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Abstract: The mean force between two highly like-charged macroions in the presence of monovalent counterions
and added multivalent salt, within solvents of varying dielectric constants has been studied using Monte Carlo
simulations. Without additional salt, the mean force is strongly repulsive at all macroion separations in solvents
with a dielectric constant €, > 30. However, in solvents having ¢, < 30, the macroions experience effective at-
traction, indicating that attractive interactions between highly charged macroions can occur even without mul-
tivalent salt in nonpolar solvents with low dielectric constants. At a multivalent counterion-to-macroion charge
ratio of § = 0.075, the mean force becomes attractive at short separations in solvents with €, = 54 containing 1:3
salt, as well as in all solvents with 1:5 salt, while still exhibiting significant repulsion at longer separations. In
contrast, for solvents with 1:3 salt and dielectric constants €, = 68 and ¢, = 78.4, the mean force turns attractive
at a higher salt concentration, around f = 0.225. The shift of the mean force to an attractive state at short separa-
tions signifies charge inversion on the macroion surface when a sufficient amount of salt is present. At a stoichi-
ometric ratio of multivalent counterions, long-range repulsion vanishes, and attraction becomes significant.
However, with excess salt, the strength of the attractive mean force diminishes. Additionally, the attractive force
at a given salt concentration increases as the dielectric constant decreases and is stronger in systems with 1:5 salt
than in those with 1:3 salt.
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1. Introduction

Charged colloids are widely present in diverse biological and technological applications. Exam-
ples include micelles formed by charged surfactants, latex particles, proteins, silica particles, and mi-
croemulsions created by water, oil, and charged surfactants. The physicochemical characteristics of
these colloidal solutions are controlled by electrostatic interactions [1]. In order to comprehend the
behavior of electrostatic interactions in colloidal suspensions, a variety of models have been used in
theoretical and computational techniques [2-8]. The basic model is a helpful model that may be used
to study the intercolloidal structure of colloidal solutions and the distribution of tiny ions close to the
charged colloids [9]. This model treats the solvent as a dielectric medium and depicts charged colloids
and tiny ions as hard, electrically charged spheres [10-12].

The coulomb interactions in colloidal systems are primarily analyzed using the Poisson-Boltz-
mann (PB) mean field theory, where ions are treated as point charges and the solvent is represented
as a dielectric medium. The results from PB theory for systems with weakly charged particles and
low concentration of monovalent salts align well with experimental observations. However, PB the-
ory overlooks ion and electrostatic potential fluctuations. As a result, it has limitations and requires
corrections, particularly when dealing with multivalent ions, highly charged colloids, polyelectro-
lytes, and other macroions [13,14].

In systems of charged colloids, the repulsive forces between particles are reduced by the pres-
ence of small ions, a process known as Coulomb screening. This mechanism is fundamental to un-
derstanding a wide range of disciplines, including polymer physics, nanofluidics, colloid science, and
molecular biophysics. When multivalent counterions are present, attraction occurs between like-
charged colloids [5], a phenomenon known as charge inversion or overchargeing [15]. This effect
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arises from the correlations between counterions that emerge at short distances and high surface
charge densities [10]. Charge inversion has been observed and explored through numerical simula-
tions [5,6]. It happens when the effective charge of a surface exposed to a solution flips as a result of
an excess of counterions accumulating near the surface. Charge inversion is significantly influenced
by the valence Z of the ions [5,16]. Additionally, Besteman et al. [17] used atomic force spectroscopy
to examine the effects of solvent dielectric constant and surface charge density on charge inversion.
They discovered that the concentration of multivalent salt needed for charge inversion to occur can
be decreased by decreasing the solvent’s dielectric constant and raising the surface charge density.
Allahyarov etal.’s computer simulations of the electrolyte’s primitive model [18] showed that the
concentration of salt has a significant impact on the efficient interaction between colloidal particles
that are lightly charged in solvents with a low or moderate dielectric constant. Additionally, even at
low concentrations of monovalent salt, the interaction between like-charged colloids is attractive,
whereas when salt is absent, the interaction is repulsive.

