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Abstract

The author prove that there are infinitely many primes of the form [n¢] for 1 < ¢ < 212. Using the

theory of exponent pairs, the author also show that there are infinitely many almost primes of the form
[n€] with some larger c.
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1. Introduction

The Euler’s conjecture, which states that there are infinitely many primes of the form n% + 1, is one
of Landau’s problems on prime numbers. There are several ways to attack this conjecture. One way is
to consider the degree of the polynomial. In 1953, Piatetski-Shapiro [1] has proposed to investigate the
prime numbers of the form [n¢], where ¢ > 1 and [1n°] denotes the integer part of n°. Clearly [n°] can be
regarded as “polynomials of degree c”. Define

me(x) := |[{n < x: [n°] is a prime number}|,

then he has shown that 7t¢(x) ~ x(clogx)~! holds for any 1 < ¢ < {2 ~ 1.0909 as x — co. This range
has been improved by many authors, and the best record now is due to Rivat and Sargos [2], where
they proved the above asymptotic formula holds forany 1 < ¢ < % ~ 1.1612.

In 1992, Rivat [3] first introduced a sieve method into this problem. He established a lower bound
with correct order (instead of an asymptotic formula) with 1 < ¢ < % ~ 1.1616. After this, many
improvements were made and the range of ¢ was enlarged successively to

20 13 45

1<c<1—7%1.1765,1<c<ﬁ%1.1818,1<c<£%1.1842,

243 211
1<e< 205 =~ 1.18536 and 1<c< 178 ™ 1.18539

by Jia [4] (and Baker, Harman and Rivat [5]), Jia [6], Kumchev [7], Rivat and Wu [8] and Li [9]
respectively. In this paper, we obtain the following result.
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Theorem 1.1. For sufficiently large x and 1 < ¢ < 252 ~ 1.1858, we have 7.(x) > x(log x) L.

In 1992, Balog and Friedlander [10] considered a hybrid of the Three Primes Theorem and the
Piatetski-Shapiro prime number theorem. They proved that every sufficiently large odd integer can be
written as the sum of three primes of the form [n] for any fixed 1 < ¢y < %, and every sufficiently
large odd integer can be written as the sum of two normal primes and another prime of the form [n“]
for any fixed 1 < 1 < %. Their result has been improved by many authors. Using the same method as
in [11] but with our Theorem 1.1, we can easily deduce the following.

Theorem 1.2. Every sufficiently large odd integer can be written as the sum of two normal primes and another

prime of the form [n1] for any fixed 1 < ¢; < ?%2

However, if we consider the almost primes instead of primes, the results will be much better. Let
P, denotes an integer with at most r prime factors counted with multiplicity. In 2021, Guo [12] proved
that there are infinitely many almost primes P, of the form [n¢] with

889
889 ~1.1997,

25882
1<c< {8882 16104, 7

T
128
3 3(8r—1)”

7

3
4,
5.

\\/

In this paper, we shall use the exponent pair processes of Sargos [13,14] together with the traditional
processes to produce more efficient exponent pairs and improve the above result when r = 3,4.

Theorem 1.3. Let

Tep(x) i= [{n < x:[nf] = Pr}|.
Then for sufficiently large x and

281563 ~_ —
281563 ~~1.2006, =3,

l1<c<
51409 . _
31655 ~ 1.624, r =4,

we have 7t¢,(x) > x(log x) 1.

