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1. Introduction

During the last two decades , the theory of (p, q)-calculus has been discussed and
investigated extensively by many mathematicians and also physicists. For example
Corcino [3] worked on the (p, q)-generalization of the binomial coefficients and also
provided several useful properties parallel to those of the ordinary and q-binomial
coefficients. Duran et al. [5-8] considered (p, q)-extensions of Bernoulli polynomi-
als, Euler polynomials and Genocchi polynomials and obtained the (p, q)-analogues
of familiar earlier formulas and identities. Milovanovic et al. [15] introduced a new
generalization of Beta functions based on (p, q)-numbers and committed the integral
modification of the generalized Bernstien polynomials. Sadjang [20] developed several
properties of the (p, q)-derivatives and the (p, q)-integrals and as an application gave
two (p, q)-Taylor formulas for polynomials.

Throughout this presentation, we use the following standard notions N = {1, 2, · · · },
N0 = {0, 1, 2, · · · } = N ∪ {0}, Z− = {−1,−2, · · · }. Also as usual Z denotes the set of
integers, R denotes the set of real numbers and C denotes the set of complex numbers.

The (p, q)-numbers are defined as

[n]p,q = pn−1 + pn−2q + pn−3q2 + · · ·+ pqn−2 + qn−1 =
pn − qn

p− q
.

We can write easily that [n]p,q = pn−1[n]q/p, where [n]q/p is the q-number in q-calculus

given by [n]q/p = (q/p)n−1
(q/p)−1 . Thereby this implies that (p, q)-numbers and q-numbers

are different, that is, we cannot obtain (p, q)-numbers just by substituting q by q/p
in the definition of q-numbers. In the case of p = 1, (p, q)-numbers reduce to q-
numbers,(see [9, 10]).

The (p, q)-derivative of a function f with respect to x is defined by

Dp,qf(x) = Dp,qf(x) =
f(px)− f(qx)

(p− q)x
, (x ̸= 0) (1.1)
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and (Dp,qf(0)) = f
′
(0), provided that f is differentiable at 0. The number (p, q)-

derivative operator holds the following properties

Dp,q(f(x)g(x)) = g(p(x))Dp,qf(x) + f(qx)Dp,qg(x), (1.2)

and

Dp,q

(
f(x)

g(x)

)
=

g(qx)Dp,qf(x)− f(qx)Dp,qg(x)

g(px)g(qx)
. (1.3)

The (p, q)-analogue of (x+ a)n is given by

(x+ a)np,q = (x+ a)(px+ aq) · · · (pn−2x+ aqn−2)(pn−1x+ aqn−1), n ≥ 1

=
n∑

k=0

(
n

k

)
p,q

p(
n
2)q(

n−k
2 )xkan−k, (1.4)

where the (p, q)-Gauss Binomial coefficients
(
n
k

)
p,q

and (p, q)-factorial [n]p,q! are de-

fined by(
n
k

)
p,q

=
[n]p,q !

[n−k]p,q![k]p,q !
(n ≥ k) and [n]p,q! = [n]p,q · · · [2]p,q[1]p,q, (n ∈ N).

The (p, q)-exponential function are defined by

ep,q(x) =
∞∑

n=0

p(
n
2)xn

[n]p,q!
and Ep,q(x) =

∞∑
n=0

q(
n
2)xn

[n]p,q!
, (1.5)

holds the identities

ep,q(x)Ep,q(−x) = 1 and ep−q−(x) = Ep,q(x), (1.6)

and have the (p, q)-derivatives

Dp,qep,q(x) = ep,q(px) and Dp,qEp,q(x) = Ep,q(qx). (1.7)

The definition (p, q)-integral is defined by∫ a

0

f(x)dp,qx = (p− q)a
∞∑
k=0

pk

qk+1
f

(
a

pk

qk+1

)
,

in conjunction with∫ b

a

f(x)dp,qx =

∫ b

0

f(x)dp,qx−
∫ a

0

f(x)dp,qx, (see [20]). (1.8)

The generalized (p, q)-Bernoulli polynomials, the generalized (p, q)-Euler polynomials
and the generalized (p, q)-Genocchi polynomials are defined by means of the following
generating function as follows (see [3-10, 13-15, 18, 20]):