The effect of the dielectric constant on the zeta potential of highly charged colloidal particles in
solvents ranging from polar (e.g., water) to nonpolar, with multivalent salts present, was studied
through primitive Monte Carlo (MC) simulations [19]. Results indicate that the zeta potential () de-
creases with a lower dielectric constant and declines further as salinity and salt valency increase. To
build on these findings, we extend our study by employing Monte Carlo (MC) simulations to examine
how the medium’s dielectric constant influences charge inversion between two highly charged col-
loids in asymmetric electrolyte solutions. Here, we extend our study by applying Monte Carlo (MC)
simulation to investigate the dependence of charge inversion between highly charged colloids in
asymmetric electrolyte solutions on the dielectric constant of the medium.

2. Model and Method
2.1. Model

The primitive model, in which macroions are represented as hard spheres with a radius of Rm =
20 A and a charge of Zu =-60, is used to analyze systems of asymmetric electrolytes. With a radius of
Ri=2 A and charges of Zi=+1, +2, and +3, counterions are represented as charged hard spheres. The
solvent’s dielectric constant €, is used to incorporate it into the model. Small ions with a radius of 2
A make up added salt. These include cations with valences of +3 and +5, as well as monovalent anions
with Z. = -1. The ratio of the total charge of the additional cation charge to the total charge of the

macroion, f§ = ZZC% where p; is the number density of the respective kinds, determines the amount
MPM
of salt that is added.

A simulation cell with a radius of Ry = 80 A and a length of Lai = 398 A was defined using a
cylindrical confinement technique. Two macroions (Nu = 2) were symmetrically positioned along the
C,, symmetry axis within this cell. Ni= | Zm/Zi| Nm was used to determine the proper amount of coun-
terions to introduce in order to maintain charge neutrality. The total potential energy U of the cylin-
drical system, which is electrostatically isolated from its surroundings, can be found using the fol-
lowing formula:

Ur = Uns + Uglec + Uext (1)

where Uss representing the hard sphere repulsion, is defined by

— hs
Uns = Zuij (1) @)
i<j
with
w15 () = 0, 13 < (R; + R;) .
] ] 0, Tij > (Rl + R])
where ri is the center-to-center distance between the particles i and j, where i and j stand for a ma-

croion, a monovalent counterion, a multivalent counterion, or a coion. The definition of the electro-
static interaction Ut is
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Uetec = Z w1 (i) (4)

i<j
with

Zl'Z' ez

j

tij elec(rij ) - ArEnE, T ©)
0Cr 1ij

where e is the elementary charge, ¢, is the vacuum permittivity, €, is the solvent’s relative permit-

tivity, and Zi and Z; are the charges of particles i and j, respectively. In Eq. (1), the confinement po-
tential energy Uex is provided by

Uext = Z ui* () ©6)

i

uext(ri) — 0, ’(xlz + ylz) < Rcyl and |Zi| < Lc;vl/2 )

0, other wise

with

All systems maintained the macroion number density p, = 2.5 x 1077473, which corresponds
to a macroion volume charge fraction ¢, = 0.0084. T =298 K was chosen as the temperature.

The distance between two unit charges where their Coulomb interaction equals the thermal en-
ergy is defined by the Bjerrum length, Iz = e?/4me,€,kT. The dielectric constants and matching Bjer-
rum lengths for the solvents investigated in this investigation are shown in Table 1.

Table 1. lists the solvents” Bjerrum lengths and dielectric constants.

