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Abstract. The study is devoted to the issues of mathematical modeling and simulating the sport 9 

differential mechanism (DM) with controllable torque redistribution. The issue is caused by the 10 

elaboration of ADAS systems with the automated torque vectoring for transmissions of all-11 

wheel-drive (AWD) vehicles and the inclusion of such devices in the combined autonomous 12 

vehicle trajectory control scheme. At the article's beginning, the use of devices for redistributing 13 

traction forces is reasoned by analyzing the curvilinear vehicle motion, where they could ensure 14 

the accuracy of vehicle steerability. The literature review highlights modern developments in the 15 

field of modeling and researching such DMs. Considering the vehicle turn with a minimum radius, 16 

the conditions corresponding to passing greater torque over the outrunning rear axle are 17 

determined. All the mechanism components and loads acting between them are described in 18 

detail. To form an original method of mathematical description of the mechanism functioning, 19 

the system of differential equations, systems of kinematic and force connections are considered 20 

separately. The article details the mathematical approach to generalize the way for automating 21 

the equation compilation for rotational mechanical systems such as vehicle transmissions. In the 22 

simulation section, a Simulink model reflecting the functional components and calculation 23 

procedures is presented. A series of testing and simulations on the DM operation with forcible 24 

torque distribution is carried out. Modeling data are presented, and the analysis of simulation 25 

results is performed. In the completion, conclusions are made regarding the scope and use of 26 

this model and the prospects for further developing the method proposed to automate the 27 

formation of equation systems. 28 

 29 
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 31 

 32 

1. Introduction 33 

 34 

The integrated vehicle control affords maximum vehicle performance, handling accuracy, and 35 

safety given the intensive vehicle automation. Notably, the distributed torque technology for 36 

AWD vehicles provides the optimal mode for each wheel individually. In addition, it adjusts the 37 

exactness of the vehicle trajectory, which is especially essential for autonomous vehicles. Today, 38 

many vehicle manufacturers use the Sport Differential technology, which, unlike the pure torque 39 

vectoring (TV), does not require activating the inner wheels' brakes during curvilinear motion. 40 

Electric or hydraulic drives often carry out the control of such differentials. Simulation models 41 

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 26 November 2021                   

©  2021 by the author(s). Distributed under a Creative Commons CC BY license.

doi:10.20944/preprints202111.0507.v1

http://creativecommons.org/licenses/by/4.0/
https://doi.org/10.20944/preprints202111.0507.v1


2 
 

should be first elaborated, tested, and adjusted to help work with control algorithms for such 42 

mechanisms. 43 

The characteristics of selected studies of vehicle differential mechanisms are presented 44 

in Table 1. It can be noted that the research field of differential mechanism (DM) models is quite 45 

broad, spanning different methods, approaches, and fields of study. Nevertheless, there is a 46 

specific lack of research on modeling active differentials with the electro-hydraulic drive since 47 

most papers have focused on handling an active limited-slip differential (ASLSD). Also, there is a 48 

lack of comprehensive studies that generalize the active differential control algorithms to solve 49 

the problems of motion stability, understeer compensation, and increase of vehicle passability. 50 

The math models and equation systems are primarily classic and do not imply systematization 51 

into one method. Some math models are too complicated to be used in vehicle dynamics and 52 

focused on pure mechanical objectives. The redistribution of traction forces contributes to 53 

reducing the lateral slip process due to partial compensation of lateral speeds, which increases 54 

control accuracy and motion stability.  55 

  56 
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Table 1. Characteristics of selected studies of vehicle differential mechanisms 57 

Reference Topic Features 

Gadola and 
Chindamo 
(2018) 

Limited slip, 
self-locking 
TORSEN DM 

- Actualize issues of differentials and their influence on vehicle 
dynamics. 
- Formed cornering moment in conditions of different slips. 
- Compared DM to the difference in angular speeds loading torques. 

Morselli et 
al. (2006) 

Convectional, 
LSD, controlled 
LSD 

- Introduced torsional stiffness and lash of mechanical gearing. 
- Matrix approach and simulation schemes.  
- Developed detailed and simplified DM models.  
- Combined DM and vehicle modeling for testing the cornering effect. 

Deur et al. 
(2010) 

Active DM, 
TV 

- Developed a unified math model for active differential dynamics.  
- Various DM designs and levels of model complexity are used. 
- Restricted applicability as estimated time response is needed. 

Ji et al. 
(2011) 

Active LSD 
(ALSD) 

- Investigated driveline and tire model effects on the ALSD 
performance. 
- ALSD design includes friction clutches for transmitting the torque  
- Energy losses math models and Simulink tools are included. 

Assadian et 
al. (2008) 

Active LSD - Developed a control algorithm for a rear-wheel-drive sport vehicle 
- Compared ALSD impact on vehicle model behavior. 
- Assessed ALSD influence on driver workload. 

Annicchiaric
o et al. 
(2014) 

Active LSD - TV differential mechanism with electrohydraulic actuation. 
- Race car model with 7 DOFs and low ground effect. 
- Implemented nested control loop for the actuation system. 

Jaafari 
and 
Shirazi 
(2018) 

TV differential, 
electronic 
stability control 

- Nonlinear vehicle model based on CarSim software. 
- TV Differential with two series of planetary gears.  
- Electronic stability model with three-layer Integrated control system. 
- Unscented Kalman filter and controller based on BA optimization. 

Virlez et al. 
(2013) 

TORSEN DM 
 

- 3D cylindrical joint model with clearance, misalignment, and friction.  
- Matrix dynamics system including holonomic bi-lateral constraints. 

Brumercik 
et al. (2015) 

Inter-wheel 
differential 

- DM with power balance and kinematic relations among three shafts.  
- Three differential equations; no efficiencies or changes in power flows. 

Chen et al. 
(2017(1)) 

TV differential - New TV differential based on a Ravigneaux gear set. 
- Two different speed ratios with only one pair of gear set. 
- SimulationX software is used to test maneuverability and steerability. 

Chen et al. 
(2017(2)) 

Original DM 
design 

- DM for TV concept; design combines inner gears. 
- Math model includes dynamics and kinematic constraints equations. 
- Losses, efficiencies, and power flow direction are neglected. 

Forstinger et 
al. (2015) 

Asymmetric 
differential 

- Developed two DM variants (conic and planetary gear). 
- Dynamics and constraints; static friction and limited-slip functionality; 
- Overcomes simulation problems of discontinuity at zero angular speed. 

Virlez et al. 
(2011) 

TORSEN DM - Multibody simulation using nonlinear FEM. 
- Flexible gear pair joints and contact conditions are used as constraints.  
- All-wheel-drive (AWD) model for estimating torque redistribution. 

Russo et al. 
(2016) 

Controllable 
DM 

- DM based on the magnetorheological fluid to realize the locking state. 
- Torque, power balance, and kinematic constraint equations. 
- Double-controller scheme including extended Kalman filter. 
- Software-Hardware in the loop modeling with experimental prototype. 

 58 
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To actively control trajectory, simulation models must ensure the traction distribution on 59 

the physical level. Thus, the objective of this study is to develop and test a simulation model of 60 

the controlled sport differential for use in SIL/HIL modeling. 61 

The research methodology shown in Fig. 1 explains the graduate steps needed to build 62 

the model. First, three types of equations on rotational motion should be considered separately. 63 

They reflect pure dynamics, kinematics, and force balance. Appending the equations for 64 

translationally moving elements, the math model of whole mechanism can be composed. A 65 

series of virtual tests foster to validate the sport differential's unique properties as well as 66 

simulation approach in general. 67 

 68 

 69 
Figure. 1. Study methodology 70 

 71 

3. Sport Differential Technology 72 

 73 

3.1. Problem description 74 

 75 

Consider the case of a passenger vehicle's curvilinear motion. It is almost impossible to ensure 76 

the ideal instant turn with the neutral steer in real conditions due to both tires' lateral elasticity 77 

and inevitable slip in the contact spots. As known well in this regard, two distinctive phenomena 78 

may occur - understeer and oversteer. Both processes are characterized by an intense lateral 79 

component of the instantaneous velocity in the tire-road contact spot, which is caused by the 80 

sideslip. These phenomena are associated with the distribution of vertical reactions along the 81 

vehicle axles. From a physical point of view, it is desirable to have approximately the same slip 82 

conditions for all tires to provide predictable control. Thus, AWD vehicles have an option for 83 

individually adjusting the traction forces to compensate the slip. If a vehicle is designed so that 84 

the front axle bears a larger mass, then it has the understeer tendency. In this case, as shown in 85 

Fig. 2a, the instantaneous rotation center O is located behind the rear axle. Thus, the transversal 86 
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components of the instantaneous velocities appear in all wheels' contact patches. The curvature 87 

of the motion trajectory decreases in comparison with the required one to ensure trajectory 88 

stability. As a result, to compensate for the lacking trajectory curvature, it is necessary to 89 

permanently increase the steered wheels' angles or reduce the cruise speed.  90 

It is possible to create an additional yaw moment in the traction mode by changing 91 

longitudinal reactions on the vehicle sides' wheels. However, if symmetric (open) differentials 92 

are used in transmissions, the reactions on drive semi-axles are set practically equal, which does 93 

not affect the yaw moment. Thus, the prerequisites emerge for controlling the movement 94 

accuracy or tracking a planned trajectory by redistributing the torque between wheels, which 95 

may be achieved, among other things, by active differentials. Owing to setting the difference 96 

between traction forces on the same axle wheels, an additional yaw moment is occurred, 97 

decreasing the slip angles and approaching an instant turn to a scheme close to the neutral steer 98 