(
t

ep,q(t)− 1

)α

ep,q(xt)Ep,q(yt) =
∞∑

n=0

B(α)
n (x, y : p, q)

tn

[n]p,q!
, | t |< 2π, (1.9)

(
2

ep,q(t) + 1

)α

ep,q(xt)Ep,q(yt) =
∞∑

n=0

E(α)
n (x, y : p, q)

tn

[n]p,q!
, | t |< π, (1.10)

and (
2t

ep,q(t) + 1

)α

ep,q(xt)Ep,q(yt) =
∞∑

n=0

G(α)
n (x, y : p, q)

tn

[n]p,q!
, | t |< π. (1.11)

It is clear that

B(α)
n (0, 0 : p, q) = B(α)

n (p, q) , E(α)
n (0, 0 : p, q) = E(α)

n (p, q),
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and
G(α)

n (0, 0 : p, q) = G(α)
n (p, q) (n ∈ N).

Geometric polynomials (also known as Fubini polynomials) are defined as follows
(see [1]):

Fn(x) =
n∑

k=0

{
n
k

}
k!xk, (1.12)

where

{
n
k

}
is the Stirling number of the second kind (see [11]).

For x = 1 in (1.12), we get nth Fubini number (ordered Bell number or geometric
number) Fn [2, 11, 12, 21] is defined by

Fn(1) = Fn =
n∑

k=0

{
n
k

}
k!. (1.13)

The exponential generating functions of geometric polynomials is given by (see [1]):

1

1− x(et − 1)
=

∞∑
n=0

Fn(x)
tn

n!
, (1.14)

and related to the geometric series (see [1]):(
x
d

dx

)m
1

1− x
=

∞∑
k=0

kmxk =
1

1− x
Fm(

x

1− x
), | x |< 1.

Let us give a short list of these polynomials and numbers as follows:

F0(x) = 1, F1(x) = x, F2(x) = x+2x2, F3(x) = x+6x2+6x3, F4(x) = x+14x2+36x3+24x4,

and
F0 = 1, F1 = 1, F2 = 3, F3 = 13, F4 = 75.

Geometric and exponential polynomials are connected by the relation (see [1]):

Fn(x) =

∫ ∞

0

ϕn(x)e
−λdλ. (1.15)

The goal of this paper as follows: In section 2, we consider generating functions
for (p, q)-analogue type of Fubini numbers and polynomials and give some properties
of these numbers and polynomials. In section 3, we derive summation formulas for
(p, q)-analogue type of Fubini numbers and polynomials. In Section 4, we construct a
relationships for (p, q)-Fubini polynomials associated with (p, q)-Bernoulli polynomi-
als, (p, q)-Euler polynomials and (p, q)-Genocchi polynomials and (p, q)-Stirling num-
bers of the second kind.

2. (p, q)-analogue type of Fubini numbers and polynomials

In this section, we introduce (p, q)-Fubini polynomials and obtain some basic
properties which gives us new formula for Fn(x, y; z : p, q).

Definition 2.1. Let p, q ∈ C with 0 <| q |<| p |≤ 1, the (p, q)-Fubini polynomials
Fn(x, y; z : p, q) are defined by means of the following generating function:

1

1− z(ep,q(t)− 1)
ep,q(xt)Ep,q(yt) =

∞∑
n=0

Fn(x, y; z : p, q)
tn

[n]p,q!
. (2.1)

It is easily seen from definition (2.1), we have

Fn(x, y; 1 : p, q) = Fn(x, y : p, q), Fn(0, 0; 1 : p, q) = Fn(p, q), (2.2)
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where Fn(p, q) are called the (p, q)-Fubini numbers.

Obviously that

Fn(0, 0; z : p, q) = Fn(z : p, q),

Fn(x, y; z : p, q)|p=1 = Fn(x, y; z : q),

lim
q−→1−p=1

Fn(x, 0 : p, q) = Fn(x; z), (see [1])

lim
q−→1−p=1

Fn(0, o; z : p, q) = Fn(z), (see [1, 12]).

