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Abstract: We assume that the probability mass function Pr(Z) = (2Z) 2 (Z € Z") is at Newcomb-
Benford Law’s root and the origin of positional notation. Under its tail, we find that the harmonic
(global) Q-NBL for bijective numeration is Pr(b, q) = (qH,) ~!, where gisaquantum (1 < g <b), Hy
is the nth harmonic number, and b is the bijective base. Under its tail, the logarithmic (local) R-NBL for
bijective numeration is Pr(r,d) = log,  ; (1 + 1/d), where d < r < b, being d a digit of a local complex
system’s bijective radix r. We generalize both lows to calculate the probability mass of the leading
quantum/digit of a chain/numeral of a given length and the probability mass of a quantum/digit at a
given position, verifying that the global and local NBL are length- and position-invariant in addition to
scale-invariant. In the framework of bijective numeration, we also prove that the sums of Kempner’s
series conform to the global Newcomb-Benford Law and suggest a natural resolution for the precision
of a universal positional notation system.

Keywords: Probability Mass Function (PMF); Newcomb-Benford Law; Positional Notation (PN);
Harmonic scale; Kempner'’s curious series; Bijective Numeration (BN); Logarithmic scale

MSC: 11A63 - Radix representation; digital problems; 11A67 - Other number representations; 40-11 -
Research data for problems pertaining to sequences, series, summability; 40A05 - Convergence and
divergence of series and sequences; 60A99 - None of the above, but in “Foundations of probability
theory”; 60E05 - Probability distributions: general theory; 68P30 - Coding and information theory;
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1. Introduction

The fiducial Newcomb-Benford law (NBL) [1,2] is well-established for standard positional notation
(PN) [3]. It states that the first digits of randomly chosen original data typically outline a logarithmic
curve in diverse fields irrespective of their physical units; series of raw natural values usually are
nearly scale-invariant, i.e., geometric [4]. The law must be valid for any place-value numeral system if
it is fundamental. This paper provides the formulas for bijective numeration (BN) [5], suggesting that
NBL might account for an elementary principle.

Suspicion about the authenticity of the number cero [6] suggests that BN [7] is likely more natural
than standard PN, the number system we use daily. BN is a zero-free and unambiguous number
system, contrasting with standard PN; every natural number has a unique representation using the
symbols {1,2,-- - ,r}. (Watch the notation; we display the radix underlined to denote BN instead of
standard PN.)

Every NBL rule for standard PN has a bijective counterpart. BN is a notably more efficient
notation than standard PN due to its compactness, especially for the smaller radices r € N*. An
enumerated list of r-ary bijective numerals is automatically in "shortlex" order, with 7' bijective
r-ary numbers of length I > 1 [8]. For instance, the sequence of 11 ternary bijective numbers
{3,11,12,13,21,22,23,31,32,33,111},, from decimal 3 = 3 x 3% t0 13 = 1 x 32 +1 x 31 +1 x 3,
has 32 = 9 numbers of length 2. -

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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BN is a natural consequence of NBL, which can originate from a primordial inverse-square law [9].
This "canonical” probability mass function (PMF) might be the sought-after cause of NBL [10]. Under
the tail of the canonical PMF, we find information based on the concept of likelihood; probability is a
relative likelihood. The theory has fundamentally a twofold manifestation, namely the NBL for the
global ("rational", discrete, and harmonic) and local ("real", continuous, and logarithmic) domains.

