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Article
A Method for Solving and Simplifying a Class of
Radical Infinite Products

Ricksen Wu

Zibo, Shandong Province, China; 1042506817@qq.com

Abstract: In this paper, the author conducts an in-depth study of a radical infinite product of the

form [ f(k)*" = \/ f(a) \/ f(a+1)y/f(a+2)---. The convergence of this expression is briefly
1 v

discussed. A method for simplifying such infinite products is proposed. By exploring cases where

f (x) represents hyperbolic functions, trigonometric functions, and complex-valued functions, the
Dobinski identity is reproduced and generalized. Furthermore, leveraging Weierstrass’s theorem
and special functions, a relationship is established between this form of infinite nested radical

and general infinite products.

Keywords: infinite product; continued radical; mathematical analysis; special functions

1. Introduction

Infinite products, as a core tool in mathematical analysis, have demonstrated profound
applications in areas such as the theory of special functions and analytic number theory since
the time of Euler and Weierstrass. Classical theory primarily focuses on products of the form
I1,(1+ a,), while systematic research on infinite nested radicals (of the form \/a;+/a2/a5 - - -)
remains largely unexplored. This paper introduces a novel type of operator—the contin-

ued radical—denoted by R, f (k)R> f (k), rigorously defined as a generalization of the limit

lim,, e \/f(a) \/f(a +1)---+y/f(a+n). And we call f(a + k) partial radicand. Centering on this
operator, we establish a tripartite theoretical framework of high innovativeness: 1. Foundational

Theory: Convergence criteria are established (Section 2, related to the series Y, 2~ In |f(k)|), and
fundamental operational rules for continued radicals are proven Equations (1), (2), (3).

2. Core Tool: The characteristic function p(x) = R{>; (k + x) Equation (4) is introduced. Its rela-
tionships with the Lerch transcendent and Somos’s quadratic recurrence constant are revealed,
along with its recurrence property p(a) = p(a — 1)*/a Equation (6). A crucial formula—the
Product Lemma Equation (9)—is derived:

2
» S O {0

kljl f(k) = <le f(k—1)>

This lemma enables closed-form representations of combinatorial structures like factorials

and double factorials (Examples 1, 2, 3).

3. Function Construction Theory: The operator is extended to the complex domain. A complex
continued radical transformation formula p’ = pe'™ (where p = ¥, .427") is established and
applied to trigonometric/hyperbolic functions: * Concise expressions are obtained, such as
R, tanh(2fx) = 1 — ¢~* Equation (14). * Dobinski’s identity R ;| tan(2¥z)| = 4 sin® z Equation
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(20) is rediscovered, and new identities are derived: %R,‘f:l ‘ 1+ sec 2"2’ = | cos z| Equation (22),
IR | tan(2'z)| = | sin z| Equation (23).
This paper further constructs a profound connection between continued radicals and Weierstrass
infinite products (Theorem 1), providing a continued radical factorization for entire functions
f(2):

R IF(0] = £(0)[e" [T et/

This framework offers novel analytical perspectives on classical functions such as *2* Exam-

p(=a)

Ak

ple (5) and the Gamma function Proposition (1).

2. Basic Operational Rules and Convergence of the Continued Radical

The continued radical owns the following basic operational rules:

1.
R f005(k) = R 6 R g(0) 0
We could interpret it according to the meaning of the radical.
2.
E ¢ = ¢, cis a constant 2)
k=a
Taking the logarithm of the product into a seriesR}> ,c = [T, 2t = exp Y, 1‘2‘—;’ = ¢.QED
3.

R cf(k) =c R f(k),cis a constant (3)
k=a k=a
According to 1 and 2, we can prove it easily.

2.1. The convergence of the continued radical

It’s not difficult to find that the convergence of P = R, f(k) f(k) > 0 Equivalent to

the convergence of S = Y7, lngk(k)' According to D’Alembert’s test, we can know that if
lim,, e fz(;f;; ;) < 1. The continued radical converges.

Unless otherwise specified, all infinite products and continued radicals mentioned hereafter are

assumed to be convergent.

