
Article

Not peer-reviewed version

Conjugate Gradient Least Squares

Algorithm for OFDM Nonlinear

Equalization in Intelligent Future

IoT Transportation Systems

Hani Attar , Mohammad Aljaidi 

*

 , Ayat Alrosan , Ilhami COLAK , Ahmed Solyman , Ramy Said Agieb

Posted Date: 17 October 2023

doi: 10.20944/preprints202310.0977.v1

Keywords: Intelligent Transportation Systems; OFDM; Doppler-induced Inter-Carrier Interference; Conjugate

Gradient Least Squares; Nonlinear Equalization; Doubly Dispersive Fading

Preprints.org is a free multidiscipline platform providing preprint service that

is dedicated to making early versions of research outputs permanently

available and citable. Preprints posted at Preprints.org appear in Web of

Science, Crossref, Google Scholar, Scilit, Europe PMC.

Copyright: This is an open access article distributed under the Creative Commons

Attribution License which permits unrestricted use, distribution, and reproduction in any

medium, provided the original work is properly cited.

https://sciprofiles.com/profile/2003571
https://sciprofiles.com/profile/2538264
https://sciprofiles.com/profile/2232125
https://sciprofiles.com/profile/1745483


 

Article 

Conjugate Gradient Least Squares Algorithm for 
OFDM Nonlinear Equalization in Intelligent Future 
IoT Transportation Systems 

Hani Attar 1, Mohammad Aljaidi 2, *, Ayat Alrosan 3, Ilhami COLAK 4, Ahmed Solyman 5 and 

Ramy Agieb 6 

1 Faculty of Engineering, Zarqa University, Zarqa, Jordan, hattar@zu.edu.jo (H.A.) 
2 Department of Computer Science, Faculty of Information Technology, Zarqa University, Zarqa 13110 

Jordan, mjaidi@zu.edu.jo (M.A.) 
3 School of Information Technology, Skyline University College, Sharjah P.O. Box 1797, United Arab 

Emirates, ayat.alrosan@skylineuniversity.ac.ae (A.A.) 
4 Department of Electrical and Electronics Engineering, Istanbul Nisantasi University, Istanbul, Turkey, 

ilhcol@gmail.com (I.C.) 
5 School of Computing, Engineering and Built Environment, Glasgow Caledonian University, Glasgow, UK, 

ahmed.solyman@gcu.ac.uk (A.S.) 
6 Department of Electrical Engineering, Faculty of Engineering, MTI University, Cairo, Egypt, 

drragieb@eng.mti.edu.eg (R. A.) 

* Correspondence: should be addressed to mjaidi@zu.edu.jo 

Abstract: Intelligent transportation systems (ITS) have recently evolved rapidly, which requires the 

development of highly trustworthy and effective communication technologies for uses, including vehicle-to-

vehicle (V2V) and vehicle-to-everything (V2X) communication; where Orthogonal Frequency Division 

Multiplexing (OFDM) is regarded as a strong candidate and highly popular option technique among these 

methods. However, the movement of vehicles introduces Doppler frequencies which produce inter-carrier 

interference (ICI), that is frequently occurs in V2X channels. This interference has the potential to compromise 

the integrity of subcarrier orthogonality within OFDM, leading to lower-quality communication and an 

increased likelihood of data transmission errors. When employing channels with doubly dispersive fading, 

OFDM necessitates the usage of a complex equalization based on the minimum mean-square error (MMSE) 

equalizer, which requires channel matrix inversion. Several low-complexity equalizers for OFDM have been 

developed and are based on band factorization, time domain LSQR (Least-Square QR) iterative computing, 

and banded minimum mean squared error (BMMSE). This paper proposes Conjugate Gradient Least Squares 

(CGLS), which is a novel iterative computation algorithm integrated with nonlinear equalizers. The suggested 

nonlinear equalization technique determines the trade-off between computations and performance. According 

to simulation data, the suggested nonlinear equalizer performs better than the current BMMSE and linear CGLS 

algorithms across doubly dispersive fading channels. 

Keywords: Intelligent Transportation Systems; OFDM; Doppler-induced Inter-Carrier Interference; Conjugate 

Gradient Least Squares; Nonlinear Equalization; Doubly Dispersive Fading 

 

1. Introduction 

The advent of the Internet of Things (IoT) has brought about a profound transformation in the 

way modern cities function and engage with technology [1]. The IoT is a network of physical items 

or "things" equipped with sensors, software, and other technologies to gather and exchange data with 

connected things and systems over the internet[2]. The following elements of modern cities have been 

greatly impacted by this integrated ecosystem: Smart Infrastructure, Smart Transportation, 

Environmental Monitoring, Healthcare, Retail and Commerce, and Energy Management [3]. It is 

worth noting that the rise of IoT serves as a pivotal catalyst for the advancement of 6G technology[4]. 

Disclaimer/Publisher’s Note: The statements, opinions, and data contained in all publications are solely those of the individual author(s) and 
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Smart transportation has been profoundly impacted by IoT, which has improved the efficiency, 

security, and sustainability of numerous modes of transportation [5]. Traffic management, Vehicle-

to-vehicle (V2V) and vehicle-to-everything (V2X) communication, predictive maintenance, parking 

management, autonomous vehicles, ride-sharing and mobility services, eco-friendly transportation, 

fleet management, traffic data for urban planning, and emergency response are all areas where IoT 

technologies are being implemented [6]. The traffic management applies IoT sensors and cameras to 

monitor traffic flow and congestion in real-time, optimize signal timings, and reroute vehicles, where 

V2V and V2X communication enable real-time transmission of information regarding traffic 

conditions, accidents, and dangers. The IoT sensors in cars can track different parts' efficiency to tell 

when the repair is required, minimize downtime, and avoid breakdowns. The IoT technology also 

enhances the effectiveness and dependability of public transport networks, enabling users to plan 

their journeys and optimize routes following demand. Moreover, the developed IoT ride-sharing 

system can connect drivers and passengers in real-time mode, resulting in optimizing the routes and 

reducing idle trips. 

Transportation and energy systems can become more resilient, sustainable, and efficient through 

the integration of smart grid and IoT-enabled V2X technologies. Through the use of these 

technologies, Vehicles and the smart grid may communicate more easily, allowing for the storage of 

excess energy for system stability and charging during periods of low demand[7]. By giving real-time 

data on energy generation and demand, V2X can also maximize the integration of renewable energy 

sources into the grid. EVs with V2X capability can act as mobile power sources during emergencies, 

improving the resilience and dependability of the grid. Charge schedules can be optimized using 

smart grid technologies, guaranteeing economical and effective charging. Greenhouse gas emissions 

can be decreased through more environmentally friendly patterns of energy and transportation that 

result from the cooperation of V2X and smart grids. IoT sensors may track energy usage trends, traffic 

congestion, and air quality, allowing for data-driven decision-making to reduce negative 

environmental effects. Policy and regulatory frameworks can be informed by cooperative efforts 

between the energy and transportation sectors, resulting in a more sustainable and integrated future. 

Within this context, further investigation into the security of IoT is warranted and may potentially 

elevate the demand for Blockchain technology[8]. 

Smart transportation encompasses areas like route optimization, parking, street lighting, 

accident prevention/detection, road anomalies, and infrastructure. Intelligent Transportation 

Systems (ITS) have revolutionized modern transportation by leveraging advanced communication 

technologies. One critical aspect of ITS is the seamless communication between vehicles and 

infrastructure, known as V2V and V2X communication; where the efficient and reliable exchange of 

information in these scenarios demands robust communication methods [9].  

Due to its capacity to effectively control data transmission through wireless communication 

channels, Orthogonal frequency division multiplexing (OFDM) has found widespread application in 

numerous technological fields, such as: 

1. Wireless Communication Standards: OFDM is a key component of wireless 

communication standards like IEEE 802.11 (Wi-Fi), IEEE 802.16 (WiMAX), and IEEE 802.22 

(Wireless Regional Area Network), where it provides high data rates, robustness against multipath 

fading, and effective spectrum utilization. 

2. Mobile Cellular Networks: 4G (LTE) and 5G cellular networks rely heavily on OFDM. 

Reducing the effects of signal interference and multipath propagation promotes high data 

throughput, enhanced spectral efficiency, and higher coverage [10]. 

3. Digital Television & Broadcasting: The efficient transmission of multimedia content over 

the airwaves is made possible by using OFDM in digital television broadcasting standards like 

Digital Video Broadcasting-Terrestrial (DVB-T) and Digital Audio Broadcasting (DAB) [11]. 
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4. Wireless Local Area Networks (WLANs): Modern WLAN technologies, including Wi-Fi, 

use OFDM to speed up data transmission rates, expand indoor coverage, and support multiple 

concurrent users. 

5. Broadband Internet Access: Fixed broadband wireless systems that use OFDM can 

deliver high-speed internet access to homes and businesses in locations where installing wired 

infrastructure is difficult. 

6. Satellite Communications: OFDM is employed in satellite communication systems to 

efficiently utilize satellite transponders and robust data transmission in challenging atmospheric 

conditions [12]. 

Indeed, OFDM is a successful technique for mitigating inter-symbol interference (ISI) in 

frequency-selective channels, which is achieved by using a cyclic prefix (CP) and dividing the channel 

into several frequency non-selective sub-channels [13]. Additionally, OFDM employs single-tap 

equalizers to enhance its performance further in combating ISI. Conversely, the usage of terahertz 

(THz) frequency bands and the existence of high mobility can result in substantial Doppler shifts, 

hence causing interference with the orthogonality of OFDM subcarriers. As a result, implementing 

V2V and V2X wireless communication systems would lead to the emergence of time-varying 

channels and inter-carrier interference (ICI) [14]. The motivation behind this research stems from the 

critical importance of reliable and efficient V2X communication in modern transportation systems. 

Ensuring high-quality communication while managing the challenges posed by Doppler-induced ICI 

is vital for the safety and effectiveness of V2X applications. By providing a low-complexity yet high-

performance solution, this research seeks to enhance the reliability and real-time capabilities of V2X 

communication systems. To tackle the issue of ICI, several equalization methods have been 

implemented such as in [15,16]. The work conducted by Jeon et al. [17] introduced a simplistic zero-

forcing (ZF) equalization method that was based on a linear representation of channel variations. 

Unfortunately, the ZF approach demonstrates a limitation in noise amplification, which may result 

in limitless noise power spectrum densities after the equalization procedure. The sequential detection 

strategy utilizing the minimum mean square error (MMSE) was developed by Choi et al. [18]. The 

computational complexity of the MMSE technique may be expressed as O(N 3), where N is the total 

number of subcarriers. Therefore, the MMSE method may be seen as a sophisticated equalization tool 

as it needs the inversion of the communication channel matrix. The study of Cai et al. [19] introduced 

a solution for mitigating ICI with an O(N2) computational complexity, where the approach assumes 

that the power of ICI is mostly focused on a restricted set of neighboring subcarriers. In the study of 

Rugini et al. [20], LDLH factorization in combination with a block decision feedback equalizer (BDFE) 

methodology was employed to achieve a computational complexity of O(N). Instead of employing 

the previously described solutions, which function in the frequency domain, Hrycak et al. [21] 

introduced an alternative linear equalization technique that integrates a time-domain ICI mitigation 

mechanism.  

