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Abstract

Chiral magnetic orderings in itinerant magnets have recently attracted considerable attention as a
source of emergent electromagnetic phenomena such as topological Hall effects and magnetoelectric
couplings. In this study, we investigate emergent multipole degrees of freedom arising from chiral
magnetic orderings on a two-dimensional triangular lattice. Focusing on a four-sublattice spin configu-
ration characterized by noncoplanar spin textures, we demonstrate that various types of multipoles,
such as magnetic dipoles and electric toroidal dipoles, naturally emerge even in the absence of rela-
tivistic spin—orbit coupling. By employing a microscopic tight-binding model, we classify the resulting
multipole moments and clarify their relationships to the underlying chiral spin texture. We further
explore how spin-orbit coupling modifies these multipole characters, leading to additional uniform
responses. The results provide a unified framework connecting noncollinear magnetic orderings and
emergent multipole phenomena, offering insights into unconventional cross-correlation phenomena in
itinerant chiral magnets.

Keywords: chiral spin ordering; Berry curvature; multipole moment; multiple-Q states; density waves;
triangular lattice

1. Introduction

Chiral magnetic orderings have become a central topic in modern condensed matter physics owing
to their capability to host emergent electromagnetic phenomena [1-7] and nonlinear nonreciprocal
transport [8-12]. In particular, the interplay between geometrical frustration and itinerant magnetism
on two/three-dimensional lattices has revealed a rich variety of noncoplanar spin textures with scalar
spin chirality [13-16]. Among them, four-sublattice chiral orderings, in which spins form a noncoplanar
arrangement within the 2 X 2 magnetic unit cell, have been widely studied as prototypical examples of
spin configurations giving rise to finite Berry curvature and nontrivial topological transport [17-20].
These chiral states are generally characterized as multiple-Q magnetic orderings, where several spin
modulation vectors coherently superpose to produce a periodic noncoplanar spin texture [21-24].
Such states with short-range magnetic periods can appear in triangular [17,18,25-28], kagome [29,30],
and face-centered-cubic lattices [31,32], stabilized by competing exchange interactions, multi-spin
interactions, and Fermi surface nesting [33-35].

Previous studies have shown that such four-sublattice spin textures can carry a finite Chern num-
ber in the electronic band structure, leading to the topological Hall effect in the absence of spin—orbit
coupling [17,18]. This emergent Hall response originates from the real-space Berry curvature associated
with the scalar spin chirality, which acts as an effective magnetic field for itinerant electrons [36—40].
Consequently, the four-sublattice chiral order provides a minimal platform to study topological trans-
port without relying on relativistic effects. Moreover, this type of spin arrangement is closely related
to magnetic skyrmions [41-43], since both share the same topological invariant and can be viewed
as periodic arrays of local noncoplanar spin configurations. Experimental realizations of skyrmion
crystals in a variety of materials under distinct lattice structures have further motivated theoretical
investigations of such multiple-Q chiral states on frustrated lattices. Indeed, the skyrmion crystals
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have been identified not only in noncentrosymmetric magnetic compounds like MnSi [44-51], other
B20-type compounds [52-65], and polar compounds [66-70] but also in centrosymmetric compounds
like GdPdSi3 [71-76] and GdzRugAly; [77-80].

Beyond their topological transport properties, chiral magnetic structures are also of great interest
from the viewpoint of emergent multipole degrees of freedom [81-85]. In systems with complicated
spin orderings, the spatial distribution of spin and orbital moments can be expressed in terms of multi-
poles that capture the symmetry and cross-correlation responses of the state [86]. Recent theoretical
works have extended the concept of multipoles to include magnetic toroidal and electric toroidal mul-
tipoles [85], which account for various unconventional physical quantities like ferroaxial moments [87].
Such a multipole description provides a unified way to understand a variety of cross-correlation
effects, including the anomalous Hall effect, the magnetoelectric effect, and the nonreciprocal transport
phenomena.