Throughout this paper, we always suppose that x is a sufficiently large integer, v and 6p—0; are
positive numbers which will be fixed later. Let 37 < v < 33 and ¢ = 1. 5- The letter p, with or without
subscript, is reserved for prime numbers. We define the sets A and B as

A={m:m=[n, x<n°<2x}, B={n:x<n<2x},
and we put

={a:ade A}, Bj={b:bde A}, P(z Hp, S(A,z) = Z 1, S(B,z)= Z 1.
p<z ac A beB
(a,P(z))=1 (b,P(z))=1

Then we only need to show that S (.A, (2x) %) > 0. Our aim is to show that the sparser set .A contains
the expected proportion of primes compared to the bigger set 5, which requires us to decompose

S (A, (2x) %) and prove asymptotic formulas of the form

S(A,z) = (140(1))x7 1 (27— 1)S(B, z) (1)

for some parts of it, and drop the other positive parts. The asymptotic formulas will be given in the
next section.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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2. Sieve Asymptotic Formulas

In this section we provide some asymptotic formulas for sieve functions. Let w(u) denote the
Buchstab function determined by the following differential-difference equation

w(u):%, 1<u<?2,
(ww(u)) =wu—-1), uz=2.
Following [8] directly, we set ¥ = %, 6p=67—5600=1—7,0, = 617549, 03 =3—37,0,=37—-2,

05 = 60;16 7 95 = « and let pj = x'i. We define the asymptotic region I as

I(m,n) :={6; <m < Byorf; <m<Byorbs <m< O or
<

01 m+n<920r93<m+n<940r95<m+n<96}.

We also define a new region I, as

L(m,n) = {m+n < 04,
h<m+bg<m+n<brorO3<m+60y<m+n<6gorfs<m+6y<m+n<6or
61 <
Oh<m+n+0y<m+n+n<brorfs<m+n+60y<m+n+n<04or
s <m+n+60g<m—+n+n<bs}.

n+60g<n+n<bporfz3<n+b0y<n+n<bgorbs <n+6y<n+n<fgor

Lemma 2.1. We can give an asymptotic formula for

Y S(Am---pwxeo)

Botn

ifwe have t1 4+ ... +t, < 04.

Lemma 2.2. We can give an asymptotic formula for

2 S(Apy-ppn)

fty

if we can group (ty,...,t,) into (m,n) € L.

Lemma 2.3. We can give an asymptotic formula for

Z S('APlef Pz)

t1,t2

if we have (t1,ty) € Ip.

Proof. By Buchstab’s identity, we have

Z S(Apipar p2) = E 5 (Aplr’z'xeo) - Z S(Apypapss P3)- )

ty,t2 ty,tp t1,t2 N
60<t3<min(t2,lT2)

We can give asymptotic formulas for the first sum on the right hand side by Lemma 2.1 and the second
sum on the right hand side by Lemma 2.2. Thus, Lemma 2.3 is proved. Note that this technique was
alsoused in [15,16]. O

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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3. The Final Decomposition

Before decomposing, we define non-overlapping regions U;-U3 as
Uy(m,n) :={(m,n) ¢ IUL, m+2n < 04}

Up(m,n) : {(mn YEIUDL, m+2n> 94,ﬂ<2},

1—m—
Uz(m,n) = {(m,n) ¢ IUL, m—+2n > 6, # > 2}.

We shall apply different techniques to the different regions above. By Buchstab’s identity, we have

1
S(A@0Y) =s(Ax) = ¥ S(A,x0) + y S(Apyps, p2)
90<t1<% 90<t1<%
90<t2<min(t1,%(1—t1))
- S(A, xe()) - 2 S(.Apl, x00> + 2 S(.Aplpz, pz)
90<t1<% 90<t1<%
fp<to<min(ty, 3 (1—t))
(tl,t2)€IU12
+ Z S('Apllﬂz' PZ) + Z S(Ampzr pZ)
90<t1<% 90<t1<%
fp<tr<min(ty, 3 (1—t)) Bo<tp<min(ty, 3 (1-t))
(tt2)elh (t1,t2) €l
+ )3 S(Apip P2)
90<t1<%
90<t2<min(t1,%(17t1))
(t1t2) €U
=851 —5 4S5+ Su1 + Suz + Sus- (3)

By Lemma 2.1 and Lemma 2.2, we can give asymptotic formulas for S1, S and S;. For Sy;1, we can use
Buchstab’s identity twice more to get