(Fig. 2b). At the same time, the tires' lateral forces can reach larger values and ensure control 99 

accuracy and trajectory stability (strict tracking) with a smaller steering angle. 100 

 101 

                   102 
a)                                                       b) 103 

Figure 2. Steerability cases: a - understeer, b - neutral steer 104 

 105 

3.2. Differential's design 106 

 107 

Several limited-slip differentials distribute the torques depending on the wheel operational 108 

mode. However, their redistribution concept implies that the greater torque is passed to a 109 

lagging wheel or with better adhesive conditions. The sport differential technology must transmit 110 

a larger torque value to an outrunning axle, which causes additional cornering (yaw moment) 111 

relative to the vertical axis passing through the mass center. Such a solution can be obtained 112 

using additional planetary gears (BMW, Honda) or, for example, two-step internal gearing (Audi) 113 

controlled by friction clutches with electric or hydraulic drives. Consider the design scheme and 114 

functioning of Audi Sport Differential (2021) shown in Fig. 3. The primary open information may 115 

be taken from Audi Sport Differential Technology (2021). 116 
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 117 

 118 
Figure 3. Scheme of Audi Sport Differential 119 

 120 

The drive is carried out over the final gear pinion 1. The ring gear is rigidly connected to the 121 

differential carrier 2. Satellites 3, rotating around the axis fixed in the differential carrier, interact 122 

with side gears that drive the output axles 4 and 5 by the slots. The differential corps (carrier) 123 

has gear rims on the end sides for driving by internal gearing the coupling halves 6 and 7, in which 124 

rotational axes are respectively shifted relative to the carrier rotational axis. Using the frictional 125 

packs, the half-clutches 6 and 7 can drive the half-clutches 8 and 9, respectively, which are 126 

connected by an internal gearing to the output shafts 4 and 5. Toroidal hydraulic cylinders 10 127 

and 11 are installed from each side to act on the clutch packs using the pressure p10 and p11. 128 

Thus, by activating the required hydraulic cylinder, part of the carrier torque may be passed to 129 

the needed semi-axle using the frictional adhesion between the half-couplings over the two-step 130 

internal gearing. 131 

Based on the sequence of links transmitting torque, the arrays of permanent liaisons L, 132 

friction couples C, vectors i of ratios and ηG of gearing efficiencies can be introduced. Moreover, 133 

if the numbers of each detail couple are denoted as a column-vector Lk (where k = 1…m, m – 134 

number of pairs), the sequential disposition of the conjugate details may be rearranged in a row 135 

vector l. 136 

 137 

𝑳 = (
1 2 2 2 3 3 4 5
2 3 6 7 4 5 8 9

),  𝒍 = (𝑳1
𝑇 ⋯ 𝑳𝑚

𝑇 ) ,  𝑪 = (
6
8

7
9
)                 (1) 138 

𝒊 = (𝑖12 𝑖23 𝑖26 𝑖27 𝑖34 𝑖35 𝑖48 𝑖59)
𝑇, 139 

    𝜼𝐺 = (𝜂12 𝜂23 𝜂26 𝜂27 𝜂34 𝜂35 𝜂48 𝜂59)𝑇                                  (2) 140 

 141 

 142 
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Figure 4. Graph of mechanical links 143 

 144 

The friction clutch's slip degree affects the amount of additional torque withdrawn from the 145 

differential carrier, as well as the fact that, as shown in Fig. 2, for the general case of curvilinear 146 

motion, the angular speeds of the coupling halves 6, 7 and 8, 9 should be different. Thus, the 147 

pressure in the hydraulic cylinders must be adjusted in order, on the one hand, to maintain the 148 

ratio of wheels' angular speeds required during curvilinear motion and, on the other hand, to 149 

prevent the clutch lock-up. Requirements for passing the greater torque and high revolutions to 150 

the external wheel impose specific gearing ratios on the clutches 6-8 and 7-9. Consider this 151 

situation using the example of parameters in Fig. 2b, which corresponds to ideal cornering with 152 

minimal sideslip. Assuming that a clutch state close to complete locking is possible only for the 153 

variant of turning with a minimal radius, it is possible to determine the gear ratios for the drive 154 

of clutches' half-couplings. Determine the difference in angular speeds of the rear axle wheels. 155 

Their linear speeds are given by 156 
 157 

𝑉4 = 𝜔𝑅𝑚𝑖𝑛,         𝑉2 = 𝜔(𝑅𝑚𝑖𝑛 + 𝐵24)                                        (3) 158 

where ω - instantaneous angular rate of the turn, B24 - transversal base of rear wheels. Then, the 159 

rear wheels' angular speeds ωw4, ωw2 can be tied with parameters of the turn kinematics 160 

 𝜔𝑤4 =
𝑉4

𝑟𝑒4
=

𝜔𝑅𝑚𝑖𝑛

𝑟𝑒4
,          𝜔𝑤2 =

𝑉2

𝑟𝑒2
=

𝜔(𝑅𝑚𝑖𝑛+𝐵24)

𝑟𝑒2
                                (4) 161 

where re4, re2 - wheels' effective radii (in most cases about the same). 162 

 163 

The angular velocities' ratio, considering the designations in Figs. 1 and 2, is estimated as 164 

𝑘𝜔 =
𝜔𝑤2

𝜔𝑤4
=

𝜔4

𝜔5
=

𝜔(𝑅𝑚𝑖𝑛+𝐵24)

𝑟𝑤2

𝑟𝑤4

𝜔𝑅𝑚𝑖𝑛
≈

𝑅𝑚𝑖𝑛+𝐵24

𝑅𝑚𝑖𝑛
                                 (5) 165 

where ωw2 = ω4, ωw4 = ω5 as the angular velocities of rear wheels (Fig. 2b) and the corresponding 166 

axles (Fig. 3). 167 

 168 

For the case of the angular speed distribution based on the symmetric differential's kinematics 169 

(components 2, 3 in Fig. 3), the condition must be satisfied: 170 

2𝜔2 = 𝜔𝑤2 + 𝜔𝑤4 = 𝜔𝑤2 + 𝜔𝑤2 𝑘𝜔⁄ = (1 + 1 𝑘𝜔⁄ )𝜔𝑤2 171 

but as well                                                                         (6) 172 

2𝜔2 = 𝜔4 + 𝜔5 = 𝜔4 + 𝜔4 𝑘𝜔⁄ = (1 + 1 𝑘𝜔⁄ )𝜔4 173 

 174 

Then, the required angular speed of the differential carrier  175 

           𝜔2 =
(1+1 𝑘𝜔⁄ )

2
𝜔4 =

(1+1 𝑘𝜔⁄ )

2
𝜔𝑤2                                               (7) 176 

 177 

This determines the needed ratio between the steps of the half-couplings when they are locked 178 

by a friction clutch, that is 179 

𝑖24 =
𝜔2

𝜔4
= 𝑖26𝑖84 =

𝜔2

𝜔6

𝜔8

𝜔4
=

(1+1 𝑘𝜔⁄ )

2
                                              (8) 180 

 181 

Since the torque is transmitted over the friction clutch in two steps of internal gearing, then  182 

𝑖26 = 𝜔2 𝜔6⁄ = 𝑧6 𝑧2⁄ ,               𝑖84 = 𝜔8 𝜔4⁄ = 𝑧4 𝑧8 = 1 𝑖48⁄⁄                      (9) 183 
 184 
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Taking integer teeth numbers for the gear rims of half-couplings, obtain the final values 185 

summarized in Tab. 2. 186 

 187 

Table 2.  Data for determining ratios for gears of half-couplings 188 

𝐵24 𝑅𝑚𝑖𝑛 𝑖24 𝑧2 𝑧6 𝑖26 𝑧4 𝑧8 𝑖84 

1.551 5.8 0.887 33 41 1.242 25 35 0.714 

 189 

The obtained value i24 shows that the difference between the angular speeds of the differential's 190 

carrier and the outer rear wheel differs only by about 11% even at the maximum steering angle. 191 

Thus, the angular speeds of half-couplings can be compared when moving with lesser curvature.  192 

𝜔6 =
𝜔2

𝑖26
=

𝜔2

1.242
= 0.805𝜔2,                𝜔8 = 𝜔4𝑖84 = 0.714𝜔4                          (10) 193 

 194 

If, for instance, the movement is close to a straight line, then ω2 = ω4, and it follows from Eq. 195 

(10) ω6 > ω8 by about 11%. Obviously, for all cases when the instantaneous curvature radius is 196 

greater than Rmin, it remains true that ω6 > ω8, which corresponds to the need for friction clutch's 197 

slip that regulates the required instantaneous radius of the vehicle turn. In this case, half-198 

couplings 6 or 7 will be driving, depending on the activation order. It is also evident that at turning 199 

with the maximum angles of steered wheels, ω6 ≈ ω8 and consequently, the friction clutch can 200 

be locked. As it follows, if the pressure in the hydraulic cylinder leads to locking the clutch, then 201 

the ratio of the rear wheels' angular speeds will correspond to the kinematics of turning with a 202 

minimum radius even for straight motion. 203 

 204 

4. Dynamics of design components of the Audi sport differential 205 

 206 

Each structural component can be described by a system of equations, including dynamics 207 

balance, kinematic constraints, and contact force relations. Fig. 5 depicts all the design elements 208 

accompanied with the needed geometric parameters and force factors acting between the 209 

details. 210 

 