Research is underway to integrate artificial intelligence into the realm of equalization and 

channel estimation within Orthogonal Frequency-Division Multiplexing (OFDM) systems. In their 

work [insert reference], the authors emphasize the critical significance of channel estimation and 

signal detection within OFDM-based systems. Their study leverages deep neural network (DNN) 

layers, incorporating long-short-term memory (LSTM) units, to discern signals by acquiring 

knowledge from both the received signal and channel information. The outcomes of their simulations 

indicate that the system attains a signal bit error rate that is on par with, and in some cases surpasses, 

that achieved by conventional techniques[22]. 

The LSQR (Least-Squares QR) [23] iterative approach is utilized to tackle the difficulties 

associated with solving systems of least-squares equations, particularly when these equations are of 

significant size and have a sparse distribution [24]. The LSQR algorithm improves upon the 

conventional conjugate gradient approach by efficiently solving systems of equations through QR 

decomposition. This method is particularly beneficial when the required solution emphasizes a 
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minimal L2 norm and the coefficient matrix displays a significant and sparse structure. This 

technique finds common use in various fields, including machine learning, control systems, image 

processing, and signal processing [25]. The LSQR method starts with an initial solution 

approximation and refines it iteratively, progressively improving the result. After each iteration, it 

calculates the QR decomposition of the coefficient matrix and uses it to update the solution. This 

approach effectively tackles least-squares problems by ensuring that the solution remains orthogonal 

to the null space of the coefficient matrix. LSQR is well-suited for handling sparse matrices, especially 

those with numerous zero components. It also allows for the selection of reliable stopping criteria, 

ensuring that the solution reaches the desired level of accuracy and ceases to change. To expedite 

convergence and enhance the algorithm's performance, preconditioning techniques are often 

integrated with the LSQR algorithm. The LSQR algorithm is well recognized as a reliable and 

effective approach for solving linear systems and least-squares problems using extensive datasets 

characterized by sparsity. The algorithm demonstrates a high degree of appropriateness for many 

applications due to its proficiency in managing sparse matrices and its ability to establish dependable 

termination criteria. The tasks mentioned above are relevant to the fields of signal and image 

processing, as well as the discipline of machine learning. 

The Conjugate Gradient Least Squares (CGLS) algorithm [26] is an iterative method for solving 

linear least squares problems of Ax ≈ b, where A is a matrix, x is the solution vector, and b is the 
observed data vector. The CGLS algorithm aims to find the vector x that minimizes the residual error 

between the approximated Ax and b. CGLS is a low-complexity iterative method to solve the matrix 

inversion needed by the MMSE equalizer. This research proposes CGLS as a low-complexity solution 

for MMSE nonlinear equalizers. 

Several research challenges need to be addressed in this study. These include: 

(1) Developing an efficient algorithm, such as CGLS, for nonlinear equalization to combat ICI. 

(2) Achieving a trade-off between computational complexity and communication performance. 

(3) Conducting extensive simulations and experiments to validate the proposed approach across 

different channel conditions. 

(4) Comparing the performance of the proposed CGLS algorithm with existing equalization 

techniques, such as MMSE and BMMSE. 

(5) Investigating the hardware implications and feasibility of implementing the CGLS algorithm 

in IoT transportation systems. 

This study presents the Conjugate Gradient Least Squares (CGLS) algorithm as a viable and 

computationally efficient method for addressing the issue of inter-carrier interference caused by 

Doppler effects in V2X communication systems based on OFDM. This study investigates the trade-

off between computational complexity and communication quality, showcasing the improved 

performance of the proposed method in comparison to existing approaches such as MMSE and 

BMMSE. The research paper also examines the hardware considerations associated with 

implementing CGLS in Internet of Things (IoT) transportation systems. 

2. Orthogonal Frequency Division Multiplexing  

The block diagram of the OFDM system is illustrated in Figure 1, where the modulator 

functional block modulates the binary stream to symbols. The amount of subcarrier channels is used 

to divide the data into streams, the serial-to-parallel function is presented here, and some data is 

assigned to each sub-carrier for transmission. The modulation or mapping method (usually Binary 

Phase Shift Keying (BPSK), Quadrature Phase Shift Keying (QPSK), or Quadrature Amplitude 

Modulation (QAM)) is then used to determine the requisite amplitude and phase of the carrier. The 

Inverse Fast Fourier Transform (IFFT) block is then used to convert this spectral representation of the 

data into the time domain. A serial data stream is created by combining the many parallel data 

streams. In contrast, a copy of several subcarriers is added as a cyclic extension by the cyclic extension 

function block at the end of the OFDM symbol, minding that the copy is put at the very beginning of 
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the symbol. Finally, the signal is upconverted to the desired transmission frequency and converted 

to an analog signal using a digital to analog (D/A) block. 

Data Modulation IFFT CPS/P D/A

Channel

A/DSYNCFFT
Channel 

compensation
DeModulation

Estimated 

Data

Channel 

Estimation

CP

P/S

S/P

 

Figure 1. OFDM Block diagram. 

The receiver's job is to recover useful information from the damaged signal after the channel by 

analyzing the received signal and restoring it to its original form on the other side of the radio channel, 

taking into consideration that before performing the signal demodulation, the receiver must correct 

the flaws using the synchronization function block. The CP is eliminated together with the 

synchronized signal and the timing signals, and after the CP removal function block, the serial data 

stream is divided into parallel data streams, where the quantity is the same as the transmitter's 

number of subcarrier channels. The data streams are demodulated from the OFDM symbols using 

the Fast Fourier Transform (FFT) function block, and the final symbols are then transformed into a 

serial signal stream, to start the channel estimation, where the equalization process begins using the 

estimated channel. Finally, the demodulation function block converts the signal to a binary stream 

and returns the approximated data to its original form. 

3. OFDM Equalization  

The receiver's job is to recover useful information from the damaged signal after the channel by 

analyzing the received signal and restoring it to its original form on the other side of the radio channel, 

taking into consideration that before performing the signal demodulation, the receiver must correct 

the flaws using the synchronization function block. The CP is eliminated  

Time-invariant frequency selective multipath channels affect single-carrier communication 

systems, necessitating a complex equalizer to maintain quality of service (QoS) with a predetermined 

likelihood of error. However, employing a single tap equalizer, OFDM can correct the time-invariant 

multipath channel impact.  

By looking at the block-by-block processing communication system in Figure 2 for a linear time-

invariant frequency selective noisy channel [27]; the symbols received are provided by 𝒓𝒓𝑛𝑛 = 𝑯𝑯 𝑭𝑭∗𝒅𝒅𝑛𝑛 + 𝒛𝒛𝑛𝑛  (1) 

where 𝒓𝒓𝑛𝑛  is the received sequence, H is the 𝑁𝑁 × 𝑁𝑁  channel matrix, 𝑁𝑁  is the number of 

subcarriers, 𝑭𝑭 is the discrete Fourier transform (DFT) matrix, 𝑭𝑭∗  is the IDFT matrix, 𝒅𝒅𝑛𝑛  is the 

transmitted data vector in the 𝑛𝑛𝑡𝑡ℎ  OFDM symbol, and 𝒛𝒛𝑛𝑛  is a white Gaussian noise in the time 

domain.  
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Figure 2. Block Diagram of an OFDM system [10]. 

After demodulation and using DFT, the received vector is given by:  𝒓𝒓�𝑛𝑛 = 𝑭𝑭𝑯𝑯𝑭𝑭∗𝒅𝒅𝑛𝑛 + 𝑭𝑭𝒛𝒛𝑛𝑛  (2) 

As H is a circulant matrix (because of the cyclic prefix(CP)), 𝑭𝑭𝑯𝑯𝑭𝑭∗ becomes a diagonal matrix 

[28] and the received signal can be equalized by adjusting the phase and amplitude for the received 

sequence [29], which is the characteristic that is regarded as a  key benefit of OFDM, indeed; it 

simplifies the equalization operation process in multipath fading channels and transfer it to a single 

tap equalizer problem. 

However, this characteristic only applies to frequency-selective multipath channels that are 

classified as time-invariant  [28]. Conversely, this traditional method becomes ineffective in the 

presence of doubly dispersive fading channels or time-variant fading channels. The Discrete Fourier 

Transform (DFT) can no longer fully diagonalize the channel matrix, leading to the emergence of 

Inter-Carrier Interference (ICI) when a frequency offset occurs at the receiver [24]. Additionally, in 

cases of doubly selective channels, which are characterized by being both time and frequency-

selective, OFDM necessitates the use of complex equalizers [29,30]. 

4. Equalization Strategies for OFDM in Doubly Dispersive Channels: 

A multicarrier modulation (MCM) system with a block time that incorporates both the Doppler 

effect caused by receiver mobility and temporal variability, is prone to sub-carrier orthogonal losses 

due to the occurrence of ICI [31], resulting in reducing the system’s effectiveness and efficiency. The 

impact of the ICI becomes significantly more pronounced as increasing the size of the MCM blocks, 

carrier frequency, and velocity. 

A. Challenges associated with Doppler-induced ICI 

The presence of Doppler-induced Inter-Carrier Interference (ICI) in Orthogonal Frequency Division 

Multiplexing (OFDM) communication systems poses many substantial obstacles that have 

implications for the dependability and effectiveness of wireless communication. The following is a 

comprehensive elucidation of the aforementioned challenges: 

(1) The frequency shift resulting from the relative motion between the transmitter and receiver is a 

significant obstacle that must be addressed. When a mobile device, such as a vehicle equipped 

with vehicle-to-everything (V2X) communication capabilities, is in motion, the Doppler effect 

induces a modification in the frequency of the received signal. This transition has the potential to 

result in a lack of synchronization between the nominal frequencies of the OFDM subcarriers. 

(2) The phenomenon of loss of orthogonality occurs when subcarriers in an ideal Orthogonal 

Frequency Division Multiplexing (OFDM) system no longer maintain their orthogonal 
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relationship, resulting in interference between them. Nevertheless, the orthogonality can be 

disrupted by frequency changes generated by the Doppler effect. When the orthogonality of 

subcarriers is compromised, inter-carrier interference (ICI) arises due to the leakage of energy 

from one subcarrier to neighboring subcarriers. The presence of interference has the potential to 

diminish the quality of the signal that is received. 

(3) Symbol interference occurs when there is interference between symbols due to Doppler-induced 

inter-carrier interference (ICI). Orthogonal Frequency Division Multiplexing (OFDM) is a 

modulation technique in which each symbol is associated with a group of subcarriers. In the 

context of inter-symbol interference (ICI), the presence of overlapping or interfering symbols 

might pose difficulties for the recipient in accurately demodulating and decoding the transmitted 

data. 

