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Abstract: These counter examples have shown the relationships between the power of a Pythagoreans equation
and Pythagorean’s triples. There exit three positive integers that satisfies Fermat’s equation when the power n
is equal to 2 in the case of Pythagorean theorem and it’s applicable relationships in right triangles. On the other
hands as the power varies from positive to negative integers or any integers other than 2, such as in the case of
Fermat'’s last theorem, the hypotenuse z of a right triangle tends to be equal to one of the sides x or y of the
triangle and the other side tends to be equal to zero. And the application of this idea describes the behavior of
a mass object in motion, since the total energy of the object is the sum of its energy in motion and its rest energy,
at a particular power n, the total energy of the object tends to be equal to either the rest energy or the photon
energy.

Keywords: Fermat's last theorem Pythagorean’s triples; right triangle; nth root theorem;
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1. Introduction

Ancient Mesopotamian is one of the most significant early development of mathematics, begins
about 3¢ millennium BCE to the fall of Babylon in 539BCE, mathematics are been used for measuring
and for keeping tracks of quantities. Mathematics is written in Cuneiform script, in form of clay
inscribed. Mesopotamian worked on many mathematical topics which includes Babylonian
numerals, Algebra and arithmetic, Geometry and Pythagoreans theorem, before the development of
other sophisticated topics.

Pythagoras' theorem is a fundamental relation in Euclidean geometry between the three sides of
a right triangle. It was named after a Greek philosopher Pythagoras, who was born around 570BC.
Historians of Mesopotamian mathematics have concluded that the Pythagorean rule has been in use
during 20th to 16th centuries BC, over a thousand years before Pythagoras was born.

Between 2000BC and 1786BC, Egyptian Middle Kingdom Berlin Papyrus 6619 includes a
problem whose solution is related to the Pythagorean triple 6:8:10, but the problem does not mention
any triangle. The Mesopotamian tablet Plimpton 322, written between 1790 and 1750 BC contains
many entries that are closely related to Pythagorean triples.

Between 8" and 5% century BC, Baudhayana Shulba Sutra, contains a statement of the Pythagorean
Theorem and the Pythagorean triples both as a special case of isosceles right triangle and in the
general case as Apastamba Shulba Sutra around 6 century BC.

During the 5% century AD, Byzantine Neoplatonic philosopher and mathematician Proclus
wrote two arithmetic rules for generating special Pythagorean triples. The one attributed to
Pythagoras starts from an odd number (c. 570 — c. 495 BC).

The Arithmetical Classic of the Gnomon and the Circular Paths of Heaven give a reasoning for the
Pythagorean Theorem for the 3:4:5 triangle, in China it is called “Gougu theorem”
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Carl Boyer states that the Pythagorean Theorem in the Sulba-siitram may have been influenced
by ancient Mesopotamian mathematics, but there is no conclusive evidence in favor or opposition of
this possibility.

Pythagorean Theorem is used in construction and geometry in the ancient times till date. The
theorem states that the square of the hypotenuse z is equal to the sum of the squares of the other two
sides x, y of a right triangle. The theorem has been proven countless time with different methods
which include geometric and algebraic methods. It can be written as an equation relating the lengths
of the sides x, y, and hypotenuse z, generally known as the Pythagorean equation.

If z denotes the length of the hypotenuse and x and y denote the other two lengths of the legs of
a right triangle perpendicular to each other, then the Pythagorean theorem can be expressed in
Pythagorean equation:

x? + y? = z? (1)

For example, it can be deduced using simple mathematics, that if only the lengths of the legs of
the right triangle are known and the hypotenuse is unknown, then the length of the hypotenuse can
be calculated with the following equations

z = Jx%2 + y? 2)
Colloquially, if the length of the hypotenuse and one length of the leg is known, then the length
of the other legs can be calculated as

x = 22— y? 3)

y = yJz2— «x? 4)

Any triple integers x, y, and z that satisfy the equation above is called Pythagorean’s triples, and
there are infinitely numerous triples and methods of generating them which have been studied by
different cultures such as the Babylonians, Ancient Greek, Chinese, and Indian mathematicians. Thus
far, the knowledge of the Pythagorean Theorem based on the history can be classified into four parts:
the knowledge of Pythagorean triples, the knowledge of the relationship among the sides of a right
triangle as shown in equation 2, 3 & 4, the knowledge of the relationships among adjacent angles,
and the knowledge of the proofs of the theorem within some deductive system. Another knowledge
of Pythagorean equation that should be considered on this topic is the knowledge of the relationship
between the Pythagorean’s triples and the power of the equation.