Departing from Pr(Z) = (2Z) "2 (where Z € {+£1,+2,+3,---}), the probability of a natural
variable falling into [s, t) is a harmonic likelihood, namely the bucket’s width (t) — (s) = H;_1 —
H;,_4 relative to the base’s support width ¢(b) — (1) = Hp,, wheres <t < b, {s,t,b} € N*,and H,
is the nth harmonic number. The base b is a global referent that changes the status of a number to a
globally computable elemental entity denominated a "quantum". When the bucket is [g,9 + 1), we
obtain the global NBL of a generic quantum g, Pr(b,q) = q%b, where g € NT and 1 < g < b. Thus,
the mass of a quantum is a rational number representing the harmonic improbability of an elemental
gap. When b has a colossal value, a "coding source" must establish a local referent r < b to normalize
its information separated from the surrounding environment, changing the status of a quantum to a
locally computable elemental entity denominated a "digit". The probability of a quantum falling into
[i,7) is the bin’s width Inj/i relative to the radix support’s width Inr. When the bin is [d,d + 1), we
arrive atlog, | (1+1/d), where d € N* is a digit such that 1 < d <r.

The only symbol in the bijective unary is 1; contrary to standard PN, this numeral system is not
exceptional and can result from the natural continuation of a radix reduction process. In the bijective
binary, 1 occupies 2/3 ~ 66.7 % (global) and n2/In3 ~ 63.1 % (local), while 2 occupies 1/3 ~ 33.3 % and
In1.5/1n3 ~ 36.9 %, respectively. Likewise, 1 in the bijective nonary occupies 35.3 % (global) and 30.1 %
(local), while 9 occupies 3.9 % and 4.6 %, respectively. The harmonic plot is always steeper than the
logarithmic one.

This double-scale theory unites efficiency and entropy. "The lowest digits maintain distinctness
from the surroundings thanks to their solid entropic support. The more significant digits are vulnerable
and give rise to more transitions..." From the information perspective, whereas the first quanta or
digits make the difference irrespective of the string length, the last ones might provide negligible, even
arbitrary, information [11].

We back this claim by delving into the sums of Kempner’s curious harmonic series [12], which echo
the bijective harmonic scale traced by the global NBL. This outcome is absolute because every Kempner
series is infinite, and the calculations consider every possible numerical chain. Short numerical chains
or low quantum densities are accessible and cheap, producing heavy harmonic terms that condense
the space. In contrast, long chains or high densities are "rare" and deliver slender harmonic terms.

For instance, while the specific digits involved in a constraining numeral do not matter, the length
of such a numeral does; the law favors 0.234 against 123.4 and this against 12.345 because 12345 is less
probable than 1234 and this is less probable than 234. Likewise, while removing the harmonic decimal
terms that include less than 10 % of 5’s in the denominator makes a harmonic series converge, missing
the terms including > 10 % of 5’s does not impede the divergence of the depleted harmonic series.

Our study of the depleted and constrained harmonic series allows us to conclude that a conserva-
tive policy of significands and positions might exist inherent to universal computation, restricting the
resolution of PN to preclude unnecessary precision. Consequently, we conjecture that the natural span
of a positional system in base b is 1%, a measure of the physical quantity of tractable numerals. Beyond
this computational resolution, quanta could be haphazard for practical purposes.

This article’s field of study is information, probability, and number theory. First, we describe the
global and local NBL theory for BN, unveiling that both laws are length- and position-invariant. Then,
we substantiate that the set of Kempner’s "curious" series conforms to the global NBL for BN. Further,
we surmise a universal resolution resolution, i.e., the prospect of a position threshold ascribed to a
natural PN system.
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2. The Global NBL for BN

This subsection follows the same plot thread developed in [9]s section "The rational (global)
version of NBL".

A sample of numerical chains encoded using bijective b-ary satisfies the global NBL if the leading
quantum falls in bucket [s, t) relative to the area swept by base b with probability

H_,—H

s—1
H, €Q

Pr(b, [s, 1)) =

where1 <s <t <bands,tbe N". Whens = gand t = g + 1 we obtain the probability with
base b of leading quantum g.

Definition 1. A leading quantum q is said to satisfy the global NBL for bijective b-ary numeration if it occurs
with probability
1

Thus, NBL for the standard PN in base b + 1 corresponds to NBL for bijective b-ary numeration.

