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Abstract: In the present paper, several viscoelastic models are studied for the cases when time-dependent
viscoelastic operators are represented in terms of the fractional derivative Kelvin-Voigt, Scott Blair, Maxwell, and
standard linear solid models. Using the algebra of dimensionless Rabotnov’s fractional exponential functions, time-
dependent operators for Poisson’s ratios have been obtained and analyzed. It is shown that materials described
by some of such models are viscoelastic auxetics, because Poisson’s ratios of such materials are time-dependent

operators which could take on both positive and negative magnitudes.
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1. Introduction

It is known [1] that pure elastic bodies do not exist in nature. All media possess viscoelastic fea-
tures to one degree or another, and their main physical-and-mechanical properties are time-dependent.
Due to wide application of the theory of elasticity in studies of advanced and traditional materials,
much attention is given to modelling and investigative techniques of viscoelastic media and bodies
subjected to various types of loading [1-5].

During the last three decades Fractional Calculus has gained wide acceptance in modelling such
viscoelastic bodies as beams, plates, and shells [6,7]. Their damping features are described most often
by defining the Young’s operator by the simplest fractional derivative models, namely: Kelvin-Voight
model, Maxwell model, and standard linear solid model [8-10]. As this takes place, the Poisson’s
ratio of a viscoelastic material is frequently assumed to be a constant [11,12]. However, it has been
emphasized in [13] that the fractional derivative Kelvin-Voigt model with a time-independent Poisson’s
ratio is only acceptable for the description of the dynamic behaviour of elastic bodies in a viscoelastic
medium [6,14,15] or on a viscoelastic foundation[16].

As experimental data have shown [17], the Poisson’s ratio is always a time-dependent operator [18-20],
and only the bulk extension-compression operator could be considered as a constant value, since for the
most viscoelastic materials it varies weakly during deformation [1,2].

The detailed reviews of ‘traditional’ fractional calculus models in viscoelasticity (‘traditional” in
the sense that such models consider time-independent Poisson’s ratios) are given in [6,10,13,21]. In the
present paper, the fractional derivative models involving the time-dependent Poisson’s operators will
be studied, which allows one to reveal rather interesting properties of advanced viscoelastic materials,
among them auxetic materials possessing negative Poisson’s ratios [22-25].

For solving different dynamic problems of mechanics of viscoelastic solids and structures, it is
essential to know the form of viscoelastic operators entering in governing equations. For example,
Poisson’s ratio and Young’s modulus are involved in the cylindrical rigidity of plates and shells,
and therefore in the Hertz’s law for the solution of the problem of viscoelastic contact interaction
during impact [26-28]. Therefore, their pinpointing is of paramount importance in the impact response
analysis.

© 2024 by the author(s). Distributed under a Creative Commons CC BY license.
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It is well known [29,30] that each isotropic elastic material possesses only two independent
material constants, and all others are expressed in terms of two constants that should be preassigned
or determined experimentally. Possible combinations are presented in Table 1, where two prescribed
constants are shown in the first column, while the others are determined in terms of two given constants
according to formulas, which are located at the intersections of the corresponding lines and columns.

From Table 1 it is seen that for materials, the bulk relaxation of which could be neglected, i.e., to
consider K as a constant value, two independent material moduli could be assigned via four ways.

Table 1. The interrelationship of elastic material constants: bulk modulus K, Young’s modulus E,
Lamé’s parameters A and p, Poisson’s ratio v, and P-wave modulus M.

Material constants ~ Young’s modulus E  1st Lamé’s parameter A Shear modulus #  Poisson’s ratiov ~ P-Wave modulus M

(K,E) : R s s e
(K,A) e : e D) 3K—21
ot K k-3 - oS K+ %

(Kv) 3K(1-2v) e R - Y

(K, M) S A w K -

Similarly, in the case of isotropic viscoelastic media, material properties are time-dependent
and are described by operators, which should be expressed in terms of two preassigned ones (or
determined from experimental data) utilizing the correspondence principle and relationships given in
Table 1.

