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Abstract: In a multivariable system there are usually a number of relaxation times. When some of the relaxation
times are shorter than others, the corresponding variables will decay to their equilibrium value faster than the
others. After the fast variables have decayed, the system can be described with a smaller number of variables.
From the theory of nonequilibrium thermodynamics, as formulated by Onsager, we know that the coefficients
in the linear flux-force relations satisfy the so-called Onsager symmetry relations. The question we will address
in this paper is how to eliminate the fast variables such that the coefficients in the reduced description for the
slow variables still satisfy the Onsager relations. As the proof Onsager gave of the symmetry relations does not
depend on the choice of the variables, it is equally valid for the subset of slow variables. Elimination procedures
that lead to symmetrry breaking are possible, but do not consider systems that satisfy the laws of nonequilibrium

thermodynamics.
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1. Introduction

In 1931 Onsager formulated [1-4] the classical theory of nonequilibrium thermodynamics. He
showed that the coefficients in the linear flux-force relations for a multivariable system satisfy the
so-called Onsager symmetry relations. When one describes the system with the Langevin equation,
one adds random fluxes, the averages of which are zero. The correlation functions of the random fluxes
are given by fluctuation-dissipation theorems [5-7]. These correlation functions are also symmetric for
the interchange of the random fluxes.

When some of the variables decay to their equilibrium value faster than the others, one may
after this decay decribe the system with a smaller number of slow variables. An example of this is a
multi-component fluid. The pressure distribution is the first to reach equilibrium. After this the fluid
can be treated as incompressible. Subsequently the relaxation of the temperature is usually faster than
the diffusion of the components. The advantage is that one may simplify the description to a smaller
number of variables on longer time scales.

There are many ways in which one may eliminate fast variables. The proper methodology depends
on the particular system considered. Some authors [8-11] claim that in the reduced description, the
symmetry relations are no longer valid. For the systems they consider, and with their methodology to
reduce the description, this is indeed what they find. Van Kampen [9] gives a very clear explanation of
how to eliminate fast variables. In the systems he considers it is possible to identify a small parameter.
The solution is then expanded in this parameter. The reduced description may no longer satisfy
Onsager symmetry [8,9].

The unfortunate (or fortunate) fact is that the proof that Onsager gave of the symmetry relations
does not depend on the choice of the variables, it is equally valid for the subset of slow variables as for
the full set. It is therefore clear that the systems some authors [8-11] consider, after eliminating the
fast variables, no longer belong to the well established field of nonequilibrium thermodynamics. It is
known that in the non-linear case the symmetry relations are no longer valid [12] but that is not now
the issue.

The question addressed in this paper is how to reduce the description to slow variables such
that the Onsager coefficients and the corresponding correlation functions still satisfy the symmetry
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relations. In the second section I discuss the Langevin equation for n variables. It contains a n x n
matrix of linear coefficients and n thermal random forces. The distribution of the variables around
their equilibrium value is given. The average of the random forces is zero. Their auto-correlation
functions are given by fluctuation-dissipation theorems in terms of the symmetric Onsager coefficients.
In the third section I discuss how to distinguish the fast and the slow variables. The equilibrium
distribution of the slow variables is discussed in the fourth section. The derivation of the Langevin
equation for the slow variables, including the verification of the symmetry of the Onsager coefficients
and the correlation functions, is given in Section 5. The choice of physical variables is shortly discussed
in Section 6, and it ends with a conclusion.

2. The Langevin Equation

Consider a system described by the variables a = (a1, ..., 4, ). These variables are chosen such
that their equilibrium value is equal to zero, a; = 0. I restrict myself to the case that the variables are
either all symmetric or all asymmetric for time reversal. Given the entropy production one has a set
of conjugate fluxes and forces. Choosing all variables odd or even is equivalent to using a mixed set.
As such the choice of all even or all odd is no restriction. The velocities of a collection of Brownian
particles are a good example of a set of odd variables. The extension to have mixed variables that are
both symmetric and asymmetric for time reversal is straightforward [13]. The time dependence is
given by the Langevin equation [13]

da(t)
dt

= —La(t) +£(1) @

Here L is a n X n matrix of linear coefficients and f is the thermal random force which is Gaussian and
white. The average of the random force is zero

(f(t)) =0 @)

The correlations are given by

(F(DE(E)) =2£5(t — 1) 3)

where / is the n x n Onsager matrix. Given the Gaussian nature of the random force, one may also
calculate the higher order correlation functions. The Onsager relations imply that the matrix ¢ is
symmetric.