In itinerant magnets, the emergence of multipoles is intimately related to momentum-dependent
spin textures. In particular, noncollinear and noncoplanar spin configurations give rise to distinct
multipole degrees of freedom that serve as microscopic sources of various cross-correlation physical
phenomena. For instance, noncollinear spin textures characterized by vector spin chirality can induce
electric dipole moments, leading to antisymmetric spin splitting in the electronic band structure [88-90],
resulting electric polarization [91-95] and spin Hall effect [96-100]. Meanwhile, noncoplanar spin
textures characterized by scalar spin chirality generate magnetic dipoles responsible for the anomalous
Hall effect [1,31], as well as magnetic toroidal dipoles responsible for nonreciprocal transport [8-12].
The four-sublattice chiral state on a triangular lattice provides an ideal platform to elucidate how such
multipole moments emerge and interplay, since its inherently noncoplanar spin configuration breaks
time-reversal symmetry even in the absence of relativistic spin—orbit coupling.

In this study, we theoretically investigate the emergent multipole degrees of freedom associated
with a four-sublattice chiral magnetic structure on a two-dimensional triangular lattice. Using a
microscopic tight-binding model, we analyze the resulting orbital and spin-dependent multipole
moments, such as magnetic dipoles, anisotropic magnetic dipoles, electric monopoles, and electric
toroidal dipoles. We show that the noncoplanar spin arrangement induces these multipoles even in the
absence of spin-orbit coupling, reflecting the complicated spin texture. Furthermore, when spin-orbit
coupling is introduced, uniform components of multipole moments additionally appear, leading to
new cross-correlation responses that bridge chiral magnetism and multipole physics. Our findings
provide a relationship among chiral spin order, cross-correlation effect, and multipole physics, offering
fundamental insight into emergent physical phenomena in frustrated itinerant magnets.

The rest of this paper is organized as follows. Section 2 formulates the s—p orbital tight-binding
model on a two-dimensional triangular lattice. We also introduce triple-Q chiral spin textures corre-
sponding to the four-sublattice noncoplanar magnetic ordering. Section ?? presents the results obtained
without relativistic spin—orbit coupling, where the emergence of orbital magnetic dipoles, spin and
anisotropic magnetic dipoles, spin-dependent electric monopoles, and electric toroidal dipoles are
analyzed in both real and momentum spaces. The effective spin—orbit interaction and the result-
ing ferroaxial moment are also discussed. Section ?? examines the effects of introducing spin—orbit
coupling on these multipoles and demonstrates how new uniform components arise, modifying the
symmetry and intensity distributions of the multipole structure factors. Finally, Sec. 5 summarizes
the key findings and provides perspectives on possible extensions of this work to other frustrated
magnetic systems.

2. Setup

We study a minimal tight-binding model that captures the essential features of four-sublattice
chiral magnetic order and its associated multipole degrees of freedom on a two-dimensional triangular
lattice. The system possesses spatial inversion symmetry and belongs to the point group Dg,. We
set the lattice constant to unity. To investigate the relationship between chiral spin ordering and
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multipoles, we consider multi-orbital degrees of freedom consisting of s and p orbitals, since the
Hilbert space spanned by these orbitals includes a variety of multipole degrees of freedom [101]. The
model Hamiltonian is written as

H=—Y (t?;.“ C;ra,gcjw—i—H.c.) +A Y H O g +T Y O Cingr - St (1)

ijan’ o iad' oo’ inoo’

Here, c:TIX o (Ciag) creates (annihilates) an electron at lattice site i with spin ¢ in orbital & = s, px, py, pz (or
& = px, py, pz)- The first term describes the electron hopping between neighboring orbitals. To respect
the Dg}, symmetry of the triangular lattice, we include the nearest-neighbor hopping amplitudes t;
for s—s orbitals, t,, and t, for (px, Py, pz) orbitals, and tsp for s—p orbital hybridization following the
Slater-Koster parameters. Orbital-dependent onsite potentials are neglected for simplicity.