However, the simplest equation likely to explain the relationships between the power of the
equation and the triples is called Fermat’s Last Theorem. It is an example of a Diophantine’s equation.

Diophantus of Alexandra was an Alexandra mathematician and an author of series of books
called Arithmetica. His texts deal with solving algebraic equations which includes Diophantine
equations, Diophantine geometry, and Diophantine approximations which are all based on Number
theory. Diophantus wrote on polygonal numbers, a topic of great interest to Pythagoras. One of the
editions of Diophantus’s book was translated to Latin and published by Claude Bachet in 1621.

Many years after, while Pierre de Fermat was studying Diophantine’s equation; he came across
a problem and he wrote in the margin of his copy of the Arithmetica close to Diophantus’s sum of
squares problem that “it is impossible to separate a cube into two cubes, or a fourth power into two fourth
powers, or in general, any power higher that the second, into two like powers. I have discovered a truly
marvelous proof of this, which this margin is too narrow to contain”. That is there is no positive integer
solution for the equation 5 below if n > 2. This is the equation that relates the power and the
Pythagorean’s triples.

xn + yn — Zn (5)

In 1670, five years after the death of Pierre de Fermat, a new edition of his book augmented with
his comments was published by his son Clément-Samuel Fermat. The augment was that, there is no
three positive integers x, y and z, that can fit into the equation 5 above if the power # is any integer
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but not 2. It was not clear whether Fermat actually have a valid proof for the general proof of the
equation. Rather a specific proofs by him survived, the case where n=4, no general proof was found.
The methods of Fermat marvelous proof he claimed to have had for the general solution are
unknown, perhaps it would have been an elementary method by comparison based on the level of
the mathematical knowledge at his time.

Fermat used infinite descent method in his special case where 1 =4 to show that the area of a right
triangle with integer sides can never be equal the square of an integer. Quite a number of alternative
proofs of this case were developed after. In 1676, Frénicle de Bess, Leonhard Euler in 1738, Kausler
in 1802, Peter Barlow in 1811, Adrien-Marie Legendre in 1830, Schopis in 1825, Olry Terquem in
1846, Joseph Bertrand in 1851, Victor Lebesgue in 1853 - 1862, Théophile Pépin in 1883, Tafelmacher
in 1893, David Hilbert in 1897, Bendz in 1901, Gambioli in 1901, Leopold Kronecker in 1901, Bang in
1905, Sommer in 1907, Bottari in 1908, Karel Rychlik in 1910, Nutzhorn in 1912, Robert Carmichael in
1913, Hancock in 1931, Gheorghe Vranceanu in 1966, Grant and Perella in 1999, Barbara in 2007, and
Dolan in 2011.

Other proofs for special case were focused on the odd prime exponents such as 3, 5, and 7. And
the first person to work on the special case 1 =3 is Abu-Mahmud Khojandi in the 10th century but his
approach toward the proof was incorrect. Leonhard Euler in 1770 used Fermat approach infinite
descent but it was discovered to contained major gap. Afterward, many independent proofs were
published by Kausler in 1802, Legendre in 1823-1830, Calzolari in 1855, Gabriel Lamé in 1865, Peter
Guthrie Tait in 1872, Giinther in 1878, Gambioli in 1901, Krey in 1909, Rychlik in 1910, Stockhaus in
1910, Carmichael in 1915, Johannes van der Corput in 1915, Axel Thue in 1917, and Duarte in 1944.