Theorem 2.1. The following series representation for the (p, q)-Fubini polynomials
Fn(x, y; z : p, q) holds true:

Fn(x, y; z : p, q) =
n∑

m=0

(
n
m

)
p,q

Fn−m(p, q)(λ)(x+ y)mp,q. (2.3)

Proof. Using equation (1.4) and (2.1) in the l.h.s. of equation (2.1) and then applying
the Cauchy product rule and equating the coefficients of same powers of t in both
sides of resultant equation, we get representation (2.3). �

Theorem 2.2. The following summation formula for the (p, q)-Fubini polynomials
Fn(x, y; z : p, q) holds true:

Fn(x, y; 0 : p, q) =
n∑

m=0

(
n
m

)
p,q

p(
m
2 )q(

n−m
2 )xmyn−m. (2.4)

Fn(x, y; z : p, q) =
n∑

m=0

(
n
m

)
p,q

p(
n−m

2 )Fm(0, y; z : p, q)xn−m. (2.5)

Fn(x, y; z : p, q) =
n∑

m=0

(
n
m

)
p,q

q(
n−m

2 )Fm(x, 0; z : p, q)yn−m. (2.6)

Proof. Suitably using equations (1.4)-(1.6) in generating function (2.1) to get three
different form. Further making use of the Cauchy product rule in the resultant expres-
sions and then comparing the like powers of t in the both sides of resultant equation,
we find formulas (2.4)-(2.6). �

Theorem 2.3. For n ≥ 0, the following formula for (p, q)-type Fubini polynomials
holds true:

(x+ y)np,q = Fn(x, y; z : p, q)− zFn(x+ 1, y; z : p, q) + zFn(x, y; z : p, q). (2.7)

Proof. We begin with the definition (2.1) and write

ep,q(xt)Ep,q(yt) =
1− z(ep,q(t)− 1)

1− z(ep,q(t)− 1)
ep,q(xt)Ep,q(yt)

=
ep,q(xt)Ep,q(yt)

1− z(et − 1)
− z(ep,q(t)− 1)

1− z(ep,q(t)− 1)
ep,q(xt)Ep,q(yt).

Then using the definition of (1.4) and (2.1), we have

∞∑
n=0

(x+y)np,q
tn

[n]p,q!
=

∞∑
n=0

[Fn(x, y; z : p, q)− zFn(x+ 1, y; z : p, q) + zFn(x, y; z : p, q)]
tn

[n]p,q!
.

Finally, comparing the coefficients of tn

n! , we get (2.7). �
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Theorem 2.4. The following formula for (p, q)-type Fubini polynomials holds true:

zFn(x+ 1, y; z : p, q) = (1 + z)Fn(x, y; z : p, q)− (x+ y)np,q. (2.8)

Proof. From (2.1), we have

∞∑
n=0

[Fn(x+ 1, y; z : p, q)− Fn(x, y; z : p, q)]
tn

[n]p,q!
=

ep,q(xt)Ep,q(yt)

1− z(ep,q(t)− 1)
(ep,q(t)− 1)

=
1

z

[
ep,q(xt)Ep,q(yt)

1− z(ep,q(t)− 1)
− ep,q(xt)Ep,q(yt)

]

=
1

z

∞∑
n=0

[
Fn(x, y; z : p, q)− (x+ y)np,q

] tn

[n]p,q!
.

Comparing the coefficients of tn

n! on both sides, we obtain (2.8). �

Theorem 2.5. The following recursive formulas for the (p, q)-Fubini polynomials
Fn(x, y; z : p, q) holds true:

Dp,q;xFn(x, y; z : p, q) = [n]p,qFn−1(px, y; z : p, q), (2.9)

Dp,q;yFn(x, y; z : p, q) = [n]p,qFn−1(x, qy; z : p, q). (2.10)

Proof. Differentiating generating function (2.1) with respect to x and y with the help
of equation (1.7) and then simplifying with the help of the Cauchy product rule
formulas (2.9) and (2.10) are obtained. �

Theorem 2.6. The following (p, q)-integral is valid∫ b

a

Fn(x , y ; z : p, q)dp,qx = p
Fn+1 (

b
p , y ; z : p, q)− Fn+1 (

a
p , y ; z : p, q)

[n + 1 ]p,q
, (2.11)