(4) The inclusion of Interference-Causing Interactions (ICI) has a detrimental impact on the Signal-

to-Noise Ratio (SNR), hence influencing the overall quality of the communication link. 

Consequently, this results in an increased occurrence of bit errors and a subsequent reduction in 

data throughput. 

(5) The process of channel estimation plays a crucial role in the functioning of OFDM systems as it 

effectively mitigates the adverse effects of multipath fading and facilitates the implementation of 

channel equalization techniques. Nevertheless, the presence of Doppler-induced inter-carrier 

interference (ICI) can give rise to inaccuracies in the estimation of the channel, hence presenting 

difficulties in effectively tracking and compensating for the time-varying nature of the channel 

conditions. 

(6) The demodulation process might be compromised by ICI, resulting in challenges for the receiver 

in precisely recovering the sent data. In instances of significant severity, the recipient may have 

a failure to accurately demodulate symbols, hence leading to the occurrence of communication 

failures. 

(7) Advanced Equalization Techniques: To mitigate the effects of Doppler-induced ICI, sophisticated 

equalization methods are commonly employed. These approaches include MMSE equalization 

and iterative techniques such as CGLS. These methods enhance the computational intricacy and 

may pose difficulties when implementing them in real-time communication systems. 

(8) Examples of Doppler-induced ICI affecting the communication quality  

(9) Doppler-induced ICI in OFDM-based V2X communication systems can pose significant 

challenges.  

(10) In a high-speed vehicle scenario: 

Vehicles A and B are exchanging vital safety information while travelling at a high rate of speed. 

When both vehicles are stationary, Vehicle A's OFDM signal reaches Vehicle B without 

interference. However, when both vehicles are moving, the Doppler effect takes place. When the 

signal reaches Vehicle B, its frequency changes, causing ICI in the OFDM subcarriers at the 

receiver of Vehicle B. This can cause Vehicle B to misinterpret Vehicle A's vital safety information, 

which could be dangerous.  

(11) In an urban intersection scenario, multiple vehicles communicate traffic information to optimize 

flow and avoid collisions. As vehicles approach the intersection, Doppler-induced frequency 

shifts introduce ICI in the received signals, leading to misinterpretations of other vehicles' 

intentions, potentially causing traffic congestion and increasing accident risks. Additionally, 
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misalignment of signals due to Doppler effects can disrupt traffic signal coordination and cause 

inefficiencies in traffic management. 

These examples demonstrate the importance of addressing ICI in OFDM-based V2X 

communication systems to ensure smooth operation and safety. 

Extensive scholarly investigation has examined the effects of time-selective multipath fading on 

OFDM systems specifically developed for broadband mobile applications, where numerous 

endeavours have resulted in establishing limits for errors associated with ICI. Lately, researchers 

have been investigating numerous strategies aimed at alleviating the effects of ICI within OFDM 

systems, where the revealed results have been well-documented in multiple academic publications, 

encompassing references such as [32–34]. 

Despite the superior performance of nonlinear equation approaches, linear methods continue to 

maintain their significance due to the following reasons: 

1. The linear objects or concepts are characterized by their simplicity. 

2. The nonlinear techniques continue to employ a linear equalizer to mitigate ICI. 

Figure 2 illustrates the block diagram of an OFDM system, wherein the transmitted data vector 

is denoted as 𝒅𝒅𝑛𝑛  =  [𝑑𝑑0,𝑑𝑑1. . .𝑑𝑑𝑁𝑁𝑎𝑎−1]𝑇𝑇, the binary matrix P, which belongs to the set of integers ℤ𝑁𝑁𝑎𝑎×𝑁𝑁𝑎𝑎, 

the number of subcarriers, denoted as N, can be considered as: 𝑷𝑷 = �0𝑁𝑁𝑎𝑎×(𝑁𝑁−𝑁𝑁𝑎𝑎)/2 𝑰𝑰𝑁𝑁𝑎𝑎    0𝑁𝑁𝑎𝑎×(𝑁𝑁−𝑁𝑁𝑎𝑎)/2 �  (3)

The symbol 0𝑋𝑋×𝑌𝑌 represents an X×Y matrix consisting entirely of zero entries while 𝑰𝑰𝑋𝑋 denotes 

an X×X matrix. The vector 𝒔𝒔𝑛𝑛 , denoted as [𝑠𝑠0 𝑠𝑠1  … . . 𝑠𝑠𝑁𝑁]T , can be computed using the following 

equation: 𝒔𝒔𝑛𝑛  =  𝑭𝑭∗ 𝑷𝑷  𝒅𝒅𝑛𝑛 (4)

The symbol F* stated previously denotes the IDFT matrix. 

Within the field of communications engineering, the impulse response h(n, v) is a valuable tool 

for modelling the doubly dispersive channel due to its ability to exhibit time-variance. The variables 

n and v in this context are representative of the time instant and time delay, respectively. The 

following matrix representation can express the articulation of this model: 

[𝑯𝑯]𝒏𝒏,𝒗𝒗 ∶= 𝒉𝒉(𝒏𝒏, 〈𝒏𝒏 − 𝒗𝒗〉𝑵𝑵)     (5)

In cases where the greatest delay spread is smaller than the cyclic prefix 𝐿𝐿 (𝑁𝑁ℎ ≤ 𝐿𝐿) after the CP 

is removed, the received samples for the nth OFDM symbol can be expressed as: 𝒓𝒓𝑛𝑛 = 𝑯𝑯𝑛𝑛𝒅𝒅𝑛𝑛 + 𝒛𝒛𝑛𝑛 (6) 

The variable zn represents Gaussian noise, while Hn, under stationary conditions, is a circulant 

matrix. The DFT matrix, denoted as F, is employed to demodulate the subcarriers that have been 

received. The received signal, y, can be obtained using the following formula: 𝒚𝒚 =  𝑭𝑭 𝒓𝒓𝑛𝑛 (7)

The equalizer matrix 𝑾𝑾𝑛𝑛 ∈ ℂ𝑁𝑁𝑎𝑎×𝑁𝑁𝑎𝑎 Operates on the input: 𝒓𝒓�𝑛𝑛  =  𝑷𝑷𝐻𝐻𝑭𝑭 𝑯𝑯𝑛𝑛 𝑭𝑭∗𝑷𝑷 𝒅𝒅𝑛𝑛 + 𝑷𝑷𝐻𝐻𝑭𝑭 𝒛𝒛 = 𝑼𝑼𝑛𝑛𝒅𝒅𝑛𝑛 + 𝒛𝒛�𝑛𝑛  (8)

Where 𝑼𝑼n ∈   ℂNa×Na is a system matrix (𝑼𝑼𝑛𝑛 = 𝑷𝑷𝐻𝐻𝑭𝑭 𝑯𝑯𝑛𝑛 𝑭𝑭∗𝑷𝑷).  

The matrix P functions as a protective frequency guard band, effectively mitigating out-of-band 

emission and eliminating the components in the upper left and right corners. The following notation 

indicates the representation of the data vector approximation: 𝒅𝒅�𝑛𝑛  =  𝑾𝑾𝒓𝒓�𝑛𝑛 (9)

Where it is known that the channel matrix is given by �𝐻𝐻��𝑚𝑚,𝑘𝑘 equals to ℎ�(𝑚𝑚− 𝑘𝑘, 𝑘𝑘), which is: 
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ℎ�(𝑚𝑚, 𝑘𝑘) =
1𝑁𝑁∑ ∑ ℎ(𝑛𝑛, 𝑣𝑣)𝑁𝑁−1𝑣𝑣=0 𝑒𝑒−𝑗𝑗2𝜋𝜋(𝑣𝑣𝑘𝑘+𝑚𝑚𝑛𝑛) 𝑁𝑁⁄𝑁𝑁−1𝑛𝑛=0   (10)

B. Zero Forcing and MMSE Block Equalizers 

by minimizing 𝐸𝐸{‖𝒅𝒅𝑛𝑛 −𝑾𝑾𝒓𝒓�𝒏𝒏‖}, the estimated data of 𝒅𝒅�𝑍𝑍𝑍𝑍 and 𝒅𝒅�𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀 will be:  𝒅𝒅�𝑍𝑍𝑍𝑍 = 𝑯𝑯�+ 𝒓𝒓�𝑛𝑛 = 𝑯𝑯�𝐻𝐻 �𝑯𝑯�𝑯𝑯�𝐻𝐻�−1𝒓𝒓�𝑛𝑛  (11)

𝒅𝒅�𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀 = 𝑯𝑯�𝐻𝐻�𝑯𝑯�𝑯𝑯�𝐻𝐻 + 𝛾𝛾−1𝑰𝑰𝑁𝑁𝑎𝑎�−1𝒓𝒓�𝑛𝑛 (12)

The variables 𝑯𝑯�𝐻𝐻 ,𝑯𝑯�+, 𝑰𝑰𝑁𝑁𝐴𝐴 , and 𝛾𝛾 represent the conjugate transpose of the channel matrix, the 

Moore-Penrose pseudo-inverse matrix, the identity matrix of dimensions Na×Na, and the SNR [37], 

respectively. It is postulated that the expected value of the random variable dn is equal to the expected 

value of the random variable 𝒛𝒛�𝑛𝑛, both of which are considered to be zero. Additionally, the expected 

value of the product of dn and its conjugate transpose is equal to the identity matrix, while the 

expected value of the product of dn and the conjugate transpose of 𝒛𝒛�𝑛𝑛  is supposed to be zero. Lastly, 

the expected value of the product of 𝒛𝒛�𝑛𝑛 and its conjugate transpose is equal to σ2 times the identity 

matrix. 

The ZF equalizer exhibits suboptimal performance due to noise optimization, while the MMSE 

equalizer demonstrates superior performance for all linear equations. However, the MMSE equalizer 

is characterized by its high complexity, requiring 𝒪𝒪(𝑁𝑁𝑎𝑎3)  complex operations. This complexity 

becomes problematic for larger values of Na. 

The real-time implementation of IoT transportation systems can be greatly impacted by the 

computing complexity of algorithms such as the MMSE equalizer. IoT devices, which frequently have 

limited processing power and memory, may be strained by this complexity. For activities like 

autonomous vehicle control, traffic management, and vehicle-to-vehicle communication, real-time 

processing is crucial, and the time needed for MMSE equalization could cause unacceptably long 

delays. 

Battery-powered Internet of Things devices may have a shorter operating life because of higher 

energy consumption brought on by the computational complexity of MMSE equalization. An 

additional constraint on scalability is the increase in linked devices and data streams. Complex 

equalization techniques might cause delays that compromise the stability of the signal, resulting in 

communication failures or erratic data delivery. 