75%water, Methyl

The solvent Water 25%ethanol alcohol Glycerin Methanol Ethanol Cyclohexanol Butyl Chloral
Dielecrtiric 78.4 68 54 40 30 20 15 10
constant(e,)

lp 7.1 8.23 10.36 14.0 18.657 27.986 37.315 55.973

2.2. Method and Simulation Settings

Metropolis Monte Carlo (MC) simulations within the canonical ensemble (constant temperature,
volume, and particle count) were used to solve the model. Eqs. (1-8) were used to get the mean force.
The two macroions were initially positioned symmetrically along the cylindrical cell’s C,, axis, with
z=0 at its center. The fixed separations were usually between 42 A and 80 A. Initially, tiny ions were
dispersed at random throughout the cylindrical cell, and their locations were subjected to trial dis-
placement. Production runs, which usually had 10¢ trail moves per particle, were carried out follow-
ing the equilibration phase. The integrated Monte Carlo/molecular dynamics/Brownian dynamics
simulation program MOLSIM [20] was used for all of the simulations.

2.3. Mean Force and Potential of Mean Force

The effective interactions between two macroions have been analyzed before, using the cylin-
drical cell technique [6,21]. The effective interaction is widely thought to be only marginally impacted
by the particular form of the cylindrical cell, even though it is influenced by the cell size due to coun-
terion entropy [22]. When projected onto the interparticle vector r, the mean force F acting on ma-
croion M is represented as

N
F() = ) =V, Ui ) ®

i=M
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(...) indicating an ensemble average over the particle’s positions, where F(r) > 0 indicates a re-
pulsive mean force and F(r) <0 indicates an attractive mean force. The associated mean force potential

(pmf) is defined as Ur™/ (r), where
T

urm™ (r) = —f F(rdr' )
(o0}

E(r) and UP™ (r) both get closer to 0 when r gets large enough.

The force is a mean force rather than an effective one because the macroions and their counteri-
ons are restricted within a cell, approximating the effect of the surrounding electrolyte [23]. There are
several ways to express the mean force operating on a single macroion based on the broad concepts
of regional equilibrium [20]. F(r) is divided in one such form as follows:

F(r) = Figear (r) + Fys () + Ferec (1) (10)
where:
small ions

Figear (r) = KT Z [P; Z=0)- P(Z = lcyl/z)]Across (11)

N
Fis (1) = Z =V UfF (ry)) (12)

i<j

and

N
Foec(r) = z (=Vr; Ufjlec (1)) (13)
i<j
while Fns(r) and Felece(r) are average forces that emerge across the plane at z =0 and originate from the
hard-sphere repulsion between tiny ions and the electrostatic interaction between all the charged
particles, respectively, the term Fidesi(r) arises from the variation in the transfer of linear moments of
the tiny ions across the planes z =0 and z = Ley/2. The number density of small ion types i in the plane
z = 7', averaged across the cylindrical cross-sectional area A4, is represented by p;(z = z) in eq. 11.
Only particle pairs situated on opposite sides of the plane z = 0 should be taken into consideration,
according to the prime in the summation of egs. (12) and (13). Fideal(r) is mostly governed by the
pi(z = 0) term for r <« Ley/2.

3. Results and Discussion
3.1. Salt-Free Solvents

For a 60:1 system in different solvents with dielectric constants given in Table 1, Figure 1a shows
the mean force between two like-charged macroions and their counterions trapped in a cylindrical
cell as a function of macroion spacing r (A). The potential of mean force pmf, promoted by integrating
the mean force using Eq. (10), is shown in Figure 1b.

