432 : p, q)]

tn

[n]nqr

n=0 n=0

Finally, comparing the coefficients of %, we get (2.7). O
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Theorem 2.4. The following formula for (p, ¢)-type Fubini polynomials holds true:
2oz +1y;2:p,q) = (1 +2)Fo(z,y;2 :p,9) — (T +Y)p g (2.8)

Proof. From (2.1), we have

;::0 [Fo(z + 1,952 : p,q) — Fulz,y;2 : p,q)] [nl]f:’q! = lep_qz(zc;jf&;’(ftl)) (epg(t) — 1)

_ 1 { ep,q(xt) Epq(yt)
z |1 —2z(epq(t) —1

) — epq(Tt) Ep q(yt)

n

:%Z[Fn(x,y;z:p,q)f(w+y)g,q] [75 |
n=0

p,q-:

Comparing the coefficients of % on both sides, we obtain (2.8). O

Theorem 2.5. The following recursive formulas for the (p, ¢)-Fubini polynomials
F,(x,y; 2 : p,q) holds true:

Dp,q;:an(érv Y,z p, q) = [n]Paanfl(pxa Y,z p, q)7 (29)
Dp,q;yFn(wv Y,z p, q) = [n]quanl(xa qy;z 1 p, q) (210)

Proof. Differentiating generating function (2.1) with respect to x and y with the help
of equation (1.7) and then simplifying with the help of the Cauchy product rule
formulas (2.9) and (2.10) are obtained. O

Theorem 2.6. The following (p, ¢)-integral is valid

b Foyi(2y52:p,0) = Fayr (2,952 :p,q)
/ Fn(%%»’f P, Q)dp,qx =D i [n+ 1] L ) (211)
a p,q
b F.,H_](I,Q;Z:p,q)*Fn_i_](I,g;Zip,q)
/ Fo(z,y32:p,q)dp gy =p 4 1] E . (212)
a p.q

Proof. Since

b
| 5 btz 02 ) dgn = ()~ fa) e 20]),

p,q¥

in terms of equation (2.9) and equations (1.7) and (1.8), we arrive at the asserted
result

b 5 P b T
—F, x,y;z:p,qd,xzi/ Fn(,y;z:p,q>d’x
/a Op,q@ ( V. (n+1]pq Ja p P

Fn+1(%7y;z:pvq)_FnJrl(%vy;Z:p?q)
[n+1]pq .

The other can be shown using similar method. Therefore, the complete the proof of
this theorem. O

3. Main results

First, we prove the following result involving the (p, ¢)-Fubini polynomials F, (x, y; z :
D, q) by using series rearrangement techniques and considered its special case:
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Theorem 3.1. The following summation formula for (p, ¢)-type Fubini polynomials
F,(z,y; 2 : p,q) holds true:

k,l

k l nets nt-s
Feq(w,y;2:p,q) = Z ( n > < s > p( 2 )(wf:c) T Fettien—s(®,y;2 1 p,q).
n,s=0 p,q Pp,q
(3.1)
Proof. Replacing t by t + wu in (2.1) and then using the formula [19,p.52(2)]:
Zf Z fn+m—'— (3.2)

n,m=0

in the resultant equation, we find the following generating function for the (p, ¢)-type
Fubini polynomials F,,(z,y; 2 : p,q):

1
1—z(epq(t+u)—1) Epa(y(t+u)

= tF ul
= ep,q(—m(t—i—u)) Z Fk+l(xay;z 1P7Q) [k] | [l] |
k,1=0 p,q* 1"1p,q-*

Replacing x by w in the above equation and equating the resultant equation to
the above equation, we find

, (see [16, 17]). (3.3)

= u
ePaQ((w_x)(t+u)) Z Fk+l($,y;z :p,q) [k] | [l] |
k,1=0 psq p,q
> tF ul
=Y Fen(w,y;2:p,@) 5 7 (3.4)
2 Flp T
On expanding exponential function (3.4) gives
N
> t —|— u)|Vp (G) & th !
Z | Z Fk+l(xay521p»Q) [k] | [l] |
-0 Nlp,q! k=0 p.a- lp.g
th ul
k,1=0 p,q p,q

which on using formula (3.2) in the first summation on the left hand side becomes

') +s
(w — z)tsrruspl’s !
Fepi(z,y;2:p,q)
,g::() [lp.q'l5]p.q! k;o (Klp.q! [Up.q!
> th ul
= ZFk-‘rl(way;z:paq) A 17 1 (36)
2 [l W]
Now replacing k by k —n, [ by [ — s and using the lemma ([19, p.100(1)]):
oo 00 ok
ZZA(TL, k) = ZZA(n,k—n), (3.7)
k=0n=0 k=0n=0
in the Lh.s. of (3.6), we find
e k,l o LIJ n+s ( g) tk ,ul

>y

F o . ”
D 1 A e K
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tk l

o0
u
= Fepi(w,y;2:p,¢) 57— :
k;_:o (Klp,q! [Up.q!