∫ b

a

Fn(x , y ; z : p, q)dp,qy = p
Fn+1 (x ,

b
q ; z : p, q)− Fn+1 (x ,

a
q ; z : p, q)

[n + 1 ]p,q
. (2.12)

Proof. Since ∫ b

a

δ

δp,qx
Fn(x , y ; z : p, q)dp,qx = f (b)− f (a)(see [20]),

in terms of equation (2.9) and equations (1.7) and (1.8), we arrive at the asserted
result ∫ b

a

δ

δp,qx
Fn(x , y ; z : p, q)dp,qx =

p

[n + 1 ]p,q

∫ b

a

Fn

(
x

p
, y ; z : p, q

)
dp,qx

= p
Fn+1 (

b
p , y ; z : p, q)− Fn+1 (

b
p , y ; z : p, q)

[n+ 1]p,q
.

The other can be shown using similar method. Therefore, the complete the proof of
this theorem. �

3. Main results

First, we prove the following result involving the (p, q)-Fubini polynomials Fn(x, y; z :
p, q) by using series rearrangement techniques and considered its special case:
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Theorem 3.1. The following summation formula for (p, q)-type Fubini polynomials
Fn(x, y; z : p, q) holds true:

Fk+l(w, y; z : p, q) =

k,l∑
n,s=0

(
k
n

)
p,q

(
l
s

)
p,q

p(
n+s
2 )(w−x)n+sFk+l−n−s(x, y; z : p, q).

(3.1)

Proof. Replacing t by t + u in (2.1) and then using the formula [19,p.52(2)]:
∞∑

N=0

f(N)
(x+ y)N

N !
=

∞∑
n,m=0

f(n+m)
xn

n!

ym

m!
, (3.2)

in the resultant equation, we find the following generating function for the (p, q)-type
Fubini polynomials Fn(x, y; z : p, q):

1

1− z(ep,q(t+ u)− 1)
Ep,q(y(t+ u))

= ep,q(−x(t+ u))
∞∑

k,l=0

Fk+l(x, y; z : p, q)
tk

[k]p,q!

ul

[l]p,q!
, (see [16, 17]). (3.3)

Replacing x by w in the above equation and equating the resultant equation to
the above equation, we find

ep,q((w − x)(t+ u))

∞∑
k,l=0

Fk+l(x, y; z : p, q)
tk

[k]p,q!

ul

[l]p,q!

=

∞∑
k,l=0

Fk+l(w, y; z : p, q)
tk

[k]p,q!

ul

[l]p,q!
. (3.4)

On expanding exponential function (3.4) gives

∞∑
N=0

[(w − x)(t+ u)]Np(
N
2 )

[N ]p,q!

∞∑
k,l=0

Fk+l(x, y; z : p, q)
tk

[k]p,q!

ul

[l]p,q!

=
∞∑

k,l=0

Fk+l(w, y; z : p, q)
tk

[k]p,q!

ul

[l]p,q!
, (3.5)

which on using formula (3.2) in the first summation on the left hand side becomes

∞∑
n,s=0

(w − x)n+stnusp(
n+s
2 )

[n]p,q![s]p,q!

∞∑
k,l=0

Fk+l(x, y; z : p, q)
tk

[k]p,q!

ul

[l]p,q!

=
∞∑

k,l=0

Fk+l(w, y; z : p, q)
tk

[k]p,q!

ul

[l]p,q!
. (3.6)

Now replacing k by k − n, l by l − s and using the lemma ([19, p.100(1)]):

∞∑
k=0

∞∑
n=0

A(n, k) =
∞∑
k=0

k∑
n=0

A(n, k − n), (3.7)

in the l.h.s. of (3.6), we find

∞∑
k,l=0

k,l∑
n,s=0

(w − x)n+sp(
n+s
2 )

[n]p,q![s]p,q!
Fk+l−n−s(x, y; z”p, q)

tk

(k − n)p,q!

ul

(l − s)p,q!
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=
∞∑

k,l=0

Fk+l(w, y; z : p, q)
tk

[k]p,q!

ul

[l]p,q!
. (3.8)

Finally, on equating the coefficients of the like powers of t and u in the above
equation, we get the assertion (3.1) of Theorem 3.1. �

Remark 3.1. Taking l = 0 in assertion (3.1) of Theorem 3.1, we deduce the following
consequence of Theorem 3.1.