The second term in Eq. (1) represents the atomic spin—orbit coupling acting on the p orbitals. Its
matrix form is given by

1 0 —ic* oY
HC = 2| io? 0 —io* |, 2)
—icY  ic* 0
where 0¥ (4 = x,y,z) are the Pauli matrices. Throughout this work, we set t; = —1 as the energy

unit and use tp, = 0.7, tyr = 0.4, tsp = 0.6, and A = 0 or 0.5 to compare the cases without and with
spin—orbit coupling.

The last term in Eq. (1) describes the exchange interaction between itinerant electrons and localized
magnetic moments S;, with the coupling strength . We assume that S; forms a four-sublattice
noncoplanar chiral structure on the triangular lattice, as schematically illustrated in Figure 1. This
configuration can be represented as a coherent superposition of three symmetry-related spin density
waves with modulation vectors Q; = (0,Q), Q2 = (—v/3Q/2,—-Q/2), and Q3 = (v/3Q/2,—Q/2)
with Q = 27t/ \/3 that are located at the M point in the Brillouin zone. In other words, this state
corresponds to a triple-Q magnetic state. In real space, the spins on the four sublattices are oriented
so as to form a regular tetrahedron, as shown in the right panel of Figure 1. We specifically set
Sa = (0,0,1), Sg = (0,—2v/2/3,-1/3), Sc = (—v/2/3,v/2/3,—1/3),and Sp = (v/2/3,V/2/3,-1/3).
The spin texture thereby acquires a finite scalar spin chirality, S; - (S; x S¢), which acts as an emergent
magnetic flux on itinerant electrons. Consequently, the electronic bands carry a quantized Chern
number, giving rise to a finite Berry curvature and a topological Hall effect even in the absence of
relativistic spin—orbit coupling.

Figure 1. Four-sublattice magnetic structure on a two-dimensional triangular lattice. The direction of spin
moments at each sublattice is shown in the right panel, where the red arrows represent the spin moment.

Such four-sublattice chiral orderings constitute one of the simplest microscopic realizations of
chiral topological magnets with a quantized Chern number. They are energetically stabilized by
various microscopic mechanisms, such as ring exchange interactions [33] and positive biquadratic
interactions [34], the latter of which originates from the nesting of the Fermi surfaces in itinerant
electron systems and plays an important role in inducing multiple-Q instabilities, including vortex
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crystals, as found in Y3CogSny [102]. Experimentally, similar chiral states have been identified in
several materials, such as Co,TaS, [103-105].

3. Results Without the Spin—-Orbit Coupling

In this section, we focus on the case without relativistic spin—orbit coupling (A = 0) in order to
clarify how the four-sublattice chiral spin texture itself generates various multipole degrees of freedom.
The calculations are performed for the chemical potential # = —2 and exchange coupling | = 1, unless
stated otherwise. Even in the absence of spin—orbit coupling, the noncoplanar spin texture acts as
an effective magnetic field through the scalar spin chirality, thereby inducing nontrivial spin—orbital
hybridization and emergent multipole moments. We examine in detail the orbital magnetic, spin
magnetic, anisotropic magnetic, spin-dependent electric, and electric toroidal multipoles arising from
the chiral spin background.

