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Abstract

Bohr-type inequalities have been extensively studied for integral operators defined on bounded
analytic functions in the unit disk. In this paper, we extend this line of investigation to the class
of K-quasiconformal harmonic mappings and consider the action of integral operators (including
the Bernardi and Cesaro operators) on the harmonic mappings whose analytic parts are bounded in
modulus by one. Our results provide estimates that generalize existing results in the analytic case.

Keywords: 30A10; 30C62; 30C45

1. Introduction and Preliminaries
Let D := {z € C : |z| < 1} denote the unit disk and B be class of analytic functions f(z) =

a,z" in D such that |f(z)| < 1 for all z € D. The majorant series on f(z) is expressed as M¢(r) :=
n=0

Y. |au|r". In 1914, Harald Bohr [6] established the following theorem:
n=0
Theorem 1 ([6]). Suppose f(z) = ozo: anz" with f(z) € B. Then

n=0

Mg(r) = lag| + ) _ laqlr" <1 for r<

n=1

1
g’ (1)

where the constant 1/3 cannot be improved.

Inequality (1) is known as the Bohr inequality for bounded analytic function in ID. Bohr [6] initially
proved this inequality for r < 1/6, M. Riesz, I. Schur and N. Wiener independently refined this bound
and proved the validity for » < 1/3 (see [1,7]). The constant 1/3 is regarded as the classical Bohr
radius for f(z) € B in the literature.

Over the past two decades, Bohr’s inequality has been extensively studied in the literature leading
to improvements, extensions and generalizations in different mathematical settings (for instance, see
[1-3,5,7-9,14]). For investigations and studies on Bohr inequality, we refer interested readers to the
articles in [1,7,11,14] and the references therein.

Recently, attention has turned to harmonic mappings, especially those that are sense-preserving
and k-quasiconformal. These mappings generalize many properties of analytic functions while intro-
ducing new geometric behavior.

A complex-valued function f is said to be harmonic in D if it satisfies Laplace’s equation A f = 0.
Any such harmonic mapping can be written as (see [11])

f(z) =h(z)+g(z) = i anz" + i byz", 2)

n=0 n=1
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where h is called the analytic part and g is called the co-analytic part in D. The mapping f is said to be
sense-preserving if the Jacobian J¢(z)

Jr(z) =M (2)|* = g’ (2)|* >0,

in which case f is locally univalent and orientation-preserving (see [11]). A sense-preserving harmonic
mapping is called K-quasiconformal if there exists K > 1 and k € [0, 1) such that

K—-1
<k ! < k|W here k — —_ —
> or |g'(z)| < k|h'(z)], where X1

Kayumov et al. [11] generalized Theorem 1 to K-quasiconformal harmonic mappings with analytic
part h(z) € B, leading to the following:

Theorem 2. Suppose that f(z) = h(z) + g(z) = Y an,z" + Y buz" is a sense-preserving K-quasiconformal
n=0 n=1

harmonic mapping of the disk D, where |h(z)| < 1. Then

- K+1
|00|+n§;1(|‘1n’+|bn|)§1 for 7§5K+1/ (©)
K+1
where the number + is sharp. Moreover,
5K+1
= K+1
ool L (aal +Ioa) <1 forr < 5 @
The constant K1 is sharp.

Remark 1. If K = 1in (3), we obtain the Bohr radius r < 1/3 in Theorem 1.

A particular area of interest is the study of Bohr-type inequalities for integral operators acting on
bounded analytic functions. Integral operators such as those introduced by Bernardi and Cesaro play
a central role in function theory due to their connections with convolution, univalence, and geometric
function properties (see [13]).

Definition 1 (see [12,13]). Let f(z) = Y. a,z" be analytic function D, the Cesdro operator is defined by
n=0

(L v ' f(tz)
C = "= dt. 5
-5 (i Ea)e - [ 12 8
Definition 2 (see [13]). Let f(z) = OZOZ a,z" be analytic in D and if v > —m, the Bernardi’s operator is
defined by -
_ an o _ [Mf(2)
B’Y{f( )} an n4+ ,YZ - 0 tl,,y dt/ (6)

where m > 0 is an integer.