For solving one-dimensional dynamic problems of viscoelasticity, it is a need to know the Young’s
and shear operators defining phase velocities and coefficients of attenuation of viscoelastic longitudinal
and shear waves. Thus, modelling of these time-dependent operators without volume relaxation (K =
const) has been considered using the following viscoelastic fractional derivative models:

1. Young’s modulus is preassigned by the fractional derivative Kevin-Voigt model [13,31-33];

2. Young’s modulus is relaxed according to the fractional derivative Maxwell model [33];

. Young’s modulus is relaxed according to the fractional derivative standard linear solid model [13,
31,33,34];

. Shear modulus is defined by Scott Blair model [13];

. Shear modulus is preassigned by the fractional derivative Kelvin-Voigt model [13,31-33,35];

. Shear modulus is relaxed according the Maxwell model [13,33];

. Shear modulus is relaxed according to the standard linear solid model [13,33,36,37].

@

N O U1 b=~

Interestingly to note that only the first and second Lamé constants, A and y, or the bulk and shear
moduli, K and y, appear in Hooke’s law for three-dimensional media, but not Young’s modulus E, or
Poisson’s ratio v. This indicates that K, A and y are the most intrinsic operators to express stress in
terms of strain when studying wave propagation in 3D viscoelastic media [38-40].

That is why in the present paper, the emphasis will be make on the comprehensive analysis of
time-dependent operators for Lamé parameters. Using the procedure for the study of viscoelastic
operators suggested in Rossikhin and Shitikova [13,34], below for the first time the models based on
the application of fractional derivatives will be studied for the cases when the first Lame parameter or
the P-wave modulus is given a priori, without considering the bulk relaxation.

2. Models of Viscoelasticity Involving Fractional Order Operators With Time-Dependent Poisson’s
Ratio

2.1. Preliminary Remarks

The rheological equations of the simplest fractional derivative models of viscoelasticity widely
used in mechanics are the following [10,13]:
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1. Scott Blair model (Figure 1A)
o= ET"D7¢, )
2. Maxwell model (Figure 1B)
0+ 17)D70 = Eu1 D7, 2)
or )
J— £ Dry J— 1 _ >k "f
o(t) = BP0 e(t) = Eny (1 - m)s(t) = E., (1— 7 (T ))s(t) "
= Ew [s(t) — fot oy (t'/Te)e(t —t)dt' |,
3. Kelvin-Voigt model (Figure 1C)
o =Eg(e+1/D) =Ee, E=Ey(1+1,/D7), (4)
4. standard linear solid model (Figures 1D and 1E)
0+ Do = Ey(e + 1) D7), (5)
or
1+1/D? ( 1 > = = o
o(t) = Eg————¢(t) = Eco| 1 —ve———— |e(t) = E(t)e(t), E =Esl|l—v )|, (6
(1) = Eoj () e ) = E0el0) [1-ve5 @), ©)

where ¢ and ¢ are the stress and the strain, respectively, 7. and 7, are the relaxation and retardation
(or creep) times, respectively, E« and Ey are the nonrelaxed (instantaneous) and relaxed (prolonged)
moduli of elasticity, v; = AE EZl, AE = Eo — Ey is the defect of the modulus, i.e. the value characteriz-
ing the decrease in the elastic modulus from its nonrelaxed value to its relaxed magnitude, D7 is the
Riemann-Liouville fractional derivative [41] of the order 0 < v <1

a(t)

d [t ,
ma:a/o F= o=y 7)

T is the Gamma-function, % (T,

1 . . . . y
2 (T ) = D7 (i = o, ¢) is the dimensionless Rabotnov’s operator [9,34],

and 3, (t/7) = i—:,l Yoo % is the fractional exponential function [1,2], which at ¢y = 1 goes

over into a conventional exponential function.

g g o oy [E] e
L, £ E
E7 E, % Egl o % E,
En " Ll
o o o ‘1’ [ o

Figure 1. Schemes of the rheological fractional derivatives models: Scott Blair model (A), Maxwell
model (B), Kelvin—Voigt model (C), Poynting-Thomson-Ishlinsky model (D), Zener-Rzhanitsyn model
(E).

It is known [13] that both versions of the standard linear solid model shown in Figures 1D and 1E
are described by one and the same equation (4), wherein model parameters are interconnected by the

following relationship:
v
) _E
(Ttr)  Ew ®
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Equations (2)-(6) govern stress-strain relationships for one-dimensional viscoelastic media. The
constitutive equation connecting the strain and stress in a linear viscoelastic isotropic medium has the

form
Oij = A(t)skkéij + 2ﬁ<t)£i]', )
or )
Oij = K(t)ekkéij + 27i(t) (eij — 3ekk5ij>, (10)

where 0j; and ¢;; are stress and strain tensors components, A(t), fi(t) and K(t) are, respectively, time-
dependent Lamé and bulk operators, and J;; is the Kronecker delta.

