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Abstract

We develop a geometric framework for analysing Wheeler’s delayed-choice experiment in which
physical time is represented by a complex variable 7 = t — it. The imaginary component T encodes the
attenuation of coherence, while the real component ¢ retains its usual causal role. Motivated by recent
delayed-choice implementations [1-4], we show that the experimental configuration acts as an internal
rotation 6 of the complex time, modifying the imaginary-time difference between interferometric paths
and therefore the visibility. This mechanism alters coherence without affecting causal evolution in
t and does not require retrocausality. The model remains fully compatible with standard quantum
mechanics, preserving unitary evolution, the Born rule, and completely positive trace-preserving maps.
It provides a minimal geometric reparametrisation of the dynamical phase and yields experimentally
testable predictions for visibility and temporal correlations.

Keywords: complex time; quantum coherence; delayed-choice experiment; interferometry; geometric
phase; decoherence; temporal correlations

1. Introduction

Wheeler’s delayed-choice experiment [5,6] provides a precise operational setting to analyse how
quantum coherence depends on the measurement configuration. In the standard Mach-Zehnder
implementation, a single photon encounters the first beam splitter (BS1), after which the experimenter
may choose—possibly at a late stage—to insert or remove the second beam splitter (BS2). The closed
configuration produces interference, whereas the open configuration yields which-path information.
This behaviour is usually interpreted as reflecting the absence of a definite trajectory prior to mea-
surement. While this resolves the logical structure of the experiment, it does not supply a dynamical
description of how coherence is modified by the final configuration. Several approaches have explored
the role of complex phases, two-time formalisms, or generalised temporal structures in quantum
evolution, including complex-time parametrisations [7], Page-Wootters relational time, and geometric
formulations of decoherence. The present work develops this direction by introducing a minimal
internal temporal geometry in which coherence is encoded in an imaginary component of time. We
consider the complex temporal variable

T =t—it, )

where t denotes the usual causal parameter and 7T an internal coordinate associated with coherence.
The pair (¢, T) forms a two-dimensional temporal plane endowed with the Euclidean metric

ds2,, = dt* +dv? = dR% + R%d6?, 2)
where R = |7| and 6 is an internal rotation angle determined by the interferometric configuration.

This representation does not introduce new physical degrees of freedom; it provides a geometric
reparametrisation of the dynamical phase within standard quantum mechanics. In this framework, the
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imaginary component T governs the attenuation of coherence, while the real component ¢ governs
causal evolution. A change in the experimental configuration corresponds to an internal rotation

0 —s 0+ 06, 3)

which modifies the value of T associated with each path. Since 7 is fixed only once the final config-
uration is specified, the model reproduces the operational structure of delayed-choice experiments
without invoking retrocausality [8,9]. The objective of this work is to formulate this internal temporal
geometry in a consistent manner, derive its dynamical consequences, and show that it leads to quan-
titative and falsifiable predictions for visibility and temporal correlations. The resulting framework
remains compatible with standard quantum mechanics, preserving unitary evolution, the Born rule,
and the structure of completely positive trace-preserving maps. It provides a geometric mechanism for
the modulation of coherence and yields an experimentally accessible signature through a temporal
CHSH protocol.

2. Compatibility with Bell Tests

The experimental violations of Bell inequalities demonstrated by Aspect et al. [10,11] exclude any
local hidden-variable description of quantum correlations. Modern loophole-free tests confirm that no
classical, locally causal model can reproduce the predictions of quantum mechanics. Any framework
aiming to reinterpret quantum coherence must therefore preserve the nonlocal structure of the theory
and avoid introducing hidden parameters capable of restoring local realism. Recent analyses have
clarified that temporal correlations differ fundamentally from spatial Bell correlations [12,13]. Temporal
scenarios do not admit a direct mapping to Bell-type hidden-variable models, and temporal steering
inequalities [14,15] show that time-ordered measurements can exhibit quantum features without
implying nonlocality. These results reinforce the requirement that any internal parameter introduced
to describe coherence must not act as a hidden variable capable of factorising joint probabilities. In the
present model, the complex temporal variable

T =t—it (4)

does not constitute an additional physical degree of freedom. The imaginary component T parametrises
the attenuation of coherence and does not determine measurement outcomes. Its operational role is
restricted to local interference phenomena. In a single interferometric arm, the visibility depends on
the imaginary-time difference

V=exp-T'|A7]], T'=Te ()

but this quantity does not enter the joint probabilities of spatially separated measurements. The
nonlocal correlations predicted by quantum mechanics therefore remain unchanged. The model
preserves the Born rule, the structure of completely positive trace-preserving (CP-TP) maps, and the
tensor-product structure of multipartite systems. The predictions for Bell-type experiments are strictly
identical to those of standard quantum theory [16,17]. The internal temporal geometry introduces
neither hidden determinism nor any mechanism capable of reproducing a factorisable probability
model. Consequently, the complex-time framework is fully compatible with the experimental violations
of Bell inequalities. It provides a geometric description of local coherence without affecting the nonlocal
correlations that distinguish quantum mechanics from classical theories.

3. Complex Time with Reverse Rotation

To describe the temporal structure relevant to interferometric coherence, we introduce the complex
time variable
T =t—it=Re ™, (6)
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which defines a two-dimensional internal temporal space. The polar decomposition yields
t = Rcos®, T = Rsin, (7)

where R = |7 is the modulus of complex time and 6 an internal rotation angle determined by the
interferometric configuration. The quantities T and 6 do not represent additional physical degrees
of freedom; they parametrise a geometric decomposition of the dynamical phase, consistent with
complex-time formulations of quantum evolution [7,18-20].