From the Bernardi’s intgeral operator, the case where m = 0 and y = 1 leads to the Libera operator

on analytic function f(z) = Z a,z" defined as follows:
=0

LY@ = E = [ stz @)

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Similarly, for a special case where m = 1 and y = 0, the Alexander’s operator for analytic function
f(z) = ¥ auz"is defined as
n=

£2) gy 8)

Kayumova et al.[12] established the Bohr inequality for Cesaro operator defined on f(z) € B and
obtained the following;:

Theorem 3. Suppose f(z) = Y. a,z" is analytic in D and |f(z)| < 1inD. Then
n=0

] 1 n 1 1

n=0 =0

where R = 0.5335... is the positive root of the equation 2r = 3(1 —r) In (11) and the number R is best

possible.
Shankey and Sahoo [13] also provided sharp Bohr radius for Bernardi integral operator as follows:

Theorem 4. Let v > —m, if f(z) = ¥ a,2" is analytic in D and |f(z)| < 1inD. Then
n=0

[e9)

n n 1 m
B = 3 A2 e forr < R(y) (10

i o x"

)3
m+7y  p=my Y

where R(y) is the positive root of = 0 that cannot be improved.

Remark 2. If we set m = 0 and v = 1 in Theorem 4, Bohr inequality for Libera operator will be established (see
[13]). Furthermore, if we allow m = 1 and v = 0 in Theorem 4, Bohr inequality for Alexander operator will be
obtained (see [13]).

Observe that Theorems 3 and 4 address the Bohr radius for Cesaro and Bernardi operators acting
on functions f(z) € B. Motivated by the works in [11], [12], and [13], we establish new sharp Bohr
radii for Cesaro and Bernardi operators acting on K-quasiconformal harmonic mappings of the form

f(z) = h(z) + g(z), where h(z) € B. Our results not only extend earlier findings from the analytic to
the harmonic setting but also highlight the influence of quasiconformality on the Bohr phenomenon.

Lemma 1 (see [14]). If f(z) = E anz" with f(z) € B. Then
n=0
lay| <1—|ag|?>, forall n>1.

Lemma 2 ([3]). Let h(z) = § a,z" and g(z) = f buz" be two the analytic functions in D such that
n=0 n=0

|’ (z)| < k|W (z)| for some k € [0,1). Then

: (11)

Q=

o [ee]
Yo |balr" <k Y lanlt" for r<
n=1 n=1

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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2. Main Results

Firstly, we discuss the Cesaro and Bernardi operators on the class of harmonic mappings f(z) of
the form (2). Applying (5), the Cesaro operator on f(z) yields

= Z Anzn + Z ann, (12)
n=0 n=1
where
71 ; d B 71 ; b
A”_n+1]§”7 n "_n—i-l]; J

Similarly, using (6), the Bernardi integral operator becomes

By {f(2)} = Z Apq2' + Z By 2" (13)
n=m+1
where )
a
ny = n—:'y and B, = n—:'y'

In view of (12) and (13), we define the Bohr sums corresponding to the Cesaro C¢(r) and Bernardi

Bé(r) operators by

B <o) 1 n ' " [ee] 1 n ‘ n
- Z<n+1]§|a1|>r +n§<n+1j[%|b]|>r, (14)

n=0
and
14| b
Bliy=7y 1l v " (15)
’)’ 7
ﬂ:mn+7 n:m+ln+r)/

wherer = |z|, v > —1,and m € NU {0}.

Theorem 5. Let f(z) = h(z) +g(z) = Z anz" + Z buz" be a sense-preserving K-quasiconformal harmonic
=0 n=1

mapping in the disk D, where h(z) € B. Then

1

In =r<R 16
—— for l=r<Re (16)

N | =

Cr(r) <

where the constant Ry is the positive root of (5K +1)(1 —r)In(1 — r) + 4Kr = 0in (0,1). The constant Rg
is best possible.

Proof. Setting |ag| = a, where a < 1, and applying Lemma 1, we obtain |a,| < 1 —a® forn > 1.
Consequently, from (14) and using Lemma 2, we have

e}

Cf(r) nZ;(il;|aj|>r"+ Z(I’lilg'b]‘l)rn

MRS :

n=1 n=1

_ ( >~|—1—a (1+k)(1ir 1 1r)

Differentiation of the function P(a) twice with respect to a yields

@)= T L) - LN
P(a)_rln<1_r) 2a(1—|—k)(1_r rlnl—r ,

\ /\

n+1
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and

oy — 11 1
P'(a) = 2(1+k)(1—r rlnl—r'

It is easy to see that P”(a) < 0 for every a € [0,1) and r € (0,1). Therefore, P'(a) is a decreasing
function and hence we obtain

P'(a) > P'(1)

1 1 1 1.1 (17)
- - - - = > 0.
rln<1—r) 2(l+k)<1—r rlnl—r>_0
But f is K-quasiconformal, so k = (K — 1)/(K 4 1). Hence, (17) gives
L K+ 1)(1—r)in—— —&K| >0 (18)
(1+K)yr(1—r) 1—r -

which holds for r < Rg, where Ry is the positive root of the equation
1

Then P(a) is an increasing function of 4, for r < Rg. It implies that P(a) < P(1), thatis

Cr(r) = P(a) < P(1) = 1ln<1ir>.