Corollary 3.1. The following summation formula for (p, q)-type Fubini polynomials
Fn(x, y; z : p, q) holds true:

Fk(w, y; z : p, q) =
k∑

n=0

(
k
n

)
p,q

p(
n+s
2 )(w − x)nFk−n(x, y; z : p, q). (3.9)

Remark 3.2. Replacing w by w + x in (3.9), we obtain

Fk(w + x, y; z : p, q) =

k∑
n=0

(
k
n

)
p,q

p(
n+s
2 )wnFk−n(x, y; z : p, q). (3.10)

Theorem 3.2. The following summation formula for (p, q)-type Fubini polynomials
Fn(x, y; z : p, q) holds true:

Fn(w, u; z : p, q)Fm(W,U ;Z : p, q) =

n,m∑
r,k=0

(
n
r

)
p,q

(
m
k

)
p,q

(w − x+ u− y)rp,q

×Fn−r(x, y; z : p, q)(W −X + U − Y )kp,qFm−k(X,Y ;Z : p, q). (3.11)

Proof. Consider the product of the (p, q)-type Fubini polynomials, we can be written
as generating function (2.1) in the following form:

1

1− z(ep,q(t)− 1)
ep,q(xt)Ep,q(yt)

1

1− Z(ep,q(T )− 1)
ep,q(XT )Ep,q(Y T )

=
∞∑

n=0

Fn(x, y; z : p, q)
tn

[n]p,q!

∞∑
m=0

Fm(X,Y ;Z : p, q)
Tm

[m]p,q!
. (3.12)

Replacing x by w, y by u, X by W and Y by U in (3.12) and equating the resultant
to itself,

∞∑
n=0

∞∑
m=0

Fn(w, u; z : p, q)Fm(W,U ;Z : p, q)
tn

[n]p,q!

Tm

[m]p,q!

= ep,q ((w − x)t)Ep,q((u− y)t)ep,q ((W −X)T )Ep,q ((U − Y )t)

×
∞∑

n=0

∞∑
m=0

Fn(x, y; z : p, q)Fm(X,Y ;Z : p, q)
tn

[n]p,q!

Tm

[m]p,q!
,

which on using the generating function (3.7) in the exponential on the r.h.s.,
becomes

∞∑
n=0

∞∑
m=0

Fn(w, u; z : p, q)Fm(W,U ;Z : p, q)
tn

[n]p,q!

Tm

[m]p,q!

=
∞∑

n,r=0

(w − x+ u− y)rp,qHFn(x, y; z)
tn+r

[n]p,q![r]p,q!

×
∞∑

m,k=0

(W −X + U − Y )kp,qHFm(X,Y ;Z)
Tm+k

[m]p,q![k]p,q!
. (3.13)
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Finally, replacing n by n − r and m by m − k and using equation (3.7) in the
r.h.s. of the above equation and then equating the coefficients of like powers of t and
T , we get assertion (3.11) of Theorem 3.2. �

Remark 3.3. Replacing u by y and U by Y in assertion (3.11) of Theorem 3.2, we
deduce the the following consequence of Theorem 3.2.

Corollary 3.2. The following summation formula for (p, q)-type Fubini polynomials
Fn(x, y; z : p, q) holds true:

Fn(w, y; z : p, q)Fm(W,Y ;Z : p, q) =

n,m∑
r,k=0

(
n
r

)
p,q

(
m
k

)
p,q

(w−x)rp,qFn−r(x, u; z : p, q)

×(W −X)kp,qFm−k(X,U ;Z : p, q). (3.14)

Theorem 3.3. The following summation formula for (p, q)-type Fubini polynomials
Fn(x, y; z : p, q) holds true:

Fn(x+ 1, y; z : p, q) =
n∑

r=0

(
n
r

)
p,q

Fn−r(x, y; z : p, q). (3.15)

Proof. Using the generating function (2.1), we have

∞∑
n=0

Fn(x+ 1, y; z : p, q)
tn

[n]p,q!
−

∞∑
n=0

Fn(x, y; z : p, q)
tn

[n]p,q!