 

 

 

a)  b) c) 
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d) 

 
 

e) f) 

  
g) h) 

Figure 5. Parameters and force factors acting on the parts of the sport differential 211 

 212 

4.1. Final drive 213 

 214 

The rear axle final drive as the component of Audi Sport Differential is represented by the hypoid 215 

gearing, unlike, for instance, pure conic final drive of the vehicle front axle, and shown in Fig. 4a. 216 

Among the advantages of such a design solution, many aspects may be listed, such as a higher 217 

gear ratio with smaller gear ring size, increased teeth strength, and reduced noise. The main 218 

drawbacks include working with teeth sliding that reduces the gearing efficiency and requires 219 

special oils for high-pressure mechanical contacts. According to the scheme in Fig. 4a, the force 220 

of contact reaction may be decomposed as 221 
 222 

𝑃21 = 𝑃𝑛 𝑐𝑜𝑠(𝛽1),  𝑃12 = 𝑃𝑛 𝑐𝑜𝑠(𝛽2)                                           (11) 223 

where angles β1, β2 are conditioned by the eccentricity e1 and teeth curvature. It is recommended 224 

β1 = 45…50°, β2 = 45…50°. 225 

 226 

Thus, the hypoid final drive ratio can be expressed as 227 

𝑖12 =
𝜔1

𝜔2
=

𝑀21

𝑀12
=

𝐷𝜔𝑃12

𝑑𝜔𝑃21
=

𝐷𝜔𝑃𝑛 𝑐𝑜𝑠(𝛽2)

𝑑𝜔𝑃𝑛 𝑐𝑜𝑠(𝛽1)
=

𝐷𝜔

𝑑𝜔
𝑘12,     𝑘12 =

𝑐𝑜𝑠(𝛽2)

𝑐𝑜𝑠(𝛽1)
= 1.2…1.5         (12) 228 

where dω, Dω – reference (pitch) diameters of pinion and ring correspondingly. 229 

 230 

The hypoid gearing efficiency and teeth sliding speed may be calculated as 231 

𝜂12 =
1+𝜇12 𝑡𝑎𝑛(𝛽2)

1+𝜇12 𝑡𝑎𝑛(𝛽1)
,                    𝑣𝑠 = 𝑣1

sin(𝛽1−𝛽2)

sin(𝛽2)
                                    (13) 232 

where μ12 - coefficient of teeth friction (μ12 = 0.05…0.1, η12 = 0.96…0.97), v1 - pinion peripheral 233 

speed. 234 

 235 

Consequently, the torque relation for the final drive gearing may be written for two cases 236 

depending on the power flow passing through pinion and gear ring. 237 
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𝑀21 +𝑀12𝑖12𝜂12 = 0,       𝑀21𝜂21 +𝑀12𝑖12 = 0                                  (14) 238 

 239 

4.2. Generalization of dynamics equations 240 

 241 

4.2.1. System of rotational equations 242 

Using Fig. 5, the system of differential equations can be combined for each design element, 243 

considering generalized states of power flows between the parts. Assuming the internal 244 

moments to be unknown, the system may be represented in the form of the extended left side, 245 

then 246 

{
 
 
 
 
 

 
 
 
 
 𝐼1𝜀1𝜂1𝐵 −𝑀12𝜂1𝐵

(𝑐) = 𝑇1𝜂1𝐵
(𝑠) + 𝑉1

𝐼2𝜀2𝜂2𝐵−𝑀21𝜂2𝐵
(𝑠) −𝑀23𝜂2𝐵

(𝑐) −𝑀26 −𝑀27 = 𝑉2
𝑛𝑠𝐼3𝜀3𝜂3𝐵 − 𝑛𝑠𝑀34𝜂3𝐵 − 𝑛𝑠𝑀35𝜂3𝐵 = 𝑛𝑠𝑉3

𝐼4𝜀4𝜂4𝐵 −𝑀43𝜂4𝐵
(𝑠)
−𝑀48 = 𝑇4𝜂4𝐵

(𝑐)
+ 𝑉4

𝐼5𝜀5𝜂5𝐵 −𝑀53𝜂5𝐵
(𝑠) −𝑀59 = 𝑇5𝜂5𝐵

(𝑐) + 𝑉5

𝐼6𝜀6𝜂6𝐵 −𝑀62𝜂6𝐵
(𝑠) = 𝑀68𝜂6𝐵

(𝑐) + 𝑉6

𝐼7𝜀7𝜂7𝐵 −𝑀72𝜂7𝐵
(𝑠) = 𝑀79𝜂7𝐵

(𝑐) + 𝑉7

𝐼8𝜀8𝜂8𝐵 −𝑀84𝜂8𝐵
(𝑠) = 𝑀86𝜂8𝐵

(𝑐) + 𝑉8

𝐼9𝜀9𝜂9𝐵 −𝑀95𝜂9𝐵
(𝑠) = 𝑀97𝜂9𝐵

(𝑐) + 𝑉9

                                (15) 247 

where In – moment of inertia, εn – angular acceleration, ηnB – bearing efficiency, Mnk – internal 248 

and external moments (k – position of counteracting element), Vn – moment of viscous losses, 249 

Tn – external torque, ns – number of satellites, n – position of element (n = {1…9}), s, c – upper 250 

indexes meaning state/converse state of transmitting the power. 251 

 252 

Denote vectors: I – of inertias, ηB – of pure bearing efficiencies, ηT - of external torques' 253 

efficiencies, ηM – of friction torques' efficiencies, ns – of satellite quantity. 254 

𝑰 =

(

 
 
 
 
 
 

𝐼1
𝐼2
𝐼3
𝐼4
𝐼5
𝐼6
𝐼7
𝐼8
𝐼9)

 
 
 
 
 
 

,    𝜼𝐵 =

(

 
 
 
 
 
 

𝜂1𝐵
𝜂2𝐵
𝜂3𝐵
𝜂4𝐵
𝜂5𝐵
𝜂6𝐵
𝜂7𝐵
𝜂8𝐵
𝜂9𝐵)

 
 
 
 
 
 

,   𝜼𝑇 =

(

 
 
 
 
 
 
 

𝜂1𝐵
(𝑠)

1
1

𝜂4𝐵
(𝑐)

𝜂5𝐵
(𝑐)

1
1
1
1 )

 
 
 
 
 
 
 

,   𝜼𝑀 =

(

 
 
 
 
 
 
 
 

1
1
1
1
1

𝜂6𝐵
(𝑐)

𝜂7𝐵
(𝑐)

𝜂8𝐵
(𝑐)

𝜂9𝐵
(𝑐)
)

 
 
 
 
 
 
 
 

,   𝒏𝑠 =

(

 
 
 
 
 
 

1
1
𝑛𝑠
1
1
1
1
1
1 )

 
 
 
 
 
 

               (16) 255 

 256 

Then, it can be denoted for the matrix ID of inertia influence 257 

𝑰𝐷 = 𝑑𝑖𝑎𝑔(𝑰) 𝑑𝑖𝑎𝑔(𝒏𝑠) 𝑑𝑖𝑎𝑔(𝜼𝐵)                                              (17) 258 

 259 

4.2.2. Power flows and efficiencies 260 

The states (s) and (c) are mutually opposite and caused by different events for various design 261 

elements. Thus, the main linked components of the differential k = {1, 2, 4, 5} can transmit the 262 
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direct (d) and reverse (r) power flow relative to the order of nodes in the vector L, and, 263 

consequently, the possible states correspond to the combinations  264 

𝜂𝑘𝐵
(𝑠)  ∈ {𝜂𝑘𝐵

(𝑑), 𝜂𝑘𝐵
(𝑟)},               𝜂𝑘𝐵

(𝑐)  ∈ {𝜂𝑘𝐵
(𝑟), 𝜂𝑘𝐵

(𝑑)},                                 (18) 265 

 266 

That is, if the state (s) is switched to (d), then state (c) is shifted to (r), and vice versa. In turn, the 267 

substitution of values is carried out according to the principle: 268 

𝜂𝑘𝐵
(𝑠) = 𝜂𝑘𝐵

(𝑑) = 𝜂𝑘𝐵 ⟹ 𝜂𝑘𝐵
(𝑐) = 𝜂𝑘𝐵

(𝑟) = 1,      𝜂𝑘𝐵
(𝑠) = 𝜂𝑘𝐵

(𝑟) = 1 ⟹ 𝜂𝑘𝐵
(𝑐) = 𝜂𝑘𝐵

(𝑑) = 𝜂𝑘𝐵         (19) 269 

 270 

When considering the power flow, the direction may be determined from the following 271 

prerequisites. If the power is transmitted through the drivetrain to wheels, the input flow must 272 

exceed the algebraic sum of the output power flows regardless of the internal mechanism state 273 

since the mechanical connections themselves already take into account the ratio of the input 274 

and output powers. Then, the direct power flow corresponds to the condition 275 

|𝑇1𝜔1|  >  |𝑇4𝜔4 + 𝑇5𝜔5|                                                      (20) 276 

which means the state (s) has been switched to the (d). 277 

 278 

On the other hand, if the wheels drive the semi-axles, the power is returned to the transmission 279 

and the flow becomes reverse. Another situation is tied with redistributing the external powers 280 

between wheels when their signs are opposite and modules differ slightly. In these cases, the 281 

condition is 282 

 |𝑇4𝜔4 + 𝑇3𝜔3|  ≥ |𝑇1𝜔1|                                                    (21) 283 

which corresponds to switching state (s) to (r). 284 

 285 

There is a different picture with the drive of the friction clutches' components 286 

corresponding to the elements k = {6, 7, 8, 9}. In this case, in each element, the direct/reverse 287 

state can be changed independently of the general power flow direction. That is, states (s) and 288 