Clearly, inequality (16) is obtained. To conclude the proof, we show that the constant Rk is best possible

Bohr radius. To demonstrate the sharpness of the constant Rg, we consider f(z) = h(z) + g(z), where

h(z) = 12__52 = —a+(1-a% Y a1z, zeD (19)
n=1

and g(z) = Akh(z), where [A| =1,a € [0,1) and k = (K —1)/(K + 1). For this function, we find that
lay| = (1 —a?)a" ' and |b,| = k(1 —a?)a""! for n > 1. Using (14), the Bohr sum Cy(r) is simplified as
follows:

Clr) = ‘;m(lir> +(1-a2) Y (nil Zum)rn

:iln(lir>+(1+k)(1—a2)n¥1( =P J—1>r”
:‘;m<117>+(1+k)(1+a)11\:(1n;”:)r”
:ahq( 1 1

1 1 1
1—r>+(1+k)(1+a)(rln1—r_arlnl—ar)
1

B (14a)(1+k) In 1
1—7r r 1—7r ar 1—ar’

We can rewrite Cs(r) in the last expression as

Cs(r) = Qu(r)+(1—a) (2k+3)(1 = Tzzle_l r—) 1) +2(1+k)r

+11n 1
ro1—r

(20)
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where
(3—51)(1—|—k)1n 1 _2(1+k)(1—a)_(1+a)(1+k) In 1
r 1—7r 1—7r ar 1—ar

Qa(r) =

Putting Q,(r) in summation form, we have

Qi) =1+ 3 (30 - (- - LEDT )

n=1 n
=(1+kO0((1—a)?) asa—1

From (18), we obtain (5K +1)(1 —r) lni —4rK > 0forallr < Rk, where K = (k+1)/(k—1). It

can also be seen that for r > Ry

(5K+1)(1—7r)In(1 —r) +4rK -

r(l—r) 0

The last lines show that the constant Rg cannot be improved. This complete the proof of Theorem
5. 0O

Remark 3. Setting K = 1 in Theorem 5, we recover the main result of Kayumova et al. [12].

Corollary 1. Suppose f(z) = h(z) + g(z) = E‘, anz" + of‘, buz™ is a sense-preserving harmonic mapping of
the disk D, where h(z) € B. Then

In

N | =
—_

Cf(r) < for |z| =r < 0.35003..., (21)

1—r
where the constant 0.35003... is best possible.
Proof. By allowing K — oo in Theorem 5, the result follows immediately. [

We now discuss the Bohr inequality for Bernardi operator acting on K-quasiconformal harmonic

mapping.

Theorem 6. Let v > —m. Suppose that f(z) = h(z) + g(z) = ¥ anz"+ Y buz"is a sense-preserving
n=m n=m+1
K-quasiconformal harmonic mapping of the disk D, where h(z) € B. Then

f f”’
By (r) < P for |z| =r < Mg, (22)
, iy 1 4K = .
where the constant My is the positive root of ——1" = —— ), r" in (0,1). The constant Mg
m+y K+1p—mpan+y

is best possible.

Proof. Leta := |a,| < 1 and using Lemma 1, |a,| < (1 — a?) for n > m + 1. Applying Lemma 2, (15)
yields the following;:

Bf(T) < |61m| rm_+_ i |aﬂ| 1’”—|—k i |an| 1’"

K m+7 n:m+ln+’y n:m+1n+7

M- AE) Y
n:m+ln+’y

< Mt "= ¢(a).