Example 1. We obtain Pr(1,1) = 100 %, Pr(3,1) = 6/11 ~ 54.5%, Pr(3,2) = 3/11 ~ 27.3%, Pr(3,3) =
2/11 ~ 18.2%, Pr(A, 1) = 0.34142, and Pr(A, A) = 0.03414, where "A" symbolizes the bijective decimal base.
Owing to Pr(2,1) = 2/3 and Pr(2,2) = 1/3, the odds 0(2 : 1|2) = Pr(22)/Pr(2,1) = Y constitute an essential
sharing out.

The entropy of PMF (1), E(b), is the expected value (weighted arithmetic mean) of the harmonic
likelihood function, namely ¢(x) — ¢(1) = H,_q (Where 1 is the digamma), evaluated at x’s probability
mass reciprocal.

Definition 2. The global NBL entropy is given by the formula

- . =L Hopy
E(b) = E(Pr(b,q)) = Y —+-— harmt
q=1

qHp
Example 2. E(1) = 0, E(2) = 0.90914harmt, E(3) = 1.35432harmt, E(10) = 2.47676 harmt, and
E(100) = 4.2269 harmt.

When b acquires a gargantuan value, we can take the summation as an integral and the harmonic
number function as the natural logarithm, so that the "differential entropy" [13] of the global NBL
approximately tends to

bin(glnb) . |
/1 b 44 =%Inb+In(inb)

Thus, the global entropy is finite, which agrees with the Bekenstein bound in physics [14].
The probability of picking a chain of any length starting with c is the likelihood gap it induces on
the b-ary harmonic scale.

Definition 3. A leading numerical chain c is said to satisfy the global NBL for bijective b-ary numeration if it
occurs with probability
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This occurrence probability becomes (1) when c is a base’s quantum.

Example 3. The probability that a bijective decimal chain starts with 11 (e.g., .111) and AA (e.g., AAAA) is
Pr(A,11) = 1/(11Hyp) ~ 0.03104 and Pr(A, AA) = 1/(110Hy,) ~ 0.003104, respectively.

Definition (3) allows us to derive the following PMF.
Definition 4. A numerical dataset is said to satisfy the global NBL for BN if the probability of picking a length-I

bijective b-ary chain starting with the quantum q, where 1 < g < band {b,1,q} € N*, is

1 1o
k=(g+1)b T+ -1

IR S k
k:th 1+Q _ 1
Pr(b,1,q) = L €eQ
Hywy, = Hy,
S =11

Example 4. The probability of running into 1 to 3 as the first quantum of a bijective ternary chain with length
5 is {0.46565,0.30602,0.22833}, and the chances of choosing 1 to A as the first quantum of a bijective decimal
chain with length 2 is {0.2842,0.1688, 0.1205,0.09377,0.07677,0.065, 0.05637, 0.04976, 0.04454, 0.04031 }.

Watch that (4) boils down to (1) if | = 1, meaning that the global NBL is length-invariant beside
base-invariant.
Definition (3) also allows us to derive the following PMFE.

Definition 5. A numerical dataset is said to satisfy the global NBL for BN if the probability of runing into q as
the p-th quantum of a bijective b-ary chain, where 1 < q < band {b,q,p} € NT, is

b1 1
Lo w1 B
Pr(b,q,p) = b1 S
(bq.p) Ay, —Hoo Q
b—1 b-1

Example 5. The probability of getting 1 to 3 as the fifth quantum of a bijective ternary chain is
{0.335011,0.333327,0.331662}, and the chances of encountering 1 to A as the second quantum of a bijec-
tive decimal chain is {0.1183,0.113,0.1083,0.1041, 0.1004, 0.09694, 0.09381, 0.09094, 0.08829, 0.08583 }.

Watch that (5) boils down to (1) if p = 1, meaning that the global NBL is position-invariant beside
base-invariant. Figure 1 shows the PMF of various bijective bases for consecutive positions and the
hyperbolic progression of the bijective ternary digits as the position increases.
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Figure 1. Leading quantum’s PMF for bijective bases 2, 4, and A (decimal) at positions 2 (top-left), 3 (top-right),
and 4 (bottom-left) using (5). The plots quickly tend to the uniform distribution. On the bottom right, we show
the probability plot of the bijective ternary digits as a function of their position; only the first few quanta make a
difference concerning information.