3.1. Orbital Magnetic Dipole

Figure 2(a) shows the structure factor of the orbital magnetic dipole M, which is obtained by
diagonalizing the Hamiltonian for the N = 2 x 2 sites and the 1200 x 1200 supercells under the
periodic boundary conditions. Here, the structure factor in terms of the orbital magnetic dipole for the
u component is defined as

N 1 P
My (q) = 55 2 (M) (M) e 77,
g

)

where g is the wave vector in the Brillouin zone, #; is the position vector at site i, and (- - - ); represents
the expectation value at site i; in the following, the symbol X represents the structure factor in terms of
the multipole X. The orbital magnetic dipole operator M, is given by

0 00 O 0 0 00O 0 0 0 O
0 00 O 0 0 i 0 0 —i O
My = .| My = , Mz = . ’ 4)
0 00 —i 0 0 0 0 i 0 O
0 0 i O 0 —i 00 0 0 0 O
for the basis wave function (¢g, ¢x, by, ¢-), where
1 /3 «x /3y /3 z
o = Var Px = 4 r’ Py = 4 v’ 9= = 4y’ ®)

We also define the structure factor of the total orbital magnetic dipole as M(q) = ¥, M (q); this
notation is consistently used for the different multipoles in the following discussions.
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Figure 2. (a) Intensity plot of the structure factor in terms of the orbital magnetic dipole M at y = —2and | = 1.
(b) ] dependence of the g = 0 component of / M;(q).

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202511.0660.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 10 November 2025 d0i:10.20944/preprints202511.0660.v1

50f 16

As shown in Figure 2(a), intensity maxima appear at the g = 0 point in the Brillouin zone, while
no significant intensity is observed at the M points. Among the components, only the z component of
the orbital magnetic dipole, M, is finite. This behavior reflects the triple-Q nature of the four-sublattice
chiral state, which possesses a uniform scalar spin chirality. The finite g = 0 signal originates from
circulating orbital currents induced by the noncoplanar spin configuration, where all triangular pla-
quettes share the same sign of chirality, forming a uniform orbital magnetic flux [106]. The appearance
of a nonzero orbital magnetic dipole serves as the microscopic origin of the topological Hall effect even
in the absence of relativistic spin—orbit coupling, since the orbital magnetic dipole directly couples
to the Berry curvature that governs the Hall conductivity [40,107-113]. As shown in Figure 2(b), the
uniform component remains finite across the entire range of J, indicating that the establishment of the
triple-Q chiral order alone is sufficient to induce a uniform orbital angular momentum.

The persistence of M in the absence of spin—orbit coupling demonstrates that orbital magnetism
can be generated purely from the scalar spin chirality, without any relativistic mechanism. This
nonrelativistic orbital polarization provides a microscopic pathway toward anomalous Hall transport
in chiral spin textures. Hence, the orbital magnetic dipole represents the lowest-rank manifestation
of the coupling between itinerant electrons and noncoplanar spin textures, establishing a direct link
between real-space chirality and momentum-space Berry curvature.

3.2. Spin and anisotropic magnetic dipoles

Figure 3(a,b) present the structure factors of the spin magnetic dipole M () and the anisotropic
magnetic dipole M,gs), respectively. Their operator definitions are given by [101]

10 0 0
M&_| 0100 -, ©)
0010
0001
[3 1
Mtg,saz = 10 <_\/§Q1(4 )Ux + Qxy(Ty + szaz)/ (7)
ME) = /2 (Quoe — Qe + Qe ®)
ay 10 Y \/g u Yy Y 4
[3 2
Mg,sz) = 10 (sz(fx + QyzUy + \/gQuUz>/ )
where
0 0 0 0 00 0 O
Q=10 -1 00 Q_@ 01 0 0
““ 510 o -1 o0]|”~ 500 -1 0}/
0 0 0 2 00 0 O
00 00 0000
V3l oo 0 o0 V3l 00 01
Qyzzi ; Qox = ’
510001 510000
0010 0100
0000
V3l oo 1o
= — , 1
Quy 510100 (10)
0000
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with Q&i) = Q, +3Q, and Qz(,i) = +/3Q, + Q,. The former spin magnetic dipole is related to the
spin contribution of the magnetic moments, while the latter anisotropic magnetic dipole is related to
the onset of the anomalous Hall effect in antiferromagnets and is referred to as the T vector in the
context of X-ray magnetic circular dichroism measurements [114-118].