The equilibrium distribution is given by

Peg(a) = exp(S(a) /kp)/ [ dal exp(S(a) /ky) )

where S(a) is the entropy and kg is Boltzmann’s constant. Expanding the entropy to second order in a
one has 1

S(a) = Seq — EkBa.g.a (5)

where it was used that the entropy has a maximum in equilibrium. The matrix g is symmetric and is

given by

19

8= g oal S(a) (6)

Equation (5) together with Equation (4) gives

Pey(a) = (2n)_"/2\/detgexp(—;a.g.a> )

This gives
(a)yy =0 ®)
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and
(aa),, =g )

Given the Gaussian nature of P, one may also calculate the higher order correlation functions.
The random force in the Langevin equation must have the appropriate strength in order to
generate the proper size of the fluctuations around equilibrium [Einstein]. This is found to imply that

L=/g or {=Lg! (10)
It should be realised that, while both £ and g are symmetric, L is necessarily not symmetric. One has
LT =g/ (11)

for the transposed matrix. The superscript T indicates the transpose of a matrix.
The solution of the Langevin Equation (1) may be written in the following form

t
a(t) = exp(~Lt)a(0) + [ dt'exp(~L(t —£)).£(t) (12)
0
where a(0) is the value of a at time zero. The average of this equation gives

(a(t)) = exp(—Lt).a(0) (13)

The thermal fluctuations around the average are

t
da(t) = a(t) — (a(t)) = / dt' exp(—L(t —t')).£(t') (14)
0
The average of this fluctuation is by definition zero. The correlation function is found to be

(sa(t)oa(t')) = exp(~L(t—t')).g ' =g Lexp(~LT(t —t)) (15)

The second equality follows by expanding the exponents together with Equations (10) and (11).
Comparing Equations (13) and (15) one sees that, as is usual, the relaxation of the correlation function
and of the average are directly related.

In order to get more information about the relaxation times we calculate the eigenvalues

Le, =Ae/, and e).L=2A€, (16)

where e/, and e/, are the right and the left eigenvectors respectively. These eigenvectors satisfy the
following orthogonality condition
el.el, =3, (17)

They furthermore satisfy the following completeness relations

n
Y elel =1 and elel =1 (18)
v=1

n
v=1

The two forms of the completeness relation follow from each other by taking the transpose of the
matrix.

3. Fast and Slow Variables

For convenience the eigenvalues are ordered such that ReA; is the smallest one, ReA; is the next
smallest one, etc. etc. until ReA,, which is the largest one. The real part of the first eigenvalue gives
the inverse relaxation time for the slowest decay, while the real part of the last eigenvalue gives the
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inverse relaxation time for the fastest decay. I want to consider in particular a case where a subset of
eigenvalues is much smaller than the rest of the eigenvalues. One may then define a time 7 such that

TReA, <1 for v<m and TReA, >1 for v >m (19)

When t > 7 the fast decaying modes have equilibrated. Only m independent slow modes are then
sufficient to describe the system for ¢ > 7. It is this reduction to a smaller subset of variables which
will be studied. Given the validity of Equation (19) one may choose T = 10/ReA;.

For large enough times one has

(a,(t)) = el .(a(t)) =0 for t>7 and v>m (20)

This gives (n — m) relations between the average variables for t > 7. For the correlation functions one
finds similarly

(0ay(t)da(t)) = (a(t) 5%( ") =
ej.(da(t)a(t')) = (da(t)oa(t')).e;, =0 for [t—t|>7 and v>m (21)

The equalities follow from the symmetry of the correlation function. Equation (21) implies that for
|t — | > T only a m x m submatrix remains for the m remaining independent variables.