Around 1825 the special case n=5 was independently proved by Legendre and Peter Gustav
Lejeune Dirichlet, followed by alternative proofs developed by Carl Friedrich Gaussin
1875, Lebesgue in 1843, Lamé in 1847, Gambioli in 1901, Werebrusow in 1905, Rychlik in 1910, Van
der Corput in 1915, and Guy Terjanian in 1987. And the complicated special case n =7 was introduced
by Lamé in 1839. And later simplified in 1840 by Lebesgue, and the more simplified proofs were
published in 1864, 1874 and 1876 by Angelo Genocchi. In 1876 alternative proofs were developed by
Théophile Pépinand Edmond Maillet in 1897. Other proofs forn=6 were published by
Kausler, Thue, Tafelmacher, Lind, Kapferer, Swift, and Breusch. While Kapferer and Breusch each
published a proof for the case n = 10. Likewise, Dirichlet in 1832 and Terjanian each published a proof
for the case n=14. A significant proof for the general solution was first worked on by a French
mathematician Sophie Germain; she approached the theorem using mathematical induction and
several other new methods to prove Fermat's Last Theorem for all exponents. Using mathematical
induction; she was able to show that, if no integers raised to the prime exponent p were adjacent
modulo 6, then § must divide the product xyz, as she defined a set of auxiliary prime number
0 constructed from a prime exponent p through the equation 6 = 2hp + 1, where h is defined as
any integer that cannot be divided by 3. This proof would have established Fermat's Last Theorem,
since the product xyz can have at most a finite number of prime factors. With all her efforts and trials
she did not succeeded in proving the first case of Fermat's Last Theorem for all even exponents,
specifically for, n = 2p that was later proved by Guy Terjanian in 1977. The first prove that show
that Fermat’'s last theorem holds for infinitely many odd primes was published by Leonard
dleman, Roger Heath-Brown and Etienne Fouvry in 1985.

Around the year 1955, two Japanese mathematicians Goro Shimura and Yutaka
Taniyama observed a possible link between two distinct branches of mathematics; elliptic
curves and modular forms. The modularity theorem states that every elliptic curve is modular,
meaning that all elliptic curves can be associated with a unique modular form. It was known as the
Taniyama-Shimura conjecture and was considered as a mere statement with less attention, but was
taken more seriously when André Weil found supporting evidence. Though, it was extraordinarily
difficult and perhaps inaccessible to proof. In 1984, a German mathematician Gerhard Frey proposed
a link between Fermat's equation and the modularity theorem. He stated that if Fermat's equation
had any solution (4, b, c) for exponent p >2, then it could be shown that the semi-stable elliptic
curve equation 6 below
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y? = x(x — a”)(x + bP) (6)

would have unusual properties that it was unlikely to be modular. Following this strategy, a proof
of Fermat's Last Theorem required two steps. First, it was necessary to prove the modularity theorem
which seemed to be difficult. Second, it was necessary to show that Frey's intuition was correct: that
if an elliptic curve were constructed in this way, the resulting elliptic curve could not be modular
using a set of numbers that were a solution of Fermat's equation. Frey showed that this
was plausible but did not go as far as giving a full proof. The missing piece "epsilon conjecture” also
known as Ribet's theorem was identified by French mathematician Jean-Pierre Serre who gave an
almost-complete proof.

An English mathematician Andrew Wiles committed his life to solve the second half: proving a
special case of the modularity theorem for semi-stable elliptic curves. Initially, Wiles approached the
problem using induction based on Galois Theory, while the method seems difficult, he extended
horizontal Iwasawa theory for inductive argument. The theory was not feasible to the problem, later
he discovered an Euler system developed by Victor Kolyvagin and Matthias Flach.

In June 1993, Wiles was fully ready to present his result, however an error was detected during
the peer review that part of the results was incorrect. He spent closed to a year trying to fix the error
with the help of his former student Richard Taylor without success. And he was about given up when
he discovered that Iwasawa theory and the Kolyvagin-Flach approaches were each inadequate on
their own, but together they could be made powerful enough to fix the error. In 2015, Wiles was
awarded the prestigious Nobel Prize for his work solving one of the most difficult mathematical
problems —Fermat’s Last Theorem.