3. The Local NBL for BN

This subsection follows the plot thread developed in [9]'s section "The fiducial (local) NBL".
The ratio between the area under the hyperbola delimited by the bin [d1, d;) and the radix support
[1,r <b)is

d
Pr(r, [d1,d2)) = log, ., di €R (1<dy <dy <r{dy,dyr} e NT)
T
We arrive at the NBL for BN by puttingdy =dand dp =d + 1.

Definition 6. A sample of numerals expressed in bijective r-ary PN satisfies the local NBL if the leading digit d
occurs with probability

Pr(r,d) zlogr+1<1+3{> eER(1<d<r)

Thus, the NBL with radix 4 1 corresponds to the bijective r-ary numeration’s NBL.

Example 6. The standard ternary system assigns to 1 and 2 the probabilities 63 % and 37 %, which is the PMF
of bijective binary numeration. In the usual case where the radix is r = 10, the standard decimal system assigns
to digits 1 and 9 probabilities of 30.1 % and 4.6 %. In contrast, the bijective decimal numeration assigns to
digits 1 and A = 10 probabilities of 28.9 % and 4.0 %. On the other hand, the local bijective ternary numeration
assigns to 1, 2, and 3 the probabilities 50 %, 29 %, and 21 %, contrasting with the percentages 54.5 %, 27.3 %,
and 18.2 % the global bijective ternary numeration assigns.

The entropy of PMF (6) for radix r, e(r), is the expected value (weighted arithmetic mean) of the
likelihood function (In(x)) evaluated at x’s probability mass reciprocal.

Definition 7. The local NBL entropy is given by the formula
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&(r) = E(Pr(r,d)) = Y. log, 4 <1 + ;) In —— | nat
loglJrl (1 + 3)

Example 7. &(1) = 0, 8(2) = 0.65846, &(3) = 1.03247, &(10) = 2.08134, and ¢(100) = 3.84099.

Because r < b and we assume that b is a positive natural number, the local entropy is finite, in
agreement with the Bekenstein bound.

Note that (6) is also valid for the unary numeral system, unlike in standard PN; r = 1 assigns
the probability of 100 % to 1. The scale of a system "encoding" data in the bijective unary is linear,
i.e., has no curvature. In BN, (re)coding from unary into r-ary means summing the number of ones
and executing an iterative procedure based on Euclidean division; Figure 2 describes the encoding
algorithm that converts the representation of 1567 into 12332313.

The initial remainder is

Remaind - . _
the datum to be encoded ‘ [ ematn er/Radix] -1 ‘ ‘ Remainder — Radix X Quotient ‘

Positiofi; Remainder Quotiént Digit Term weigh
\ =

0 P 1 ! * Digit x RadixPosition
1 52 <173 3 9 e
Radix Datum 2 173 <57 2 18
3 1567 3 57 18 3 81

4 18 -5 3 243
5 s 1 2 486
6 1 0 1 729

Total 1567

Procedurehals | 1567 = 12332315 |

Figure 2. Data encoding in BN, which eludes zero as a symbol. Note that we use the ceiling function; specifically,
we use || — 1 instead of the floor function | |, which standard PN uses.

We can generalize the PMF given by (6) to the probability of getting a leading r-ary numeral
n € NT of any length. It is the likelihood gap it induces on the logarithmic scale.

Definition 8. A leading numeral n is said to satisfy the local NBL for bijective r-ary numeration if it occurs
with probability

1
Pr(r,n) =log, ,(n+1) —log, ;n =log, <1 + n> cR

Example 8. The probability that a bijective decimal numeral starts with "2A1", say 2.Alqg or 2A17yg, is
logyy (1+ 3h ) = 0.13832%.

Definition (8) allows us to derive the following PMFE.