3. p(x) Function and Somos’s Quadratic Constant

We define a function :
px)i= R (k+x) (x> 1) @

It’s easy to know that p(x) can also be express as:

J 1
o) = exp| 5 0(3,50) | ®)
where®(z,s,a) =Y ﬁis the Lerch function. We could get the recursive formula by radical
meaning:
a—1)?
pla) = L1 ©)

or can be rigorously proven via the following Product Lemma 9 as well.
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1. Figure 1.

8

2. Figure 2.

Specially, while x = 0, p(x) = o,where ¢is Somos’s Quadratic Recurrence Constant [1], it be

defined as 0 := 1/ 1V/2v/3--- = 1.661687 - - - .By Equation (6) we can get:

2
p(a) = <ﬁ> ,a €N, (7)
Lemma 1. For the function f(x) > 0,x € N, the following holds:
. . 2
R0 = | R o) ®

JEEA. Consider the continued radical p = R} ,g(k),g = R{>,g(k — 1),where g(k) > 0,k €
Z,According to the definition:

p= /505 V5B
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Therefore ¢*> = g(0) \/g(l) 2(2)y/g(3)--- = g(0)p, so that

(Eslk-1| =g0) R g0
shift items and mult1ply1ng both sides by Ry, g(k) yields

R 18(k) _ 1

R g(k=1F — g(0)

w gk 1=
50)| & 895] = R gth

40f11

©)

Let f(n) = ) Observmg thatu(0) [Tr_; % = u(n),u(x) > 0, because [[;_; ¢(k) = f(n),
therefore let ¢(n) = — sW/isO _ s gybstitute the two functions into the equation

) T g(n=1)g(0) g(n—=1)
yields

In the following text, we refer to this lemma as the Product Lemma.

Example 1. Calculate R, k!:
2
According to Product Lemma, we could know that: Ry k! = [R;‘;l ﬁ} =0?

Example 2. Calculate R} |k!!:
By the relationship between factorial with double factorial n! = n!!(n — 1)!! yields

Rk!‘. (k—1l=a= Rk!! = RU.- — 1 =g’
k=1 k=1 k=1

(10)

Let P = Ry, k!!, therefore we can get R, (k — 1)!! = VP.P-/P =0%Solveit: P = /ot

Example 3. Calculate R, (2k)!!:
Let f(k) = (2k)!!. According to Equation (9), we know that it equals
2 2 2
0)| R f<k>} :{“’&] :<°°zk> = 407
£(0) [R Fh—1) kljl 2k—2)11 k§1 o

k=1

Example 4. Calculate R | c¥, cis a constant:
Let f(k) = c*,According to Equation (9) we could know that it equals to
2

2
f(0) [kljl f(k—l):| Lljl Ck—1:| c

Corollary 1. For f(x) > 0,x € Z, let F,(x) = [ [ f(x — j)(_l)j(?), and the following holds:

(11)
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JEBR. Consider function : f(x) > 0,x € Z, and let F,(x) = =% F(x) = f(x).

Fn—l(xfl),
By iteratively applying the Product Lemma to the continued radical R}, f(k), we obtain:
2

R f(k) = Fy(0) [k?i b <k)]
= F)(0)F2(0) Liz Pz(k)] 4

~ KOFOFEO)| R R®)

Thus, we can easily deduce by inci}lction:

k§1f(k) = KI;I: Fk(o)zk] Lﬁl Fn(k)] ,neN

Next, we should prove F,(x) = H}V:o fx — j)(_l)f('/‘l): Observing that, while n = 0, the
formula holds. Assuming the formula holds for n = N,Therefore Fy(x) = ]—[f]: of(x— j)(*l)](lfy),
thus Fy(x — 1) = [T f(x —j — 1)(71)/(7) .According to the definition to F,(x), we could get:

i N
I £(x—) 0

Fun(x) = = — =
[Tjzo f(x—j=1) /

N oy N (N
Fyaa(x) = [T =)V TT fle = et
j=0 j=1
N N N N+1/N
= f(x— 0)=1"G) Hf(x _])(flV(j) 'Hf(x _])( (%) flx— (N + 1))V W
j=1 j=1
N N+1 N+1(N
= Fx =0 VO (e =) flr = (N )
j=1
N+1 .
= 1A= en
j=0