(c) can take on direct and reverse modes (d) and (r) depending on whether a flow corresponds 289 

to the direct order of nodes while transmitting power or to the reverse order (Fig. 4). Thus, the 290 

math approach, in this case, is equal to Eq. (19). 291 

Note that each friction clutch can be activated individually, withdrawing some torque 292 

from the carrier as well as returning to it. Elements k = {6, 7} are initially in the direct phase, 293 

transmitting torques from the carrier even in the case of disengaged clutches. In this case, the 294 

condition for transmitting power from the carrier can be represented as 295 

|𝑀62| − |𝑀86| > 0,                 |𝑀72| − |𝑀97| > 0                               (22) 296 

Elements k = {8, 9} are initially in the passive phase (idle). The condition for activating the 297 

additional torque on a semi-axle can be expressed as 298 

|𝑀86| − |𝑀84| > 0,                 |𝑀97| − |𝑀95| > 0                               (23) 299 

Values M86, M97 are calculated by the dependencies for frictional moments to be considered 300 

below. 301 

 302 

Denote vectors of all the internal moments M, Ns of satellite quantity, bearing efficiencies 303 

depending on states: ηBM of internal links, ηBS of satellites, ηBC of clutches. Vector Ns can be 304 
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obtained by changing values in vector l Eq. (1) with 1, except for positions equal to numeric 3 305 

(satellites), which are replaced with the number of satellites ns. Vector ηBS structurally 306 

corresponds to the vector Ns but contains efficiency η3B instead of ns. 307 

𝑴 =

(

 
 
 
 
 
 
 
 
 
 
 
 
 
 

𝑀12
𝑀21

𝑀23

𝑀32

𝑀26

𝑀62

𝑀27

𝑀72

𝑀34

𝑀43

𝑀35

𝑀53

𝑀48

𝑀84

𝑀59

𝑀95)

 
 
 
 
 
 
 
 
 
 
 
 
 
 

,   𝑵𝑠 =

(

 
 
 
 
 
 
 
 
 
 
 
 

1
1
1
𝑛𝑠
1
1
1
1
𝑛𝑠
1
𝑛𝑠
1
1
1
1
1 )

 
 
 
 
 
 
 
 
 
 
 
 

,   𝜼𝐵𝑀 =

(

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

𝜂1𝐵
(𝑐)

𝜂2𝐵
(𝑠)

𝜂2𝐵
(𝑐)

1
1
1
1
1
1

𝜂4𝐵
(𝑠)

1

𝜂5𝐵
(𝑠)

1
1
1
1 )

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

,   𝜼𝐵𝑆 =

(

 
 
 
 
 
 
 
 
 
 
 
 

1
1
1
𝜂3𝐵
1
1
1
1
𝜂3𝐵
1
𝜂3𝐵
1
1
1
1
1 )

 
 
 
 
 
 
 
 
 
 
 
 

,   𝜼𝐵𝐶 =

(

 
 
 
 
 
 
 
 
 
 
 
 
 
 

1
1
1
1
1

𝜂6𝐵
(𝑠)

1

𝜂7𝐵
(𝑠)

1
1
1
1
1

𝜂8𝐵
(𝑠)

1

𝜂9𝐵
(𝑠)
)

 
 
 
 
 
 
 
 
 
 
 
 
 
 

             (24) 308 

 309 

Matrix HB is obtained based on vectors ηBM, ηBS, and ηBC, and HT by using ηT and ηM 310 

 𝑯𝐵 = 𝑑𝑖𝑎𝑔(𝜼𝐵𝑀)𝑑𝑖𝑎𝑔(𝜼𝐵𝑆)𝑑𝑖𝑎𝑔(𝜼𝐵𝐶),         𝑯𝑇 = 𝑑𝑖𝑎𝑔(𝜼𝑇)𝑑𝑖𝑎𝑔(𝜼𝑀)                (25) 311 

 312 

4.2.3. Internal moments 313 

Suppose that the vector M components are initially unknown, which allows us to consider them 314 

on the system's left side (15). Each pair Mkl, Mlk reflects the force interaction of conjugated parts. 315 

To group the moments according to the corresponding equations, a logical matrix E may be 316 

introduced. To obtain it, the element-wise comparison of two matrices should be carried out. 317 

One matrix is obtained by repeating the column-vector of the parts' serial numbers (1 ... n) the 318 

number of times corresponding to the doubled number (2∙m) of connections in the matrix L. The 319 

second matrix is obtained by repeating the row-vector l from Eq. (1) the number of times equal 320 

to the number of details (n). However, the pair 2-3 does not provide an absolute kinematic 321 

connection between the carrier and the satellites. The moments act in different planes, so the 322 

element corresponding to row 3 and column 2∙2 = 4 must be zeroed in matrix E. Thus, the left 323 

part of the system Eq. (15) associated with unknown moments may be represented in the matrix 324 

form as 325 

𝑬𝐷 = −𝑬 𝑑𝑖𝑎𝑔(𝑵𝑠) 𝑑𝑖𝑎𝑔( 𝑯𝐵)                                               (26) 326 

 327 

4.2.4. Loading conditions and viscous resistance 328 

Introducing the vectors v of viscous resictance coefficients, V of viscous moments, ωh of housing 329 

angular speeds, and ωr of relative angular speeds, then 330 
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𝒗 =

(

 
 
 
 
 
 

𝑣1
𝑣2
𝑣3
𝑣4
𝑣5
𝑣6
𝑣7
𝑣8
𝑣9)

 
 
 
 
 
 

,  𝑽 =

(

 
 
 
 
 
 

𝑉1
𝑉2
𝑉3
𝑉4
𝑉5
𝑉6
𝑉7
𝑉8
𝑉9)

 
 
 
 
 
 

,  𝝎ℎ =

(

 
 
 
 
 
 

0
0
0
𝜔2
𝜔2
0
0
𝜔6
𝜔7)

 
 
 
 
 
 

,  𝝎𝑟 = 𝝎−𝝎ℎ,  𝑽 = −𝑑𝑖𝑎𝑔(𝒗)𝝎𝒓             (27) 331 

 332 

Consequently, the viscous losses for the system of Eq. (15) 333 

𝑽𝐷 = 𝑑𝑖𝑎𝑔(𝒏𝑠)𝑽 = −𝑑𝑖𝑎𝑔(𝒏𝑠) 𝑑𝑖𝑎𝑔(𝒗) 𝝎𝒓                                  (28) 334 

 335 

Introduce vectors T of external torques, TT of the known external torques, and matrix eT of 336 

transition to the vector T, then 337 

𝑻 =

(

 
 
 
 
 
 

𝑇1
0
0
𝑇4
𝑇5
𝑀68

𝑀79

𝑀86

𝑀97)

 
 
 
 
 
 

,   𝑻𝑇 =

(

 
 

𝑇1
𝑇4
𝑇5
𝑀86

𝑀97)

 
 

,   𝒆𝑇 =

(

 
 
 
 
 
 

1
0
0
0
0
0
0
0
0

0
0
0
1
0
0
0
0
0

0
0
0
0
1
0
0
0
0

0
0
0
0
0
−1
0
1
0

0
0
0
0
0
0
−1
0
1 )

 
 
 
 
 
 

,   𝑻 = 𝒆𝑇𝑻𝑇             (29) 338 

 339 

Consequently, the right part of the Eq. (xx) system may be represented in the matrix form 340 

𝑻𝐷 =  𝑯𝑇𝑻 =  𝑯𝑇𝒆𝑇𝑻𝑇                                                      (30) 341 

Thus, the system of Eq. (15) may be written as 342 

𝑰𝐷𝜺 + 𝑬𝐷𝑴 = 𝑻𝐷 + 𝑽𝐷                                                     (31) 343 

 344 

4.3. Friction torque 345 

 346 

4.3.1. Friction model 347 

Additional delivery of a power flow in this DM design is carried out by the external control 348 

according to the necessity (dashed lines in Fig. 4) and corresponds to the interactions of nodes 349 

specified in the matrix C Eq. (1). The formation of driving moments in friction clutches is 350 

schematically shown in Fig. 5 f, g, h. Moreover, it is obvious that M68 = -M86, M79 = -M97, which 351 

allows to consider only driven parts. Frictional moments in clutches are functions of design 352 

parameters and normal forces N10, N11. 353 

𝑀𝑘𝑙 = 𝑓𝑘𝑙𝑁𝑝𝑅𝑝𝑛𝑘𝑙                                                            (32) 354 

where Mkl – driving frictional moment, k = {8, 9} and l = {6, 7} – indexes denoting frictional 355 

elements, Np – normal force, p = {10, 11} – indexes denoting pressing elements, Rp – average 356 

friction radius, fkl – friction factor, nkl – number of friction surfaces. 357 

 358 

The hyperbolic tangent function can be accepted as a frictional model ensuring automatic 359 

changing the sign when clutch sliding. Also, this model usage is sufficient since the design does 360 
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not provide strict conditions for locking clutches, as it is required, for example, in the automatic 361 

gearbox. Moreover, the value of torque transmitted to a wheel should preferably be proportional 362 

to the pressure in a hydraulic cylinder, which makes the control predictable and stable. 363 