The figures show that the mean force and pmf are strongly repulsive and increase monotonically
for monovalent counterions in solvents with dielectric constants of 78.4, 68, 54, and 40. A vertical shift
is used to make sure the potential of mean force pmf approaches zero as r—oo since the mean force
stays positive at the largest separation, r =80 A. The effective long-range repulsion is essentially non-
existent in a solvent with a dielectric constant of 30, and the mean force approaches attractiveness
between r =45 A and 48 A. Atr =45 A, the pmf correspondingly displays a shallow minimum. The
mean force for solvents with €, <30 is only nonzero at short separations; it is repulsive for r < 44 A
and attractive between 44 and 55 A. The macroion-macroion surface distance equal to the counter-
ion’s diameter coincides with the 44 A spacing. The pnif minimum is roughly -5 kT, -10 kT, and -20 kT
for solvents with dielectric constants of 20, 15, and 10, respectively. In these instances, monovalent
counterions operate as a mediator between the macroions, facilitating their effective attraction to one
another. This implies that the attractive interaction between highly charged colloids may take place
in a fluid with a low dielectric constant and without salt. In contrast, E. Allahyarov et al. [18] found
that, in the absence of salt, weakly charged colloids interacted repulsively with monovalent
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counterions in liquids with moderate and low dielectric constants. The charged surface’s counterion-
counterion coupling parameter, I, was less than two in their system. And the correlation-induced
attraction is known to occur at I' > I'" = 2 [5,11]. Here, the intensity of electrostatic interactions is
described by I' = Z21;,/a;, which can be raised by decreasing the solvent’s dielectric constant. The
Bjerrum length is 1, = e?/4mey€,kT, and the average distance between two nearby counterions on a
surface with a surface charge density of o is denoted by a, = [Z,/(c/e)]*/?. Table 2 displays the de-
termined coupling parameters for each system between the counterions on the charged surface.
While the solvent with €, =30 corresponds to I' =2.04 =~ I'*, the solvents with dielectric constants
of 20, 15, and 10 correspond to I' = 3.058, 4.078, and 6.117, respectively, which are more than I'" = 2,
while the solvents with dielectric constants of 78.4, 68, 54, and 40 have values of I'< 2.

As the solvent’s dielectric constant drops, an attractive force shows that charge inversion has taken
place on the macroion’s surface. This is seen in solvents with €,=20, 15, and 10.

Table 2. The Coulomb coupling parameter (I") between monovalent, divalent, trivalent, and pentavalent coun-
terions on the charged surface evaluated in all solvents.

The solvent Water x::ﬁz; Glycerin Methanol Ethanol Cyclohexanol Butyl Chloral
Diclecrtiric 784 68 54 40 30 20 15 10
constant(e, )
I (A) 7.1 8.2 10.4 14.0 18.6 28.0 37.3 56
I 0.8 0.9 1.1 1.5 2.0 3.0 4.1 6.1
I 2.3 2.5 3.1 4.2 5.6 8.5 11.6 17.2
Iy 4.1 4.7 5.7 7.8 10.4 15.6 21.3 31.7
Iy 8.9 10.1 12.3 16.8 22.4 33.5 45.8 68.2

=
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F(r) kT(A™

L L 1 [ L I 1 Ll 1 I Ll 1 1 I L1
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50 60 70 (a) 80 40 50 60 70 (b)
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Figure 1. (a) Mean force F(r)/kT (A 1), and (b) reduced potential of mean force Ur"/ (r) / kT between two highly

charged macroions as a function of their separation r (A) for a 60:1 system in different solvents, with dielectric
constants specified in the figures.

The distribution of counterions surrounding the macroion in a 60:1 system with various solvents
is shown in Figure 2. Figure 2h demonstrates unequivocally how the strong polarity of the aqueous
solvent, which has a high dielectric constant of 78.4 at 298 K, influences the separation of counterions
from the macroion surface while maintaining the stability of the colloidal system. When moving from
aqueous to less polar solvents, the counterions’ dissociation from the macroion surface decreases,
and they get closer to the macroion’s surface, which lowers the solvent’s dielectric constant from 78.4
to low values, as seen in Figure 2. Figure 2a shows that the counterions are compacted and firmly
adhered to the macroion’s surface in a solvent with a dielectric constant of 10.
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Figure 2. Snapshots of the cylindrical cell system consisting of two macroions (red spheres) and monovalent
counterions (green dots) in different solvents without added salt: (a) €, =10, (b) €, =15, (c) € =20, (d) €, =
30, (e) e =40, (f) e, =54, (g) € =68, and (h) €, =78.4.