3.1. Internal Temporal Geometry

The pair (¢, T) forms a two-dimensional Euclidean space equipped with the metric
dst, = dt* +dt? = dR* + R*d6>. (8)

Internal symmetry group.

Internal rotations of complex time form the group

G =u(), )
acting on 7 as
g(w) - T = Re 10+0), (10)
The group law is additive,
(1) glaa) = g1 +a2), (11)

with identity ¢(0) and inverse g(—a). This internal U(1) symmetry acts solely on the coherence
coordinate T and is unrelated to Lorentz or Poincaré symmetries of physical spacetime.

Operational meaning.

A change in the interferometric configuration corresponds to an internal rotation
0 — 0+90, (12)

which modifies the value of T while leaving the causal parameter f unchanged. Since 6 is a parameter
of the measurement apparatus rather than a dynamical variable of the photon, this rotation acts on the
final completely positive trace-preserving (CPTP) map applied to the state. It does not affect the causal
structure of the evolution. Analyses of temporal correlations show that internal parameters affecting
coherence do not generate hidden variables capable of reproducing Bell-type factorizations [12,13].
Temporal steering inequalities [14,15] further indicate that time-ordered quantum processes can exhibit
nonclassical features without implying spatial nonlocality.

Geometric origin of apparatus dependence.

The dependence of the internal rotation 6 on the interferometric configuration follows from
the fact that the internal U(1) symmetry acts on the temporal fibre rather than on spacetime itself.
Changing the apparatus (adding or removing a beam splitter, inserting a phase shifter, or modifying
the optical path) corresponds to selecting a different section of this internal temporal bundle. Each
section fixes a definite value of the internal angle 6 entering the final CPTP map. The rotation is
therefore a geometric consequence of the structure of the internal temporal fibre, not an additional
phenomenological assumption.
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Fibre-bundle structure.

The internal geometry can be formalised as a trivial principal fibre bundle
uia) — 7 5 R,

where the base R is the physical time axis and the fibre U(1) is the internal circle parametrised by 6.
A choice of interferometric configuration corresponds to a section of this bundle, ¢ : R — 7, which
fixes the internal angle 0 entering the CPTP map. This formulation makes explicit that apparatus
dependence arises from the choice of section rather than from any modification of the causal evolution
int.

Geometric context.

The use of a U(1) fibre over the physical time axis follows the standard geometric formulation of
gauge structures in quantum mechanics. The mathematical framework is consistent with the treatment
of principal bundles, connections, and holonomies in geometric approaches to quantum physics [21,22].
In particular, the interpretation of phase relations as geometric holonomies in a U(1) bundle, originally
emphasised by Simon [23] and Berry [24], provides the natural mathematical setting for the internal
rotation 6. In the present framework, however, the internal bundle does not represent a physical gauge
field but a geometric parametrisation of coherence, with the interferometric configuration selecting a
section of the bundle.

3.2. Complex Phase Accumulation

For a photon of energy E, the accumulated phase along a path is

E E  .E
whose real part generates the usual oscillatory behaviour. The imaginary part produces an
attenuation factor

e il (14)

consistent with the operational visibility V = exp(—Tg|AT|) used throughout the paper. We adopt the
convention that only the absolute imaginary-time difference |At| enters physical observables, ensuring
that coherence always decreases with increasing imaginary-time separation. For two paths A and B,
the relevant quantity is the imaginary-time difference

AT =T — Ty, (15)

leading to the visibility
V = expl~Togl AT]]. (16)

This exponential dependence is consistent with standard CP-TP dephasing channels and with geomet-
ric approaches to decoherence [17,18].

3.3. Effect of a Late Rotation

The imaginary component 7 is fixed only once the rotation angle 6 is specified. Since 6 is
determined by the final configuration of the interferometer, a late change in the apparatus mod-
ifies the internal decomposition of 7 and therefore the value of At entering the visibility. This
mechanism alters coherence without modifying the causal evolution in ¢ and does not introduce
retrocausality: the rotation acts on the geometric parameter 0 associated with the measurement
configuration, not on the real temporal order encoded in t. This behaviour is consistent with mod-
ern delayed-choice experiments [1,3,25,26], which show that late choices affect interference through
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configuration-dependent phase relations rather than retrocausal influences. The operational structure
of delayed-choice experiments thus follows from the bidimensional temporal geometry.

4. Relation to the Standard Formalism

The complex-time construction does not modify the Hilbert-space structure of quantum mechanics
and does not introduce additional physical degrees of freedom. Instead, it provides a geometric
reparametrisation of the dynamical phase and of local coherence through the internal variable

T=t—it, (17)

where 7 is an internal coordinate indexing the strength of dephasing. The framework remains fully
compatible with unitary evolution, completely positive trace-preserving (CP-TP) channels, and the
standard operator formalism. Imaginary-time methods have a long history in quantum field theory
and statistical mechanics, beginning with Wick’s rotation t — —it in Euclidean field theory [27],
Schwinger’s proper-time representation of propagators [28], and Feynman’s imaginary-time path-
integral formulation of thermal ensembles [29]. In gravitational physics, imaginary time also appears
in the Euclidean approach to black-hole thermodynamics developed by Gibbons and Hawking [30].
The present framework differs fundamentally from these constructions: the imaginary component T
does not arise from analytic continuation of real time, but from an internal geometric parametrisation
of coherence within standard quantum mechanics. This section clarifies how the internal temporal
geometry fits within the usual structure of quantum mechanics and how it differs from Wick rotations,
Page-Wootters internal time, and geometric formulations of decoherence [7,18-20].