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Differentiating ¢(a) twice with respect to a to get

1 ad 1
"(a) = M —2a(1+k i,
(P() m+,)/ ( )n:;-i-ln—'_’)/
and
had 1
¢ (a) = —2(1+k) .
ﬂ:§+l I’l+’)f

It is easy to see that ¢ (a) < 0. Since a < 1, it follows that ¢'(a) > ¢/(1). Hence

1 > 1
"(a) > ¢'(1) = M —2(1+k r* > 0.
¢z ¢1)= ( >n:;+ln+7
which holds in (0,1) if r < Mg, where M is the root of
1, ©
rMm=2(1+k .
m—+y ( ) n:;;rl n+
Replacing k by (K — 1)/ (K + 1), the last expression yields
1 K& 1,

After some calculations, we find that ¢’(a) > 0, which implies that ¢(a) is an increasing function of a
fora € [0,1),r € (0,1) and v > 0. Thus, fora < 1

rm

= m+’y,

BI(r) = pl(a) < ¢(1)

which proves (22). In order prove the sharpness of Mg, we consider f(z) = h(z) + g(z), where

_ [e0]
h(z) = 2" 12_ aaz = —az" + (1—4a?) Y a2 eD

n=1

and g(z) = Akh(z), where [A| =1,k = (K—1)/(K+1) € [0,1) and a € [0,1). With the help of (15),

we obtain
BJ;(r): a r’”—l—(l—az)(l—l-k) i a ",
m+y n=m+1n+7
which is equivalent to
m m o0 n
Bl(r)=—"1——(1- L 20+k L Na(r), 23
J) =i @<m+7 +0 3 ) @
where
00 n—1 0 el
Na(r) = (1—a*)(1+k) Y Me2l-a)(1+k) )
n=m+1 n=m+1 v
00 2\ n—1 _ _
ST (1—a%)a 21 u)rn
n=m+1 n+y

=(1+k)O((1—a)?) asa— 1

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Furthermore, it is easy to check that for r > Mk the following inequality holds

1, ©
™ —2(1+k " < 0.
m+y ( )n:§+1”+7

These facts in (23) show that the number My cannot be improved. This completes the proof of Theorem
6. O

Remark 4. If we put K = 1 in Theorem 6, we obtain theorem 2.2 of the work in [13].

Corollary 2. Let v > —m. If f(z) = h(z) + g(z) = ozoj apz" + § byz™ is a sense-preserving harmonic
n=m n=m+1
mapping of the disk D, where h(z) € B. Then

f "
Bl < I for el =r< M, @
. iy 1 & 1 . .
where the constant Mo is the positive root of Mm=4 ) " in (0,1). The constant Me is best
m—+y n=m+11

possible.

Proof. The proof follows from Theorem 6 by making K — co. [

As discussed earlier in Definition 2, the Libera and Alexander operators are special cases of the
Bernardi operator. The following theorems, which are direct consequences of Theorem 6, establish
Bohr-type inequalities for the Libera and Alexander operators acting on K-quasiconformal harmonic
mappings.

Corollary 3. Suppose that f(z) = h(z) + g(z) = § anz" + f byz™ is a sense-preserving K-quasiconformal
=0 n=1

n—=
harmonic mapping of the disk D, where h(z) € B. Then

r <1 for |z|]=r<pg, (25)

el =L+ 3

where the constant py is the positive root of (5K + 1)r +4KIn(1 —r) = 0in (0,1) cannot be improved.

Remark 5. This corollary establishes the Bohr-type inequality for the Libera operator acting on K-quasiconformal
harmonic mappings. It is derived as a special case of Theorem 6 by setting m = 0 and v = 1. In particular,
when K =1, we recover the sharp Bohr radius r < p1 = 0.5828. . ., which coincides with corollary 2.3 in [13].

Corollary 4. Let Suppose that f(z) = h(z) + g(z) = Z anz" + Z buz™ be a sense-preserving K-
=1 n=2
quasiconformal harmonic mapping of the disk D, where h(z) € B Then

i|an| n i|n|
n=1 n=2 n

" <r for |z|]=r<pk, (26)

where the constant px is the positive root of (5K +1)r +4KIn(1 —r) = 0in (0,1) cannot be improved.

Remark 6. This corollary presents the Bohr-type inequality for the Alexander operator applied to K-
quasiconformal harmonic mappings. It follows directly from Theorem 6 by choosing m = 1 and v = 0. When the
quasiconformality constant is set to K = 1, we get the classical case with sharp Bohr radiusr < p = 0.5828. ..,
in agreement with corollary 2.4 of [13].

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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3. Conclusion

In this paper, we extended Bohr-type inequalities to the class of K-quasiconformal harmonic
mappings. By analyzing the action of Cesaro and Bernardi integral operators, we established sharp
Bohr radii that generalize existing results in the analytic case. These findings highlight the interplay
between quasiconformality and the Bohr phenomenon, and they open avenues for further research on
integral operators in the harmonic setting.
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