(3.8)
Finally, on equating the coefficients of the like powers of ¢ and w in the above
equation, we get the assertion (3.1) of Theorem 3.1. O

Remark 3.1. Taking I = 0 in assertion (3.1) of Theorem 3.1, we deduce the following
consequence of Theorem 3.1.

Corollary 3.1. The following summation formula for (p, ¢)-type Fubini polynomials
F,(x,y; 2 : p,q) holds true:

k
Az = X (8) oo Rz pa. 69
n=0 p,q
Remark 3.2. Replacing w by w + x in (3.9), we obtain
k
Fr(w+z,y;2:p,q) = Z( fb > P2V B (w32 2 pg)- (3.10)
n=0 p,q

Theorem 3.2. The following summation formula for (p, ¢)-type Fubini polynomials
F,(x,y; 2z : p,q) holds true:

K n m
Fn(w7U§Z1p7Q)Fm(WU;ZZP7Q): Z < > <k ) (w—x—i—u—y);q
k=0 p.q P,q

XFp_p(x,y;2:p,q)( W =X +U =Y)} Fouk(X,Y;Z :p,q). (3.11)

Proof. Consider the product of the (p, g)-type Fubini polynomials, we can be written
as generating function (2.1) in the following form:

1

t)E. t XTE, (YT
T 2y, — 1) PP Ty e DB (D)
=) Folmyzip,)ro— ) Fu(X,Y;Z:p,q) : (3.12)
nz:() [n]p.q! m—0 [mlp.q!
Replacing x by w, y by u, X by W and Y by U in (3.12) and equating the resultant
to itself,
Yo Falw,uiz i p, @) Fu(W,Us Z : pg) ;
n=0m=0 [n]qu [m]p7q
= epq (w—2)1) Epo((u = y)t)ep,q (W — X)T) Eyp 4 (U = Y)1)
XD Ful@,yiz i @) (X, Y5 2 p,g) 2
=0 m—0 [lp.g! Im]p.q!
which on using the generating function (3.7) in the exponential on the r.h.s.,
becomes

T

o0 o0
N Fu(w,wsz:p,q)Frn(W,U; Z 2 p,q)

n=0m=0
=S w et ) Fae2)
na—0 N P S

X > (W=X+U=Y)s uFn(X,Y;2)

k=0 [M]p,q![K]p,q! (3.13)


https://doi.org/10.20944/preprints201904.0308.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 28 April 2019 d0i:10.20944/preprints201904.0308.v1

Finally, replacing n by n — r and m by m — k and using equation (3.7) in the
r.h.s. of the above equation and then equating the coefficients of like powers of ¢ and
T, we get assertion (3.11) of Theorem 3.2. O

Remark 3.3. Replacing v by y and U by Y in assertion (3.11) of Theorem 3.2, we
deduce the the following consequence of Theorem 3.2.

Corollary 3.2. The following summation formula for (p, q)-type Fubini polynomials
F,(z,y; 2 : p,q) holds true:

= In m
Fu(w,y;2:p, ) Fn(W,Y;Z:pg) = ) < > ( I ) (w—2); Frr(z,u; 2 : p,q)
0 p,q p,q

T
rk=

X (W = X)k Fo1(X,U; Z : p,q). (3.14)
Theorem 3.3. The following summation formula for (p, ¢)-type Fubini polynomials
F.(z,y; z : p,q) holds true:

~/n
F.(x +1,y;2:p,q) = Z ( , ) Fno_r(z,y;2:D,q). (3.15)
r=0 P,
Proof. Using the generating function (2.1) we have
ZFn(HLy;Z:n ZF (z,y;2 : p, )[]
ne0 n]p,q! !