Effective dephasing rate.

In all expressions involving experimentally observable quantities, the parameter I' denotes the
effective dephasing rate. For a monochromatic photon of energy E, the natural scale is

Realistic interferometric implementations involve finite spectral width, dispersion, and imperfect
mode matching, which renormalise the physical dephasing rate to

Tege = 1T, O0<yx 1l

In the following, whenever I" appears in visibility expressions or operational predictions, it denotes
this effective rate I'er. In contrast, the parameter I' appearing in the internal potential of Section 4.5 is a
geometric parameter of the internal model and must not be confused with I'g.

4.1. Unitary Evolution

In standard quantum mechanics, the evolution of a pure state is generated by
U(t) = e #HL. (18)

Replacing t by the complex variable T yields

u(T) = exp(—;;H(t - iT)) _ exp<—;lHt> exp(—;lH‘L'). (19)

The first factor is the usual unitary evolution. The second factor is not interpreted as a physical non-

HT is neither trace-preserving nor completely

. . . . g 1
unitary time evolution, since the map p — e  #'Tpe
positive. Instead, the imaginary component T parametrises a CP-TP dephasing channel acting in the

energy basis, as detailed below.
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4.2. Dynamical Phase
For a state of definite energy E, the standard dynamical phase is
o) =Tt 20)
With complex time,
¢(T) :—%(t—ir) :—%t—i—i%t (21)
The imaginary part produces an attenuation factor
e T, 22)
which governs the visibility of interference. Only the difference
AT=Tg— Ty (23)
between two paths contributes, yielding the operational expression
V = exp(—T|ATt|), (24)

where I’ = Feff.

4.3. CP-TP Dephasing Channel

In standard decoherence theory, the evolution of a mixed state p is governed by a Lindblad equation

b= —1[H,p] +Dlp) 25)

where D is a dissipative superoperator. The complex-time model does not introduce any new physical
decoherence mechanism. Instead, the imaginary component T parametrises a CP-TP dephasing
channel acting in the energy basis. Let {II;} be the projectors onto the (non-degenerate) energy
eigenstates of H. A general energy-diagonal CP-TP map preserving populations must take the form

A:(p) = E IT;pIl; + E fij(T) I;pIT;, (26)
i i#]
where complete positivity requires |f;;(7)| < 1.

Theorem 1 (Uniqueness of the internal-time channel). Assume that:

1. the dynamics is diagonal in the energy basis {I1,}, i.e., populations Tr(I1;0) are preserved for all T > 0;
2. the imaginary-time parameter T acts only as a phase reparametrisation of off-diagonal terms, so that

A(TTpIT;) = fi;(T) TpIl;, i #

3. the family { A} >0 forms a completely positive, trace-preserving semigroup;

4. the dynamics is invariant under time translations generated by H, so that the decay rates depend only on
energy differences and satisfy fi;(T) = f;i(7).

Then the only compatible channel is the dephasing channel

Ac(p) = Y TLpIT; + e Tet™ Y TTpIT;,  Tef > 0. 27)
i i#j

Proof. Population preservation fixes the diagonal part of A;. The only freedom lies in the coefficients
fij(T) multiplying the off-diagonal terms. Complete positivity requires |f;;(7)| < 1, which follows
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from the positivity of the Choi matrix of A;. The semigroup property f;;(t1 + ) = fij(t1)fij(12)
implies that the continuous solutions are exponentials, f;;(7) = e TiT with I;j > 0. Time-translation
invariance in the energy basis imposes that the decay rates depend only on energy differences and are
symmetric under i > j, so that I';; = I'j;. In the non-degenerate case, this symmetry reduces to a single

effective rate 'y for all i # j, yielding the stated channel. [J

Remark.

The symmetry I';; = I[';; can be equivalently formulated as a constraint on the Choi matrix of Ar:
invariance under the unitary generated by H implies that the Choi matrix is block-diagonal in sectors
labelled by energy differences E; — E;, with identical decay rates for (,j) and (j, ).

Physical scope of the semigroup assumption.

In fibre-based and integrated-optics platforms, the photon transit time is much shorter than the
coherence time, so the effective dephasing dynamics is well-approximated by a CP-divisible semi-
group. As shown in Sec. 8, the predicted signatures persist under weak non-Markovian perturbations,
indicating that the geometric mechanism is robust beyond the ideal semigroup limit.

4.4. Minimal Internal Geometry

The model does not modify the metric of physical spacetime. The complex structure of time
appears only as an internal geometry associated with quantum evolution. Writing

T=Re™®  t=Rcosf, T=Rsinb, (28)
defines a two-dimensional internal space (t, 7) endowed with the Euclidean metric
dst, = dt* +dt* = dR* + R*d6>. (29)

The modulus R is invariant under internal U (1) rotations and plays the role of a complex proper time. For
fixed R, variations of 6 control the imaginary-time coordinate T and thus the visibility. This geometry
is flat (its scalar curvature is R = 0), with non-vanishing Christoffel symbols

Tgo=—R,  Thy= (30)

1
R 7
which govern the internal dynamics of the rotation angle 6.

Role of the modulus R.

The modulus R is not a phenomenological parameter but an invariant of the internal U(1)
geometry. It plays the role of a complex proper time and fixes the scale of the internal temporal fibre.
Since R is determined by the interferometric configuration rather than by the photon dynamics, it
varies only slowly during internal evolution.