To overcome computational difficulties, certain IoT transportation systems can use specialized 

hardware accelerators or coprocessors; nevertheless, these can raise the complexity and cost of the 

system. For IoT transportation system designers, choosing the right algorithm is essential. For real-

time operation, lower-complexity algorithms might be chosen. 

In a channel environment that remains constant over time, OFDM utilizes a single-tap equalizer. 

Conversely, when dealing with a channel that varies with time, the OFDM system employs the 

MMSE equalizer. The comparison of the bit error rate (BER) performance for these two scenarios is 

illustrated in Figure 3. 

Figure 3 demonstrates that employing single-tap equalizers within the OFDM system leads to 

exceptional performance, characterized by significantly reduced complexity. However, when single-

tap equalization is applied to a channel with doubly dispersive characteristics, it results in subpar 

performance that cannot be effectively harnessed. As depicted in Figure 3, the use of MMSE 

equalization proves to be advantageous when dealing with a doubly dispersive channel. 
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Figure 3. OFDM comparison in time-invariant and time-variant channels environment with a single 

tap and MMSE equalizers. 

5. Proposed Conjugate Gradient Least Squares Algorithm: 

Although the MMSE equalizers perform superior to other linear equalization techniques, their 

complexity makes them impractical for scenarios involving long symbols, such as broadcasting 

applications. This is primarily due to the computationally intensive matrix inversion process, as 

indicated by equation (12). Many alternative equalizers have been devised to tackle the intricacies 

connected with MMSE equalization. According to the references [35,36], it has been found that 

doubly dispersive channels tend to produce a channel matrix in the frequency domain that is virtually 

banded. A low-complexity solution in the form of a serial MMSE equalizer was offered in [38] as a 

reaction. As described in reference [32], an alternative approach proposes a low-complexity equalizer 

implemented in a banded structure. These low-complexity equalizers demonstrate performance 

outcomes that are substantially the same or comparable to the block MMSE method while effectively 

decreasing the computational cost. 

The MMSE equations pose a challenge due to the computational complexity associated with 

matrix inversion, as demonstrated in equation (12). One innovative way to simplify the MMSE 

equations is to execute the matrix inversion iteratively. 

The block iterative methods effectively solve the linear system of equations AX = B, where A is 

a sparse, rectangular, or square matrix of dimensions m × n (where m is greater than or equal to n). 

These methods are particularly suitable for solving least squares problems using block approaches, 

offering three primary advantages. Initially, it is probable to compute solutions for many right-hand 

sides, which proves advantageous in various practical scenarios, such as pursuing solutions over 

numerous right-hand vectors in multi-objective optimization. In the context of the second feature, it 

has been observed that the utilization of block approaches can enhance the rate of convergence in 

comparison to right-sided one-sided solutions. This improvement can be attributed to the iterative 

examination of several pathways within a Krylov subspace. The third characteristic pertains to the 

computational efficiency achieved by linear systems with significantly large matrix coefficients, 

which can permit efficient calculation. 
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In the cited references [24,25,37], the authors employed the iterative LSQR approach to solve the 

challenge of channel matrix inversion, particularly for unconditional matrices. This method 

demonstrates exceptional performance by efficiently ending iterations at an early stage, hence 

reducing computational complexity. This method is typically advisable when the maximum channel 

delay is limited. Recently, a novel iterative technique called CGLS has been introduced[26]. 

The CGLS algorithm is a highly effective iterative approach for addressing large and sparse 

linear least-squares problems. The hybrid process, which combines elements of the Conjugate 

Gradient (CG) and Least Squares (LS) methods, is particularly advantageous when dealing with a 

large and sparse coefficient matrix and seeking a solution with a small 2-norm. This technology's 

application spans multiple disciplines, encompassing machine learning, control systems, signal 

processing, and image processing. 

The CGLS algorithm is a dependable and effective method for addressing linear least-squares 

problems that are both big in size and sparse in nature. The 2-norm of the residual vectors is 

decreased through the utilization of the conjugate gradient approach and the least squares method, 

ultimately leading to the identification of a solution that minimizes the 2-norm of the residual vectors. 

The suitability of this method for a wide range of applications, such as machine learning and image 

processing, is attributed to its ability to handle sparse matrices efficiently, ensure global convergence, 

and accommodate preconditioning techniques. Preconditioning methods can enhance the durability 

and convergence rate of the algorithm. 

A. Comparison between CGLS and LSQR 

The techniques LSQR and CGLS are useful in communications engineering for tackling difficult 

and poorly populated linear least squares issues. These techniques work especially well for matrices 

with sparse elements and dense right-hand sides. While LSQR employs an iterative strategy and has 

remarkable performance in solving linear least squares problems, independent of their sparseness or 

density, CGLS is a trustworthy method for addressing sparse linear least squares issues on a large 

scale. Both approaches have effective, adaptable regularization algorithms that can handle ill-posed 

scenarios. 

CGLS uses the conjugate gradient approach when tackling least squares issues, while LSQR 

employs the QR decomposition approach. Both techniques work well when used on sizable matrices 

with sparse populations. CGLS may show rapid convergence when conditions are favourable, 

whereas LSQR may offer greater resilience. The LSQR and CGLS algorithms have a computational 

complexity of O(k*(n+m)*m) and O(k*n*m), respectively. Depending on the situation's specifics, 

various algorithms' computational complexity can change. 

B. Conjugate Gradient Basics 

The CG approach has proven to be an effective iterative technique for solving systems of linear 

equations. Specifically, computational geometry addresses problems of the following nature. 𝑔𝑔� = arg min‖𝑏𝑏 − 𝐴𝐴𝑔𝑔�‖2  (13)

In the field of communications engineering, when working with a positive definite matrix A, the 

CG method provides an iterative approach for efficiently computing the solution vector g, effectively 

reducing computational complexity. This approach differs from direct techniques, which require the 

calculation of 𝑔𝑔� = 𝐴𝐴−1𝑏𝑏. Another noteworthy computational geometry technique in this context is 

the CGLS method. 

In contrast to the traditional CG method, the CGLS algorithm can accommodate non-square 

matrices, hence eliminating the need for computing the regularised Gramme matrix. As a result, the 

CGLS method emerges as a feasible choice for solving systems of linear equations (Ax = b) and least 

squares (LS) problems ( 𝑚𝑚𝑚𝑚𝑛𝑛‖𝑨𝑨𝑨𝑨 − 𝒃𝒃‖2 ), in which matrix A can be regarded as an efficient linear 

operator. The CGLS algorithm utilizes the Golub-Kahan bidiagonalization method, which is 

specifically designed for solving the equation 𝑨𝑨𝑇𝑇𝑨𝑨𝑨𝑨 = 𝑨𝑨𝑇𝑇𝒃𝒃.   

The CGLS algorithm is based on the Golub-Kahan bidiagonalization process applied to matrix 

A, much to the LSQR approach. The LSQR method has been mathematically compared with the 
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CGLS algorithm in addressing least squares issues. The LSQR algorithm differs from the CGLS 

algorithm by the Golub-Kahan bi-diagonalization technique and the Lanczos process. As a more 

modern approach to approximating least squares solutions, the LSMR method, a variation of LSQR, 

is introduced [38]. Similar to the MINRES approach, the LSMR method is particularly effective at 

resolving equations of the form 𝑨𝑨𝑇𝑇𝑨𝑨𝑨𝑨 = 𝑨𝑨𝑇𝑇𝒃𝒃. The following normal equation has been discovered to 

work exceptionally well with the LSQR methodology: 

(𝑨𝑨𝑇𝑇𝑨𝑨+ 𝜆𝜆2𝑰𝑰)𝑨𝑨 = 𝑨𝑨𝑇𝑇𝒃𝒃  (14)

The LSQR and CGLS algorithms show convergence but ultimately reach the same solutions. It 

is important to note that the CGLS algorithm converges faster and needs fewer iterations to get the 

required result. The CGLS approach, which offers enhanced computing efficiency and decreased 

costs due to its rapid solution convergence, can address the problem with the inversion matrix in the 

MMSE equalizer more successfully. 

C. CGLS Algorithm 

The objective of the CGLS method is to estimate the solution of the linear problem given as: 𝑨𝑨𝑻𝑻𝑨𝑨𝑨𝑨 = 𝑨𝑨𝑻𝑻𝒃𝒃 (15)

𝑚𝑚𝑚𝑚𝑛𝑛‖𝑨𝑨𝑨𝑨 − 𝒃𝒃‖2 (16)

Hestenes and Stiefel initially proposed the resolution of the least squares problem [39] in the 

context of the CGLS method. The construction of a sequence of estimated solutions will be facilitated 

by the utilization of an initial solution approximation.  

The CGLS algorithm is a frequently used iterative method employed to solve linear least squares 

problems. It is particularly well-suited for situations where the coefficient matrix is both large and 

sparse, leading to efficient computational performance and memory utilization. The CGLS technique 

finds application in various domains, including signal processing, image reconstruction, and solving 

linear systems. Here, we provide an in-depth overview of the CGLS algorithm. 

The objective of this task is to find a solution for the linear least squares problem, denoted as Ax 

≈ b. In this problem, A represents a matrix, x represents the solution vector, and b represents the 

vector of observed data. 

Algorithmic Steps: 

Initialization: 

• Start with an initial estimate of the solution vector, x₀ (e.g., all zeros). 
• Compute the initial residual vector, r₀ = b - Ax₀. 

Iteration: 

For each iteration, denoted by the variable k, starting from 1 and continuing indefinitely until 

convergence is achieved: 

The computation of the search direction vector, pₖ, can be achieved by taking the transpose of 

matrix A, denoted as Aᵀ, and multiplying it by the residual vector rₖ. 
The step size, denoted as αₖ (also known as the scaling factor), can be computed using  

αₖ = (rₖᵀrₖ) / (pₖᵀApₖ). 
update the solution vector: The updated solution vector can be expressed as xₖ₊₁ = xₖ + αₖpₖ. 
The residual vector can be updated in an iterative process: rₖ₊₁ = rₖ - αₖApₖ 
The convergence of the solution can be assessed by monitoring either the norm of the residual 

vector or the change in the solution. 

If the convergence requirements have been satisfied, terminate the iteration process. 

Alternatively, proceed to the subsequent iteration. 

Termination: 

Upon the algorithm's convergence or upon reaching a predetermined number of iterations, the 

solution vector x shall be returned. The solution vector provided is an approximate solution to the 

initial least squares problem. 
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Key Features and Considerations for The Conjugate Gradient Least Squares: 

(1) The CGLS method is particularly advantageous in the context of large and sparse matrices due 

to its ability to circumvent the explicit construction of normal equations (AᵀA). 

(2) The methodology utilizes an iterative strategy, consistently enhancing the solution vector x and 

diminishing the residual error. 

(3) The CGLS algorithm is considered to be memory-efficient due to its ability to operate without 

the need for keeping a huge dense matrix. 