After the fast modes have decayed, the remaining variables and the corresponding correlation
matrix appear to decay from a different initial condition given by

m
=) elel.a(0) (22)
v=1
for the average and
(6a(t)da(t — 1)) Z elel g7l 1/,e (23)
vy'=1

for the correlation matrix. While the modified initial condition for the average seems rather obvious,
it has been considered to be surprising for the correlation function [9-13]. Let me illustrate this by
an example. Consider the velocity distribution of a Brownian particle suspended in a fluid. From
ensemble theory it follows that the distribution of the velocity v is given by the Maxwell distribution

2

Pey(v) = (2tMkgT) —3/2 exp (_ZI\/ZI)kBT> (24)
where M is the mass of the Brownian particle. It is known that the compression modes of the
surrounding fluid are fast. Consider a sound velocity of 1000 m.s~! and a particle size of 1 micron,
this defines a time scale of T = 1077 s. When one measures the velocity of the particle with a time
resolution large compared to T one sees a particle which carries along a vortex with fluid. On this time
scale it instantaneously adjusts its velocity to the velocity of the particle. The resulting modified initial
velocity distribution is then

-3/2

2
Pey(v) = [27'((M+ ;Mﬂ>kBT] exp | —

(%
2(M+ %Mﬂ)kBT

(25)

where My is the mass of the displaced fluid. This result is now generally accepted, but for a while it
was controversial [14-18].
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4. The reduced equilibrium distribution of the slow amplitudes
Define the projection on the left eigenvectors by
a,(t) =e.a(t) for v=1,..,n (26)

These amplitudes will be chosen as an alternative set of variables. For t > T only the first m of these
variables remain. The rest has equlibrated. The reduced equilibrium distribution for the slow variables
is given by

Pslow ay, Vv = dﬂy Pg a
eq q

v=m+1
= (2m)""?(detg) 1/2/ H day) exp(—faga)
v=m+1
n
= (271') ”/z(detg 1/2/ H dﬂy EXP Z ClvlgU/V//LlV//) (27)
v=m+1 v’,v”:l
where
gyt = ef,,.g.ef/,, (28)

From the nature of the integration it is clear that the reduced equilibrium distribution is again Gaussian

1 m
pslow (g -y =1,...,m) = (2r) "2 (det g\ /2 exp(— = a, Sl,m,‘,’aw (29)
Cq g p gl/]/

v y'=1

where g% is now an m x m matrix.

There are two methods to find this reduced matrix. The first and more simple one is that
the equilibrium correlations in the reduced description should be given by the right hand side of
Equation (23) for the correlation function. This results in

{(gszow)fl]w, = [gfl}w, for v,vV=1,...m (30)

The inverse of the reduced matrix is therefore equal to the m x m submatrix for the slow eigenvectors
of the inverse of the original g matrix.

In order to verify that this result is consistent with the straightforward integration of Equation (27)
I also verify Equation (30) by direct integration of Equation (27). Write

m
Pgéow(AV,'I/ = 1,...,m) = (27T)*n/2<detg)1/2/da(n (A, — 111/) exp(—%a,g‘a) (31)
v=1
Next use 6(x) = o [ dkexp(ikx) and write

P:,;”w(Av;v =1,.,m)= (2n)_m_"/2(detg)1/2/dmk/da exp(ik.(a—A) — %a.g.a) (32)

where k = (ky, ..., ky,0,...,0) and A = (Ay,..., Ay, 0,...,0). The expression between square brackets
may then be written as

, 1 1, .
ik.(a—A) — yaga=-— E(a—zg 1k).g.(a—ig L.k)+ik. A—fk g !
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Upon substitution into Equation (32) one may perform the integral over a which is now a simple
Gaussian integral and one obtains

The vectors k and A may now be reduced to their m dimensional form. Notice that the exponent now
contains the m x m dimensional submatrix of g~!. This m x m dimensional submatrix is by definition
equal to (g¥/°)~1. Writing

1

KA — Ek‘(gslow)—l‘k (k slow A) (gslow)—l'(k_igslow‘A)_%A'gslow‘A

one obtains upon substitution into Equation (33) and integration over k
1
Pgé"w(A) = (2mr)"™/?(det g1°®)V/ 2 exp(— EA.gSZow.A) (34)

This is equivalent to Equation (29).