4.5. Internal Dynamics and Variational Principle

The phenomenological relation
T = —ysind (31)

admits a derivation from a variational principle in the internal temporal space. We introduce an
internal affine parameter s, defined up to reparametrisations s — as + b, chosen such that the kinetic
term takes the canonical quadratic form. This parameter has no physical meaning: it plays the same
role as the affine parameter along geodesics in Riemannian geometry. The internal action is

Sint = / ds [L(R2 + R%%) — v(0), (32)

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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with potential
V() = T'geo Rcos . (33)
The Euler-Lagrange equations are
R—RO?+0rV =0, R2+2RRO+09yV = 0. (34)
Slow-variation regime.
In interferometric implementations, the modulus R varies only weakly, so R ~ 0, yielding
R?*§ — Tgeo Rsin 6 ~ 0. (35)
Projection onto the imaginary-time coordinate.
The imaginary-time coordinate is
T = Rsin§, (36)
and its derivative is
7= Rsinf + Rcosf 6 ~ Rcosh . (37)
Near a minimum of V (), the relaxation dynamics satisfies
. r
0~ — i tan®, (38)
which yields the reduced equation
T~ —sin#, v =Tgeo/R. (39)

Existence and uniqueness.

Since V() is smooth and the Lagrangian is regular, the Euler-Lagrange system (34) admits a
unique local solution for any initial data (R, 6, R, 9).

Interpretation.

The phenomenological law © = —vsinf is therefore not an assumption of the model
but the unique reduced dynamics obtained from the internal variational principle under the
slow-variation regime.

5. Effect of the Rotation on Coherence

The coherence between two interferometric paths A and B is determined by the difference in
complex phase accumulated along these paths. For a photon of energy E, the phase associated with
the complex time variable is

E, .
®=—o(t i), (40)

whose imaginary part

J(P)= =7 (41)
governs the attenuation of coherence. The visibility is therefore
V=exp[-Tl—1l, T=T (42)

where I'o¢ = 1 E/ T is the effective dephasing rate introduced in Section 4. Coherence is preserved
when 13 = T4 and decreases exponentially with the imaginary-time difference. This behaviour is
consistent with geometric and complex-time formulations of quantum evolution [18-20].
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5.1. Parametrisation of Complex Time
Writing complex time in polar form,
T =t—it=Re ", (43)
yields the decomposition
t = Rcos®, T = Rsin6, (44)

where R = |T| is invariant under internal rotations. The modulus R plays the role of a complex
proper time: it sets the global scale of the internal temporal geometry and determines the amplitude of
coherence variations induced by changes in the internal angle 6.

5.2. Coherence Variation Under Rotation

A rotation of complex time modifies the imaginary component according to
AT = R(sin bfinal — SN Ointial )- (45)
Substituting this into Equation (42) yields
V = exp|—TR sin Ona) — sin Oiniiar || - (46)

Coherence therefore depends directly on the internal rotation of complex time. A late change in the in-
terferometric configuration modifies the final angle 6y, and thus the value of At entering the visibility.
This dependence follows from the internal temporal geometry and does not require any modification
of the causal evolution in t. Experimental observations confirm that late choices affect interference
through configuration-dependent phase relations rather than retrocausal influences [1,3,25,26].

Visibility vs Imaginary-Time Difference

1.0
0.9
0.8
0.7
0.6
0.5
0.4

0.3

g_

20 30
At (fs)

o
=]
5}

Figure 1. Visibility as a function of the imaginary-time difference At. The curve shows the exponential decay
V = exp(—Teg |AT|) for T = 0.3 THz. This behaviour follows directly from the complex-time parametrisation
T =t — it and illustrates how coherence decreases as the imaginary-time separation between the two interfero-
metric paths increases. The parameters correspond to typical values in fibre-based interferometers. A detailed
Monte Carlo analysis of this visibility function is provided in the Supplementary Material.

Imaginary-Time Difference vs Rotation Angle

010 0.‘2 0:4 0,‘6 0j8 le
05— 64 (rad)
Figure 2. Imaginary-time difference AT as a function of the rotation difference 63 — 64. The sinusoidal
dependence AT = R(sinflg — sinfy) reflects the internal geometry of complex time. The value R = 50 fs
corresponds to a typical complex-time modulus in current interferometric platforms. This parametrisation is also
used in the Monte Carlo analysis of the visibility function presented in the Supplementary Material.
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5.3. Spectral Extension

For a photon with non-negligible spectral width Aw, the visibility must be averaged over the

spectral density S(w):
‘/ S(w)e @At dw‘
V= (47)
/ S(w) dw
In the quasi-monochromatic limit, one recovers
Y= WAy = % (48)

For broadband sources, the decay is faster, imposing constraints on spectral stability in interferometric
implementations.

5.4. Experimental Considerations
The model requires:

1. aquasi-monochromatic source or spectral filtering ensuring that Aw remains small;
precise control of the internal rotation 6 via optical elements (beam splitters, phase shifters,
electro-optic modulators);

3.  visibility measurements with precision §) ~ 1073 to resolve variations of a few percent.

These requirements are compatible with current fibre-interferometry platforms and fast electro-optic
modulation technologies.