Corollary 2. For function f(k),k € N, if f(k)" is well-defined within the real number domain, the
following holds:

s

T - (N Y
L1 70" =00 Ll:ll(.f(kl)> ]

HERR. Consider p = [Ti, f(k),q =TT, f(k — 1), therefore:
p=(fM)(f(2)-)")"
q=(fO)(f(1)---)")"
Thus g'/" = f(0)p,

1/n

Tr-vt | =0 s
1/n-1

Shift items and multiplying both sides by {H;‘;l f (k)"k} yields
[ fR™ 1

M fe-4] " SO
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k7l ey

e fn i 1fn—1 i ks
)\ - i B "
o[ (#5) ] =[rer] ™ = e s [ (25)7]

k=1 k=1

QED

O

4. Trigonometric and Hyperbolic Continued Radical

For a function f(x), If is well-defined within x € N*, we call R, f (k) is the constructed
continued radical of f(x). And we call the process "construct the function into continued radi-
cals".For example, Somos’s constant ¢ could be regarded as the constructed continued radical of

f(n) =n.

Lemma 2.

o (1422 1
kR1<1—x2"> =T |x| <1 (12)

The proof can be found in [2], and we omit further elaboration here.

4.1. Construct the hyperbolic function into continued radicals

According to the properties of hyperbolic function coth(z) = 4t yields }f—ii =
coth(—2*"'Inc)
By Equation (12) we could get:
R coth(—=2""Inc) = 15
k=1
Substituting ¢ = e~** yields:
R coth(2x) = _ 13)
k=1 1—e®
Correspondingly,
R tanh(2x) =1 —e™# (14)
k=1

4.2. Complex continued radical

In this subsection, we only require the partial radicand to be a nonzero real number. This
implies that the result of continued radicals is complex. We refer to such expressions as complex
continued radicals, which will be thoroughly discussed in this subsection. In contrast, the

previously discussed cases with real-valued outcomes are termed real continued radicals.

4.2.1. The relationship between complex and real continued radicals

For real continued radical p = R{> ,ax, where a; > 0.Consider the sequence |bx| = ax, 3bx < 0.

Letp’ = R . br. We decompose p’ into two components based on the sign of the partial radicands:
P k=1 pose p p g p

P’Z ﬁbk:<ﬁ bk> ;2 by = {E (—llk)] E ak
k=1 bi>0 b>0

b <0 br<0
Extracting the (—1) factor and converting it into multiplicative form yields:
/ 27k
pr=pIl(=1)
b <0

Observing that (—1)2" = 2" = ¢2 7, thus

p/ — peiﬂZbk«J 27k (15)
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Let = Y o2 7%, and we call y the transformational of b;. Therefore:
p' = pcosmu+ipsinmu (16)
In other words,
p= Rep) _ Imlp)) 17)
cosmty  sinrmy
We could know 0 < u <1, while y = 1, p = —p’. Transforming the above expression, we

obtain:
Re(p') _ Im(p')
cosmty  sin7ty

Im(p') cos tu = Re(p') sin tp

Re(p') sin iy — Im(p") cos tu = 0

According to the auxiliary angle formula, we could get: sin(mty 4+ ¢) = 0, where ¢ =
— arctan %, thus:

ny—l—go:kn:>y:k—%, keZ

Because 0 < u < 1, therefore

} (18)

—{larctan
=g

In it, {a} denotes the fractional part of 4.