Thus, for solving three-dimensional dynamic problems of viscoelasticity, it is a need to know the
form of two time-dependent operators: A(t) and fi(t), or K(t) and fi(t).

Below we will consider models involving time-dependent Poisson’s ratio but without volume
relaxation, i.e. when bulk modulus is time-independent (this assumption is due to the fact that for
many viscoelastic materials volumetric relaxation is much smaller than the shear relaxation)

K =KI, (11)

where K = const is a certain constant which could take on the value of nonrelaxed bulk modulus K
or relaxed bulk modulus Ky, and I is the identity operator.

Therefore, it is necessary to assign the second operator, i.e., one of the Lamé operators A(t) or
fi(t), or P-wave operator M = A + 2fi, what could be done using the fractional derivative Maxwell,
Scott Blair, Kelvin-Voigt, or standard linear solid models (2)-(6). Knowing the form of two viscoelastic
operators, it is possible to define the form of the time-dependent Poisson’s operator and all other
operators.

2.2. Modelling of the Shear Operator i Using the Fractional Derivative Kelvin-Voigt Model

The shear operator ji is most frequently preassigned via the fractional derivative Kelvin-Voigt
model (4) as
fi=m[1+7D], (12)

where p is the relaxed shear modules, 7, is the retardation time during shear deformations, while the
bulk operator is assumed to be constant according to (11).

In order to evaluate dynamic response of viscoelastic bodies, for example, impact response, it is
necessary to calculate the Young’s operator. For this purpose using the Volterra principle and formula
from the third line in Table 1:

~ 9Kou
E= — 13
3Ky + U (13
First we could write the operator
3Ko+ i = (3K + po) (1 + tJ D7) (14)
where t] = uot, (3Ko + po) L.
Then we find the operator reverse to (14), i.e.,
(Ko +71) =~ Kot o)t 2 (1) (15)
3Ko +po 1+ tIDY T
Substituting (12) and (15) in (13) and considering the formula [31,34]
taD"
DT 9 (1) = —C—— =1— 3 () (16)

T 146D
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yield
E=9Ky|1— Eo (t9) ] (17)
3}40 v
Now the Poisson’s operator could be calculated via the following formula:
E
———= = 3K. 1
12y ~ Ko (18)
Substituting (17) in (18), we find
V= —1+E o (t8) = =1+ (1+wp) M
21 7 \3Ko + o

1-2
= 14+ (1+w) 9;< 3vng>, (19)

or
- - 1/
v(t):vH(t):vo—fIgOTgF(tljw—1+(1+1/0){1—67[(3£)+1) TZ}}

20)
1/ (
= v — (1+vo)ey [(1321/0) Tt(,] ,
where e, (t) = E,(—t7) [40], and E, (t) = Y7 F(;THH) is the Mittag-Leffler function.
From relationship (20) the limiting magnitudes of the Poisson’s ration could be calculated
. o~ 3Ky — 2ug
limvH(t) = =1, lmvVH(t) = 70— = V. 21
PH = 1 O = 26k ) D

From (21) it follows that the model (12) with Ky = const could describe the behavior of isotropic
viscoelastic auxetics (materials with negative Poisson’s ratios), in so doing the Poisson’s ratio varies
from -1 to its relaxed magnitude vy, what does not violate the laws of thermodynamics [29,30].

2.3. Modelling the Shear Operator ji Using the Fractional Derivative Maxwell Model

If the fractional derivative Maxwell model (3) is applied for describing viscoelastic bodies, then
the shear operator ji could be written in the form

F=tieo[1= 5 ()], 22)

where Jio, is the nonrelaxed magnitude of the shear modulus, in so doing the volumetric operator is
still considered as a constant K.
Using the procedure described above for the Kelvin-Voigt model, we could similarly obtain for

the Maxwell model
E=Eu1- 9 (7)), (23)
A,_l_ Ew x 3Keo + Hoo 0%
= 61<J1 97<(BK00 )Tﬂ (24)
G 1 o ((3Keo oo\ ) _ 1 « [ 3/2 4
vvoo—i—(z voo> 97(< 3K )1'5)1/00—1—(2 voo) 97(1/004—11-8 , (25)

where Ve = % is the nonrelaxed magnitude of the Poisson’s ratio.
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Then the Poisson’s operator will take the form