6. Why the Delayed Choice Works
6.1. Causal Evolution in Real Time

When the photon reaches the first beam splitter, the real component of time advances according
to the usual causal evolution,
t —> t+ 6t (49)

The imaginary component T is not a physical time coordinate and does not describe a dynamical
evolution of the photon. It is an internal parameter encoding the amount of coherence available to
the interferometric process. As long as the internal rotation angle 6 has not been fixed by the final
configuration, the value of T remains undetermined within the internal temporal geometry:

T — T+ 0Tree- (50)

Causal propagation occurs entirely in ¢, while the internal coordinate 7 is fixed only once the interfero-
metric configuration is specified. This distinction between causal and internal parameters is consistent
with modern analyses of temporal correlations [12-15].

6.2. Late Specification of the Rotation Angle

The decision to open or close the interferometer determines the internal rotation angle 6. This
quantity is not a dynamical variable of the photon but a geometric parameter of the apparatus,
analogous to inserting or removing BS2 or adjusting a phase shifter. Since

T = Rsiné, (51)

a change in 6 modifies the internal coordinate T that governs the visibility.
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Closed configuration.
Symmetry implies
0p~0p = Ta~ 1B, (52)
and therefore
At=0 = V=1l (53)
Open configuration.
The two paths acquire different internal rotations,
04 # 0, (54)
leading to
AT = R(sinfp —sinf,), (55)
and the visibility becomes
E
V= exp[—h |AT|:|. (56)

This behaviour matches observations from modern delayed-choice experiments [1,3,25,26], which
show that late choices affect interference through configuration-dependent phase relations rather than
retrocausal influences.

6.3. Absence of Retrocausality

The real component ¢ is causal and irreversible. The internal coordinate T is not causally ordered
and does not represent a physical temporal evolution. Its value is fixed only when the internal rotation
angle 0 is specified by the final configuration of the interferometer. Thus, even after the system has
advanced in real time, the value of T entering the visibility can still be determined by the late choice
without affecting the past evolution in t. The rotation acts on the final completely positive trace-
preserving (CPTP) map applied to the state, not on the past trajectory. This behaviour is consistent
with the operational structure of delayed-choice experiments and with the modern understanding
that temporal parameters affecting coherence do not constitute hidden variables capable of restoring
classical causality [12,13].

In summary, the delayed-choice effect arises because coherence is encoded in an internal coordi-
nate T whose value is fixed only when the interferometric geometry—and thus the internal angle 6—is
specified. The complex-time framework provides a geometric mechanism for this dependence while
preserving the causal structure of real time.

7. Physical Interpretation

The complex-time framework provides a geometric description of coherence within standard
quantum mechanics. The temporal variable

T =Re ¥ =t—ir (57)
defines a two-dimensional internal temporal space endowed with the metric

ds?, = dt® + dv> = dR? 4+ R%d6>. (58)

int —

The real component ¢ corresponds to the usual causal parameter, while the imaginary component T
is an internal coordinate governing the attenuation of coherence. The modulus R is invariant under
internal rotations and sets the scale of coherence variations. In this representation,

t = Rcos¥®, T = Rsin§, (59)
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and the visibility depends on the imaginary-time difference
AT = RA(sin#), V = exp(—Te |AT]). (60)

Although 7 is not directly observable, its effect on visibility allows one to infer the internal rotation 6
imposed by the interferometric configuration. The internal coordinate T is fixed only once the rotation
angle 6 is specified. Since 6 is a geometric parameter of the apparatus rather than a dynamical variable
of the photon, its late specification modifies the value of T without affecting the causal evolution
in f. Because 7 is an internal geometric parameter and not a physical time coordinate, the CPT
symmetry of the underlying quantum theory remains unchanged. The CPT transformation acts on
the physical time t and on the field operators, but leaves the internal coordinate 7 invariant, ensuring
full compatibility with the CPT theorem. The dependence of visibility on At therefore reflects the
internal temporal geometry rather than any modification of the real temporal order. This behaviour is
consistent with modern delayed-choice experiments [1,3,25,26], which show that late choices affect
interference through configuration-dependent phase relations rather than retrocausal influences.

7.1. Compatibility with Nonlocal Correlations

The internal temporal structure introduces no local hidden variable. The imaginary component T
parametrises a local CP-TP dephasing channel. By Theorem 1, the unique such channel compatible
with energy-basis diagonality, complete positivity and the semigroup property is

Ac(p) = Y TLpIT; + e o™ Y " TI;pIT;, (61)
i i#]

where {I1;} are the projectors onto the energy eigenstates of H. For a bipartite system AB, the effective

state is

Pap = (Ar,a @ Arp)(0aB), (62)

and the outcome probabilities in a Bell test remain
P(a,blx,y) = T (I @ 1Y) ol . (63)

This expression is identical to that of standard quantum mechanics applied to a state subjected to local
operations. The resulting correlations belong to the usual quantum set and can reach Tsirelson’s bound
2+/2. The variable T does not allow one to rewrite the joint probabilities in the factorised form

P(a,blx,y) = /d/\p()\) P(alx, A) P(bly, A), (64)

required by local hidden-variable models. This is consistent with modern analyses of temporal versus
spatial correlations [12,13], which show that temporal parameters affecting coherence cannot serve
as hidden variables capable of restoring classical locality. Temporal steering results [14,15] further
confirm that time-ordered quantum processes can exhibit nonclassical features without implying
spatial nonlocality. The complex-time framework therefore preserves the nonlocal structure of quantum
mechanics and provides a geometric interpretation of local coherence without altering the predictions
for Bell tests.