=

(
1

1− z(ep,q(t)− 1)

)
(ep,q(t)− 1)ep,q(xt)Ep,q(yt)

=
∞∑

n=0

Fn(x, y; z : p, q)
tn

[n]p,q!

( ∞∑
r=0

tr

[r]p,q!
− 1

)

=
∞∑

n=0

Fn(x, y; z : p, q)
tn

[n]p,q!

∞∑
r=0

tr

[r]p,q!
−

∞∑
n=0

Fn(x, y; z : p, q)
tn

[n]p,q!

=

∞∑
n=0

n∑
r=0

(
n
r

)
p,q

Fn−r(x, y; z : p, q)
tn

[n]p,q!
−

∞∑
n=0

Fn(x, y; z : p, q)
tn

[n]p,q!
.

Finally, equating the coefficients of the like powers of t on both sides, we get
(3.15). �

Theorem 3.4. For n ≥ 0 and z1 ̸= z2, the following formula for(p, q)-type Hermite-
Fubini polynomials holds true:(

n
k

)
p,q

Fn−k(x1, y1; z1 : p, q)Fk(x2, y2; z2 : p, q)

=
z2Fn(x1 + x2, y1 + y2; z2 : p, q)− z1Fn(x1 + x2, y1 + y2; z1 : p, q)

z2 − z1
. (3.16)

Proof. The products of (2.1) can be written as

∞∑
n=0

∞∑
k=0

Fn(x1, y1; z1 : p, q)Fk(x2, y2; z2 : p, q)
tn

[n]p,q!

tk

[k]p,q!

=
ep,q(x1t)Ep,q(y1t)

1− z1(ep,q(t)− 1)

ep,q(x2t)Ep,q(y2t)

1− z2(ep,q(t)− 1)
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∞∑
n=0

(
n∑

k=0

(
n
k

)
p,q

Fn−k(x1, y1; z1 : p, q)Fk(x2, y2; z2 : p, q)

)
tn

[n]p,q!

=
z2

z2 − z1

ep,q[(x1 + x2)t]Ep,q[(y1 + y2)t]

1− z1(ep,q(t)− 1)
− z1

z2 − z1

ep,q[(x1 + x2)t]Ep,q[(y1 + y2)t]

1− z2(ep,q(t)− 1)

=

(
z2Fn(x1 + x2, y1 + y2; z2 : p, q)− z1Fn(x1 + x2, y1 + y2; z1 : p, q)

z2 − z1

)
tn

[n]p,q!
.

By equating the coefficients of tn

[n]p,q !
on both sides, we get (3.16). �

Theorem 3.5. The following relation for the (p, q)-type Fubini polynomials Fn(x, y; z :
p, q) holds true:

(1 + z)Fn(x, y; z : p, q) = z

n∑
k=0

(
n
k

)
p,q

Fn−k(x, y; z : p, q) + (x+ y)np,q. (3.17)

Proof. Consider the following identity

1 + z

(1− z(ep,q(t)− 1))zep,q(t)
=

1

1− z(ep,q(t)− 1)
+

1

zep,q(t)
.

Evaluating the following fraction using above identity, we find

(1 + z)ep,q(xt)Ep,q(yt)

(1− z(ep,q(t)− 1))zep,q(t)
=

ep,q(xt)Ep,q(yt)

1− z(ep,q(t)− 1)
+

ep,q(xt)Ep,q(yt)

zep,q(t)

(1 + z)

∞∑
n=0

Fn(x, y; z : p, q)
tn

[n]p,q!

= z
∞∑

n=0

Fn(x, y; z : p, q)
tn

[n]p,q!

∞∑
k=0

tk

[k]p,q!
−

∞∑
n=0

(x+ y)np,q
tn

[n]p,q!
.

Applying the Cauchy product rule in the above equation and then equating the
coefficients of like powers of t in both sides of the resultant equation, assertion (3.17)
follows. �

4. Relationship between (p, q)-Bernoulli, (p, q)-Euler and (p, q)-Genocchi
polynomials and (p, q)-Stirling numbers of the second kind,

In this section, we prove some relationships for (p, q)- type Fubini polynomials
related to (p, q)-Bernoulli polynomials, (p, q)-Euler polynomials and (p, q)-Genocchi
polynomials and (p, q)-Stirling numbers of the second kind. We start a following the-
orem.