3K \Y7t
(3Koo+]/loo> ?E

1 Voo =1\ /7 ¢
(21/00)67[( 32 ) Te], (26)

whence the limiting values of the operator are the following:

v(t) = VH(t) = Voo + <; voo) {1 —ey

mvH(t) = 3K~ oo lim PH(E) = 27)
£-0 T 3Keo + fheo| 00 2
From relationships (27) it is seen that for the fractional derivative Maxwell model, Poisson’s ratio
could increase from v to its limiting value of 0.5, what means that this model is suitable for the
analysis of viscoelastic rubber-like materials.

2.4. Scott Blair Model for Shear Relaxation

Some authors prefer to use the simplest fractional derivative model, i.e., the Scott Blair element
(1) for modelling the shear operator
p=pt'D" (28)

and assume that volumetric relaxation is absent, i.e. K=KI , where K = const.
In this case
3K + i = 3K+ pr7D” = 3K (1 + 3% D). (29)

Then the Poisson’s operator takes the form

o K21 (1 gy (a3 (o
1/_2(31<+ﬁ)_(2 kD) (31<T)_ 3 (3KT)’ (30)
whence it follows that 3
v(t) = TH(H) = —1+3 3 (SﬁK ﬂ), (31)
L~ .~ 1
}gr(}vH(t) =-1, tll)rglovH(t) =5 (32)

From (32) it is evident that according to this model the Poisson’s ratio could vary in a very broad
range, namely, form -1 to 0.5. Thus, this model is thermodynamically admissible for viscoelastic
auxetics.

2.5. Modelling the Shear Operator ji Via the Fractional Derivative Standard Linear Solid Model

If the fractional derivative standard linear solid model (6) is applied for describing viscoelastic
bodies, then the shear operator ji has the form

_ 1+ 1D
= _—, 33
H=l D (33)
or
~ " ™ Yy, % (7
y:yoay(TE)Jr,uogTED~97(T€). (34)

Substituting (16) in (34) and introducing the notation (similar to relationship (8))

;
oo = Ho (T) (35)

Te
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yield
= o[ 1= 055 ()], (36)
where v}, = (Hoo — Ho)Hoo', in s0 doing operator K is still defined by (11).
For this model the time-dependent Poisson’s operator will take the form
V= ! {91(02 — 3Ko(2eo — o)
2(3Ko + p10) (3K + poo)
3Kp + poo 7) }
—2p0peo + 9Ko(poo — —
— _ « Vot 1 o) = . * 1 -2y ¥
= Voo + (Voo — 1) X <vw+1 ) = Voo + (Voo — 1) X (121/001'0 , (37)

or

V(t) =vH ( ) 2(3Ko+1io )13K0+}1 ) {9K0 - 3K0(2y00 VO) - ZVOVoo
+9Ko (o { e, 5153152 ] }} (38)

v \ I/
=1 + (Voo — V)€ [(f’;ﬁ) TJ =g + (Voo — Vp)ey [(1122%") T’;]

From relationship (38) it is seen that the limiting values of the Poisson’s ratio, i.e. nonrelaxed and
relaxed magnitudes, are the following:

3Ky — Heo 3Ky —
Voo = limVH(t) = 07]/[ vo = imvH(t) = 220" Fo

39
t—0 3Kp + ]/loo t—o0 3Ko + o (39)

Thus, the model (36) allows one to describe both the relaxation and creep processes of viscoelastic
materials, and it could be applied for solving different dynamics problems.