The CGLS algorithm is a commonly employed technique for effectively addressing linear least 

squares problems, encompassing activities such as solving equation systems, reconstructing images, 

and optimizing objectives. The technique in question exhibits mathematical resemblances to the 

Conjugate Gradient algorithm and is regarded as being more precise owing to its capability to 

circumvent explicit computation of the matrix product at each iteration. The computational 

complexity of the CGLS algorithm is determined by the number of iterations required to achieve a 

specified degree of accuracy. This complexity is impacted by factors such as the issue size, features 

of the matrix involved, and the behavior of the convergence process. In contrast to other algorithms, 

the CGLS algorithm does not possess a predetermined temporal complexity. Instead, its temporal 

behavior is characterized by the number of iterations required for achieving convergence. The 

condition number (κ) of the coefficient matrix (A) is the primary factor influencing the number of 
iterations in CGLS. The CGLS's convergence behavior can be significantly impacted by the condition 

number, which expresses how sensitive the issue is to variations in the data or input. 

The i needed for CGLS to reach a particular level of accuracy is often estimated using the 

following formula: 𝑚𝑚 = √𝑘𝑘 𝑙𝑙𝑙𝑙𝑔𝑔(𝜀𝜀) (17) 

Whereas 

Matrix A's condition number is k. 

The intended accuracy or tolerance is represented by 𝜀𝜀. 

Remember that this is only an approximate estimate, and the real number of iterations may differ 

depending on the specifics of the problem, the selection of the stopping criterion, and the matrix A's 

attributes. 

It is worth saying that the complexity of the MMSE equalizer is The time complexity of matrix 

inversion is typically cubic in the size of the matrix 𝒪𝒪(𝑁𝑁𝑎𝑎3), making it impractical for large matrices. 

D. Linear CGLS Equalizer 

The dispersion doubly channel matrix exhibits both maximum Doppler shift and delay spread. 

Therefore, the system matrix 𝑯𝑯�  exhibits a significantly large condition number, making it 

challenging to employ the CGLS equivalent directly 𝑯𝑯� . However, the H-banded form can be utilized 

to mitigate the complexity involved. 

The computation of the equalizer matrix Wn is restricted to the initial sub-Q and super-diameters of 

H ̃, which represents the fractional domain channel matrix. This computation involves the utilization 

of a binary masking matrix M, which contains certain elements as follows: 

𝑴𝑴(𝑚𝑚,𝑛𝑛)  = � 1              0 ≤ |𝑚𝑚− 𝑛𝑛| ≤ 𝑄𝑄
0            𝑄𝑄 < |𝑚𝑚− 𝑛𝑛| < 𝑁𝑁𝑎𝑎  (18)

The dimensions of the matrix are indicated on the masked matrix. 𝑩𝑩𝑛𝑛 =  𝑴𝑴⊙  𝑯𝑯�  (19)

The MMSE equalizer can be defined analogously based on the masked matrix [26], where ⊙ 

represents element-wise multiplication. 
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𝑾𝑾𝑛𝑛,𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀 = 𝑩𝑩𝑛𝑛𝐻𝐻 �𝑩𝑩𝑛𝑛𝑩𝑩𝑛𝑛𝐻𝐻 + 𝛾𝛾−1𝑰𝑰𝑁𝑁𝑎𝑎�−1  (20)

The inclusion of Q off-diagonal components above and below the main diagonal in the band 

structure of 𝑩𝑩𝑛𝑛 leads to the formation of a band structure for the matrix (𝑩𝑩𝑛𝑛𝑩𝑩𝑛𝑛𝐻𝐻). This approach 

simplifies the computation of the MMSE equaliser in equation (12). However, as the value of (19) is 

time-dependent, the estimation 𝒅𝒅�𝑛𝑛 = 𝑾𝑾𝑛𝑛,𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝒓𝒓�𝑛𝑛 can be obtained without explicitly stating the 

specific value of 𝑾𝑾𝑛𝑛,𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀. 

The equation for the CGLS equalizer is as follows: 𝑩𝑩𝑛𝑛𝐻𝐻𝑩𝑩𝑛𝑛 𝒅𝒅�𝑍𝑍𝑍𝑍 = 𝑩𝑩𝑛𝑛𝐻𝐻𝒓𝒓�𝑛𝑛 (21) 

The normal equation is derived by excluding the noise term 𝑧̃𝑧𝑛𝑛 from equation (12), and then 

replacing 𝑯𝑯�  with 𝑩𝑩𝑛𝑛. Finally, the equation is multiplied on the left by 𝑩𝑩𝑛𝑛𝐻𝐻. The aim is to minimize 

the norm of the difference between the product of matrix Bn and the vector 𝒅𝒅�𝑍𝑍𝑍𝑍 − 𝒓𝒓�𝑛𝑛, denoted as �𝑩𝑩𝑛𝑛 𝒅𝒅�𝑍𝑍𝑍𝑍 − 𝒓𝒓�𝑛𝑛�, may be demonstrated to yield an approximation of the linear least squares problem 

during the ith iteration of the CGLS algorithm. 

 

Figure 4. Subdiagonal Count vs. BER and Complexity Trade-off Analysis. 

Figure 4 presents a noteworthy trade-off relationship between the number of sub-diagonals 𝑄𝑄 

inside the channel matrix and two crucial performance metrics, namely the bit error rate (BER) and 

computational complexity. As the quantity of sub-diagonals escalates, there is a consistent decline in 

the BER, which signifies enhanced fidelity of the signal and augmented capabilities for error 

correction. Nevertheless, the decrease in BER is accompanied by a rise in computational complexity, 

as the system is required to handle a larger amount of data. The presented figure demonstrates a 

significant observation: the increase in sub-diagonals from 5 to 16 results in a minimal improvement 

in BER, indicating that the decrease in errors diminishes beyond a certain threshold. Therefore, it is 

deemed advantageous to achieve a harmonious equilibrium by opting for the selection of five sub-

diagonals. The decision made successfully strikes a balance between intricacy and effectiveness, 

providing a significant standard for evaluating the system's efficacy in mistake handling and 

computing requirements management. 

The exclusion of noise effects in a zero-forcing equalizer amplifies noise and modeling mistakes, 

affecting the system's overall performance. Similarly, the CGLS equalizer functions on the same 

concept, disregarding the influence of noise. The number of iterations is a crucial factor in 

determining the effectiveness of the CGLS approach. By carefully choosing the number of repetitions, 

it is possible to decrease system errors to a similar extent as obtained through MMSE equalization. 
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Nevertheless, a high number of iterations can substantially impact the noise levels and mistakes in 

the modelling process, given the heavy reliance of CGLS inputs on approximations. 

E. Regularized CGLS Equalizer 

The estimated data 𝒅𝒅�𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀 from (12, 19) can be written in one of the following two forms:  𝒅𝒅�𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀 = 𝑯𝑯�𝐻𝐻 �𝑯𝑯�𝑯𝑯�𝐻𝐻 + 𝛾𝛾−1𝑰𝑰𝑁𝑁𝑎𝑎�−1𝒓𝒓�𝑛𝑛  (22)

𝒅𝒅�𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀 =  �𝑯𝑯�𝑯𝑯�𝐻𝐻 + 𝛾𝛾−1𝑰𝑰𝑁𝑁𝑎𝑎�−1𝑯𝑯�𝐻𝐻𝒓𝒓�𝑛𝑛 (23)

by left multiplying with �𝑯𝑯�𝐻𝐻𝑯𝑯� + 𝛾𝛾−1𝑰𝑰𝑁𝑁𝑎𝑎�, we can get: �𝑯𝑯�𝐻𝐻𝑯𝑯� + 𝛾𝛾−1𝑰𝑰𝑁𝑁𝑎𝑎�𝒅𝒅�𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀 = 𝑯𝑯�𝐻𝐻𝒓𝒓�𝑛𝑛  (24)

which is equivalent to the regularized least squares (RLS) problem  (𝑨𝑨𝑇𝑇𝑨𝑨+ 𝜆𝜆2𝑰𝑰)𝑨𝑨 = 𝑨𝑨𝑇𝑇𝒃𝒃  to 

minimize  𝑚𝑚𝑚𝑚𝑛𝑛��𝑨𝑨𝜆𝜆�𝑨𝑨 − �𝒃𝒃0��2, CGLS equalizer. 

Working with the complete 𝑯𝑯�  matrix can pose challenges, resulting in the formation of the Bn 

matrix. Consequently, the problem of MMSE equalization can be formulated as follows: �𝑩𝑩𝑛𝑛𝑩𝑩𝑛𝑛𝐻𝐻 + 𝛾𝛾−1𝑰𝑰𝑁𝑁𝑎𝑎�𝒅𝒅�𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀 = 𝑩𝑩𝑛𝑛𝐻𝐻𝒓𝒓�𝑛𝑛 (25) 

It can be demonstrated that the CGLS method can be utilized to get an approximate solution to 

the regularised least squares equation. Within this theoretical framework, the CGLS method 

incorporates two dual regularisation parameters: the number of iterations and the Signal-to-Noise 

Ratio (SNR) represented by the symbol γ. As mentioned above, the combination reduces the 

amplification of noise and improves the system's overall performance. 

The attractiveness of CGLS stems from its numerical stability, intrinsic organizational skills, and 

the low arithmetic complexity of 𝒪𝒪(𝑁𝑁𝑎𝑎 (𝑄𝑄 + 1) 𝑚𝑚). 

6. Advanced Nonlinear Equalization Techniques for Enhanced OFDM Performance 

Two cutting-edge methods for equalization techniques are proposed to improve the efficiency 

of the OFDM systems. The first approach entails creating a low-complexity CGLS based on a banded 

decision feedback Equalizer (CGLS-BDFE) for OFDM, specially designed to handle the complexity 

presented by nonlinear equalization. This innovative method prioritizes efficiency and decreased 

complexity while minimizing the ICI present in OFDM. 

The idea of an RLS-CGLS sliding window equalizer is also explored. This method uses the CGLS 

method and the RLS algorithm. A sliding window equalization system is being developed to address 

the dynamic changes in the OFDM channel efficiently. This strategy tries to improve performance 

while enabling adaptation to the shifting channel circumstances frequently seen in real-world 

situations. 

These two solutions demonstrate the dedication to enhancing communication effectiveness and 

dependability in difficult channel circumstances. They also represent substantial breakthroughs in 

OFDM equalization strategies. 

A. Low Complexity CGLS-based Block Decision Feedback Equalizer for OFDM (Nonlinear 

equalizer). 

The block decision feedback equaliser (BDFE) was initially proposed in reference [40] as a means 

to improve the performance of the MMSE equalizer. This enhancement is accomplished by 

employing a recursive methodology for data detection, which emphasizes the detection of individual 

data points sequentially, in contrast to the simultaneous detection of all data points as exhibited by 

previous techniques. The strategy mentioned above follows sequential detection, a widely employed 

technique in multi-user detection in DS-CDMA systems. 