() V(@) ) M (q)

y ° “ e
T / \ T /
/ 1
/ \ /
[’ " Y
) !\\ / \ 0.04
/ \
20 f y 2y 0 [
\ / \
. s . ¢
\ // \ y
-7 / s \
° 4 e
=0 0.00
—T 0 T - 0 T
Gz G

Figure 3. Intensity plots of the structure factor in terms of (a) the spin magnetic dipole M(®) and (b) the anisotropic

magnetic dipole M§5> atp=—2and ] =1.

In Figure 3(a), the intensity distribution of M() exhibits peaks at the M points in the Brillouin
zone, while no clear signal appears at 4 = 0. This behavior indicates that the modulation of the
spin magnetic moments directly follows the four-sublattice periodicity of the triple-Q chiral structure,
and there is no net spin magnetization in the system. In real space, the corresponding distribution
shown in Figure 4(a) reveals that the spin magnetic dipoles on the four sublattices are oriented toward
the vertices of a regular tetrahedron. This noncoplanar spin configuration leads to a uniform scalar
spin chirality, x;jx = M, i(s) (M ](S) X M,ES)), which acts as an emergent magnetic field for the itinerant
electrons without the net spin magnetization, as found by the peak structure of the orbital magnetic
dipole M at the g = 0 component.

(@ M o) M

-1 » ‘ ‘ |

Figure 4. Real-space plots of (a) the spin magnetic dipole M(*) = (MJ(CS), M;S), MS)) and (b) the anisotropic

magnetic dipole Mp(,s) = (M,ES;Z, Mgfy), M,SSZ)) at y = —2 and | = 1. The color represents the z component.

The behavior of the anisotropic magnetic dipole M,gs) shown in Figures 3(b) and 4(b) closely
resembles that of the spin magnetic dipole M), As seen in Figure 3(b), the intensity distribution
of Més) exhibits peaks at the M points in the Brillouin zone, similar to M(®) in Figure 3(a). This
correspondence indicates that both isotropic spin and anisotropic magnetic dipoles share the same
four-sublattice periodicity originating from the triple-Q chiral order. The real-space distribution in
Figure 4(b) also shows a spatial pattern similar to that of M(®) in Figure 4(a), with the amplitude of M,§S)

modulating periodically within the magnetic unit cell. This similarity between M(®) and Més) suggests
that the anisotropic magnetic dipole originates from the same underlying chiral spin geometry.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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3.3. Effective Spin—-Orbit Coupling

We next analyze the behavior of the spin-dependent electric monopole Q(()S), which represents
the lowest-rank even-parity electric multipole induced by the interplay between the spin texture and
charge degrees of freedom. The definition of the operator Q(()S) is given by

QY = \%(anx + Myoy + M.03). (11)
Thus, the spin-dependent electric monopole is described by the inner product of the orbital magnetic
dipole and the Pauli matrix, which is proportional to the atomic spin—orbit coupling.

As shown in Figure 5(a), the structure factor of Q(()s) exhibits peaks at the M points in the Brillouin
zone, while no intensity appears at g = 0. This feature indicates that the modulation of Q(()S) follows
the four-sublattice periodicity of the triple-Q chiral magnetic structure. The M-point peaks arise from
the alternating sign of the local monopole moment among neighboring sites, reflecting the spatial
variation of the spin canting angles in the noncoplanar configuration. Hence, the resulting Q((]S) does
not possess a uniform component but instead exhibits a periodic modulation synchronized with the
chiral spin texture.

o’ (@) &
(a) 0 0.06 (b) Qo 0.04
™ ° r

It b
4y 0

° Q A

— 5 p 0.00 -0.10
Gz
Figure 5. (a) Intensity plot of the structure factor in terms of the spin-dependent electric monopole Qés) atpy = -2

and | = 1. (b) Corresponding real-space plot.