𝑓𝑘𝑙 = 𝜇𝑘𝑙 𝑡𝑎𝑛ℎ(𝑐𝑘𝑙∆𝜔𝑘𝑙),      ∆𝜔𝑘𝑙 = (𝜔𝑙 − 𝜔𝑘)                                 (33) 364 

where μkl - module value of friction coefficient, 𝑐𝑘𝑙 – intensity coefficient. 365 

 366 

4.3.2. Clutch locking 367 

Despite the possibility of conditionally unlimited increasing the normal force Np in Eq. (32), the 368 

frictional moment is restricted by the critical value Npс leading to locking a clutch. At the same 369 

time, a Npс value does not remain constant being consistent with external loading changes. In 370 

this regard, it is necessary to provide an algorithm for setting the locking mode and limiting the 371 

friction torque. For this, introduce a threshold zone ±Δωc in the vicinity of Δωkl = 0, where the 372 

mode is equivalent to the lock state and the sliding is practically absent. The current value of the 373 

clutch compression force Np can result two states: 374 

|Δ𝜔𝑘𝑙| > Δ𝜔𝑐,    |Δ𝜔𝑘𝑙| ≤ Δ𝜔𝑐                                            (34) 375 

If the absolute value of the relative angular speed does not exceed a threshold value, the Np 376 

value is stored into the memory as Np(-1). At the next step, the new value Np(+1) be compared 377 

with the previous one for the minimum 378 

𝑁𝑝 = 𝑚𝑖𝑛 {𝑁𝑝(−1) 𝑁𝑝(+1)}                                               (35) 379 

Note that an Np value is not related to a friction moment sign. This point stipulates only positive 380 

values of Np. The friction moment in this state is defined as 381 

𝑀𝑘𝑙 = 𝜇𝑘𝑙𝑁𝑝𝑅𝑝𝑛𝑘𝑙 𝑠𝑔𝑛(∆𝜔𝑘𝑙)                                              (36) 382 

When Δωkl exceeds a threshold value, the Np current value is taken as the basic one and cycles 383 

are repeated again. 384 

 385 

4.3.3. Normal force 386 

Consider the translational motion of pistons compressing the clutches shown in Fig. 5h. The 387 

system of equations can be represented as 388 

{
𝑑𝑥𝑝 𝑑𝑡⁄ = 𝑠𝑝

𝑚𝑝𝑎𝑝 = 𝑃𝑝 + 𝑁𝑝
′                                                             (37) 389 

where mp – piston mass, ap – piston acceleration, sp - piston velocity, xp - piston translational 390 

displacement, Pp – resulting piston force, N'p - force of combined normal reaction, p – index of 391 

translational element (p = 10, 11). 392 

 393 

Denote 394 

𝑃𝑝 = 𝑝𝑝𝐴𝑝 + 𝐹𝑝 + 𝑆𝑝                                                       (38) 395 

Where pp – pressure in cylinder p, Ap – piston area, Fp - resistance force of interaction between 396 

cylinder and cuff, Sp - elastic force of return springs. 397 

 398 

The components of Eq. (38) may be found by following formulas, considering p = 10, 11: 399 

𝐴𝑝 =
𝜋

4
(𝑑𝑝𝑒

2 − 𝑑𝑝𝑖
2 )                                                         (39) 400 

where dpe, dpi – piston external and internal diameters. 401 

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 26 November 2021                   doi:10.20944/preprints202111.0507.v1

https://doi.org/10.20944/preprints202111.0507.v1


15 
 

𝑆𝑝 = −𝑘𝑠𝑝(𝑥𝑝 + 𝛥𝑝0)                                                      (40) 402 

where ksp – spring stiffness, Δ p0 – initial deformation. 403 

𝐹𝑝 = −(𝑝𝑝ℎ𝜋(𝑑𝑝𝑒 + 𝑑𝑝𝑖)𝑓𝑝 + 𝜈𝑝𝑠𝑝),    𝑓𝑝 = 𝜇𝑝 𝑡𝑎𝑛ℎ(𝑐𝑝𝑠𝑝)                      (41) 404 

where h – cuff width, fp – friction factor, νp – viscous coefficient, μp – module value of 405 

translational friction coefficient, cp – intensity coefficient. 406 

 407 

The simplest way to form the force N'p consists of setting piecewise linear functions depending 408 

on the piston stroke. The N'p reaction ensures the piston hard stop in the boundary positions, 409 

while the Np component is the clutch compressing force. 410 

𝑁𝑝
′ = −𝑘𝑝1𝑥𝑝𝐸𝐻(−𝑥𝑝) − 𝑁𝑝, 411 

𝑁𝑝 = 𝑘𝑝2(𝑥𝑝 − 𝑥𝑝∆) (𝐸𝐻(𝑥𝑝 − 𝑥𝑝∆) − 𝐸𝐻(𝑥𝑝 − 𝑥ℎ∆)) + 𝑃𝑝𝑜𝐸𝐻(𝑥𝑝 − 𝑥ℎ∆)             (42) 412 

where kp1, kp2 – stiffness of elastic forces in the piston boundary positions, xpΔ - clearance for 413 

ensuring the complete clutch disengagement, xhΔ – piston stroke corresponding to the hard-stop, 414 

Ppo – value of the Pp force evaluated at preceding time-step, EH – Heaviside step-function. 415 

 416 

4.4. Kinematic connections and constraints 417 

 418 

In describing the ideal kinematic connections adopted in the sport differential design, two 419 

moments occur regarding the continuity of links transmitting both absolute and relative 420 

kinematic parameters. Introduce the basic kinematic vectors  421 

      𝝎 = (

𝜔1
⋮
𝜔𝑛
),                  𝜺 =

𝑑𝝎

𝑑𝑡
= (

𝜀1
⋮
𝜀𝑛
)                                        (43)     422 

where n = 9 – number of rotating components. 423 

 424 

Particularly, as shown in Fig. 3, some of the elements (2, 3, 4, 5) have differential relations, and 425 

the motion of the satellites 3 is described by the relative angular speed ω3. Thus, for all couples 426 

(columns) of the matrix L Eq. (1), except for containing the element 3, the gear ratios are defined 427 

as 428 

𝑖𝑘𝑙 = 𝜔𝑘 𝜔𝑙⁄                                                                 (44) 429 

where k = {1, 2, 2, 4, 5}, l = {2, 6, 7, 8, 9} – the positions of the couples' elements transmitting the 430 

absolute angular speeds. 431 

 432 

In this case, the equation of continuity of a kinematic connection in general form can be written 433 

as 434 

𝜔𝑘 − 𝑖𝑘𝑙𝜔𝑙 = 0,           𝜀𝑘 − 𝑖𝑘𝑙𝜀𝑙 = 0                                            (45) 435 

 436 

In the case of differential dependency between links 437 

𝑖𝑘𝑙 = 𝑖𝑘𝑙
(𝑝) = (𝜔𝑘 − 𝜔𝑝) (𝜔𝑙 − 𝜔𝑝)⁄                                            (46) 438 

where k = {4, 5}, l = {5, 4} – the positions of the couples' elements transmitting the relative 439 

angular speeds, p = {2, 2} – positions of the stopped carrier. 440 

 441 
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The general remark regarding the sign of a gear ratio can be made, assuming that it is determined 442 

depending on the rotational directions of the corresponding parts. Thus, if both linked parts 443 

provide the same counterclockwise and clockwise rotations, their gear ratio is to be considered 444 

as positive regardless of whether the engagement is external or internal. Conversely, a change 445 

of direction means a negative gear ratio. For example, the couple 3-5 (Fig. 3) ensures the rotation 446 

of the satellites 3 counterclockwise if the side gear 5 also rotates counterclockwise. But the 447 

symmetrical to it couple 3-4 ensures the clockwise rotation of the satellites 3 if the side gear 4 448 

rotates counterclockwise, which corresponds to a negative gear ratio. Note that with this 449 

approach, the signs of the mechanism's force and kinematic gear ratios coincide. 450 

As known, the differential mechanism provides two degrees of freedom, and at the same 451 

time, according to Fig. 3, three couples of details are involved. It is assumed that the ratios i34 452 

and i35 correspond to when carrier 2 is stopped. Differential constraints are described by the 453 

Willis formula, which gives the following statements for the case of power distribution 454 

𝑖45
(2) =

𝜔4−𝜔2

𝜔5−𝜔2
=

𝜔4
(2)

𝜔5
(2) =

𝜔4
(2)

𝜔3

𝜔3

𝜔5
(2) = −

𝑧3

𝑧4

𝑧5

𝑧3
=

𝑖43
(2)

𝑖53
(2) =

𝑖35

𝑖34
                                (47) 455 

where z3, z5 – teeth numbers of corresponding elements. 456 

 457 

The relative ratios between side gears and satellites are determined as follows 458 

𝑖43
(2) =

𝜔4−𝜔2

𝜔3
=

𝜔4
(2)

𝜔3
=

1

𝑖34
,    𝑖53

(2) =
𝜔5−𝜔2

𝜔3
=

𝜔5
(2)