An innovative equalizer was developed by combining the CGLS and MMSE-BDFE methods, 

aiming to simplify the complexity of the MMSE-BDFE equalizer while improving its performance. 

The suggested equalizer utilizes the CGLS algorithm to address and reduce band approximation 
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inaccuracies properly. Furthermore, the proposed method integrates a band LDLH factorization 

technique with a DFE, enhancing performance while avoiding increased complexity. The methods 

proposed were utilized to develop the design of both feedforward (FF) and feedback (FB) filters, as 

depicted in Figure 5. This strategy successfully reduces the error, which is represented as  𝑒𝑒 = 𝒅𝒅�𝑛𝑛 −
 𝑑𝑑𝑛𝑛. It is important to mention that FB is designed in a manner that adheres to a rigid upper triangular 

structure, which enables the utilization of a consecutive cancellation mechanism during the feedback 

process. 

Under the standard assumption of correct prior judgments, denoted as 𝑑̂𝑑𝑛𝑛 = 𝑑𝑑𝑛𝑛, the error vector 

can be mathematically represented as: 𝒆𝒆 = 𝑭𝑭𝑍𝑍𝒓𝒓�𝑛𝑛 − �𝑭𝑭𝐵𝐵 + 𝑰𝑰𝑁𝑁𝑎𝑎�𝒅𝒅𝑛𝑛  (26)

FF Slice

FB

+

d̃ñrn dn
̂

-

 

Figure 5. BDFE Structure. 

The relationship between FF and FB is determined using the minimizing of mean square error 

(MSE) criterion as stated in reference [40]. 𝑭𝑭𝑍𝑍 = �𝑭𝑭𝐵𝐵 + 𝑰𝑰𝑁𝑁𝑎𝑎� �𝑯𝑯�𝛼𝛼𝐻𝐻𝑯𝑯�𝛼𝛼 + 𝛾𝛾−1𝑰𝑰𝑁𝑁𝑎𝑎�−1𝑯𝑯�𝛼𝛼𝐻𝐻 = �𝑭𝑭𝐵𝐵 + 𝑰𝑰𝑁𝑁𝑎𝑎� 𝑾𝑾𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀  (27)

by applying the band approximation 𝑯𝑯�𝛼𝛼 =  𝑩𝑩𝑛𝑛 𝑭𝑭𝑍𝑍 = �𝑭𝑭𝐵𝐵 + 𝑰𝑰𝑁𝑁𝑎𝑎��𝑩𝑩𝑛𝑛𝑩𝑩𝑛𝑛𝐻𝐻 + 𝛾𝛾−1𝑰𝑰𝑁𝑁𝑎𝑎�−1𝑩𝑩𝑛𝑛𝐻𝐻  (28)

The structure of the feedforward filter can be described as a sequential combination of two 

components: a low-complexity MMSE equalizer and an upper triangular matrix denoted as FB+INa, 

which has a unit diagonal. The full construction of both the FF and FB filters was thoroughly discussed 

in [40], providing a comprehensive explanation of their design. The task at hand entailed the 

clarification of the autocorrelation matrix associated with the error vector e. 𝑅𝑅𝑒𝑒𝑒𝑒 = 𝜎𝜎2�𝑭𝑭𝐵𝐵 + 𝑰𝑰𝑁𝑁𝑎𝑎��𝑩𝑩𝑛𝑛𝑩𝑩𝑛𝑛𝐻𝐻 + 𝛾𝛾−1𝑰𝑰𝑁𝑁𝑎𝑎�−1�𝑭𝑭𝐵𝐵 + 𝑰𝑰𝑁𝑁𝑎𝑎�𝐻𝐻  (29)

where 𝜎𝜎2  is the noise variance. By using the LDLH, (29) is obtained: 𝑴𝑴 = 𝑩𝑩𝑛𝑛𝑩𝑩𝑛𝑛𝐻𝐻 + 𝛾𝛾−1𝑰𝑰𝑁𝑁𝑎𝑎 = 𝑳𝑳𝑳𝑳𝑳𝑳𝐻𝐻  (30)

Within this situation, the symbol L indicates the lower triangular matrix with a unit diagonal, 

while the symbol D denotes the diagonal matrix. Minimizing the expected error E{e2} can be achieved 

by establishing the following relationship, which simplifies the process. 𝑭𝑭𝐵𝐵 = 𝑳𝑳𝐻𝐻 − 𝑰𝑰𝑁𝑁𝑎𝑎 (31)

which reduces Ree diagonal. 𝐹𝐹𝑍𝑍 can be expressed by: 𝑭𝑭𝑍𝑍 = 𝑳𝑳𝐻𝐻𝑾𝑾𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀 = 𝑳𝑳𝐻𝐻𝑴𝑴−1𝑩𝑩𝑛𝑛𝐻𝐻 = 𝑳𝑳−1𝑳𝑳−1𝑩𝑩𝑛𝑛𝐻𝐻  (32) 

Despite the apparent complexity of equations (30) and (31), the utilization of the CGLS method, 

considering the diagonal nature of D, the banded structure of B, and the lower triangular and banded 

properties of L, reveals that the banded CGLS-BDFE exhibits remarkably low computational 
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complexity. In the context of signal processing, the feedforward filter is a type of filter that operates 

by processing the input signal in a forward direction. 

 

Figure 6. Comparison between CGLS, BMMSE, and CGLS-BDFE (𝑄𝑄 = 5) OFDM equalizers 

𝒅𝒅𝑛𝑛 = 𝑭𝑭𝑍𝑍𝒓𝒓�𝑛𝑛 (33)

𝒓𝒓�𝑛𝑛 = 𝑭𝑭𝑍𝑍−1𝒅𝒅𝑛𝑛 = 𝑩𝑩−𝐻𝐻𝑳𝑳𝑳𝑳𝒅𝒅𝑛𝑛  (34)

from equation(32 and 33), it can be shown that: 𝑳𝑳𝑳𝑳 = �𝑩𝑩𝑛𝑛𝑩𝑩𝑛𝑛𝐻𝐻 + 𝛾𝛾−1𝑰𝑰𝑁𝑁𝑎𝑎�𝑳𝑳−𝐻𝐻 (35)

𝒓𝒓�𝑛𝑛 = 𝑩𝑩𝑛𝑛−𝐻𝐻�𝑩𝑩𝑛𝑛𝑩𝑩𝑛𝑛𝐻𝐻 + 𝛾𝛾−1𝑰𝑰𝑁𝑁𝑎𝑎�𝑳𝑳−𝐻𝐻𝒅𝒅𝑛𝑛 = (𝑩𝑩𝑛𝑛 + 𝑩𝑩𝑛𝑛−𝐻𝐻𝛾𝛾−1)𝑳𝑳−𝐻𝐻𝒅𝒅𝑛𝑛  (36)

which can be solved efficiently using the CGLS algorithm. 

The computational complexity of the CGLS-BDFE equalizer is highly similar to that of the RLS- 

CGLS equalizer, resulting in a total of O (N (Q+1) i) complex operations. 

The uncoded BER performance analysis for OFDM using the CGLS-BDFE equalizer is conducted 

via simulations spanning 100,000 multicarrier blocks. This assessment pertains to an OFDM setup 

characterized by parameters N=128, NA=96, L=8, and QPSK modulation scheme. The channel is 

simulated by a set of Rayleigh channels with the spread of RMS delay for three sample cycles. The 

channel model uses the same statistics as [14], including the maximum Doppler spreading of 15 % 

carrier spacing. 

Figure 6 illustrates a comparative analysis of OFDM systems employing Q=5. The comparison 

includes the utilization of CGLS, BMMSE, and CGLS-BDFE equalizers. The graphical depiction in 

Figure 6 reveals that the CGLS-BDFE equalizer achieves the highest level of performance, while the 

BMMSE and CGLS equalizers exhibit nearly comparable performance. Through our simulation 

results, it is evident that the nonlinear approach significantly enhances performance, achieving an 

improvement of nearly 5 dB. Notably, the CGLS-BDFE equalizer demonstrates the highest level of 

performance, while the BMMSE and CGLS equalizers exhibit closely comparable performance. 

Specifically, it's noteworthy that achieving the same bit error rate requires 20 dB for the CGLS-BDFE 

nonlinear equalizer, while both the BMMSE and CGLS linear equalizers necessitate 25 dB.  

B. RLS-CGLS Sliding Window Equalizer 
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The authors of [41] proposed using sliding window equalization to reduce the complexity often 

associated with the MMSE equalizer. The proposed methodology involves dividing the process of 

inverting a large matrix into a sequence of smaller matrix inversions. As an illustration, the 

computational complexity of matrix inversion, specifically for an N×N matrix, is sometimes expressed 

as O(N3). Let us consider a hypothetical scenario in which the value of N is set to 96. In this case, the 

processes' complexity would amount to a total of 884,736 complicated operations. 

Nevertheless, the total complexity can be reduced by segmenting the inversion process into 

smaller computations. In this case, the 96 symbols can be computed using a window 9. By doing so, 

the overall complexity decreases to 69,984, calculated as 9 raised to the power of 3, multiplied by 96. 

The central idea is to choose a condensed window from the broader banded system matrix Bn, 

aiming to estimate symbols for a particular subcarrier. The focal point of energy associated with the 

symbol of interest is centered within this specific window, while the surrounding components are 

disregarded. The method mentioned above is executed systematically, wherein the window is shifted 

across all subcarriers within the received multicarrier signal. By employing this approach, the 

system's complexity being studied is notably reduced while still upholding its overall performance. 

Using the CGLS algorithm to handle the resultant system with reduced dimensions can effectively 

enhance the process of simplifying complexity. 

Let us examine a scenario in which the detection of the data symbol 𝑑𝑑𝑘𝑘,𝑛𝑛  is required. It is worth 

noting that the majority of the symbol energy associated with 𝑑𝑑𝑘𝑘,𝑛𝑛 is concentrated on the subcarrier 

k and its adjacent subcarriers. The estimation of 𝑑𝑑𝑘𝑘,𝑛𝑛 can be achieved by utilizing the following 

method: 𝑑̂𝑑𝑘𝑘,𝑛𝑛 = 𝑾𝑾𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀,𝑘𝑘𝒓𝒓�𝑘𝑘  (37)

The vector 𝒓𝒓�𝑘𝑘 = [𝑟̃𝑟𝑘𝑘−𝐷𝐷⋯ 𝑟̃𝑟𝑘𝑘+𝐷𝐷]𝑇𝑇  is defined as a concatenation of the elements. The received 

vector 𝒓𝒓�  consists of the symbol 𝑑𝑑𝑘𝑘,𝑛𝑛 and its neighboring symbols. The number of related symbols, 

denoted as P, equals 2D+1. The sliding window matrix has a size of (𝑃𝑃 × 𝐾𝐾 ), where K is equal to 

(2𝑄𝑄 + 1). Here, Q represents the number of sub- and super-diagonals that define the limits of the 

banded matrix. The MMSE equalizer for the k symbol window is denoted as 𝑾𝑾𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀,𝑘𝑘. 𝑾𝑾𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀,𝑘𝑘 = �𝑩𝑩𝑛𝑛,𝑘𝑘𝑩𝑩𝑛𝑛,𝑘𝑘𝐻𝐻 + 𝛾𝛾−1𝑰𝑰𝑘𝑘�−1𝑩𝑩𝑛𝑛,𝑘𝑘𝐻𝐻   (38)

The 𝑩𝑩𝑛𝑛,𝑘𝑘  matrix is a component of the banded system matrix 𝑩𝑩𝑛𝑛, which has dimensions P×K. 