2.6. Modelling the Relaxation of the First Lamé parameter Via the Fractional Derivative Standard Linear Solid
Model

Now let us consider the case when the first Lamé parameter A is preassigned by the fractional
derivative standard linear solid model (6):

3 14 1)DY

_ _ o (Y
= /\01 oD Aol —ve 2 (7)), (40)

where the nonrelaxed A and relaxed Ap moduli of the first Lamé parameter are connected with the
relaxation T, and retardation 7, times similar to (8) by the relationship

©\"_ Ao
T, ) Ae’
and v = (Ao — Ag) Al

For the model under consideration with A and K defined by relationships (40) and (11), respec-
tively, in so doing K = Ko = K, the time-dependent Poisson’s operator according to line 2 in Table 1
is expressed as follows:

i
5= _ 41
VT 3k—a 41
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or
1+ DY
5 Omgm 1 A _ 3K(As—2o) 1 _
3K A gD IS G SK=ho 14+ SR DY
1+7, ,YD’Y (42)
1 [ K)o (3K 7))
= 3K—Ae |+ 3K—1y v \ 3K—Ap € =

_ o 1+vg v\ 5 vy Y
= Voo — (Voo — 1) X (1+va€) = Voo — (Voo — 1) X (ETU).

Then the time-dependence of the Poisson’s ratio and its nonrelaxed and relaxed magnitudes could
be obtained from relationship (42) in the form

Voo = imVH(t) = Aoo = limvH(t) = Ao

_ —_ 4
t—0 3K — Moo’ f—o0 3K — Ay’ (43)

) B a1/

v(t) = TH(t) = st Aw — W{l o [(;{gg) Tﬂ } (44)
NV Y

=19 + (Voo —Vo)“{(lliv?) Vd = vt (veo _VO)%K ) W;U

Reference to (44) shows that this model describes the behaviour of viscoelastic materials, the
Poisson’s ratio of which varies with time from v to vg.

2.7. Modelling the P-Wave Modulus M = A + 2fi Via Fractional Derivative Standard Linear Solid Model

One of the most efficient methods of the reconstruction of the material parameters of a linear
isotropic viscoelastic structure is from time-dependent measurements of a viscoelastic wave on the sur-
face of a bounded domain of propagation [39]. In this case, the combination of both Lamé parameters,
which is called as the modulus of the longitudinal wave, or P-wave, could be preassigned M = A + 2ji.

Assume that operator M is given by the fractional derivative standard linear solid model (4):

M= M, 1+1)D7

— * Y
m Moo[l — Vg 97 (Tg )], (45)

where the nonrelaxed M« and relaxed My magnitudes of the P-wave modulus are connected with the
relaxation T, and retardation 7, times similar to (8) by the relationship

=)' Mo
T, ) M’
and v = (Ms — Mp) ML

For the model under consideration with M and K defined by relationships (47) and (11), respec-
tively, the time-dependent Poisson’s operator according to the last line in Table 1 is expressed as

follows: N
K —_
3K+ M
or
_scmd
V=
3K+Mo 5
1 2
~ (BK+M) 3K+ M) {9K — Mp) = MoMeo + 6K (Moo — Mo) WW} (47)
1 2 3K+Mes Y
K Mo) (3KFMer) {9K ~ Mo) = MoMes + 6K (Moo — Mo) 5, ( 3K+ M, ' ) }

vp+1 1—v,
Voo — (Voo — 1) 35 (VOHTQ) —voo—(voo—vo) X (1_1,;’373)
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Then the time-dependence of the Poisson’s ratio and its nonrelaxed and relaxed magnitudes could
be obtained from relationship (47) in the form

3K — Moo 3K - M

veo = IV = s my Y0 = HRVHO) = Sy 4
. _ 1
v(t) = VH(t) = Gromm remis) )
1/7
x4 9K2 — 3K(Me — Mg) — MgMeo + 6K (Moo — M) 137[(5511\%&) é]}} (49)

1/ 1/
ot1 _ 1-ve
= vy + (Voo — V) ey [("VOL) ;J = 1y + (Voo — V) ey [( = f]

From (49) it is seen that similar to the cases, when each of the Lamé parameters is defined
separately by the fractional derivative standard linear solid, modelling the P-wave modulus allows
one to describe the behaviour of viscoelastic materials, Poisson’s ratio of which varies with time from
its nonrelaxed value to its relaxed value.

3. Analysis of the Fractional Derivative Models of Viscoelasticity Involving Time-Dependent
Poisson’s Ratio and Without Volume Relaxation

From Table 1 it is seen that for viscoelastic materials, the volume relaxation of which could
be neglected, i.e., bulk modulus could be considered as a constant value K = const, as a second
time-dependent operator which should be given together with K = const one of the four material
characteristics could be preassigned: E, A, u, or M = A 4 2u. In its turn, each of these operators could
be described by four fractional derivative models: Scott Blair, Kelvin-Voigt, Maxwell, or standard
linear solid models. Thus, there could be 16 different variants of viscoelastic models involving time-
dependent Poisson’s ratio, seven of which have been considered above in Section 2, and some models
are presented in [13,31-34].