8. Temporal Correlations and Experimental Test of the Complex-Time Model

This section consolidates the temporal CHSH protocol introduced above by: (i) analysing the
limitations of standard decoherence models, (ii) incorporating realistic noise sources (spectral width,
jitter, losses, phase noise), (iii) providing a numerical simulation of the temporal CHSH parameter,
(iv) deriving quantitative experimental constraints, (v) comparing the complex-time prediction with
Markovian, semi-Markovian and non-Markovian convex models.
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8.1. Limitations of Standard Decoherence Models

Standard decoherence models—Markovian, semi-Markovian, and convex mixtures of non-
Markovian processes—share a common structural property: visibility is a convex functional of
the settings,

V(x,y) = /dA p(Mo(x,y,A),  0<o0<1, (65)
and factorises whenever the environment couples independently to the two settings,
v(x,y,A) = A(x,A) B(y, A). (66)
Under these assumptions, the temporal CHSH parameter satisfies
|Ssta| < 2, (67)

as shown in [12,13,31]. This bound holds for:

e Markovian decoherence: p = L(p),

¢ semi-Markovian models with memory kernels,

* non-Markovian convex mixtures of CP-TP maps,

*  coloured-noise models with stationary correlations.

None of these models can produce S > 2 in the visibility-based protocol.

8.2. Visibility Under Realistic Noise

In a realistic interferometer, visibility is affected by: (i) spectral width, (ii) temporal jitter, (iii) phase
noise, (iv) optical losses. Let AT(x, y) be the ideal imaginary-time difference. Noise sources modify the
effective value entering the visibility:

ATegr = AT(x,y) + 6t, 5t ~ N(0,07), (68)
and introduce random phase fluctuations
¢ ~ N(0,07). (69)

Spectral width is modelled by a convolution over the spectral density S(w):

Vaoisy (X, 1) = 1] / dw S(w) expl—T |AT(x, y) + 6t|] cos ¢, (70)

where 7 is the transmission efficiency. For a Gaussian spectrum of width o,

1 (w — wp)?
TR eXp{_ 202 } 7y

the convolution accelerates decoherence, effectively renormalising I'.

S(w) =

8.3. Numerical Simulation of the Temporal CHSH Parameter

We simulate the noisy visibility using a Monte-Carlo procedure with 10> samples of (Jt,$) drawn
from the distributions above. For each setting (x;,y;), we compute

1 N
Vij = N kg exp[—T |AT; + 5ti|] cos . (72)

The temporal CHSH parameter is then

S=C11+Cip+Cy — Coo, Gj=2V;—1L (73)
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Representative simulation.

Using realistic parameters:
o =20fs, 0p=005rad, 1 =085 0u/wy=10"",

and the ideal values
ATll = 0/ AT]Z = AT21 = 05/F, AT22 = 3/r,

we obtain
Snoisy ~ 2.21 > 2.

Thus the complex-time prediction remains robust under realistic noise.
Further numerical details, including the Monte Carlo analysis of the fundamental visibility function
V = exp(—Teg|T]|), are provided in the Supplementary Material.

8.4. Experimental Constraints Derived from the Model

The condition S > 2 imposes quantitative constraints on the noise parameters.

Temporal jitter.

The jitter must satisfy
01 S 0.3 ATy, (74)

which corresponds to 0 < 30-50 fs for the parameters above.

Phase noise.

The condition ,
(cos¢) = e 4/ > 09 (75)

requires 0y < 0.3rad.

Spectral width.

The renormalised dephasing rate
Tef = T'y/1+ (0w/wo)?

Cee| AT 2 2.5.

must satisfy

Losses.

Transmission must satisfy
n 207

These constraints are compatible with current fibre interferometers.

8.5. Comparison with Classical Models

Table 1 summarises the behaviour of several standard decoherence models under the temporal
CHSH protocol and contrasts them with the predictions of the complex-time framework.

Table 1. Comparison of several decoherence models under the temporal CHSH protocol.

Model Visibility form Convexity CHSH bound
Standard environmental decoherence  |{e4lep)| Yes S| <2
One-dimensional stochastic model V= [pA)ovr) Yes S| <2
Gaussian classical noise V=e¢ Yes S| <2
Complex-time model V = e TerrlbT| No (nonlinear in A7) S > 2 possible
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9. Numerical Illustration of the Complex-Time Model

Although the complex-time framework is analytical, its operational consequences can be illus-
trated using representative parameter values. The purpose of this section is not to model a specific
interferometric implementation, but to show how the internal temporal geometry leads to quantitative
predictions for visibility, temporal correlations, and late-choice effects. All numerical values below use

the dimensionless parameter
a« =T|AT|, (76)

which captures the dependence of visibility on the imaginary-time difference.

9.1. Exponential Visibility Decay

In the complex-time model, the visibility associated with an imaginary-time difference is
V(a) = exp(a), 77

where & = I'|At| is dimensionless. Table 2 illustrates the exponential decay for representative values
of «, consistent with standard CP-TP dephasing channels [18,19].

Table 2. Visibility as a function of the dimensionless parameter « = I'|AT|.

« V()
0.0 1.00
0.3 0.74
0.6 0.55
1.2 0.30
1.8 0.17
24 0.09

9.2. Internal Rotation and Imaginary-Time Difference

The internal temporal geometry implies
AT = R(sinfp —sinf,), (78)

so that
a =TR|sinfp —sinfy]. (79)

For R = 50fs and 64 = 0, Table 3 shows the resulting imaginary-time differences.

Table 3. Imaginary-time difference as a function of the rotation angle 6p.