The methods used by Wiles and other mathematician including Fermat himself are based on the
infinite descent, either in its original form or the form of descent on elliptic curves or abelian varieties. The
original equation as simple as it is, it can be understood using simple arithmetic principles. It is
widely known that there are many positive three integers that satisfy the equation where the
power n = 2, and those three integers are called Pythagoreans triples, while the equation where n =
2 is called Pythagorean’s equation. On the other hand, Fermat's last theorem states that there is no
positive integer that satisfies the equation x™ + y™ = z" if the power n # 2. In counter example
to the statement made by Pierre de Fermat, and also to explain the relationship between the power
of the equation and the Pythagorean’s triples, this article show that using simple arithmetic principles
“the hypotenuse of a right triangle tends to be equal to the one side of the triangle and the other side
tends to be equal to zero or serves as zero as a result of power variation; i.e. the value of the
hypotenuse z tends to be equal to the value of y, while x tends to be equal to zero as the power n
increases (x — 0, z — y), and at the other hand as the power n decreases the value of the hypotenuse
z tends to be equal to the value of x, while y tends to be equal to zero (y — 0, z — x)”. Therefore, there
exist three positive integers x, y and z that satisfy Fermat's last theorem at a particular positive and
negative power #, though one of the integer has to be equal to zero in the process, while the other
two integers are equal. It application describes why mass psrticles cannot attain the speed of light, in
other word; the energy of a matter (mass particle) in motion is assumed to possess the sum of the
energy of the particle in motion and the rest energy of the particle, using mass-momentum energy
relation. Many literatures on why mass particles cannot attain the speed of light attested that as the
particle approaches the speed of light, the mass of the particle increases, so does the energy required
to move it. And experimentally, it is extremely difficult to achieve that huge amount of energy for an
increasing mass of a particle to attain the speed of light. Rather, nth root theorem show that as the
particle approaches the speed of light, the total energy of the particle in motion also known as the
relativistic energy tends to be equal to a photon energy while the rest energy of the particle tends to
be equal to the zero. This supported the fact that only the particles with zero rest mass (photon) would
be able to attain the speed of light.

2. Methods
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Example 1: By Converse of Pythagorean Theorem. Suppose that x, y and z be three positive
integers with (x? + y% = z?), then there exist a right triangle XYZ with length x, y, and z. In this case

Z=90°

Figure 1. Right angle triangle XYZ. Without loss of generality we assume that (x? + y* =
z?).

Example 2: x™ + y™ = z" has a positive integer solution as the power n varies, where the
hypotenuses z of the right triangle tends to be equal to one of the term x or y (the base or
perpendicular of the triangle) on the other side of the equality sign, while the other term tends to be
equal to zero, and the triangle collapsed to a straight line.

Proof: by homogeneity of the exponents and the rules of logical reasoning (i.e. the algebraic
principle of Pythagorean and general reasoning). We assume that x, y and z are positive integers and
primitively prime while the exponent n are whole numbers.

Case 1: Pythagoras equation in the case where n = 2 such as the equation 1 above. Where we
have x? + y? = z?

And x= base, y= perpendicular, z= hypotenuse, alsox <y <z

Lemma (a); suppose we know the values of base x and the perpendicular y of a right triangle,
then we can find the hypotenuse z, by making z the subject of the formula. Make z the subject of the
formula from eqn. 1

2= Ty

Therefore, the value of z is the square root of the sum of the squares of the two other terms (x
and y).

Lemma (b); suppose we know the values for the hypotenuse z and the base x of a right angle
triangle, then we can find the perpendicular y, by making y the subject of the formula. Make y the
subject of the formula from eqn. 1

y = VA
Therefore, the value of y is the square root of the difference of the square of the other two terms
(z and x).
Lemma (c); suppose we know the values for the hypotenuse z and the perpendicular y of a right
angle triangle, then we can find the base x, by making x the subject of the formula. Make x the subject
of the formula from eqn. 1

v = T

Therefore, the value of x is the square root of the difference of the square of the two other terms
(z and y).

Case 2: Pythagorean equation in the case where power n > 2; Fermat last theorem —there is no
positive integer solution for the equation x™ + y™ = z™ if n > 2. Rather as the power n increases
far beyond 2, the value of z tends to be equal to y, while x tends to be equal to zero, and at a particular
power 1, the both sides of the equality sign are equal

And x=base, y= perpendicular, z= hypotenuse, also x <y <z

Xy = %

Thenat n >>>>> 2
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6
Xn Y‘I’l Zn
I+l =1
0o vy y

Lemma (a); suppose we have a right triangle with base x, perpendicular y, and hypotenuse z to
be positive integers and primitively prime numbers; they are Pythagorean’s triples. Then, we
assumed that the eqn. 7. is equal at power n >>>>> 2. then, we make the hypotenuse z the subject
of the formula as the power n increases, while the value of the base x and the perpendicular y remain
constant. Make z the subject of the formula from eqn. 7.