𝜔3
=

1

𝑖35
                              (48) 459 

 460 

These Eqs. (47, 48) give the relative kinematic expressions for differential links 461 

(𝜔4 −𝜔2)𝑖34 − (𝜔5 − 𝜔2)𝑖35 = 0, 462 

𝜔3 − (𝜔4 − 𝜔2)𝑖34 = 0,           𝜔3 − (𝜔5 − 𝜔2)𝑖35 = 0                                 (49) 463 

 464 

Thus, the resulting system of algebraic equations of kinematic connections, using Eqs. (48, 49), 465 

is 466 

{
 
 
 
 

 
 
 
 

𝜀1 − 𝑖12𝜀2 = 0
(𝜀4 − 𝜀2)𝑖34 − (𝜀5 − 𝜀2)𝑖35 = 0

𝜀2 − 𝑖26𝜀6 = 0
𝜀2 − 𝑖27𝜀7 = 0

𝜀3 − (𝜀4 − 𝜀2)𝑖34 = 0

𝜀3 − (𝜀5 − 𝜀2)𝑖35 = 0
𝜀4 − 𝑖48𝜀8 = 0
𝜀5 − 𝑖59𝜀9 = 0

                                              (50) 467 

 468 

This system can be decomposed considering in Eqs. (1, 2) vector i and matrix L 469 

  𝜺𝑖𝑛 =

(

 
 
 
 
 

𝜀1
𝜀2
𝜀2
𝜀2
𝜀3
𝜀3
𝜀4
𝜀5)

 
 
 
 
 

,     𝜺𝑜𝑢𝑡 =

(

 
 
 
 
 

𝜀2
𝜀3
𝜀6
𝜀7
𝜀4
𝜀5
𝜀8
𝜀9)

 
 
 
 
 

−

(

 
 
 
 
 

0
0
0
0
𝜀2
𝜀2
0
0)

 
 
 
 
 

,     𝜺𝑖𝑛 = 𝒆𝑖𝑛𝜺,     𝜺𝑜𝑢𝑡 = 𝒆𝑜𝑢𝑡𝜺              (51) 470 

 471 
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The matrices ein, eout can be obtained based on rows 1 and 2 of the matrix L, respectively. For 472 

this, two matrices are logically compared, one of which is obtained by repeating an elements' 473 

column-vector several times equal to the number of connections, and the second - by copying a 474 

row of matrix L (upper for ein or lower for eout) several times equal to the number of elements 475 

being considered (n in this case). The result will give logical matrices containing 0 and 1. Note 476 

that the link 2-3 in the matrix L describing the interaction between the carrier 2 and satellites 3 477 

is differential, and therefore the corresponding row in the vectors εin, εout must be zeroed and 478 

links 3-4 and 3-5 to be represented by relative angular accelerations following Eq. (49). To do 479 

this, introduce the matrix ed, which ensures the replacement of the conjugation of the carrier 480 

and satellites rotating in different planes with a differential connection by subtracting the angular 481 

accelerations for the side gears and satellites relative to the satellite. Thus, Eq. (50) in matrix 482 

form is 483 
 484 

𝒆𝜀 = 𝒆𝑑(𝒆𝑖𝑛 − 𝑑𝑖𝑎𝑔(𝒊)𝒆𝑜𝑢𝑡),   𝒆𝜺𝜺 = 𝒛                                        (52) 485 

where z – zero column-vector with the length corresponding to the number of kinematic links. 486 

 487 

On the other hand, the differential is characterized by two degrees of freedom. That is, the vector 488 

ε of angular accelerations can be expressed through the vector εD containing only the angular 489 

accelerations of the side gears 490 

𝜺𝐷 = (
𝜀4
𝜀5
),               𝜺 = 𝑬𝜀𝜺𝐷                                               (53) 491 

where 492 

   𝑬𝜀 =
1

(𝑖34−𝑖35)

(

 
 
 
 
 
 

𝑖12𝑖34
𝑖34

−𝑖35𝑖34
(𝑖34 − 𝑖35)

0
𝑖34 𝑖26⁄

𝑖34 𝑖27⁄

(𝑖34 − 𝑖35) 𝑖48⁄
0

−𝑖12𝑖35
−𝑖35
𝑖35𝑖34
0

(𝑖34 − 𝑖35)

− 𝑖35 𝑖26⁄

− 𝑖35 𝑖27⁄
0

(𝑖34 − 𝑖35) 𝑖59⁄ )

 
 
 
 
 
 

                               (54) 493 

 494 

Thus, the substitution of Eq. (54) in Eq. (52) helps to reduce the number of unknown kinematic 495 

variables 496 

𝒆𝜀 = 𝒆𝑑(𝒆𝑖𝑛 − 𝑑𝑖𝑎𝑔(𝒊)𝒆𝑜𝑢𝑡),          𝒆𝜀𝑬𝜀𝜺𝐷 = 𝒛                                 (55) 497 

 498 

4.5. Gearing conditions 499 

 500 

Consider the force factors emerging in conjugated components. In the general case, the sum of 501 

the moments at a node can be expressed as 502 

𝑀𝑘𝑖𝑘𝑙 +𝑀𝑙 = 0                                                              (56) 503 

where k, l – indexes of conjugated details, ikl – ratio. 504 

 505 

Note that in the general case, ikl can be both positive and negative depending on whether the 506 

connection changes the moment sign. Thus, for example, for an internal gearing pair, the 507 
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directions of positive moments coincide and, therefore, the gear ratio is positive, which 508 

determines the opposite signs of Ml and Mk as the driving and reaction moments in a node. 509 

 510 

Assuming that a part of mechanical energy is lost during transmitting the moment, for the cases 511 

of direct and reverse power flow, it can be respectively written 512 

𝑀𝑘𝑙𝑖𝑘𝑙𝜂𝑘𝑙 +𝑀𝑙𝑘 = 0,         𝑀𝑘𝑙𝑖𝑘𝑙 +𝑀𝑙𝑘𝜂𝑙𝑘 = 0                                   (57) 513 

where ηkl, ηlk – direct and reverse gearing efficiencies, correspondingly (it may be supposed ηkl 514 

= ηlk). 515 

 516 

Denote vectors of gearing efficiencies ηG for exceptionally differential's details, of gearing 517 

efficiencies ηC for clutches' details, and of unknown internal moments MD 518 

𝜼𝐺
(𝑠) =

(

 
 
 
 
 
 

𝜂12
(𝑠)

𝜂23
(𝑠)

1
1

𝜂34
(𝑠)

𝜂35
(𝑠)

1
1 )

 
 
 
 
 
 

,    𝜼𝐺
(𝑐) =

(

 
 
 
 
 
 

𝜂12
(𝑐)

𝜂23
(𝑐)

1
1

𝜂34
(𝑐)

𝜂35
(𝑐)

1
1 )

 
 
 
 
 
 

 ,    𝜼𝐶
(𝑠) =

(

 
 
 
 
 
 

1
1

𝜂26
(𝑠)

𝜂27
(𝑠)

1
1

𝜂48
(𝑠)

𝜂59
(𝑠)
)

 
 
 
 
 
 

,    𝜼𝐶
(𝑐) =

(

 
 
 
 
 
 

1
1

𝜂26
(𝑐)

𝜂27
(𝑐)

1
1

𝜂48
(𝑐)

𝜂95
(𝑐)
)

 
 
 
 
 
 

,    𝑴𝐷 =

(

 
 
 
 
 

𝑀21

𝑀32

𝑀62

𝑀72

𝑀43

𝑀53

𝑀84

𝑀95)

 
 
 
 
 

      (58) 519 

where s, c – upper indexes for determining possible state/converse state efficiencies depending 520 

on whether the power is being transmitted according to the order of nodes in matrices L and C 521 

or conversely. 522 

 523 

Thus, the systems of moments' equilibrium for the generalized case of direct or reverse power 524 

flow is  525 

   

{
 
 
 
 
 

 
 
 
 
 𝑀21𝜂12

(𝑐) +𝑀12𝜂12
(𝑠)𝑖12 = 0

𝑀32𝑛𝑠𝜂23
(𝑐) +𝑀23𝜂23

(𝑠)𝑖23 = 0

𝑀62𝜂26
(𝑐) +𝑀26𝜂26

(𝑠)𝑖26 = 0

𝑀72𝜂27
(𝑐) +𝑀27𝜂27

(𝑠)𝑖27 = 0

𝑀43𝜂34
(𝑐) +𝑀34𝜂34

(𝑠)𝑖34𝑛𝑠 = 0

𝑀53𝜂35
(𝑐) +𝑀35𝜂35

(𝑠)𝑖35 𝑛𝑠 = 0

𝑀84𝜂48
(𝑐) +𝑀48𝜂48

(𝑠)𝑖48 = 0

𝑀95𝜂59
(𝑐) +𝑀59𝜂59

(𝑠) 𝑖59 = 0

 ,                                                (59) 526 

 527 

Note that the certain view of equation system Eq. (59) depends on states of power flows passing 528 

through the differential as well as through the clutches. For each pair of k = {1, 2, 3, 3} and l = 529 