0p (rad) sin fp AT (fs)
0.0 0.00 0.0

0.2 0.20 10.0
0.4 0.39 19.5
0.6 0.56 28.0
0.8 0.72 36.0
1.0 0.84 42.0

9.3. Temporal CHSH Correlations

Using the operational mapping

Clx,y) =2V(x,y) -1, (80)
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the temporal CHSH parameter is
S=0C11+Cip+Cy — Coo. (81)
For illustration, consider the dimensionless parameters
K11 = 0, K1y = 0.5, o1 = 0.5, Koo = 3.0. (82)

Table 4 shows the corresponding visibilities and correlations.

Table 4. Temporal correlations and CHSH parameter for a representative set of dimensionless parameters.

Setting o V=e™* C=2V-1
(x1,¥1) 0.0 1.00 1.00
(x1,12) 0.5 0.61 0.22
(x2,91) 0.5 0.61 0.22
(x2,¥2) 3.0 0.05 -0.90

The resulting CHSH value is

§=1.00+0.22+0.22 — (—0.90) ~ 2.34 > 2. (83)
9.4. Internal-Time Dynamics
A simple phenomenological model for the internal dynamics is
T = —sin6, (84)
Table 5 shows the corresponding evolution of T(t).

Table 5. Illustrative internal-time evolution under the phenomenological relaxation law T = —vsin 6.

t (ps) (1)

0 0.000

1 -0.048
2 -0.096
3
4

-0.144
-0.192

9.5. Late-Choice Effect

A late change in the rotation angle § modifies AT and therefore the visibility. Table 6 compares
the closed and open configurations.

Table 6. Effect of a late choice on visibility.

Configuration Ofinal AT (fs) V = o—TlAT|
Closed 0.0 0 1.00
Open 0.6 28 0.55

9.6. Realistic Numerical Simulation

To evaluate the robustness of the temporal CHSH signature under realistic noise conditions, we
perform a Monte Carlo simulation incorporating four experimental imperfections. Figure 3 shows the
resulting CHSH parameter as a function of visibility noise.

The simulation confirms that the complex-time signature S > 2 is robust against realistic levels of
visibility noise, temporal jitter, fibre losses, and spectral broadening.
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Figure 3. Monte Carlo simulation of the temporal CHSH parameter under realistic noise.

10. Perspectives and Future Implications

The complex-time framework developed in this work extends beyond the analysis of delayed-
choice experiments. Its two-component temporal structure suggests several theoretical and experimen-
tal directions in which the internal geometry (¢, T) may play a role in the description of coherence and
quantum dynamics.

10.1. Geometric Interpretation of Decoherence

In standard formulations, decoherence is modelled as an effective process arising from system-—
environment interactions, typically described by a Lindblad equation. While operationally successful,
this approach does not specify a geometric mechanism underlying the attenuation of coherence. In
the present framework, loss of visibility corresponds to a translation along the imaginary component
of time,

V= exp(—F |AT|), I'= l"eff, (85)

linking decoherence to an internal temporal structure rather than to an external environment. This
perspective is consistent with geometric and internal-time approaches to quantum evolution [17-19,32]
and may provide a basis for more predictive models of coherence loss in complex systems.

10.2. Internal Rotation as a Control Parameter

If coherence is encoded in the imaginary component 7, then the internal rotation angle 6 constitutes
a natural control parameter. Adjusting 8 modifies T and therefore the visibility. This idea is compatible
with approaches in which generalised phases or internal variables play an operational role [33]. The
internal temporal geometry may thus offer new tools for coherence control, qubit stabilisation, or
interferometric protocols.

10.3. Relation to Retrocausal Models

Retrocausal interpretations [8,9] attempt to account for certain quantum correlations by allowing
influences from future measurement settings. The complex-time model reproduces some of the
operational features associated with such approaches, but without modifying the causal structure
of real time: the dependence on the final configuration acts on the internal coordinate 7, not on
t. This provides a geometric mechanism that avoids retrocausal dynamics while capturing similar
operational effects.

10.4. Experimental Falsifiability

The temporal correlations defined by C(x, y) allow one to construct a CHSH-type combination,

S =C(x1,y1) + C(x1,¥2) + C(x2, 1) — C(x2,¥2), (86)
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whose classical bound Sgq < 2 holds under the assumptions of one-dimensional convex and factoris-
able decoherence models. Any exceedance of this bound within the operational protocol considered
here would indicate that coherence cannot be described by a purely real temporal dynamics. This
places the complex-time model within the class of experimentally testable extensions of quantum
theory, in the spirit of Bell-type analyses [10,11] and consistent-histories approaches [34-37].

10.5. Connection to Imaginary Time and Spacetime Geometry

Imaginary time appears in several areas of theoretical physics, including Wick rotations, Euclidean
quantum gravity, and statistical mechanics. The present framework provides a minimal setting in
which an imaginary temporal component acquires a geometric and operational meaning. The internal
rotation of complex time may eventually be related to geometric or gravitational effects, offering a
possible route toward a unified description of temporal structure in quantum theory.

In summary, the complex-time framework provides a geometric structure for coherence that is
compatible with standard quantum mechanics while offering new avenues for theoretical development
and experimental investigation. Its bidimensional temporal geometry may contribute to future progress
in quantum control, decoherence modelling, and the conceptual foundations of quantum physics.