Zn - xn + yn

Then

z="/x"+ y" (8)

Assuming the value of x and y is known and remain constant, while the value of z is unknown
and to be determined as the power n increases, at n >>>>> 2. the equation will change to the form
as follows at a certain power n

VEE =y ©)

Therefore,
x"+ oyt =yt (10)

Since the eqn. 10 above is approximated, then taking the nth root at both sides of the equation
Vx4 ym =Yy (11)

y=y (12)
where z -y and x> 0
Lemma (b); suppose we know the values for the base x and the hypotenuse z of a right triangle
is known and they remain constant, while the value for the perpendicular y is determined as the

power n increases. Then, we make y the subject of the formula. Make y the subject of the formula
from eqn. 7

y =zt — xm (13)
Assuming the value of y is been determined as the power n increases while the value of z and x

remain constant, at n >>>>> 2. Then, the equation changes to the form as follows

n n

zh— x" x= z" (14)

And taking the nth root of both sides of the eqn. 14
Yzt — x" = Vzn (15)

z=12z (16)

where y -z and x - 0

Lemma (c); suppose we have the value of z and y and we have to determine the value of x as the
power 1 increases. Then we make x the subject of the formula. Make x the subject of the formula from
eqn. ii. Then,

x="1/z"— y" (17)
Assuming the value of x is been determined as the power n increases while the value of z and y
remain constant, n >>>>> 2.

Mzt — Yyt~ 2z (18)

So, x neither equal to z nor y. rather x =~ zwhile y # z nor 0
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Case 3: equation similar to Fermat’s last theorem, where the exponent n < 2 has no positive
integer solution. Rather as the power n decreases, the value of the hypotenuse z tends to be equal to
x while the value of y tends to be equal to zero, and at a particular negative power #, the both sides
of the equality sign are equal

And x=base, y= perpendicular, z= hypotenuse, also x <y <z

x T+ yt=2zT" (19)

Thenat n KKKK 2

X—TL Y—n Z—n
I+l =1
x 0 x

Lemma (a); suppose we have x, y, and z to be positive integers and primitively prime numbers.
We assumed that the eqn. 7. is equal at a power n KKK« 2.then, we make z the subject of the
formula as the power n decreases, while the value of x and y remain constant. Make z the subject of
the formula from eqn. 19.

zh=xT" 4y

Then

z="YxT"+ y" (20)

And if the value of z is been determined as the power n decreases while the value for x and y
remain constant, n KKKK 2.

Nxh e+ y T =x (21)
Therefore,
xTMH oyt o= T (22)

And taking the -nth root at both sides of the equation
x4 yTh= Txn (23)

X =x (24)

where z - x and y—> 0

Lemma (b); suppose we have to determine the value for y as the power n decreases while the
value of z and x remain constant. Then, we make y the subject of the formula. Make y the subject of
the formula from eqn. 19.

y="z7m—x" (25)

Assuming the value of y is to be determined as the power -1 decreases while the value of z and
x remain constant, n KKKK 2.

Nz — x " =qa—bi (26)

The value of y becomes a complex expression, where a = x

Lemma (c); suppose we have the value of z and y, and we have to determine the value of x as
the power decreases. Then we make x the subject of the formula. Make x the subject of the formula
from eqn. 19. Then,

x="Lz"—yn (27)

Assuming the value of x is been determined as the power -n decreases while the value of z and
y remain constant, n KKKK 2.

Nzh— y T =c—di (28)

The value of x becomes a complex expression, where ¢ =y
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3. Results/Applicataion

In special theory of relativity, where the observer observes different motions due to the
observer’s frame of reference. There are two similar equations that describe objects or particles.

L. E = myc?

Where E = energy of an an object or particle at rest, my= rest mass of the particle, c= speed of
light. This equation is correct only when an object or particle is not moving.

II. E =ym,c?

Where E = energy of an object or partcle in motion, gamma y = v = object velocity

2
relative to the observer, c= speed of light, my=rest mass of an object or particle.