The corresponding real-space distribution in Figure 5(b) shows that the monopole amplitude
alternates in sign across the four sublattices, forming a pattern consistent with the underlying scalar
spin chirality. Such behavior demonstrates that the noncoplanar spin arrangement acts as an internal
source of sublattice-dependent spin-orbital entanglement, even in the absence of relativistic spin—orbit
coupling. The emergence of this staggered monopolar quantity provides a microscopic mechanism for
the inner-product coupling between the spin and charge sectors via exchange-driven hybridization
effects.

3.4. Axial Density Waves

Finally, we show that the four-sublattice chiral spin texture on the triangular lattice also exhibits
the density wave in terms of the unconventional ferroaxial moments. The ferroaxial moment represents
an axial vector order parameter that characterizes a spontaneous rotation of the crystal structure, and
belongs to the same symmetry class as the electric toroidal dipole [119-122]. In general, the electric
toroidal dipole can emerge in systems where spatial inversion and time-reversal symmetries are both
preserved, leading to off-diagonal cross-correlation responses [87,123,124], such as the antisymmet-
ric thermopolarization [125], intrinsic longitudinal spin current generation [87,126], and transverse
nonlinear magnetic response [127]. Recent spectroscopic investigations have revealed ferroic ordering
of electric toroidal dipoles in a variety of materials. Such ferroaxial orderings have been experimen-
tally identified in several crystalline systems, including RbFe(MoOy), [128,129], NiTiO3 [129-131],

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202511.0660.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 10 November 2025 d0i:10.20944/preprints202511.0660.v1

8 of 16

CaslrzOq; [132-135], and BaCoSiOy4 [136]. These studies have established ferroaxiality as a distinct
type of ferroic order, characterized by the uniform alignment of the electric toroidal dipole.

In our system, the ferroaxial moment is described by the spatial pattern of the spin-dependent
electric toroidal dipole G(®), whose expression is given by the vector product between the orbital
magnetic dipole and the Pauli matrix as

Gb) = \2(0‘ x M). (12)

As shown in Figure 5(a), the structure factor of G(®) exhibits pronounced peaks at the M points in
the Brillouin zone, following the four-sublattice periodicity of the triple-Q chiral magnetic order.
Meanwhile, there is no intensity at 4 = 0, meaning no its uniform component. The corresponding
real-space distribution in Figure 5(b) displays a loop-like circulation of local electric toroidal dipole
vectors around the triangular plaquette consisting of sublattices B, C, and D, which also indicates no
net electric toroidal dipole moment in the whole system.

The local ferroaxial moment in the present system does not originate from any lattice rotation or
structural distortion, as observed in conventional ferroaxial materials [137]. Instead, it arises purely
from the noncoplanar magnetic structure, which leads to a mirror symmetry breaking at sublattices
B-D. This purely magnetic origin demonstrates that chiral spin configurations can mimic ferroaxial
behavior without invoking atomic displacements.

(@) GO)(q) (b) Gi’*)l
&\
T
\ 0.1
o \h\ AN
4o ) 0
. ¢
—T
L 2
0.0 -1
—T 0 s

qll‘
Figure 6. (a) Intensity plot of the structure factor in terms of the spin-dependent electric toroidal dipole G®) at
# = —2and | = 1. (b) Corresponding real-space plot, where the arrows represent the direction of the electric
toroidal dipole.

4. Results with the Spin—-Orbit Coupling

We next investigate how the atomic spin-orbit coupling modifies the multipole responses under
the four-sublattice chiral magnetic order by setting A = 0.5. Figures 7(a)—(e) show the calculated struc-
ture factors of five representative quantities: (a) the orbital magnetic dipole M, (b) the spin magnetic
dipole M(®), (c) the anisotropic magnetic dipole M,gs), (d) the spin-dependent electric monopole Q(()S),
and (e) the spin-dependent electric toroidal dipole G(*). Compared with the case without spin-orbit
coupling, where most multipoles except for M exhibit intensity maxima at the M points, the inclusion
of the spin-orbit coupling selectively activates uniform (g = 0) components while keeping others
modulated at the M points.