By computing the macroion-counterion radial distribution functions (rdfs), which characterize
the relative densities of counterions at a distance r from the macroion, the distribution of monovalent
counterions close to the macroions has been investigated. Systems of uncorrelated particles are rep-
resented by the horizontal dotted line, where rdfs equals unity in the bulk. We used a spherical cell
with one macroion and an equal number of monovalent counterions in our investigation. The find-
ings shed light on how counterions are distributed around a particular macroion that is distinct from
other macroions. Figure 3 displays the rdfs of macroion-counterions in various solvents. The accu-
mulation of the counterions close to the macroion is indicated by the peak in the figure at the hard
sphere contact separation r = Rv + 2R =22 A for the macroion-counterion rdfs. The contact value is
633 at €, =10. The contact value drops monotonically as the solvent’s dielectric constant rises, reach-
ing a value of 120 at ¢, =784.
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Figure 3. Macroion-counterion radial distribution functions (RDFs) for two highly charged macroions and mon-
ovalent counterions in solutions with dielectric constants as indicated in the figure.

For reference, the equivalent mean forces with different counterion valences but without added
salt are shown. Figure 4 shows the emergence of attractive interactions with divalent (I'=2.3, 2.5, 3.1,
and 4.2) and trivalent (I'=4.1, 4.7, 5.7, and 7.8) counterions in solvents with dielectric constants of 78.4,
68,54, and 40. On the other hand, the typical image of a like-charged macroion displaying effective
repulsion is seen for monovalent counterions. As seen in table (2), attraction between monovalent
and multivalent counterions happens in solvents with low dielectric constants €, <30 and no salt
because the coupling parameters are bigger than I'** = 2. Where the minimum is getting deeper than
with divalent counterions, the attraction is strongest with trivalent counterions and weakest with
monovalent ones. Because a higher coupling parameter indicates a stronger electrostatic connection,
the attraction rises as the dielectric constant falls.
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Figure 4. Mean force F(r)/kT (A%) between two highly charged macroions as a function of their separation r
for the 60:1 (ZI = 1), 60:2 (ZI = 2), and 60:3 (Zi= 3) cylindrical cell systems. The results are presented for different
relative permittivities: (a) €, =78.4, (b) €, =68, (c) €, =54, (d) €, =40, (e) €, =30, and (f) €, =20.

3.2. Solvents with the Presence of Added Salt

The electrostatic interactions between macroions can be modulated by adding salt to the solu-
tion, as the presence of additional counterions and coions enhances screening and reduces repulsion
[5,6,8]. Under varying concentrations of 1:3 and 1:5 salts, respectively, Figures 5 and 6 show the mean
force between two like-charged macroions in a 60:1 system as a function of their separation distance
r. For solvents with dielectric constants of 78.4, 68, and 54, the findings are shown. The three solvents’
mean force curves show notable variations with salt concentration. The repulsive mean force first
becomes weaker across all separations, with the greatest decrease seen at short distances, as the con-
centration of simple salt rises. Then, the mean force changes to an attractive interaction. Later, the
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attractive force’s strength and range increase, while the long-range repulsion disappears. Finally, the
attractive force’s magnitude decreases. Interestingly, a considerable initial decrease in repulsion can
be induced with a very modest amount of salt. Additionally, the commencement of attraction at short
separation happens as early as 3 = 0.075 in a solvent with €, =54 that contains 1:3 salt and in all
solvents with 5:1 salt. On the other hand, attraction appears at greater salt concentrations (3 > 0.075)
for solvents with a 1:3 salt content and dielectric constants of ¢, =68 and 78.4. In accordance with
Linse et al. [21], the maximum attraction is seen close to § =1, although it diminishes at § = 6.25.