It can be defined as follows: 

𝑩𝑩𝑛𝑛,𝑘𝑘 = ⎣⎢⎢
⎡ 𝐵𝐵𝑘𝑘−𝐷𝐷,𝑘𝑘−𝑄𝑄 𝐵𝐵𝑘𝑘−𝐷𝐷,𝑘𝑘−𝑄𝑄+1𝐵𝐵𝑘𝑘−𝐷𝐷+1,𝑘𝑘−𝑄𝑄 𝐵𝐵𝑘𝑘−𝐷𝐷+1,𝑘𝑘−𝑄𝑄+1 ⋯ 𝐵𝐵𝑘𝑘−𝐷𝐷,𝑘𝑘+𝑄𝑄⋯ 𝐵𝐵𝑘𝑘−𝐷𝐷+1,𝑘𝑘+𝑄𝑄⋮ ⋮𝐵𝐵𝑘𝑘+𝐷𝐷,𝑘𝑘−𝑄𝑄 𝐵𝐵𝑘𝑘+𝐷𝐷,𝑘𝑘−𝑄𝑄+1 ⋮ ⋮⋯   𝐵𝐵𝑘𝑘−𝐷𝐷,𝑘𝑘+𝑄𝑄  ⎦⎥⎥

⎤
  (39)

By implementing this approach, the intricacy linked to the inversion of a 𝑁𝑁𝑎𝑎 × 𝑁𝑁𝑎𝑎  matrix is 

converted into N inversions of P×K matrices. The optimization of this reduction in complexity can be 

enhanced by incorporating the CGLS algorithm to tackle the issue of regularized least squares. �𝑩𝑩𝑛𝑛,𝑘𝑘𝑩𝑩𝑛𝑛,𝑘𝑘𝐻𝐻 + 𝛾𝛾−1𝑰𝑰𝑘𝑘�𝒅𝒅�𝑘𝑘 = 𝑩𝑩𝑛𝑛,𝑘𝑘𝐻𝐻 𝒓𝒓�𝑘𝑘  (40)

The degree to which complexity is reduced within the system is contingent upon the size and 

dimensions of the sliding window matrix P. Significantly, the utilization of a comparatively low value 

for the parameter P does not significantly affect the overall performance of the system. Furthermore, 

a notable benefit of this approach is its ability to reduce the need for accurate channel matrix 

estimation, as it only requires a limited number of channel components. The computational 

complexity of the sliding window equalization can be denoted as  𝒪𝒪(𝑁𝑁𝑎𝑎 𝑃𝑃(𝑄𝑄 + 1) 𝑚𝑚𝑃𝑃×𝐾𝐾 ). Upon initial 

examination, this may surpass the complexity of existing low-complexity equalizers based on CGLS. 

However, a substantial disparity arises in the number of iterations required to solve the smaller P×K 
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matrix, denoted as 𝑚𝑚𝑃𝑃×𝐾𝐾 , which is considerably less than the iterations needed to solve the bigger 𝑁𝑁𝑎𝑎 × 𝑁𝑁𝑎𝑎 matrix. 

 

Figure 7. RLS- CGLS sliding window equalizer and the Banded MMSE equalizer BER Comparison 

(𝑄𝑄 = 5) 

An evaluation is undertaken to analyze the performance of OFDM in terms of the uncoded BER. 

This assessment involves the use of simulations that comprise 100,000 multicarrier blocks. The 

primary objective of this study is to assess the utilization of the RLS- CGLS sliding window equalizer 

in the context of employment. In this research, we analyze an OFDM system with specific parameters. 

The system has a total number of subcarriers, N, equal to 128. The number of active subcarriers, NA, 

is 96. The length of the cyclic prefix, L, is 8. The modulation scheme employed is QPSK. The Rayleigh 

fading channel model is applied using identical parameters in the preceding section, ensuring a fair 

comparison of the outcomes.   

Figure 7 compares the recently introduced RLS- CGLS sliding window equalizer and the banded 

MMSE equalizer, both operating with a value of Q equal to 5. The findings suggest that the banded 

MMSE equalizer performs better, while the RLS- CGLS sliding window equalizer shows nearly 

identical performance in situations with a low SNR. The degree of performance decline depends on 

the size of the window matrix. The performance of the RLS- CGLS sliding window equalizer is almost 

identical to BMMSE with much less complexity. 

Simulation results conducted in the context of doubly dispersive fading channels reveal the 

superiority of the proposed CGLS algorithm over the BMMSE method. The nonlinear equalizers 

introduced in the CGLS algorithm consistently outperform their counterparts regarding bit error rate 

and overall communication performance. the proposed nonlinear equalization technique determines 

the trade-off between computations and performance. As nonlinear equalization added some 

complexity to the overall system it effectively improved performance. 

Equalizer selection for OFDM 

The selection of an equalizer for an OFDM system is contingent upon various aspects, such as 

the prevailing channel circumstances, the desired performance specifications, and the computational 

resources at hand. In scenarios where the channel circumstances exhibit favorable characteristics and 

there are constraints on computational resources, employing a linear equalizer can be a judicious 

decision. In scenarios where the channel circumstances exhibit greater severity and computational 

resources are abundant, alternative equalization techniques such as the zero-forcing equalizer, 

minimal mean square error equalizer, decision feedback equalizer, BMMSE equalizer, or RLS Sliding 

Window Equalizer may present more favorable options. Machine learning equalizers are a favorable 

option for applications that demand optimal performance and have sufficient computational 

resources at their disposal. 
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The comparative analysis of several OFDM equalizers, including factors such as computational 

complexity, performance metrics, as well as their respective strengths and weaknesses, can offer 

useful insights into the selection process of an appropriate equalizer for a certain application. Table 

1 presents a comparative analysis of various OFDM equalizers often employed in wireless 

communication systems.   

Table 1. comparison between different OFDM equalization techniques. 

Linearity Equalizer complexity Performance Strengths Weaknesses 

L
in

ear 

Zero-forcing 

equalizer (ZF) 
High Good 

Can completely eliminate 

ISI 

May amplify noise, 

sensitive to channel 

estimation errors 

Minimum mean 

square error 

equalizer 

(MMSE) 

High Very good 

Good performance in 

noise, robust to channel 

estimation errors, Offers 

better BER performance 

compared to ZF equalizer, 

especially in noisy 

channels, Improved noise 

resilience, and better 

performance in 

frequency-selective 

channels. 

May not be able to 

completely eliminate ISI, 

has High computational 

complexity, and not 

suitable for real-time 

applications. 

Banded 

Minimum mean 

square error 

equal-izer 

(BMMSE) 

Medium 
good to Very 

good  

Can achieve good 

performance with lower 

computational complexity 

than MMSE, can adapt to 

dynamic channel 

conditions 

may not be able to 

achieve the best possible 

performance, less 

performance compared 

to MMSE 

N
o

n
-lin

ear 

Decision 

feedback 

equalizer (DFE)  

Very High Excellent 

Can completely eliminate 

ISI, has good performance 

in noise, suitable for 

severe channel conditions. 

Sensitive to channel 

estimation errors, and 

high latency. 

 

RLS Sliding 

Window 

Equalizer 

High 
Very good to 

excellent 

Can adapt to dynamic 

channel conditions, good 

performance in noise 

Sensitive to channel 

estimation errors, and 

high latency, depends on 

the choice of the window 

size and the forgetting 

factor   

Machine 

learning 

equalizers 

(MLEs) 

Very High 
Very good to 

excellent 

Can achieve the best 

possible performance, can 

adapt to dynamic channel 

conditions 

High computational 

complexity, may require 

training data 

Upon comparing various OFDM equalizers, it becomes evident that optimal performance can 

be achieved by combining the MMSE equalizer with nonlinear equalizers. However, this approach 

significantly increases computational complexity, rendering it impractical for real-time applications. 

Hence, a practical strategy involves integrating the BMMSE equalizer with nonlinear equalizers to 

enhance BMMSE performance while concurrently reducing computational demands. Additional 

complexity reduction can be attained by utilizing iterative algorithms specifically developed for 

addressing the computationally intensive task of channel matrix inversion, which constitutes the 
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most resource-intensive aspect of the equalization process. These iterative methods include LDL 

factorization, LSQR, LSMR, and CGLS. 

Table 2 offers a comprehensive comparison of the complexity and performance aspects of these 

iterative matrix inversion algorithms. 

Table 2. Comparison of Iterative Matrix Inversion Algorithms: Complexity and Performance 

Analysis. 

Algorithm Complexity Performance Strengths Weaknesses 

LDL 

factorization 
O(n^3) Good for dense matrices Accurate, fast High memory complexity 

LSQR O(n^2) 
Good for sparse 

matrices 
Accurate, fast 

May require more iterations than 

LSMR or CGLS 

LSMR O(n^2) 
Good for sparse 

matrices 
Accurate, fast 

Fewer iterations are required than 

LSQR. 

CGLS < O(n^2) 
Good for sparse 

matrices 
Accurate, fast 

Fewer iterations required than 

LSQR or LSMR 

The choice of an iterative matrix inversion algorithm depends on various factors, including the 

matrix's size, sparsity, desired precision, and available computational resources. LDL factorization is 

a viable choice when precision is paramount, especially for dense matrices. In scenarios involving 

sparse matrices where both high accuracy and efficiency are essential, algorithms like LSQR, LSMR, 

or CGLS may be more appropriate. Among these options, CGLS stands out as the optimal choice for 

real-time OFDM equalization, offering the lowest computational complexity while maintaining 

efficiency and accuracy. 

The trade-off between computational complexity and performance in the context of IoT 

transportation systems: 

Adaptive approaches are used by the RLS-CGLS Sliding Window Equalizer and the CGLS-BDFE 

to balance performance and computational complexity. To achieve the ideal balance in IoT 

transportation systems, they dynamically modify their operations based on observed conditions, 

predefined thresholds, and real-time requirements. This flexibility is essential to guarantee effective, 

dependable, and instantaneous communication in settings that are dynamic and resource-

constrained. 

(1) CGLS-BDFE OFDM equalizer: 

Adaptive Iterations: The CGLS-BDFE equalization process is iterative. It adjusts based on the 

performance that is observed, beginning with fewer iterations. It can balance performance and 

computational complexity because of its versatility. Fewer iterations are done at first to save 

computing strain, and if more iterations are needed for better equalization, they are subsequently 

increased. 