Definition 9. A numerical dataset is said to satisfy the local NBL for BN if the probability of picking a length-I
bijective r-ary numeral starting with the digit d, where 1 < d < rand {r,1,d} € N*,is
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k:(d—&-l)z”l—i-llz_lfl—l 1
Pr(r,1,d) = Y log,is1_4 (1 + k) eR

k=dpl=14 1211 £
r —

Example 9. The probability of picking 1 to 3 as the first digit of a bijective ternary numeral with length 5 is
{0.465312,0.306147,0.228541}, and the probability of choosing 1 to A as the first digit of a bijective decimal
numeral with length 2 is {0.2797,0.1685, 0.1209, 0.09442, 0.07746, 0.06567, 0.057, 0.05036, 0.0451,0.04084 }.

Owing to (9) boils down to (6) if I = 1, the local NBL is length-invariant beside radix-invariant.
Figure 3 shows the PMF of various bijective radices for consecutive lengths and the hyperbolic
progression of the bijective ternary digits as the numeral’s length expands.
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Figure 3. Leading digit’s PMF for numerals in bijective radices 2, 4, and A (decimal) with lengths 2 (top-left), 3
(top-right), and 4 (bottom-left) using (9). On the bottom right, we show the probability plot of the bijective ternary
digits as a function of the numeral’s length; the probability mass gap between consecutive digits tends to stabilize.

Definition (8) also allows us to derive the following PMF.

Definition 10. A numerical dataset is said to satisfy the local NBL for BN if the probability of runing into d as
the p-th digit of a bijective r-ary numeral, where 1 < d < rand {r,d,p} € N7, is

_rP1
=71 !

1
Pr(r,d,p)= ), log,u, (1 + rk+d> €R
rP—1 =

_r71a
k="

Example 10. The chance of picking 1 to 3 as the fifth digit of a bijective ternary numeral is {0.335006, 0.333327,
0.331667}, and the probability of choosing 1 to A as the second digit of a bijective decimal numeral is
{0.1177,0.1126,0.1081,0.1041, 0.1004, 0.09707, 0.09402, 0.09121, 0.08862, 0.0862 }.

Owing to (10) boils down to (6) if p = 1, the local NBL is position-invariant beside radix-invariant.
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4. Depleted and Constrained Harmonic Series

The global NBL for BN suddenly appears in the set of Kempner’s curious series. We say a series
is curious when the infinite summation of a harmonic series, divergent, is depleted by constraining its
terms to satisfy specific convergence conditions. For example, consider the harmonic series missing
the terms where "66" appears in their denominator. Most researchers in this fieldwork use decimal
representation, but we can generalize the results to any base. Although their terminology refers to
the items of a unit fraction’s denominator as digits, for us, these are quanta of a chain because we are
handling terms of a harmonic series.

The point is that most depletions result in an absolute mass because a harmonic series is on the
verge of divergence. In particular, a harmonic series becomes convergent by omitting a single quantum.
For example, the shrunk harmonic series without the terms in which "4" appears anywhere in the
decimal representation of the denominator is Ky of the Kempner series. Offhand, convergence comes
up because we withdraw most of the terms; 1/10 of the terms contain a "4" if the random variable
ranges from 0 to 9, 20% have at least one "4" if the random variable ranges from 0 to 99, and eventually,
most of the terms of any random chain with 100 quanta will contain at least one "4" and will not sum.

Notwithstanding, this explanation is misleading. The weight of the long chains containing a given
quantum is lower than that of the short chains. A Ky series converges slowly [15] due to the relative
and geometrically low contribution of large numerical chains containing N to the total.

Table 1 summarizes the outcomes of approximated calculations from 1 (K1) to A = 10 (Kp). The
most stunning feature of the Kempner summations (second column) is that they outline a curve that
decreases harmonically.

Table 1. These are the absolute and relative masses of the Kempner series compared to NBL averaged over the
first nine positions.