4.3. Real-complex transformation for continued radicals

In subsection Construct the hyperbolic function into radical, we got the constructed continued
radical of tanh(2*x). According to the properties of hyperbolic function:tanh x = —itanix, we
could get:

R tan(2tz) = i(1—e*)
}}(E=>3panding via Euler’s formula, we obtain:
R tan(2'z) = sindz + i(1 — cos 4z)

Ir{l“:ol convert it into a real radical product, we take the absolute value of the inner function:

ki_il |tan(2'z)| = Sk = Locosts

]33, the derivation of Equation (18), we can easily get:

2z
T

n=A{_}
Substituting into the original expression yields:

sin4z 1 —cos4z

R |tan(2*z)| =

= 19
k=1 cost{Z} sinm{Z} (19)

(+1)m
2

where 71{%} is a periodic function with Z as its period. For z € ['Z, ),t{%} equivalent to

2z — t7t, therefore
s /inT{E} = a2z zEltmin )
Sin -
" —/in2z z € [tm— 5, tm)
Observing that:

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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tanx  x €[t tn+T)
|[tanx| =
—tanx x € [tm—F,tm)
we may introduce a factor of | tan z| into the original expression:
o in 4 1 —cos4
|tanz| R |tan(2"z)| = tanzonZ — fanz- 0%
k=1 cos 2z sin2z
Simplifying, we obtain:
R |tan(2"z)| = 4sin’z (20)

k=0
Or we do not introduce | tan z|. Since the result of the square root is non-negative, we can also

derive:

4sin?
e [tan z| cos? z

= 1-— 4
R ltants) = [F 0% | -
k=1

sin 2z

| tan z| @1)
This result coincides precisely with the infinite product identity proposed by Dobinski nearly
150 years ago [3]. In this paper, we have derived the same result through a novel approach.

4.4. Extending Trigonometric continued radicals via the Product Lemma

Corollary 3. In the preceding subsection, we derived

R [tan(2'7)| = | 15555 | = fins

By applying the Product Lemma to the continued radical, and let f(k) = |tan(2*z)|, we obtain:
2

E tan 2kZ = |tanz E @ = |tanz |:E f(k) :|
P | ( )’ | ’kzl £(0) | ’ 1 flk-1)
And,

fl)) _ |an(2Z)] _ .
f(k—1)  |tan(2k1z)| |1 — tan?2k-1z|

Substituting and simplifying yields :
% 1 - % k
4| tan z| k]jl T = k§1 | tan(2*z)|

kﬁl Ttz = lcosz|
Applying the half-angle formula we may further simplify the left-hand side:
1—tan?21'z = 1 — tan? 222 . 1-cos2z  2c0s2'z
- 2 1+4cos2kz 14 cos 2z
Therefore,
2, E{1+sec2kz| = | cosz| (22)

Corollary 4. Dividing the result from Example 3, 1R ;|1 4 sec2°z| = | cos z|, by equation (21)
RY | tan(2"z)| = 4|tanz| cos? z:

% IXQ tan 2z

Pt 1+Sec2kz‘ - |SIDZ|
Simplifying gives:
tan 2kz tan 2z sin 2¢z _ k—1
T+sec2z | 7 [1+—L— | T |14+cos2kz | T |tan2 Z’
cos2fz
Finally, we obtain:
1 k-1 :
5 R |tan2""'z| = |sinz] (23)
k=1

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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We may also employ the generalized Product Lemma 1 to further derive trigonometric nested

radicals, with details to be presented later.

4.5. In summary

%< 1. Table 1.

R tanh(2x) =1 —e™* R coth(2"x) = L

k=1 k=1 1—e %
. ; _ 1 Im(p') o )

o iy _ k_ r~ k| 2
ine pl=pe™, u=) 27" ={—arctan } R |tan2'z| = 4sin“z
ka<0 T R(p') k=0

; 1 k 1 k-1 .
ine 2. I_{ |1+ sec2'z| = | cosz] §k1_{1|tan2 z| = |sinz|

5. The Relationship Between Continued Radical with Common Infinite Product

Lemma 3.

RHWW Hljfp(j,k) (24)

HEER. According to the radical meaning, we could get:
R]_[q)k] Vol D)e(1,2)...0(L,n) /o2 1)p(2,2) ... g2, n) ...

Then the continued radical can also be expressed as:

VoL DVe D) \/o(1.2Ve22) . \/o(L3)Ve23) .- \Jo(Ln) /o) ...
]

This lemma still holds while n — oo.