Dynamic Complexity Control: While the algorithm is running, it dynamically modifies its 

complexity. In order to guarantee real-time operation, it starts with modest computational needs, 

particularly in IoT transportation systems where prompt data processing is essential. To enhance 

equalization performance, it increases its computational intensity when channel conditions change 

or data quality deteriorates. 

Exchange of value Performance thresholds are established by CGLS-BDFE. It limits the number 

of repeats if the current performance reaches or surpasses the predetermined threshold, thereby 

avoiding needless computational overhead. The system automatically increases iterations to improve 

communication quality when the performance drops below predefined criteria. 

Resource-Conscious Design: The algorithm is made to use resources as efficiently as possible. 

To cut down on energy use, it optimizes data processing and lowers memory use. This resource-
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aware strategy guarantees that it can function without placing undue computing pressure on IoT 

devices. 

(2)  RLS-CGLS OFDM equalizer: 

The RLS-CGLS Sliding Window Equalizer is a device that incorporates a sliding window 

mechanism. By restricting the range of calculations to a smaller sample of data, this method lowers 

the computational complexity as a whole. It maintains real-time functioning by processing a subset 

of the data at a time. 

Window Size Adjustment: Based on channel conditions and performance needs, the algorithm 

can modify the sliding window's size. To minimize computational complexity, it might use a smaller 

window when the circumstances are right. On the other hand, it can widen the window under 

difficult circumstances in order to collect more information and enhance equalization. 

Performance Monitoring: The equalization keeps an eye on the sliding window technique's 

effectiveness all the time. The status quo is maintained if the present window size and processing 

complexity satisfy the required performance requirements. On the other hand, it dynamically 

modifies the window size and processing depth to enhance communication quality if performance 

deteriorates. 

Real-time responsiveness is a top priority for both the CGLS-BDFE and the RLS-CGLS Sliding 

Window Equalizer. Optimizing computational resources guarantees that IoT transportation systems 

can manage changing channel conditions and maintain timely data transmission. 

The CGLS algorithm can play a vital role in IoT transportation systems, with several hardware 

implications. It is energy-efficient, making it compatible with low-power processors or specialized 

hardware accelerators, thus conserving energy. Real-time processing is a critical requirement for IoT 

applications such as autonomous vehicles and traffic management, and CGLS's iterative and 

adaptable nature makes it suitable for efficient real-time execution. Parallel computing architectures 

can enhance CGLS iterations, leading to improved real-time performance. Tailored hardware 

acceleration units can further boost CGLS performance while keeping energy consumption to a 

minimum. Scalable hardware designs are adaptable to increasing processing demands as the IoT 

network grows. Integration with sensors like LiDAR and cameras facilitates seamless data fusion and 

real-time decision-making. Incorporating redundancy and fault tolerance mechanisms enhances 

system reliability, even when hardware failures occur. Optimizing memory usage for storing 

matrices and data reduces the memory footprint of CGLS-based equalization. These hardware 

considerations are indispensable for achieving efficiency and high performance in IoT transportation 

solutions. 

7. Future Directions 

The effectiveness and efficiency of CGLS equalization algorithms could be improved in several 

ways through future research in the context of IoT transportation systems. These include security 

considerations, multi-objective optimization, experimental validation, standardization and 

integration, sparse matrix optimization, machine learning integration, quantum computing 

applications, robustness to hardware constraints, distributed processing, dynamic resource allocation, 

hardware acceleration architectures, and cross-layer optimization. 

Sparse matrix optimization optimizes CGLS versions for sparse matrices, which can lower 

computational complexity and improve real-time performance. Using deep learning models or 

neural networks in machine learning can increase performance and adaptability. Because quantum 

computing can process data in parallel, it can speed up CGLS-based equalization. Optimizing CGLS 

for various processor types and memory configurations will result in robustness to hardware 

limitations. By dividing up equalization responsibilities among network nodes, distributed 

processing methods can improve scalability and lessen the load on individual devices. 

Computational complexity and communication quality can be dynamically balanced via dynamic 

resource allocation. 
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Architectures for hardware acceleration can further maximize performance and energy 

efficiency. Security issues include identifying potential weak points in the algorithm and creating 

defences against attackers. Multi-objective optimization takes into account hardware limits, 

communication quality, and energy efficiency all at once. To verify the effectiveness of CGLS-based 

equalization in various IoT transportation scenarios, real-world experiments and comprehensive 

field trials are conducted as part of the experimental validation process. Cross-layer optimization can 

be attained by working with researchers in other fields, but standardization and integration efforts 

can guarantee smooth integration into IoT transportation communication protocols.  

8. Conclusions 

The Internet of Things (IoT) has ushered in a significant transformation in urban operations, 

leaving its mark on smart infrastructure, transportation, and energy management. Within the realm 

of Intelligent Transportation Systems (ITS), IoT's influence has been profound, enhancing efficiency, 

security, and sustainability across various facets such as traffic management, predictive maintenance, 

parking solutions, autonomous vehicles, and optimizing emergency response strategies. ITS, driven 

by advanced communication technologies, represents a paradigm shift in modern transportation, 

enabling seamless information exchange through vehicle-to-vehicle (V2V) and vehicle-to-everything 

(V2X) communication. 

However, the dynamic nature of V2X communication introduces Doppler frequencies, giving 

rise to a doubly dispersive channel that degrades the performance of Orthogonal Frequency Division 

Multiplexing (OFDM) due to inter-carrier interference (ICI).  

Addressing the challenge of ICI in OFDM necessitates a critical Minimum Mean Square Error 

(MMSE) complex equalizer, which, in turn, requires intricate channel matrix inversion, contributing 

to its overall complexity. Enter the Conjugate Gradient Least Squares (CGLS) algorithm, a novel 

approach presented in this paper. It integrates an iterative computation method with nonlinear 

equalization techniques. 

The proposed CGLS algorithm demonstrates superior performance compared to existing 

algorithms, showcasing an improvement of at least 5 dB. This improvement positions it as a 

promising solution to tackle the challenges posed by Doppler-induced inter-carrier interference in 

OFDM-based communication systems for ITS. Numerical results reveal that the CGLS-based 

nonlinear equalizers and precoding methods exhibit rapid convergence and effectively correct 

equalization parameter estimations. 

Despite its lower computational complexity, the proposed CGLS approach can achieve error-

rate performance equivalent to that of a precise inversion method. In V2X communication systems 

with doubly dispersive fading channels, this technique has the potential to enable efficient, high-

throughput hardware designs. The algorithm's regularity and simplicity make it well-suited to 

address the challenges posed by such channels. 

In summary, the results of this study underscore how the combination of the CGLS algorithm 

with nonlinear equalizers can enhance the efficiency and reliability of OFDM systems in challenging 

communication scenarios. These findings validate the potential of the CGLS-based approach to drive 

advancements in the realm of ITS and IoT-enabled V2X communication systems. 
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Appendix 1 

Symbol Notation description 𝒓𝒓𝒏𝒏 The received samples for the nth OFDM symbol after discarding the CP 

H The 𝑵𝑵 ×𝑵𝑵 channel matrix 𝑭𝑭 The DFT matrix 𝑭𝑭∗ The IDFT matrix 𝒅𝒅𝒏𝒏 The transmitted data vector in the 𝒏𝒏𝒕𝒕𝒉𝒉 OFDM symbol 𝒛𝒛𝒏𝒏 White Gaussian noise in the time domain 𝒓𝒓�𝒏𝒏 Received sequence after demodulation with the DFT 𝒁𝒁 The circularly symmetric complex Gaussian random variable 𝒇𝒇𝒅𝒅 The Doppler shift 𝒉𝒉(𝒕𝒕) The channel impulse response 𝒛𝒛(𝒕𝒕) Added noise signal 𝒅𝒅�(𝑡𝑡) The estimated data vector 𝜺𝜺 Mean-square error 𝑷𝑷 Permutation matrix 𝑵𝑵𝒂𝒂 Active subcarriers 𝒉𝒉(𝒏𝒏,𝒗𝒗) The doubly dispersive channel impulse response 𝑯𝑯 The doubly dispersive channel (time-variant, circular) convolution matrix 𝑳𝑳 Cyclic prefix 𝒚𝒚 The received signal after demodulation by the DFT matrix 𝑯𝑯�  Frequency domain channel matrix 𝒛𝒛� The noise vector in the frequency domain 𝑾𝑾𝒏𝒏 The equaliser matrix 𝒅𝒅�𝒁𝒁𝑭𝑭 Estimated data using ZF equaliser 𝒅𝒅�𝑴𝑴𝑴𝑴𝑴𝑴𝑴𝑴 Estimated data using MMSE equaliser 𝑰𝑰𝑵𝑵𝑨𝑨 The identity 𝑵𝑵𝒂𝒂  ×  𝑵𝑵𝒂𝒂 matrix 𝜸𝜸 The signal-to-noise ratio (SNR) 𝑴𝑴 Binary masking matrix 𝑸𝑸 The number of the first sub- and super-diagonals 𝑩𝑩𝒏𝒏 The masked equaliser matrix 𝑾𝑾𝒏𝒏,𝑴𝑴𝑴𝑴𝑴𝑴𝑴𝑴 The MMSE equaliser 

FF Decision Feedback Equaliser feed-forward filter 

FB Decision Feedback Equaliser feedback filter 𝑳𝑳 The lower triangular matrix with unit diagonal in the 𝑳𝑳𝑳𝑳𝑳𝑳𝑯𝑯 algorithm 𝑳𝑳 The diagonal matrix in the 𝑳𝑳𝑳𝑳𝑳𝑳𝑯𝑯 algorithm 𝑩𝑩𝒏𝒏,𝒌𝒌 
The matrix which is part of the equivalent banded system matrix 𝑩𝑩𝒏𝒏 with 𝑷𝑷 × 𝑲𝑲 

size 𝑷𝑷 The width of the sliding window matrix 𝒈𝒈� 
 the symbol representing the variable or parameter that we are trying to 

determine or estimate. 

A a matrix that acts on g (a vector or another mathematical object). 

b represents the vector of observed data 𝑨𝑨𝑻𝑻 Matrix transpose of matrix A  𝑰𝑰 Identity matrix  

X represents the solution vector  

rₖ residual vector  

αₖ  the scaling factor 

xₖ₊₁ The updated solution vector  

pₖ the search direction vector 𝜺𝜺 The intended accuracy or tolerance  

i The number of iterations  

k Condition number of the matrix A  
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𝑯𝑯�𝑯𝑯   The channel matrix conjugate transpose in the frequency domain 𝑩𝑩𝒏𝒏𝑯𝑯 The banded channel matrix conjugate transpose in the frequency domain 

γ the Signal-to-Noise Ratio (SNR)  

e the error vector 
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