Theorem 4.1. Each of the following relationships holds true:

Fn(x , y ; z : p, q)

=
n+1∑
s=0

(
n+ 1
s

)
p,q

[
s∑

k=0

(
s
k

)
p,q

Bs−k (x ; p, q)p
(k2) − Bs(x ; p, q)

]
Fn+1−s(0 , y ; z : p, q)

[n+ 1]p,q
,

(4.1)
where Bn(x; p, q) is (p, q)-Bernoulli polynomials.
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Proof. By using definition (2.1), we have(
1

1− z(ep,q(t)− 1)

)
ep,q(xt)Ep,q(yt)

=

(
1

1− z(ep,q(t)− 1)

)
t

ep,q(t)− 1

ep,q(t)− 1

t
ep,q(xt)Ep,q(yt)

=
1

t

∞∑
n=0

(
s∑

k=0

(
s
k

)
p,q

Bs−k (x ; p, q)p
(k2)

)
ts

[s]p,q!

∞∑
n=0

Fn(0 , y ; z : p, q)
tn

[n]p,q !

− 1

t

∞∑
s=0

Bs(x ; p, q)
ts

[s]p,q !

∞∑
n=0

Fn(0 , y ; z : p, q)
tn

[n]p,q !

=
1

t

∞∑
n=0

[
n∑

s=0

(
n
s

)
p,q

s∑
k=0

(
s
k

)
p,q

Bs−k (x ; p, q)p
(k2)

]
Fn−s(0 , y ; z : p, q)

tn

[n]p,q !

− 1

t

∞∑
n=0

[
n∑

s=0

(
n
s

)
p,q

Bs(x ; p, q)

]
Fn−s(0 , y ; z : p, q)

tn

[n]p,q !
.

By using Cauchy product and comparing the coefficients of tn

[n]p,q!
, we arrive at the

required result (4.1). �

Theorem 4.2. Each of the following relationships holds true:

Fn(0 , y ; z ; u : p, q)

=
n∑

s=0

(
n
s

)
p,q

[
s∑

k=0

(
s
k

)
p,q

Es−k (x ; p, q)p
(k2) + Es(x ; p, q)

]
Fn−s(0 , y ; z : p, q)

[2]p,q
,

(4.2)
where En(x; p, q) is (p, q)-Euler polynomials.

Proof. By using definition (2.1), we have(
1

1− z(ep,q(t)− 1)

)
ep,q(xt)Ep,q(yt)

=

(
1

1− z(ep,q(t)− 1)

)
[2]p,q

ep,q(t) + 1

ep,q(t) + 1

[2]p,q
ep,q(xt)Ep,q(yt)

=
1

[2]p,q

[ ∞∑
n=0

(
n∑

k=0

(
n
k

)
p,q

En−k (x ; p, q)p
(k2)

)
tn

[n]p,q!
+

∞∑
n=0

En(x; p, q)
tn

[n]p,q!

]

×
∞∑

n=0

Fn(0 , y ; z : p, q)
tn

[n]p,q !

=
1

[2]p,q

∞∑
n=0

[
n∑

s=0

(
n
s

)
p,q

s∑
k=0

(
s
k

)
p,q

Es−k (x ; p, q)p
(k2) +

n∑
s=0

(
n
s

)
p,q

Es(x ; p, q)

]

× Fn−s(0 , y ; z : p, q)
tn

[n]p,q !
.

Comparing the coefficients of tn

[n]p,q!
, we arrive at the desired result (4.2). �
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Theorem 4.3 . Each of the following relationships holds true:

Fn(x , y ; z : p, q)

=
n∑

s=0

(
n+ 1
s

)
p,q

[
s∑

k=0

(
s
k

)
p,q

Gs−k (x ; p, q)p
(k2) +Gs(x ; p, q)

]
Fn−s(0 , y ; z : p, q)

[2]p,q[n+ 1]p,q
,

(4.3)
where Gn(x; p, q) is (p, q)-Genocchi polynomials.