{2, 3, 4, 5}, possible states are switched simultaneously since these parts are being connected in 530 

the whole mechanism. Thus, 531 

𝜼𝐺
(𝑠)  ∈ {𝜼𝐺

(𝑑), 𝜼𝐺
(𝑟)},            𝜼𝐺

(𝑐)  ∈ {𝜼𝐺
(𝑟), 𝜼𝐺

(𝑑)} 532 

𝜼𝐺
(𝑑) = 𝜼𝐺 ⟹ 𝜼𝐺

(𝑟) = {𝟏},           𝜼𝐺
(𝑟) = 𝜼𝐺 ⟹ 𝜼𝐺

(𝑑) = {𝟏}                             (60) 533 

where ηG – gearing efficiency vector with ηkl, {1} – vector of ones with the same size as ηG. 534 
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 535 

Unlike the aforesaid, the clutches' elements can be in active and passive phases depending on 536 

values of friction moments M86 and M97 regardless of the basic mechanism state. A clutch may 537 

be withdrawing some torque from the carrier as well as returning it back. For each pair of k = {6, 538 

7, 8, 9} and l = {2, 2, 4, 5} the state may be determined by the sign of the difference in moments 539 

since an angular velocity is the same at the both sides of an element 540 

|𝑀𝑘𝑙| − |𝑀𝑓| > 0                                                            (61)          541 

where the friction moment Mf = {M86, M97} for corresponding indexes k and l. 542 

 543 

If the inequality Eq. (61) for a clutch component is satisfied, its mode will be "direct" and vice 544 

versa. This implies the following assertions, where upper indexes denote conditionally direct (d) 545 

and reverse (r) states.  546 

𝜂𝑘𝑙
(𝑠)
 ∈ {𝜂𝑘𝑙

(𝑑)
, 𝜂𝑘𝑙

(𝑟)},    𝜂𝑘𝑙
(𝑐)
 ∈ {𝜂𝑘𝑙

(𝑑)
, 𝜂𝑘𝑙

(𝑟)} 547 

𝜂𝑘𝑙
(𝑑) = 𝜂𝑘𝑙 ⟹ 𝜂𝑘𝑙

(𝑟) = 1,   𝜂𝑘𝑙
(𝑑) = 𝜂𝑘𝑙 ⟹ 𝜂𝑘𝑙

(𝑟) = 1                                   (62) 548 

 549 

The pairwise use of the moments in Eq (59) as well as their sequential pair arrangement in the 550 

vector M makes possible to separate the parts of active and reaction moments through the 551 

matrices er at gear ratios and em for output loads of dimension m×2m. Thus, in the matrix er, the 552 

elements corresponding to the mesh nodes based on each row and each second column, starting 553 

from the first, are equal to 1, while other elements equal 0. The same procedure for forming the 554 

matrix em but starting from the second column. 555 

Considering the foregoing, the system of Eq. (59) may be represented in the matrix form as 556 

follows: 557 

𝒆𝑀𝑴 = 𝒛                                                                 (63) 558 

where for the generalized state of power flows 559 

𝒆𝑀 = (𝑯𝐺
(𝑠)𝑑𝑖𝑎𝑔(𝒊)𝒆𝑟 +𝑯𝐺

(𝑐)𝒆𝑚)𝑑𝑖𝑎𝑔(𝑵𝑠)                                 (64) 560 

 561 

On the other hand, based on the system Eq. (58), all the moments of vector M can be expressed 562 

by the elements of vector MD. Considering Eq. (24), it can be derived for the generalized case 563 

𝑬𝑀 = (𝑑𝑖𝑎𝑔(𝑵𝐷))
−1
(𝒆𝑚 − (𝑯𝐺

(𝑠)𝑑𝑖𝑎𝑔(𝒊))
−1

𝑯𝐺
(𝑐)𝒆𝑟)

𝑇

                       (65) 564 

where ND may be obtained by replacing elements 3 and 4 in the vector Ns with 1/ns and 1, 565 

correspondingly. 566 

 567 

Then,  568 

𝑴 = 𝑬𝑀𝑴𝐷,                   𝒆𝑀𝑬𝑀𝑴𝐷 = 𝒛                                       (66) 569 

 570 

Another step is regarding replacing M32 with expression based on M43 and M53. An additional 571 

condition can be formed for the reason that the driving moments of the differential carrier and 572 

satellites lie in different planes as shown in Fig. 5e. Obviously, for a satellite 573 

𝑃32 + 𝑃34 + 𝑃35 = 0                                                          (67) 574 
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Multiplying by the radius R23 of force transmission through the satellite's axle and by the number 575 

of satellites, obtain 576 

𝑛𝑠𝑃32𝑅23 + 𝑛𝑠𝑃34𝑅23 + 𝑛𝑠𝑃35𝑅23 = 0                                           (68) 577 

or 578 

𝑛𝑠𝑀32 + 𝑛𝑠𝑃34𝑅3
𝑅23

𝑅3
+ 𝑛𝑠𝑃35𝑅3

𝑅23

𝑅3
= 0  579 

𝑛𝑠𝑀32 + 𝑛𝑠𝑀34𝑖34𝑢24 + 𝑛𝑠𝑀35𝑖35𝑢25 = 0                                          (69) 580 

where u24 = R23/R4, u25 = R23/R5 – ratio of passing forces between the radii of satellites' axles 581 

and gearings (is may be accepted that u24 = u25 = 1). 582 

 583 

Using Eq. (59), Eq. (69) can be rewritten in the generalized form, respectively 584 

𝑀32
𝜂23
(𝑐)
𝑛𝑠

𝜂23
(𝑠)
𝑖23
= 𝑀43

𝜂34
(𝑐)

𝜂34
(𝑠) +𝑀53

𝜂35
(𝑐)

𝜂35
(𝑠)                                                  (70) 585 

Denote 586 

𝑏43 =
𝜂34
(𝑐)

𝜂34
(𝑠)

𝜂23
(𝑠)
𝑖23

𝜂23
(𝑐)
𝑛𝑠

,      𝑏53 =
𝜂35
(𝑐)

𝜂35
(𝑠)

𝜂23
(𝑠)
𝑖23

𝜂23
(𝑐)
𝑛𝑠

                                              (71) 587 

Then,  588 

𝑀32 = 𝑀43𝑏43 +𝑀53𝑏53                                                      (72) 589 

 590 

The latter allows to exclude the redundant variable M32 from MD and reduce unknown variables.  591 

Denote transition matrix S and vector MU of independent internal moments. Then 592 

𝑺 =

(

 
 
 
 
 

1 0 0 0 0 0 0
0 0 0 𝑏43 𝑏53 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1)

 
 
 
 
 

,       𝑴𝑈 =

(

 
 
 
 

𝑀21

𝑀62

𝑀72

𝑀43

𝑀53

𝑀84

𝑀95)

 
 
 
 

,        𝑴𝐷 = 𝑺𝑴𝑈                (73) 593 

 594 

4.6. Matrix form 595 

 596 

Thus, summarizing all the foregoing, the systems of Eqs. (15, 50, 59) can be rewritten in the 597 

matrix form as 598 

{
𝑰𝐷𝑬𝜀𝜺𝐷 + 𝑬𝐷𝑬𝑀𝑴𝐷 = 𝑻𝐷 + 𝑽𝐷

𝒆𝜀𝑬𝜀𝜺𝐷 = 𝒛𝑚
𝒆𝑀𝑬𝑀𝑴𝐷 = 𝒛𝑚

                                               (74) 599 

where zm – vector of zeros with dimension m×1. 600 

 601 

Denote matrices for Eq. (74) 602 

𝑫 = (

𝑰𝐷 𝑬𝐷
𝒆𝜀 𝒁𝑚,2𝑚
𝒁𝑚,𝑛 𝒆𝑀

),  𝑭 = (
𝑬𝜀 𝒁𝑛,𝑚
𝒁2𝑚,2 𝑬𝑀

),  𝑮 = (
𝑬2,2 𝒁2,𝑚−1
𝒁𝑚,2 𝑺

),  𝑹 = (
𝑻𝐷 + 𝑽𝐷
𝒛𝑚
𝒛𝑚

)      (75) 603 

where Zq,r – matrix of zeros with dimension q×r, E2,2 – identity matrix 2×2. 604 

 605 
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According to the properties of Eqs. (55, 66), the kinematic and gearing equations in Eq. (74) 606 

become zeros, and, therefore, may be reduced by the rectangular identity matrix EU with 607 

dimension n×n+2m. Consequently, the final view of matrix components may be found as follows 608 

𝒙 = (
𝜺𝐷
𝑴𝑈

),   𝑬𝑈 = 𝑬𝑛,𝑛+2𝑚,   𝑩 = 𝑬𝑈𝑹,   𝑨 = 𝑬𝑈𝑫𝑭𝑮,   𝒙 = 𝑨−1𝑩                 (76) 609 

 610 

5. Simulation 611 

 612 

5.1. Simulink-model 613 

 614 

Based on the preceding theoretical expressions, a simulation model (Fig. 6) of the sport 615 

differential mechanism and its control under external loads conditions can be composed using 616 

MATLAB software (2021). The model's basic element is block 1 - System of differential 617 

Equations containing a description code of differential equations for translationally and 618 

rotationally moving design parts. The block has complex input and output ports transmitting 619 

information through buses. In block 2 - Bus, the required data about the model components' 620 

states are updated, and vectors of initial conditions for integrators and delay blocks are 621 

distributed.  622 

Block 3 - Bus Selector expands the complex output by the corresponding signal names. 623 