11. Conclusions

The complex-time framework developed in this work provides a geometric reparametrisation of
coherence within standard quantum mechanics. The temporal variable

T=t—iT, (87)

defines a two-dimensional internal geometry in which the real component ¢t governs causal evolution
while the imaginary component T parametrises the attenuation of coherence. The associated metric
ds2,, = dt* + dv® = dR% 4 R%d6?, (88)
allows one to formulate an effective dynamics for T through a variational principle, with the modulus
R acting as a complex proper time invariant under internal rotations. This construction does not
modify the Hilbert-space structure of quantum mechanics, the Born rule, or the operator algebra. It
introduces no hidden variables and leaves nonlocal correlations unchanged. The imaginary component
T corresponds operationally to a local CP-TP dephasing channel and geometrically to a rotation in the
internal temporal plane. Within this geometry, coherence depends on the imaginary-time difference

V = exp(—Tegt AT]), (89)

and changes in the interferometric configuration correspond to rotations of complex time that modify
At. This mechanism accounts for the dependence of visibility on late choices without altering the
causal evolution in ¢, consistent with the operational structure observed in modern delayed-choice
experiments [1,3,25,26]. Section 9 illustrated these effects numerically, showing exponential visibility
decay, nonlinear dependence of AT on internal rotations, and temporal CHSH values that may exceed
the classical bound under the convexity and factorisation assumptions of one-dimensional decoherence
models. These results demonstrate that the framework yields quantitative and falsifiable predictions,
consistent with recent analyses of temporal correlations and steering [12-15]. The complex-time model
therefore provides a geometric and dynamical description of local coherence absent from the standard
formalism, while preserving all nonlocal features of quantum mechanics. Its key empirical signature is
the possibility of observing S > 2 in a visibility-based temporal CHSH protocol, which would indicate
that coherence cannot be described by a purely real, one-dimensional temporal dynamics and would
motivate a dedicated LGI/NSIT analysis [36,37].
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Appendix A. Possible Experimental Test of the Internal Temporal Structure

This appendix outlines an interferometric protocol that could test the physical relevance of the
imaginary-time component T introduced in the complex-time model. The aim is to compare the
predictions of standard quantum mechanics—including classical environmental decoherence—with
those of the internal temporal geometry.

Appendix A.1. Two Competing Descriptions

Consider a Mach—Zehnder interferometer fed with single photons. After the first beam splitter

(BS1), the state is
1

[p) = —=(|A) +¢?[B)), (A1)

S

2
with ¢ a controllable phase.

Standard model.

Each path interacts differently with an environment E:
[Adleo) = [A)lea),  [B)leo) = [B)les), (A2)
yielding the visibility
Veta = [(eales)]. (A3)

Complex-time model.

The accumulated phase is parametrised by 7 = t — i, giving
chlx = eXp<*reff |AT]). (A4)

Appendix A.2. Interferometer with Two Delayed Choices
We consider two independent late choices:

e asetting x € {x1, x2} modifying one arm (phase shifter, EOM, or controlled dephasing);
e asetting y € {y1,y2} modifying the final recombination (presence of BS2 or additional phase).
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Both choices are made after BS1 and can be causally separated using long fibres and fast modula-
tors, as in modern delayed-choice experiments [1,3,25,26]. For each pair (x,y), the visibility V(x,y)
is measured.

Appendix A.3. Standard Visibility Structure

In the standard model,
Vst (x,y) = [{ea(x,y)les(x, )], (A5)

implying:

L4 O S VStd S 1 V3

*  monotonic decay under increasing noise,
e  convexity under statistical mixing.

Appendix A.4. Complex-Time Model and Temporal Correlations

In the complex-time model,

chlx(x/ y) = exp[—Teg|AT(x, )] (A6)
Define the temporal correlation
Clx,y) =2V(x,y) — 1, (A7)
and the CHSH-type combination
§ = C(x1,y1) + C(x1,¥2) + C(x2, 1) — C(x2,2)- (A8)

Classical one-dimensional temporal models satisfying macrorealism and non-invasive measurability
obey the Leggett-Garg bound [38] and, more generally, the temporal CHSH bound |S| < 2 [39,40]. The
bidimensional internal temporal structure introduced by the complex-time model departs from these
assumptions and allows, in principle, values S > 2 within the same operational protocol, consistent
with recent analyses of temporal correlations and steering [12-15].

Appendix A.5. Experimental Orders of Magnitude
Amplitude of 7.
For a visible photon (E ~ 1 eV),

|AT| ~ %| InV| ~3x10" s, (A9)

Values

R~ 107 1-1071¢ (A10)
are sufficient for measurable variations.
Visibility precision.

Fibre interferometers routinely achieve
sV ~1073-1072. (A11)

Control elements.

e EOM: fpom ~ 1-10 GHz, Atgyien ~ 10719-10"7 s;
e fibres: L ~ 100 m-1 km, Atg, ~ 0.5-5 us;

e  fast controllers: Aty ~ 1-10 ns.

These orders of magnitude indicate that:
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1.  variations of T of order 10~17-1071¢ s are detectable;
2. causally separated delayed choices are feasible with current technology;
3. therequired values of R are compatible with experimental exploration.
Appendix A.6. CHSH Bound in a Standard Model
In a one-dimensional time model,
Vaalxy) = [drp)o(xy,d),  ve 1] (A12)
Setting ¢ = 2v — 1 € [—1, 1], the combination
S(A) =c11+ e+ oo — o2 (A13)
satisfies |S(A)| < 2, hence
|Sstal < 2. (A14)
In the complex-time model,
V(x,y) = exp[~Te|AT(x,y)]], (A15)

nonlinear dependencies of At allow values S > 2, indicating that real-time evolution alone cannot
capture the full structure of coherence.
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