In Figure 7(a), the orbital magnetic dipole M maintains its peak at g = 0, indicating that its
uniform nature is predominantly governed by the underlying chiral orbital currents and is only weakly
affected by the spin-orbit coupling. In contrast, the spin magnetic dipole M (5) in Figure 7(b) develops
an additional 4 = 0 component, which was absent in the spin-orbit-coupling-free case. This new
uniform intensity indicates that A couples the spin and orbital sectors, transferring part of the uniform
modulation of the orbital magnetic dipole into the spin magnetic dipole. Conversely, the spin magnetic
dipole components at the M points are transferred into orbital magnetic dipole moments at the M

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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point. A similar effect appears for the anisotropic magnetic dipole Més) in Figure 7(c), where the purely
M-point modulation seen without spin-orbit coupling evolves into a mixed pattern containing a weak
but finite g = 0 signal.
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Figure 7. Intensity plots of the structure factor in terms of (a) the orbital magnetic dipole M, (b) the spin magnetic
dipole M), (c) the anisotropic magnetic dipole M,SS), (d) the spin-dependent electric monopole Q(()s), and (e) the
spin-dependent electric toroidal dipole G at u=-2,]=1and A =0.5.

For the spin-dependent electric monopole Q(()S) shown in Figure 7(d), the spectral weight remains
at the M points as in the spin-orbit-coupling-free case, but a uniform component emerges, reflecting
the introduction of the relativistic spin—orbit coupling. On the other hand, the spin-dependent electric
toroidal dipole G(® in Figure 7(e) retains its characteristic M-point peaks, whereas no uniform peak
structure appears. This implies that the ferroaxial character manifests only locally, while its net
macroscopic contribution cancels out even with the spin-orbit coupling.

These results collectively reveal that the spin—orbit coupling functions as a selective mediator
among the multipole channels. It enhances the uniform (g = 0) components of the dipolar and
monopolar multipoles through the hybridization between spin and orbital degrees of freedom, while
the electric toroidal dipole channel remains predominantly modulated at the M points. Such a selective
activation of uniform responses reflects the symmetry-allowed nature of the relativistic coupling under
the magnetic point group rather than the spin point group.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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5. Conclusions

We have presented a unified microscopic framework for emergent multipoles in a four-sublattice
chiral state on a triangular lattice, clarifying how the noncoplanar spin texture generates characteristic
momentum- and real-space features and how the atomic spin—orbit coupling modifies them. In the ab-
sence of spin—orbit coupling, the orbital magnetic dipole exhibits a uniform g = 0 component originat-
ing from circulating orbital currents tied to the scalar spin chirality, whereas the spin magnetic dipole,
anisotropic magnetic dipole, spin-dependent electric monopole, and spin-dependent electric toroidal
dipole display distinct M-point modulations reflecting the four-sublattice periodicity. Once the spin—
orbit coupling is introduced, uniform spectral weight appears selectively in several channels—most
notably in the spin and anisotropic magnetic dipoles and in the spin-dependent electric monopole—
while the spin-dependent electric toroidal dipole remains predominantly finite-g-modulated. This
selective activation demonstrates that the spin—orbit coupling mediates symmetry-allowed mixing
among spin, charge, and orbital sectors, which plays a different role from the noncoplanar-order-driven
mixing. The present framework provides perspectives for extending this study to other frustrated
magnetic systems and for guiding experimental realizations. The same multipole hierarchy is expected
to manifest in other geometrically frustrated lattices, such as kagome, face-centered-cubic, and py-
rochlore systems, where noncoplanar multiple-Q spin states are stabilized by competing exchanges,
higher-order spin interactions, or Fermi-surface nesting.
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