Namely, signals denote: <PrevNormForces> is a row vector of compression forces in friction 624 

clutches from previous integration step, <InternalMoments> is a vector of internal moments 625 

used for detecting clutches' operating modes and states of transmitting 626 

elements, <ClutchActivation> is a row vector of frictional couplings 6-8 and 7-9 modes taking 627 

values 0 - inactive and 1 - activated, <PowerDirection> - direction of the external power flow for 628 

the differential mechanism (1 - direct, -1 - reverse), <AngularSpeeds> - column vector of angular 629 

velocities according to Eq. (43), <FrictionMoments> is a row vector of frictional moments' 630 

values, <Variable> - a reserve variable for displaying any other data while testing the 631 

model, <PistonDerivs> - derivatives of hydraulic (translational elements) clutches' 632 

states, <DifferDerivs> - derivatives of the differential (rotational) components' states. All the 633 

needed information about the differential components' physical and geometric characteristics is 634 

collected in the SDDms structure and transmitted through block 4 - Sport Differential Data.  635 

In block 5 - Pressure, initial control signals for hydraulic cylinders 10 and 11 are formed, 636 

followed by combining in a row vector in block 6 - Vector Concatenate. Similarly, in block 7 - 637 

Torques the external loads on the differential's shafts 1, 4, 5 are generated to be combined into 638 

a column vector in block 8 - Vector Concatenate. The model uses two independent integrators:  9 639 

- Differential Mechanism Integrator for the rotational motion equations and 10 - Piston 640 

Integrator for the equations of pistons' translational motion. Blocks 11 - Nf and 12 - M allow 641 

storing in memory the vectors of compression forces and internal moments at the previous 642 

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 26 November 2021                   doi:10.20944/preprints202111.0507.v1

https://doi.org/10.20944/preprints202111.0507.v1


22 
 

computing step. Block 13 - Results accumulates the primary output data for analysis.643 

 644 
Figure 6. Simulink-model of the sport differential functioning 645 

 646 

5.2. Testing the differential model operability 647 

 648 

First of all, the model of DM itself must be tested. It is expected that the distribution of angular 649 

speeds, in this case, corresponds to the concept of "least resistance" for a power flow. Thus, the 650 

most general test mode may be formed using periodical loads with the same phases but different 651 

amplitudes (Fig. 7, External torque) on the mechanism shafts. The primary output information is 652 

the values of angular velocities of all the mechanism's rotating components. In turn, it can be 653 

stated that the shapes of the angular speeds' curves for shafts 1, 4, 5 are in good coordination, 654 

reflecting trends of the corresponding external torques. The internal moments' curves also 655 

inherit the nature of the external ones with distinctive step shifts when the power flow direction 656 

is changed. The solution's periodicity remains, which indicates the model stability. The main 657 

point implies that an axle with lower loading torque tends to have a higher angular speed, typical 658 

for symmetrical frictionless differentials. 659 
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 660 
Figure 7. Modeling the mode of a conventional inter-axle differential 661 

 662 

Consider now an option of activating one of the differential's clutches (Fig. 8) for the same 663 

external loading conditions as in Fig. 7. Proceeding from the fact that a larger external resistance 664 

torque passes through axle 4, the pressure increase p10 can be set while p11 remains zero (Fig. 8, 665 

Pressure). Reflect only ω4 and ω5 angular speeds as the output. The pressure increase phases are 666 

accompanied by the friction torque М86 (М97 = 0 because of p11 = 0). In the phase of positive 667 

values, this friction torque adds power to shaft 4 with a larger load, causing its angular speed ω4 668 

to exceed the ω5 one, unlike the situation in Fig. 7. The internal moments M62 and M84 appear in 669 

the opposite phase, revealing their possible leading/driven states when the clutch 6-8 is 670 

activated. Thus, in contrast to the situation in Fig. 7, both torque and speed output parameters 671 

are redistributed, and the angular speed of a more loaded shaft can exceed one of a less loaded 672 

shaft. 673 
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 674 
Figure 8. Modeling the mode of activating the clutch 6-8 675 

 676 

5.3. The case of zero resistance 677 

 678 

The case when one of the differential's output axles is unloaded (or the load tends to zero) is 679 

particularly interesting. Such a situation typically occurs due to the lack of tire-road adhesion on 680 

one of the same axle wheels. In the case of a conventional symmetrical differential, all the power 681 

goes to drive the wheel with the worst adhesion conditions, and its angular speed tends to a 682 

maximum. In the case of an active limited-slip differential, a part of the carrier's torque may be 683 

transmitted to a lagging axle, maintaining the differences in the angular speeds. These variants' 684 

properties can be compared with the example in Fig. 9. Thus, axle 5 is unloaded, and the torques 685 

on shafts 1 and 4 are constant. 686 

As seen, outside the time moments of activating the clutch 6-8, the angular speed of the 687 

unloaded axis 5 rapidly increases, and axis 4 rotates in the opposite direction under the influence 688 

of a negative load, which corresponds to the operational mode of a conventional differential. 689 

However, in the periods 1.5-3.5 s and 6.5-8-5 s of stable pressure in the clutch's 6-8 cylinder, the 690 

angular speed ω4 of the loaded shaft even slightly exceeds the angular speed ω5. At the same 691 

time, the moment M43 value of the side gear 4 falls to a minimum, while the 692 

moments M62 and M84 reach their maximum modules. This situation corresponds to transmitting 693 

the maximum torque through one output shaft. Thus, the wheels' angular speeds are 694 

synchronized along with ensuring maximum vehicle passability. 695 
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 696 
Figure 9. Simulation of transmitting all the torque through one output axle 697 

 698 

5.4. Alternating activation 699 

 700 

The following example shows the alternating actuation of the friction clutches. This option can 701 

be used when correcting the trajectory under conditions of a motion track with a variable sign 702 

periodic curvature. Suppose the resisting moments to be changed periodically, and the driving 703 

moment is constant, as shown in Fig. 10. At the same time, the load moments are alternately 704 

changed to larger/smaller amplitude values. A conventional differential design would result in a 705 

higher angular speed on the shaft with less load and vice versa. The activation of the friction 706 

clutches to be organized in such a way to match the increase of axles' loads. As an immediate 707 

result, only the angular velocities ω4 and ω5 are taken accompanied with piston strokes xp10, xp11. 708 

As seen, the activation of corresponding clutches causes the angular speed rise for a semi-axle 709 

under higher load conditions, which allows more torque to be transmitted to a wheel with better 710 

adhesion conditions, ensuring a greater reaction value (traction force). 711 
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 712 
Figure 10. Simulation of alternating activation of friction clutches 713 

 714 

5.5. Analysis of results 715 

 716 

A few comments are to be made about the data used and its impact on the simulation results. 717 

First, the question concerns the moments of friction forces and their influence on the solution 718 

accuracy. Varying the data has shown that the friction torque's increased sensitivity relative to 719 

the cylinder pressure negatively affects the slip smoothness. Thus, the variant of "hard" friction 720 

disks leads to the appearance of jerks and solution instability. The decreased sensitivity requires 721 

a larger pressure value and may lead to a delay in the response time of a controlling drive. Thus, 722 

the compromise must meet the demands of operating properties and design compactness. Note 723 

that a decrease in the friction coefficient for clutches and an increase in the number of frictional 724 

pairs positively affect smoothing the torque passing from the differential's carrier. This issue can 725 

be also facilitated by introducing a piecewise constant compressing stiffness of a clutch package 726 

up to a deformation limit. Thus, the adjustment and tuning of this design simulation model 727 

compose a separate task for adapting the model functioning to a specific range of loads and 728 

vehicle motion modes. 729 

 730 

6. Conclusions 731 

 732 

Based on this study, two main conclusions are made. The first is related to obtaining the essential 733 

effect from forcibly redistributing the torque using the sport differential technology. All 734 

simulations carried out with different sets of initial conditions confirm the model's efficiency in 735 

transmitting larger torque to an axle with higher resistance and equalizing the angular speeds of 736 
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output shafts in contrast to the principle of functioning the conventional (open) and passive 737 

limited-slip differentials. The angular speed growth on a shaft with higher resistance leads to an 738 

increase in slip (up to a critical) and, as a rule, to a rise in traction force on a wheel, which 739 

contributes to the appearance of an additional turning moment relative to the vehicle vertical 740 

axis (Fig. 2). At the same time, the friction clutch usage can be practical not only in the traction 741 

mode but also in the driven one, when due to the activation of the outer wheel clutch, the 742 

negative longitudinal reaction decreases. This fosters the wide use of various algorithms for 743 

controlling the sport differential to stabilize/align the vehicle trajectory. In addition, the 744 

possibility of transmitting all the torque to one of the output axles was demonstrated to maintain 745 

the vehicle passability in conditions of limited road-tire adhesion. Thus, the proposed sport 746 

differential model can be used for simulating the active control vehicle transmissions. 747 

The second conclusion concerns the proposed alternative method for obtaining 748 

differential equations that describe the dynamics of rotational mechanical systems. As 749 

demonstrated, the main idea consisted of decomposing a mechanical system onto elementary 750 

components with the independent formation of three equations: dynamics, kinematic 751 

constraints, and force interactions. All the internal efforts' signs are determined automatically. 752 

The developed mathematical apparatus effectively reduces the total number of equations for 753 

compactness and lowers the simulation time. Thus, the approach itself corresponds to the 754 

modern trend of multibody modeling and provides a field for developing a technique to 755 

automate the composition of motion equations for mechanical systems. The proposed method 756 

is supposed to be further improved in the complex modeling of all-wheel-drive transmissions 757 

with several DMs. 758 
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