The limiting values of the time-dependent Poisson’s ratio are summarized in Tables 2-3 for all 16
models, what will allow one to classify the models constructed.

Reference to Tables 2 and 3 shows that all models could be divided into three groups:

1. models describing the behaviour of "traditional” viscoelastic isotropic materials, i.e., materials
with positive magnitudes of Poisson’s ratio within the thermodynamically admissible range
0 <v <1/2-models No. 3,4,7,8, 11, 12, 16;

2. models describing the behaviour of isotropic viscoelastic materials with negative Poisson’s ratios
within the thermodynamically admissible range —1 < v < 1/2 —models No. 5, 6, 9, 10, 14;

3. physically meaningless models, i.e., models with Poisson’s ratios lying without the thermody-
namically admissible domain —1 < ¢ < 1/2 either from the left with v < —1 —models 1 and 2,
or from the right with v > 1/2 — models 13 and 15.
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Table 2. Limiting values of the Poisson’s ratio v(t) = 7H(t) for isotropic materials, viscoelastic features
of which are described by by different fractional-order operators without bulk relaxation (Part 1).

Type of the model involving fractional derivatives vt V() |14e0

A. Modelling the Young’s operator E
1) Scott Blair model

E=ET"D?
v=1-LvD7

_1_ E #/0D7" 1
v(t) =2 = &K T - 2

2) Kelvin-Voigt model
E=E[l+7/D"]
V=1 — fTUOT[, D7

Ey (t/w) "
v(t) = v — ﬁ (F(Ig—)w) - Yo =

m
S}

NI
fea
&

3) Maxwell model

E DT _ v
E = EngiPis = Ex[1- 5 ()]

~_ 1 E Y

V=12 ek {1_ % (% )]
_1 t _1

v(t) =2 - 61<w37(g) Voo = 2 ~ okes

4) Standard linear solid model
F_ p LD :
E:E%Egm :EO[%_(T_l) (Q)}

. € €
V= — (Voo —10) % (1)
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Table 3. Limiting values of the Poisson’s ratio v(t) = 7H(t) for isotropic materials, viscoelastic features

of which are described by by different fractional-order operators without bulk relaxation (Part 2).

Type of the model involving fractional derivatives

v(t)li0

V(t) |t—>oo

C. Modelling of the first Lamé parameter parameter A

g) Scott Blair model

10) Kelvin-Voigt model
A=2o[1+ 77 D7]
= -1+ (1+vp) % (—w7))

() =vo— (1+V0)@7{(_%>1/7%]

<

_ A
Y0 = 3K,—1,

11) Maxwell model
A= Aes[1= 55 ()]

v=va[1=5 ()

v(t) = Voo [(1 + )T L ]

_ Ao
Voo = 3R~ As

12) Standard linear solid model
1+4/DY _ 7 7 y
A=A 1+§7D7 AO[% - (% - ) % (T )]

V= oo — (Voo = 10) % (2T ) = voo — (Voo — 10) 2 ET;’)

1/ 1/y
() =0+ (v = wler | (557) " £] =0+ G - 0ler | (3) ¢

_ Ao
V0 = 381,

D. Modelling the P-wave modulus operator M

13) Scott Blair model
M = Mt"D”

~ M
v=-1+4253) (73777

v(t) = —1+2{1—ev{(%\§)1/74}

14) Kelvin-Voigt model
M= My[1+1)D7]
V=—-1+(1+w) % 1’2—"07,;’)

) = w0 e | (25) 7]

_ 3Kp—My
Y0 = 3K, M,

15) Maxwell model

M= My [1— ;:; (TZ)]

7= et (1-10) % (52977)
i/

v(#) =1— (1 —veo)ey {(%) 7%]

v 3Keo—Meo
®© 7 3KotMe

16) Standard linear solid model
1+)DY _ ) ) 24
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V.
1/ _ 1/y
v(t) =vp — (Vo — Veo)ey (f}’;ﬂ) %} =vp — (Vo — Voo )ey {(111,‘};) %}

v _ 3K-My
® 7 3K+Me

_ 3K—M,
Vo = 3r+M,

The fractional derivative standard linear solid model, which could describe both the relaxation
and creep phenomena occurring during deformation of viscoelastic materials, provides the variation of
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Poisson’s ratio with time from its nonrelaxed (instantaneous) magnitude v to its relaxed (prolonged)
magnitude vy according to the relationship similar in the form to all models:

v(t) =vp— (Vo — Veo)ey

in so doing the limiting values of Poisson’s ratios are calculated for each model individually.