1
= (1 — 2(epq(t) — 1)) (ep,q(t) = Depq(2t) Ep q(yt)

epq(t
oo tn oo tr
=) Flzyz:p4) 7 -1
z_: [lp.q! ; [r]p.q!
o0 o0 7‘ o0 tn
=Y Fu(x,y;52:p.q . —ZFn(fc,y;z:p,q) ,
n=0 r— — [nh%‘I'
o0 n t
=> >, ) Forlzyzipa ZF D)
n=0r=0 p.q n=0
Finally, equating the coefficients of the hke powers of ¢t on both sides, we get
(3.15). O

Theorem 3.4. For n > 0 and z; # 23, the following formula for(p, ¢)-type Hermite-
Fubini polynomials holds true:

n
( I > Fo_ k(w9152 0 0, @) Fr (22,92 22 1 , q)
p,q

)

_ 2o F (21 + 22, y1 + Y2522 1 0, q) — 21 Fn (21 + 22,91 + Y2521 : P, q) (3.16)
zZ9 — 21

Proof. The products of (2.1) can be written as

SN Fulwiyis 21 @) Fa(wz, v 22 :p,q)[ AT
n=0 k=0 MUp.a* Flp.a!

_ €p,q(T1t) Epq(y1t) ep,q(w2t) Epq(yat)
1= z1(epq(t) = 1) 1 — z2(epq(t) — 1)
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o0 n n
n t
(Z ( k ) Fok(@1,y1521 1 p, @) Fi(w2, 925 22 1 p, Q)> ]!
n=0 \k=0 p.q np,q*
_ 2 epglm @)t Ep [y +up)t] 21 epgl(@n + 22)Ep g[(y1 + 42)1]
Z2— 2 1= z1(epq(t) —1) =2 1 — 23(epq(t) —1)
_ (ZQFn(ml + T2, Y1 + Y2522 1P, q) — 21 Fn(T1 + 22,91 + Y2521 1 D, Q)> t"
20 — 21 npq!
By equating the coefficients of 7r— ]p ; on both sides, we get (3.16). O

Theorem 3.5. The following relation for the (p, ¢)-type Fubini polynomials F,(x, y; z
D, q) holds true:

n n N
(1+2)Fo(2,y52 :pq) =2 ) ( L ) Foor(z,yi2:p,0) + (@ +y)y . (3.17)
k=0 p,q

Proof. Consider the following identity
14z B 1 L1
(1= 2(epq(t) = 1))zepq(t)  1—z(epqt) = 1)  zepq(t)

Evaluating the following fraction using above identity, we find

(1+ 2)ep.q(2t) Epq(yt) _ epa(@) Epg(yt) | epq(2t)Epq(yt)

(1= 2(ep,g(t) =1))zepq(t) 1= z(epq(t) = 1) zep,q(1)

14 2) i F.(z,y;2:p,q) "
7 " n]pg!

n=0 ’

o0 'I'L o0 o0 tn

Z (@952 :p.q Zx"_ypq 1’
o0 nlpq! = Flod' =5 [n]p.q!

Applying the Cauchy product rule in the above equation and then equating the
coefficients of like powers of ¢ in both sides of the resultant equation, assertion (3.17)
follows. =

4. Relationship between (p,q)-Bernoulli, (p,q)-Euler and (p,q)-Genocchi
polynomials and (p, ¢)-Stirling numbers of the second kind,

In this section, we prove some relationships for (p, ¢)- type Fubini polynomials
related to (p, ¢)-Bernoulli polynomials, (p,q)-Euler polynomials and (p, ¢)-Genocchi
polynomials and (p, ¢)-Stirling numbers of the second kind. We start a following the-
orem.

Theorem 4.1. Each of the following relationships holds true:

Fo(z,y;2:p,q)

n+1 s
1 k Frii—s 07 2P,
= Z( n > [Z( . > By i3, )p®) - Byl p, g | 2t 1y 2i0.4)
P4 [ k=0 D,q [n—I— ](P’q)
4.1

where B, (x;p,q) is (p, q)-Bernoulli polynomials.
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Proof. By using definition (2.1), we have

1 e g
—;ZBSIPq 'ZFnO?ﬁZ:paQ) ,
p7q ne0 [”]p,q'
1 o) n R i
:*Z Z( ) ( ) B, /cqu)p() Fos(0,y52:p,0) 75—
¢ n=0 Ls=0 [n]pﬂ'
1 e’} n n i
_72 Z Bs(x;p7 Q) ans(Ovy;Z:pa(I)i"
L oo Lszo N\ ° /pg [n]p,q!