The 60:1 systems with dielectric constants of €, =78.5, 68, and 54 (Figures 3a—3c) have mean
forces that are quite similar to those of the 60:1 systems at § =1 for the 1:3 salt (Figures 4a—4c). This
extra electrolyte has very little effect on screening the attractive mean force since the 60:1 systems at
B =1 can be thought of as the result of adding a 1:1 electrolyte to the 60:3 systems. In contrast to
solvents with dielectric values of 68 and 78.4, the decrease in repulsive force is more noticeable in the
solvent with a dielectric constant of 54. Likewise, because the coupling parameters in 1:5 salt systems
are higher than those in 1:3 salt systems, the reduction proceeds more quickly in the former than in
the latter. In particular, for dielectric constants of 78.4, 68, and 54, the coupling parameter values for
solvents containing 1:3 salt are 4.1, 4.7, and 5.7, respectively, whereas for 1:5 salt, they are 8.9, 10.1,
and 12.3 (Table 2).

When there is enough salt present, the repulsive mean force changes to an attractive one at short
separations (around 42 A <r <50 A), indicating charge inversion on the macroion surface in solvent.
In solvents with €, =54 that contain 1:3 salt and in all solvents that include 1:5 salt, this inversion
takes place at § = 0.075. On the other hand, charge inversion is seen at a larger concentration, approx-
imately g = 0.225, for liquids with 1:3 salt and dielectric constants of €, =68 and 78.4. These findings
imply that when the dielectric constant falls, the attractive force at a given concentration rises. Be-
cause of the greater coupling parameter (Table 2), Figure 7 illustrates a stronger attraction in 1:5 salt
systems compared to 1:3.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Figure 5. Reduced Mean force F(r)/kT (A ) for 60:1 system in different solvents with dielectric constants (a)

€, =784, (b) €, =68 and (c) €, =54 as a function of macroions separation r. The solution contains (1:3) salt at
varying concentrations f8 as indicated (the curves at p = 6.25 are represented by filled symbols).
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Figure 6. Reduced Mean force F(r)/kT (A ) for 60:1 system in different solvents with dielectric constants (a)
€, =784, (b) €, =68 and (c) €. =54 as a function of macroions separation r. The solution includes (1:5) salt at
varying concentrations f8 as indicated (the curves at p = 6.25 are represented by filled symbols).
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Figure 7. Reduced Mean force F(r)/kT (A ) for 60:1 system in different solvents with dielectric constants (a)

€, =784, (b) €, =68 and (c) €, =54 as a function of macroions separation r. The solution includes (1:3) salt as
lines without symbols, and (1:5) salt as lines with symbols at a constant concentration § = 0.075.

4. Conclusions

Monte Carlo simulations using a cylindrical cell model containing two highly charged ma-
croions were conducted to determine the mean force between them under varying salt concentrations
and solvent dielectric constants. In the absence of additional salt, the repulsive mean force observed
with monovalent counterions progressively weakens and eventually becomes purely attractive as the
counterions are replaced by trivalent and then pentavalent ions in solvents with a dielectric constant
€, = 30. In contrast, in solvents with €, <30, an attractive mean force is present even with monova-
lent counterions, regardless of salt absence. With added salt, a similar but gradual transition occurs
when trivalent and pentavalent counterions are introduced into a monovalent counterion system, up
to a stoichiometric ratio of multivalent counterions. Beyond this point, the attractive mean force starts
to diminish. The introduction of small amounts of multivalent salt progressively reduces the effective
charge of the macroions, resulting in a decrease in stability of the solution.

In solvents with polarity lower than that of water, the transition from a repulsive to an attractive
mean force takes place at an extremely low multivalent counterion-to-macroion charge ratio (p =
0.075). Furthermore, at a fixed salt concentration, the mean force increases as solvent polarity de-
creases and is stronger in systems with pentavalent counterions than in those with trivalent ones due
to the higher Coulomb coupling parameter. Moreover, the addition of small quantities of multivalent
salt gradually lowers the effective charge of the macroion, resulting in reduced solution stability.
Ultimately, this study further supports the development of attractive forces between like-charged
colloids, driven by multivalent counterions, across various solutions.
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