Theorem 1. Let f(z) be an entire function with only non-zero simple zeros at ay,a,,. .., satisfying
lim,, o a, = 00. Suppose there exists a sequence of contours {C,,} on which ‘% ‘ < M, where M is a
positive constant independent of m. Then, the following holds:

ﬁ,| (k)| = |£(0)]e® o) H(_H% pPl—ak)
k=1

(25)

JEBA. According to the Weierstrass factorization theorem [4], if a function satisfies the above
conditions, it can be expanded as an infinite product:

k=1 (26)

Then |f(z)| must satisfy:

()] = 17O 7

} (27)

Construct both sides of the equation into continued radicals:

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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00

Riwi=R - B

P k| =
T T |[1- | %]
k=1 k=1 j=1 9

0
|f(0)] on the left side could be regarded as a constant, so that we could factor it out. e 7 *could

[~

be regard as the situation of Example 4:
Riswl = 15005 RIT [t +| ]

1j=1
According to Lemma 3, swapping the continued radical product symbol with the product

1,i

symbol, and interchanging indices k and j, we obtain:
R]f (Jls’ ﬂmHR[ f‘kj|

k=17=1
Simplifying the continued radical on the left-hand side of the equation yields:

Jeﬂ';]=eiR . PdiRlak_J‘_F“k( )

=1 G=1 et

1 TR il
ag

1__
[0

Substituting back into the original equation completes the proof. [

sinz

Example 5. Express Ry |22 | as an infinite product:
We could note that S22 meets the requirements of Theorem 1. And the zeros of *2% are £nm,n € Z*.

Substituting into the theorem yields:
f{ ] —[_kﬂ-) } {e’%

-1 [ﬂ— =
k=1 R
Furthermore, we can factor out ; to obtain:

k=1
plkrm)p(=kw)
_R]qu‘ %

sin k
k

plkr)
—kr

(Ln ( kﬂ)
k2m2

[=T12

k=1

Corollary 5. According to the Theorem 1
le )| = F(O)S T Hs=°

Applying the Product Lemma to the left-hand side of the equation yields:
%H = 17(0) 5 ﬁ =

(—ak)
aj

pl=ai)

ol |R
mlLl i

Simplzfying and rearranging gives:

= -{I
R || - 8 1 e |2
k=

k—l}

Corollary 6. If function f(z) meets the requirements of Theorem 1, and f (wz + t) meets the requirements
as well, the following holds

e —_“¢ t B
R 15wk +1) _ s(o)e e T] L2
k=1 ] Wil

The reader could prove this independently.
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5.1. Infinite product forms of continued radicals for other functions:
Proposition 1.
e 1 < kel/k
—e ' T == (28)
H g plk—1)
HEBA. Two known infinite product representations of the Gamma function:
< (1+1/n)* e
T 1) = = e [ —— 29
G+ 1) E T+x/n ¢ g1+x/n (29)

Taking the first infinite product and constructing continued radicals on both sides of the equation
yields:

2RI Lt

T 1+ kfj 1

Exchanging the product operator and the continued radical operator while swapping vari-

R® (1+1/k)
j=1 1+j/k

ables yields: 0 = [[2; R

2 k(1+1/k)?
o =15

Applying the property of p(x), p(a) = £ Equatlon (6), further simplification completes the

Similarly to the proof of Theorem 1, we obtain:

proof. Similarly, the second result can be proved following the second equality (details omitted). [J

Proposition 2.

(30)

JERR. Writing out the infinite product form of the hyperbolic sine function:

w 1—11(1+ 27r2)
]

Constructing continued radicals on both sides of the equation yields:

—R’Hmhk—RH + = 72 2

k=1;=1
Exchanging the product operator and the continued radical operator, and simplifying it gives:
- ﬁsinh k
T
= H R'( * kz'rr2} h H k2n?

k=1 j=1 k=1 3

ki) p(—ki
{sz;'rz-{-;,r)—l_[;'z 2RU\,?‘F—U J‘T+U}_H%

1 k=1

’;Ur
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