By using Cauchy product and comparing the coefficients of Lot ] 7, we arrive at the
p,q
required result (4.1). O

Theorem 4.2. Each of the following relationships holds true:

=Zn3( Z )M [i( Z )pqu—k(x;p,q) C) 4+ E,(2;p, q) F"_S(O[éi;’;:p’@,

s=0 k=0 s
(4.2)
where E,(z;p,q) is (p, q)-Euler polynomials.
Proof. By using definition (2.1), we have
! ep q(xt)E, 4 (yt)
T=2(ep(t) = 1) ) T rald
1 (2pg  €pq(t) +1
= : : ep,q(2t)Epq(yt)
(1 — 2(epq(t) — 1)) epq(t) +1  [2lpg e P
1 = - ( n ) () t" = tn
= En—k($§P7 q)p 2 + En(x;pv Q)
2]p.q Lz_:o (kz_o k p,q [1]p.,q! nz::() [1]p.,q!
X ZFn(anazl%q)i'
"0 [n]p,q!
1 o0 n S X n
=5 D [Z( ; ) Z( . ) Eei(zip,)p®) + Y ( ; ) Ey(z;p, f])]
[2]p.q n=0 Ls=0 P, k=0 P.q s=0 P.q

X Fnos(0,y;2:p, q) il ot
p:q*

Comparing the coefficients of — ] -7, we arrive at the desired result (4.2). O

rints201904.0308.v1
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Theorem 4.3 . Each of the following relationships holds true:
Fo(z,y;2:p,q)

_ “(n+1 [ s . %) . Fo—s(0,y;2:p,q)
;} ( S >p,q |J;) ( k )p#} Gsfk( Dy Q)p + Gs( D, Q) [2]107(1[”_'_ 1]p,q )
(4.3)

where G, (z;p,q) is (p, q)-Genocchi polynomials.
Proof. By using definition (2.1), we have

1
<1 ~2(epq(t) — 1)) ep,q(2t)Ep q(yt)
= 1 e (x lp.gt  epq(t) + 16 .
- (1 — z(ep,q(t) — 1)) pal t)Ep,q(yt)e () +1 [2]p7qt pa(7t)Epa(ut)

1 - = n
:W[§<Z(k)p’q0n k(ﬂin) ) .+ZG qu[] ]

k=0
o0 tn
XY Fu(0,y;2:p,q) o
n=0 P
1 o) n n s s . n n
S5 (1) S(3) a3 (1) )
P4 p=0 [s=0 P4 k=0 P,q s=0 Pyq
t’ﬂ
X Fpi1-5(0.y;2 2 p, Q)W
p.a’
Comparing the coefficients of #:q!, then we have the asserted result (4.3). g

Theorem 4.4. For n > 0, the following formula for (p, ¢)-type Fubini polynomials
holds true:

n l
Ropzina) =3 (1) @)Y RSk, @)
p,q

1=0 ; k=0
Proof. From (2.1), we have
> tn 1
F 320 = t)E t
nz::O n(zyyvz b, Q) [n]p’q! 1— Z(ep,q“) _ 1)617711(1: ) P#I(y )
= €p,q(2t) Epq(yt) sz (ep,q(t )k
k=0
o0 o0 l
= epq(Tt)E, 4(yt) ZZkaISQ (Lk:p, )[l] ;
k=0 =k pa
00 0o l tl
:Z(Hy)pq DI DA D
n=0 pa =0 k=0 pa

Replacing n by n — [ in above equation, we get

ZF (@952 p, )H

-3 (Z (1), *”Zilk : il

Comparmg the coefficients of r— ]p 7 in both sides, we get (4.4). O

Paq

l

2PEISy (L k : p, q))
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Theorem 4.5. For n > 0, the following formula for (p, q)-type Fubini polynomials
holds true:

n l
n n—
Folz+ryiz:pg) =Y ( z ) (@+yp )Y RS+ k+r).  (45)
=0 p.q k=0
Proof. Replacing x by x + r in (2.1), we have
" 1

an(.’E + Y;2 P, Q) [n]p’q! = 1— z(ep,q(t) _ 1) epyq((l' + T)t)Epvq(yt)

zk(ep,q(t) - 1)k

M2

= ep,q(2t) Ep g(yt)ep,q(rt)

k=0
o0 o0 l
= ep q(xt)Ep q(yt)ep q(rt) szZk'Sg (I,k:p,q) '
k=0  I=k [lp.q!
o tl
=Z(w+y)p,q ,Z Zk'Sgl—i-rk—l—r .q)
0 [n]p.q! =0 ko [llp,q!
Replacing n by n — [ in above equation, we get
o0 tn
Y Fw+ryizip g
=0 [)p.q!
:Z Z I (x—l—ypq sz15’2l+rk+r D,q) T
— D,q k=0 npv(I'
Comparlng the coefficients of — ] . - in both sides, we get (4.5). O
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