The time-dependence of the Poisson’s ratio for fractional derivative standard linear solid models
for Lamé parameters: model 8 for y (26), model 12 for A (44), and model 16 for M = A + 2u (49)
are presented in Figure 2 for v, = 0.25 and vy = 0.3 at different values of the fractional parameter
v = 0.4,0.6,0.8, and 1, whence it is evident that all curves increase monotonically from 0.25 to 0.3,
and the curve corresponding to v = 1 approaches the upper limit more rapidly than the curves for
fractional magnitudes of .

0.30

0.29 1

0.28 - ///
v 0274

0.26

0.25

0.24 T T T T T T T T

0 1 2 3 4
r
T

[—y=04—y=06—y=08 —y=1]|

Figure 2. Time-dependence of the Poisson’s ratio for fractional derivative standard linear solid models
8 (26), 12 (44), and 16 (49)

The Maxwell models for Young’s operator (model 3) and for shear operator (model 7) behave in a
similar way: Poisson’s ratio varies with time from its nonrelaxed magnitude ve to 1/2, as it is shown
in Figure 3.

Scott Blair models for the shear operator (model 5) and the first Lamé operator (model 9), Kelvin-
Voigt models for the shear operator (model 6), the first Lamé operator (model 10), and the P-wave
operator (model 14) describe the behaviour of viscoelastic auxetics with the lower limit of the Poisson’s
ratio equal to v(t)|,_,y = —1. As for the upper limiting magnitude of the Poisson’s ratio, then for the
model 5 it is 1/2, for the model 9 it is zero, and for the models 6, 10, and 14, it is a finite value within
the range of 0 < v < 1/2, which depends on the given magnitudes of the preassigned operators.
Time-dependence of the Poisson’s operator for the model 14 is shown in Figure 4.
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Figure 3. Time-dependence of the Poisson’s ratio for the Maxwell model for Young's operator (model 3
in Table 2.

0.2 1

—0.21

—0.4 1

—0.6 1

—0.8

[—7y=04—y=06—y=08 y=1]|

Figure 4. Time-dependence of the Poisson’s ratio for the model 14.

The Maxwell model for the first Lamé operator (model 11) is of particular interest, since in this
case v(t) either increases monotonically from a certain negative magnitude up to zero (see Figure 5),
or decreases monotonically from a certain positive magnitude to zero (see Figure 6).
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Figure 5. Time-dependence of the Poisson’s ratio for the model 11 if veo < 0.
0.25 7
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Figure 6. Time-dependence of the Poisson’s ratio for the model 11 at veo > 0.

As for physically meaningless models, then in models 1 and 2 v(f) monotonically increases from
—oo to 1/2 and a certain positive magnitude (see Figure 7), respectively, or monotonically increases
from -1 to 1 in model 13 and from a certain positive magnitude to 1 in model 15 (see Figure 8).
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Figure 7. Time-dependence of the Poisson’s ratio for the model 2.
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Figure 8. Time-dependence of the Poisson’s ratio for the model 15.

4. Conclusion

In the present paper, several viscoelastic models are studied for the cases when time-dependent
viscoelastic operators are represented in terms of the fractional derivative Scott Blair, Kelvin-Voigt,
Maxwell, and standard linear solid models. Using the algebra of dimensionless Rabotnov’s fractional
exponential functions, time-dependent operators for Poisson’s ratios have been obtained and analyzed.
It is shown that materials described by some of such models are viscoelastic auxetics, because Poisson’s
ratios of such materials are time-dependent operators which could take on both positive and negative
magnitudes.

In the companion paper, it is planned to analyze viscoelastic materials involving time-dependent
operators, including the Poisson’s operator with due account for bulk relaxation.
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