Su1 = Z S (APIPZ/ pZ) = 2 5 (AP1P2/x90>
fo<ti<3 fo<ti <}
90<t2<min(t1,%(1—t1)) 60<t2<min(t1,%(l—t1))
(trta)el (t1,ta)elly
- E S(AP1P2P3’ ps)
90<t1<%
fo<to<min(ty,3 (1—t))

(ti,ta)ely

90<t3<min(t2,% (1-t —tz))
(t1,k2,t3) can be partitioned into (m,n)€l

- )3 S (Ampzpsr x9o)

90§i1<%
fo<ty<min(ty,3 (1—t))
(t1h2) €Uy
90<t3<min(t2,%(l—t1—t2))
(t1,f2,t3) cannot be partitioned into (m,n) €l

+ Z S(AP1P2P3P4IP4)

90<t1<%
fg<ty<min(t1,3(1—t))
(tita)el
90<t3<min(t2,%(1—t1—t2))
(t1,t2,t3) cannot be partitioned into (m,n)€l
90<t4<min(t3,%(17t17t27t3))
(t1,t2,t3,t4) can be partitioned into (m,n)€l

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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+ Z S(Apipapspas P1)
90<t1<%
90<t2<min(t1,%(17t1))
(tt2)elh
90<t3<min(tz,%(1—t1—t2))
(t1,t2,t3) cannot be partitioned into (m,n)el
Bo<tg<min(tz, 3 (1—t; —tr—t3))
(t1,f2,t3,t4) cannot be partitioned into (m,n)€l
= Su11 — Suz — Suiz + Suia + Suss. (4)

We can give asymptotic formulas for Sij11—-Si14. For Sy15 we can perform Buchstab’s identity more
times to make savings, but we choose to discard all of it for the sake of simplicity. Combining the
above cases, we get a loss from Syj; of

—ty—ty 1—t2—t3) w(l—fl—fz—t3—t4

min t1, min(t‘z,1 5 ) min(ts,Hf ~ )d i
1 tydtzdtydt
/60 /9 /9 /9 (ttata ts)€lhs t1t2t3ti 4d13alaaty

0 0

< 0.001993, )
where

1
Us(t1, to, B3, 1) = {(fllfz) el 6p <tz < mln<t2, 2(1 -t — fz)>,

(t1, 2, t3) cannot be partitioned into (m,n) € I,
1
O <ty < min<t3,§(1 —t—t— t3)>,

(t1, t2, 3, t4) cannot be partitioned into (m, n) € I}.

For Sy1p, we cannot decompose further but have to discard the whole region giving the loss

min tl, w(l ttl t2)
/90 /9 tl,tz)eusztZdtl < 0.421388. (6)

For Sy;3 we cannot use Buchstab’s identity in a straightforward manner, but we can use Buchstab’s
identity in reverse to make almost—primes visible. The details of using Buchstab’s identity in reverse
are similar to those in [16,17]. By using Buchstab’s identity in reverse twice, we have

Suz = Z S(Apipas P2)
90<t1<%
fp<tr<min(ty,3 (1—t))
(tt2)€Us

1
2x \2
o (e (2))

fo<hi<} pip2

90<t2<min(t1,%(1—t1))
(t1,t2)els

+ Z S(‘Ampzpsf PS)

90<t1<%
Bo<ta<min(t1,3 (1—t1))
(t1,t2)€ls
t2<t3<%(1—t1—t2)

1

2x \?2

- D S<AP1P2' (_> >
fo<ti <3 P1p2

fo<ty<min(t1,3 (1—#))
(t1t2)€Us

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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+ Z S(Al’lePs/ Ps)

90<t1<%
90<t2<mj1’1(t1,%(17t1)>
(t1t2)€ls
t2<t3<%(l—t1—t2)
(t1,t2,t3) can be partitioned into (m,n)el

1
2x 2

+ S| A (—>
2 ( P1pP2P3 P1P2p3 )