This equation is related to object or particle in motion, travellig with a velocity v. In motion, as
the velocity of a particle increases towards the speed of light, gamma (y) increases, while the energy
of the particle increases. The two equations above does not apply for massless particles such as the
particle of light —photons; they only applied for particles with rest mass and speeds below the speed
of light, particle at rest. Although, there is an equation that applies universally for both particles with
mass and without mass, and even particles in motion and at rest; which is known as the mass-
momentum energy. For the purpose of this article, we focus on mass particles in motion and at rest.
Thus we examine what gamma stands for in this equation. Generally, it is a quantity that expresses
how much the measurements of time, length, and other physical properties changes for a particle in
motion, it is also called the Lorentz factor.

In a physical sense, gamma is the ratio of the energy of a particle in motion to its energy at rest,
as expressed matthematically in the equation bellow,

1 _ Emotion

v2 Erest

Where Epotion = is the energy of a paticle in motion, E,.s; =energy of a particle at rest y =
gamma hold for mass particles with velocity v (0 < v < c), ¢ = speed of light. Square both sides of
the equation, we have the following

2
1 _ Emotion

v2 g Ezest
-z

2

1 _ Emotion
2 2

v Erest

2
v
2 — 2
Erest - Emotiun (1 - ;)

And we have,
2

2 2 2 4
Erest = Emotion - Emotion ?

From the equation above, the rest energy of a mass particle in motion is the difference between
its energy in motion and the velocity quotient energy (f3).

Velocity quotient is the product of the energy of a particle in motion and the ratio of the velocity
of a particle and the constant speed of light ( = :—j). Rearraging the equation, we have that the total
energy of a particle in motion is equivalent to the sum of the rest energy of the particle and the velocity
quotient energy of that particle, as expressed below
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1.72
2 — 2 2
Emotion - Erest + Emotion ﬁ

In more details we have

(Ergm)® = (mc?)* + (Vmcz-g)z

where Erg), = total energy of a particle in motion, and other teams as defined above.

This Pythagoreans form of the equation of a particle in motion shows that the total energy a
particle experience in motion is the sum of its rest energy and its velocity quotient energy, where the
velocity ranges (0 < v < ¢), and the power of the equation is equal to 2 (i.e. n =2).

Using the principle of nth root theorem, where the power n of the equation varies from negative
power to the very large positive integer,

n

(Ergm)™ = (mc®)™ + (ymcz.g)

As the energy level (power n) increases, the rest energy of a particle tends to be equal to zero
while its total energy tends to be equal to the velocity quotient energy, making the velocity quotient
B =1, that is the velocity of the particle is equivalent to the constant speed of light, and the particle
can only be describe as a massless particle -photon.

(Erem)"™ = (ymcz. z)n

where, Ej, — 0, velocty quotient (8) = % =
Likewise, as the energy level (power 1) decreases, the total energy of the particle tends to be
equal to the rest energy and the velocity quotient energy is equal to zero, that is the particle is totally

at rest, since the value for its velocity quotient is equal to zero.
(Eren)™ = (mc?)™"

-n
where (ymcz.g) -0, velocity quotient (B) = g =0

4. Discusion/Conclusion

In counter examples to Fermat equation, and to explaining the relationship between the
Pythagorean'’s triples and the power of the equation as they varies. The article shows that using
simple arithmetic approach, “the hypotenuse of a right triangle tends to be equal to the one side of
the right triangle and the other side tends to be equal to zero or serves as zero at the same time as a
result of power variation; i.e. the value of the hypotenuse z tends to be equal to the value of y, while
x is tends to be equal to zero as the power 1 increases, and at the other hand as the power 1 decreases
the value of the hypotenuse z tends to be equal to the value of x, while y tends to be equal to zero”.
Making it more profound that there is a relationship between the Pythagoreans’ triples and the power
of the equation, just as there were other studies of Pythagoreans equation, such as the knowledge of
the Pythagrean’s equation. The application of this principle is used to explain the motion of a mass
particles as they experience both the rest energy and the velocity qoutient energy at a power n=2.
While the variatio of the power explain the behaviour of a massless particle at a very high level of
power n of the equation, and the mass particle at rest at a very lower level of power n. The principle
shows that massless particles exist at a high positive power n, while the rest energy exist at the a low
negative power n. In conclusion, at a negative power n, the velocity quotient of a particle is equal to
zero, which describes a particle with a rest mass. While the velocity quotient of a particle is equal to
1, at a very high positive power n, describing the photon particles.
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