Decimal Kempner K, Kempner M, NB]T allztexge
quantum (q) summations mass (;velg ers

positions)

1 16.1770 13.00 12.91

2 19.2573 10.92 10.95

3 20.5699 10.22 10.26

4 21.3275 9.86 9.89

5 21.8346 9.63 9.65

6 22.2056 9.47 9.48

7 22.4935 9.35 9.36

8 22.7264 9.25 9.25

9 22.9207 9.18 9.16

A 23.1034 9.10 9.09

Total 212.6158 100 100

Every quantum eliminates the same number of terms. K; < K; < --- < K4 means not that "1"
is in more terms than "2" or "3" but a heavier mass attributed to the terms with the minor quanta; if
we take out 1/1, the resulting summation is smaller than when we take out 1/2 or 1/3, and "A" is the
quantum that contributes less to the total. Note also that although "A" is taken as "0" for calculation
purposes, the value of K4 proves that BN is underneath.

Considering that a Kempner series is infinite and the set of Kempner series embraces all quanta g
represented in bijective decimal, how could we find a better proof that a default probability potential
outlines a hyperbolically decreasing function of 4?

Since a curious series converges by default of unit fraction terms, the mass share of a quantum
globally depends on the reciprocals of the Kempner summations; the third column of the table includes

-1
Kj’s reciprocals normalized to 100 % (e.g., K1’s relative mass is M; = (K1 Ef?:l 1/ Kq) ~ 13%). We
must underline the relevance of these summations and percentages, reflecting the mass of every
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quantum irrespective of where it is, in contrast with the global NBL, which indicates the probability
mass of a quantum at a given position in a given base.

We introduce two caveats to analyze the NBL weights (fourth column). First, the Kempner
distribution conforms with NBL via the average of NBL distributions for different positions, which
is NBL, too [16]. For instance, W is, in principle, the average of quantum 1’s probabilities at first
(34.14%), second (11.89%), third (10.18%), fourth (10.01%), et cetera position according to (5). Second,
because the distribution of the nth quantum quickly tends to be uniform (10% for each of the ten
quanta from the fifth position), we must suspect that there exists a threshold position above which
the contributions to the quantum’s weight do not count; otherwise, the resulting mean distribution
will end up reaching uniformity despite the differences that the Benford distribution makes at the first
positions. Consequently, the last column calculates W, as the NBL frequency averaged only over the
first nine positions. Averaging ten positions also gives an excellent approximation (with a mean error
of .091 %) to the distribution of Kempner masses, but nine positions deliver the minimal total mean
error of .024 %.

Can we extrapolate this result in b = A to any value of b? If affirmative, PN would ignore a
natural significand’s quanta from the bth place, agreeing with claims often made by mathematicians
[17], physicists [18,19], and engineers [20] about the illogicality of a PN system carrying excessive
digits in calculations of any type, regardless of the discipline.

We surmise that a bijective b-ary chain c that fulfills log; ¢ > b is physically elusive. The universe
in base b would cope with at most b nesting levels, each distinguishing between b possible quanta. The
"physical resolution”

R(b) = b°

would estimate the scope of quanta a computational system like the cosmos can naturally operate,
much as a native resolution describes the number of pixels a screen can display.

In [21], the author contrives an efficient algorithm for summing a series of harmonic numbers
whose denominator contains no occurrences of a particular numerical chain. As a result of the
calculations, a harmonic series in base b omitting a chain of length # (regardless of its specific quanta)
might converge approximately to

b"Inb.

This conjecture means that the contribution of linearly more extended chains to an endless series
is geometrically lesser. For instance, the harmonic series where we impede the occurrence of the
decimal numeral "314159" is about 2302582.334, whereas the same sum omitting "only" "3" is 22.921,
10° times as low. Thus, large numerical chains would be exponentially inconsequential.

More general constraints allow several occurrences of a given quantum to calculate summations
positively. Let S(n, g, b) be the sums of the b-ary reciprocals of naturals that have precisely n instances
of the quantum g. For example, omitting the terms whose denominator in decimal representation
contains one or more 6 is the particular case 5(0,6,10). The sequence of values S decreases and tends
to

Ji_r)réloS(n,q,b) =DbInb ~ InR(b)

regardless of g [22].