90§t1<%
90<t2<min(t1,%(1—t1))
(tlrt2)€u3
f2<t3<%(1—t1—t2)
(t1,t2,t3) cannot be partitioned into (m,n)€l

+ Y. S(Apypapapss Pa)

fo<ti <3}
fp<to<min(ty, 3 (1—t))
(t1,t2)€ls
t2<t3<%(1—t1—t2)
(t1,t2,t3) cannot be partitioned into (m,n)el
t3<t4<%(17t1 7t27t3)
(t1,t2,t3,t4) can be partitioned into (m,n)€l

+ Z S(AP1P2P3P4'p4)

Oo<t1 < %
90<t2<min(t1,% (17t1))
(tit)els
t2<t3<%(1—t1 —tz)
(t1,t2,t3) cannot be partitioned into (m,n)€l
t3<t4<%(1—t1 —tz—t3)
(t1,t2,t3,t4) cannot be partitioned into (m,n)€l

= Suz1 + Suzz + Suzs + Suzs + Suszs- ()

We can give asymptotic formulas for Syj3; and Syj34, hence we can subtract them from the loss. In this
way we obtain a loss from Sy3 of

min tl, (U(littl—zitz>
—— 2 dtydt
AQ/H tlltz)eu?’ tlt% 26801

oy w1zttt

min tl — f ) didiod
— 1 —————dtzdtrdt
‘/90 ‘/90 ty (tl,tz,t3)€U32 tltZtg 3et28il

I—t—t) 1-H—ty—t3 w(shi=ta—ta—ty

/;/min(tl,l_{l)/ 2 / T ( N >dt dtsdt,dt
8o /6o f s (1 tatata) €llog bttt e

< (0.954145 — 0.363595 — 0.019119) = 0.571431, (8)
where
Usy(ty, o, t3) 1= {(tlltz) els b <tz3< %(1 —t —h),
(t1,t2,t3) can be partitioned into (m,n) € I},
Usa(ty, o, 3, ta) = {(tlrtZ) €l th <t3 < %(1 —t —h),
(1, tp, t3) cannot be partitioned into (m,n) € I,

1
t3<t4<§(1—t1—t2—t3),

(t1,t2, 3, t4) can be partitioned into (m, n) € I}.
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Finally, by (3)—(8), the total loss is less than
0.001993 + 0.421388 + 0.571431 < 0.995 < 1
and the proof of Theorem 1.1 is completed.

4. Exponent Pairs

In this section we shall give a proof of Theorem 1.3. Using the same arguments as in [12], we only
need to find an exponent pair (k, ) to give an upper bound for c. The corresponding upper bounds
when r = 3,4 are

70 — 1171 362 — 4871
W—i—lwhent—B and C<W+1Whent—4 (9)

For the definition of exponent pairs, one can see [[18], Definition 5.1]. We know that if (k,) is an
exponent pair, then both

k l 1
Alk D) = <2k+2’2k+2 + 2)
and

Bk 1) = (z - %,k+ ;)

are exponent pairs.
Sargos [13] mentioned a different transformation process. If (k,I) is an exponent pair, then

- ko 11(1+4k) +1
C(k,l)—(12(1+4k)’ 12(1 + 4k) >

is also an exponent pair. These three processes can also be found in [18]. Note that in [12] only
processes A and B are used.
Now we shall complete our proof of Theorem 1.3. By [[19], Lemma 1.1] we know that (%, %) is

an exponent pair (actually it comes from Bourgain’s pair (é—i, 2—2) and another transformation process

of Sargos [14]), and we shall start our transforming process from this pair. For r = 3 we take the

(18 593 _ (6013 137
1997796 ) ~ \ 13008" 271 )’

and for r = 4 we take the exponent pair

p( 18 593 _ (195 235
199796 )~ \ 796" 398 °

By (9) and the arguments in [12], the proof of Theorem 1.3 is complete.

exponent pair

Supplementary Materials: The following supporting information can be downloaded at the website of this paper
posted on Preprints.org.
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