The importance of the analysis in the last § is that the equilibrium distribution of the slow variables
in fact follows directly from the equilibrium ensemble. Whether one directly reduces the microscopic
description to these slow variables or does it via an intermediate macroscopic description using a
larger number of variables, some of which are fast compared to the final slow variables, leads to exactly
the same "initial condition" of the correlation functions of the slow variables. This is an important
check of the internal consistancy of the procedure!

5. The Langevin Equation for the Slow Amplitudes

Now turn to the derivation of the Langevin equation for the slow variables

d

St = 2 LElowg , (#) + FS100(4) for v=1,.,m (35)

v'=1
The most convenient method to obtain this equation is to first consider the average of this equation

d

dt 2 L% (a, (1)) for v=1,..m (36)

vv!
v'=1

where the fact that the average of the reduced random force is also zero is used

() =0 (37)
Using Equation (20) it follows that
Lslow — el L.e") = Ay, for v,/ =1,..,m (38)
It then follows that
(i) = 260008~ ¥) (39)
with
-1
Lslow — ,Z: Glowgslow o pslow = ,Z: LSlow{( Slow) } (40)
v'=1 v'=1 v
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With Equations (30) and (38) the last equality reduces toof m of the original variables. Choose for this
purpose a subset which remains independent for ¢t > 7. Relabel the original variables such that this
subset consists of the first m variables. Define

m
1 — _
olow = Y el Let e, g et =Ael.g e, (41)

v''=1

In conclusion it is found that the Langevin equation for the slow amplitudes easily follows from the
Langevin equation for the larger set of variables if one is able to construct the eigenfunctions and
eigenvalues.

6. A Reduced Description Using the Original Variables

An aspect of the use of the slow amplitudes is that they may be unpleasant combinations of the
original variables. One may alternatively use a subset

() = (ar(t), .., am(t)) (42)

When t > 7 this reduced set of variables is a linear combination of the amplitudes of the slow
eigenfunctions. This implies that the use of the reduced set corresponds to the choice of a new basis
set in the slow variable space. The Langevin equation is valid for all choices of the basis, and therefore
also for a" using L', " and g’*.

7. Conclusions

After this long analysis one may draw some conclusions:

i) Atany time scale one has a natural choice of variables for which the relaxation from an initial
state and the fluctuations are described in the usual way.

ii) If one reduces a description by elimination of fast variables both the linear (Onsager) coefficients
and the equilibrium distribution change their values.

iii) The reduced Onsager matrix £" and the correlation matrix g
and g. For this one needs the eigenvectors of L = /.g .

iv) The Onsager matrix £ for the slow variables and the correlation matrix g are symmetric.

v) Accept for the case that one can do experiments on the fast and the slow time scale, there is no
need to do this reduction. One simply uses a set of independent variables which have not relaxed
and constructs L™, ¢! and g"*? on the basis of physical arguments alone.

vi) The initial state, equilibrium distribution and entropy depend on the time scale one considers. On
each time scale it will be such that processes that decay on a faster time scale have equilibrated
when the experiment or simulation is started.

vii) The initial state, equilibrium distribution and entropy for the reduced description cannot be found
by substituting the equilibrium values of the fast variables in the more extended description.

rd are not trivially obtained from ¢

To sum it up I have shown that the reduction to slow variables does not affect the structure of
the equations we use. It does not affect the validity of the Onsager relations and the symmetry of the
correlation functions.

Finally notice that a coordinate transformation does not change the eigenvectors and eigenvalues
of a matrix. Therefore L' and L/°“ have the same eigenvectors and eigenvalues. Accordingly one
finds that all relaxation times remain the same.
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