Proof. By using definition (2.1), we have(
1

1− z(ep,q(t)− 1)

)
ep,q(xt)Ep,q(yt)

=

(
1

1− z(ep,q(t)− 1)

)
ep,q(xt)Ep,q(yt)

[2]p,qt

ep,q(t) + 1

ep,q(t) + 1

[2]p,qt
ep,q(xt)Ep,q(yt)

=
1

[2]p,qt

[ ∞∑
n=0

(
n∑

k=0

(
n
k

)
p,q

Gn−k (x ; p, q)p
(k2)

)
tn

[n]p,q!
+

∞∑
n=0

Gn(x ; p, q)
tn

[n]p,q !

]

×
∞∑

n=0

Fn(0 , y ; z : p, q)
tn

[n]p,q !

=
1

[2]p,q

∞∑
n=0

[
n∑

s=0

(
n
s

)
p,q

s∑
k=0

(
s
k

)
p,q

Gs−k (x ; p, q)p
(n2) +

n∑
s=0

(
n
s

)
p,q

Gs(x ; p, q)

]

× Fn+1−s(0 .y ; z : p, q)
tn

[n + 1 ]p,q !
.

Comparing the coefficients of tn

[n]p,q !
, then we have the asserted result (4.3). �

Theorem 4.4. For n ≥ 0, the following formula for (p, q)-type Fubini polynomials
holds true:

Fn(x, y; z : p, q) =
n∑

l=0

(
n
l

)
p,q

(x+ yn−l
p,q )

l∑
k=0

zkk!S2(l, k : p, q). (4.4)

Proof. From (2.1), we have
∞∑

n=0

Fn(x, y; z : p, q)
tn

[n]p,q!
=

1

1− z(ep,q(t)− 1)
ep,q(xt)Ep,q(yt)

= ep,q(xt)Ep,q(yt)

∞∑
k=0

zk(ep,q(t)− 1)k

= ep,q(xt)Ep,q(yt)
∞∑
k=0

zk
∞∑
l=k

k!S2(l, k : p, q)
tl

[l]p,q!

=

∞∑
n=0

(x+ y)np,q
tn

[n]p,q!

∞∑
l=0

zk
l∑

k=0

k!S2(l, k : p, q)
tl

[l]p,q!

Replacing n by n− l in above equation, we get
∞∑

n=0

Fn(x, y; z : p, q)
tn

[n]p,q!

=

∞∑
n=0

(
n∑

l=0

(
n
l

)
p,q

(x+ y)n−l
p,q

l∑
k=0

zkk!S2(l, k : p, q)

)
tn

[n]p,q!
.

Comparing the coefficients of tn

[n]p,q !
in both sides, we get (4.4). �
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Theorem 4.5. For n ≥ 0, the following formula for (p, q)-type Fubini polynomials
holds true:

Fn(x+ r, y; z : p, q) =
n∑

l=0

(
n
l

)
p,q

(x+ yn−l
p,q )

l∑
k=0

zkk!S2(l + r, k + r). (4.5)

Proof. Replacing x by x+ r in (2.1), we have

∞∑
n=0

Fn(x+ r, y; z : p, q)
tn

[n]p,q!
=

1

1− z(ep,q(t)− 1)
ep,q((x+ r)t)Ep,q(yt)

= ep,q(xt)Ep,q(yt)ep,q(rt)
∞∑
k=0

zk(ep,q(t)− 1)k

= ep,q(xt)Ep,q(yt)ep,q(rt)

∞∑
k=0

zk
∞∑
l=k

k!S2(l, k : p, q)
tl

[l]p,q!

=
∞∑

n=0

(x+ y)np,q
tn

[n]p,q!

∞∑
l=0

zk
l∑

k=0

k!S2(l + r, k + r : p, q)
tl

[l]p,q!

Replacing n by n− l in above equation, we get

∞∑
n=0

Fn(x+ r, y; z : p, q)
tn

[n]p,q!

=

∞∑
n=0

(
n∑

l=0

(
n
l

)
p,q

(x+ y)n−l
p,q

l∑
k=0

zkk!S2(l + r, k + r : p, q)

)
tn

[n]p,q!
.

Comparing the coefficients of tn

[n]p,q !
in both sides, we get (4.5). �
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