Except for the gap from n = 0 to n = 1, where the total increases, the summation falls as we raise
the constraining quantity of quanta. What is the reason? It is not that we get more terms with 7 gs
than terms containing n + 1 gs, but that the longer the chain, the lighter the contribution. Furthermore,
whenn > 1,S(n,q,b) 2 S(n+1,q,b), whereasif n > 1, S(n,q,b) > S(n+1,4,b), i.e., increments of
n near the origin produce significant drops and vice versa, increments of # far from the origin produce
negligible drops. Although we have not statistically tested "the number of quanta" for compliance with
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NBL, we can again conclude that while small is a synonym for solid and discernible, huge numerical
chains are fragile and hardly convey differences.

Instead of imposing absolute constraints, we can allow in a term arbitrarily many quanta g
irrespective of the position and number so long as the proportion of gs remains below a fixed parameter
A € [0..1]. In [23], the authors prove that the series converges if and only if A < 1/b. In decimal, while
Kempner’s original series implies A = 0, where no term containing a given quantum contributes to the
summation, the complete harmonic series means A = 1, where any density is allowed, i.e., we keep all
the reciprocals.

For instance, if we consider the constraint "allow a rate of A = 5% of 7s at most", the term
1/98765432109876543210 disappears (10 % of 7s), but neither 1/98654321098 (no 7s) nor 1/98865432109876543210 (5 %
of 7s) does. While the series converges in A € [0..1/10), it no longer converges above the threshold
A = 1/10. Note that the archetype of the Pareto law appears naturally; on average, 90% of the unit
fractions, those with the highest quantum density, offset the remaining 10%. Moreover, this result
engages with our surmise concerning the physical resolution R(b) of a universal computational system.
Again, densities of b quanta or more are intractable. A PN system must restrict itself to chains with
less than b quanta to guarantee the operability of coded data and avoid overflow conditions.

5. Conclusion

The canonical PMF is a probability inverse-square law that, taken as a brute fact, allows us to
derive the global and local NBL. The canonical PMF, NBL subsidiaries, and PN run in parallel.

All the NBL formulas of standard PN are translatable to BN. For example, the standard and
bijective decimal system global and local laws are similar but different, meaning that the precision of
NBL is nonessential, while the supporting positional scale is what matters. In particular, the global
NBL with standard base b + 1 corresponds to the global NBL with bijective base b (def. 1 and def. 3),
and the local NBL with standard radix r 4 1 corresponds to the local NBL with bijective radix r (def. 6
and def. 8).

In contrast with standard PN, the BN expressions of NBL have a very high level of generality, to
the point that both are length- (def. 4 and def. 9) and position-invariant (def. 5 and def. 10), in addition
to other well-known invariances. We also provide the formula for the harmonic entropy of the global
NBL (def. 2), which is not evident, and the logarithmic entropy of the local NBL (def. 7).

We have proved that the Kempner distribution reflects the global version of NBL for BN and
confirms a fundamental tendency toward minor numbers. The study of constrained harmonic series
mainly teaches us that the specific digits involved in the restraining chain do not matter, whereas its
length does. More generally, long chains or high densities of quanta are "rare” and deliver slender
harmonic terms. In contrast, short chains or low quantum densities are regular and cheap, producing
heavy harmonic terms that lead to convergence of the series if eliminated. In other words, only usual
and economic constraints can impede the divergence of a harmonic series. More generally, positions
with decreasingly lower exponents on a harmonic or logarithmic scale have exponentially less and less
weight; a natural resolution in PN plausibly exists.

Regardless of the number system, we must conceive of positional scales as hyperbolic spaces
in a broad sense, harmonic in the first place, and logarithmic in the second place. NBL correlates
accessibility with smallness, proximity, scarcity, or brevity. The generality of the NBL expressions for
BN reinforces the thesis that this law is comprehensively universal.
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