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Hausdorff Spaces in Bermejo Algebras: The Birth of
Treonic Manifold Construction

Alejandro Jestis Bermejo Valdés

Riojan Health Service, Piqueras 98, 26006, Logrofio, La Rioja, Spain; ajpermejo@riojasalud.es

Abstract: We conducted a topological analysis of the novel, non-associative, and unital algebraic structure known
as Bermejo Algebras, developed by Alejandro Bermejo, which includes the Algebra B and Treon Algebra. This
algebras can define Lie and Malcev algebras when their product operations are derived from the Bermejo Algebras
product. Central to this study are treons, complex entities that arise as isomorphisms of Algebra B when the
field is real. We define the vector spaces associated with Bermejo Algebras to establish equivalence classes and
a quotient topology, resulting in Hausdorff spaces that do not depend on traditional norms, inner products, or
metrics. Our findings lay the groundwork for constructing new types of differential manifolds, opening new

avenues for advanced mathematical research.
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1. Introduction

Bermejo Algebras are a novel non-associative and unital algebraic structure, founded and de-
veloped by Alejandro Bermejo [1,2]. This algebraic construction can define Lie and Malcev algebras
when their product operations are derived from the product operation of Bermejo Algebras. These
algebras yield complex entities, such as the algebra C? of vectors (a1,a,), which can be considered
a trivial case of Bermejo Algebra: (a1, a;,0). These entities are distinct from quaternions and other
higher hypercomplex structures [2]. Bermejo termed these complex entities "treons", which manifest
as isomorphisms of his algebra when the field is real (R) [2].

We undertake a topological analysis of Bermejo Algebras, redefining the fundamental space of
these algebras to develop a structure based solely on the products of Bermejo Algebras. By avoiding
the need to define norms, inner products, or metrics, we successfully establish equivalence classes
and a quotient topology that forms a Hausdorff space. Given that Hausdorff spaces are crucial in
the definition of manifolds [3,4], our work lays the essential groundwork for constructing treonic
differential manifolds.

This work marks the beginning of constructing a framework to support any complex analysis of
the spaces discussed here. For instance, the Cauchy-Riemann equations for treons [5] will be better
defined with the vector bases established here.

2. Bermejo Algebras

Bermejo algebras (Algebra B [1] and Treon Algebra [2]) can be expressed both as points in R?, for
the case (ay,a,a3), or as points in a 3-dimensional "complex space C3", for the case a1 + ayi + a3 j.

The algebra B isomorphic to the treon algebra necessarily implies the definition of algebra B over
the real field R; therefore, the algebra B isomorphic to the treonic algebra uses R as a vector space and
associates it with a product. Consequently, algebra B isomorphic to treon algebra is an algebra over R3
and, logically, treon algebra is an algebra over R3 [2].

Now, if we assume that in Bermejo algebras there are complex quantities [1,2,5], we can define a
vector space with a subtly different base structure, i.e., the canonical basis of R? can be defined from
bases in a space we will call B-Spaces:

Let {1, ,k} be the canonical base in R3, we define:

i=(1,0,0), j=(0,1,0), k=(0,0,1)

© 2024 by the author(s). Distributed under a Creative Commons CC BY license.
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where {(1,0,0),(0,1,0), (0,0,1)} is the basis for the space associated with algebra B [1,2]: Space B;.
And:
(1,0,0) =id, (0,1,0)=i, (0,0,1) =]

where {id, 7, j} is the basis in the space associated with treon algebra [2]: Space B;. And, by transitivity
of the equivalence =:
i=id, j=i, k=j.

In this way, space By will be generated by the span((1,0,0), (0,1,0), (0,0,1)) and space B, will be
generated by the span{id, 7, j}, such that the linear independence of both bases is inherited from the
linear independence of the canonical base in R3.

Since R3 is a differentiable manifold, B-spaces are a differentiable manifold. However, these
spaces are subject to and limited by the topology induced by the Euclidean metric. In this work, we
carry out a step-by-step analysis of the properties of B-spaces to define a differentiable manifold not
limited by the Euclidean metric, but at the same time influenced and defined by a particular property
of Bermejo Algebras, the appearance of a "norm" in the real component of the double conjugated
square of an element. We cannot define the squared norm of a treon in the conventional sense without
introducing an inner product or a metric in the vector space. Here we present a pioneering analysis
that allows working with norms, metrics, and inner products in a non-normed, non-metric space
without inner products; at least not from the conventional viewpoint. This is because the products of
Bermejo Algebras naturally produce these properties.

3. Construction of a Topology on Treons

3.1. Definitions for Treonic Topology

To construct a topology T on the space of treons, By, which we denote X for simplicity, we define:

Let X be the set of treonic elements p = pyid + ppi + paj, with i2 = j> = —id, where id is the
identity element of the algebra. To simplify, we will assume from here that id = 1. Let P(X) be the
power set of X, and let a topology T C P(X). By definition, T must satisfy [6,7]:

1. ©,X €T, where @ represents the empty set.
2. If Uy, Uy € T, then Uy N Uy € T (finite intersection), where U € T are the open sets of topology T.
3. If (Uj)ie; € T, then U;c; U; € T. The index I is an arbitrary index, finite or not.

By definition, we have two trivial topologies: the indiscrete treonic topology, T = {@, X}, and the
discrete treonic topology, T = P(X).

Let the pair (X, T) be our treonic topological space, we say that V is an open neighborhood of a
treonpif: VeT ApeV.

3.2. Convergence of Treons and Definition of Hausdorff Space

We define a sequence of treons as a mapping ¢ such that:
p:N—=X,
ne— @(n) = py,
where {1} is a notation to represent the successive elements:
Py = P1{1y T P2(1yi T P31y, Pipey T P2p2yi +P3p21), P13y + P23yl + Pagayis- -
We say that a sequence of treons py,,, converges to an element p, and we denote p;,,; — p, if and

only if:
YW,peV,ANeN:Vn > N = P{n} eV.

doi:10.20944/preprints202407.0940.v1
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The topological space (X, T) is called a Hausdorff space if and only if [3,4]:
VPa, Py € X, Pa # P, 3Vp, €T ANV, €T:Vp, NVpy, =00,

where V), is the open neighborhood of p,, and V), is an open neighborhood of py,.

Since R3 is a Hausdorff space with the topology induced by the Euclidean metric [3,4], both space
Bj and space B; are Hausdorff spaces.

A Hausdorff space guarantees that the limits of sequences of points are unique [3,4]. If a sequence
P(n) of treons converges to both p, and py, necessarily p, = pp. In a Hausdorff space, a sequence that
converges to two different points generates a contradiction.

If we have a Hausdorff space and if py,,} converges to both p, and p, we have:

Piny = Pa VYVa, pa € Vo, AN, €NV > N, = Piny € Va,

P{n} = Po & VY, Py € Vi, IN, e N:Vn > N, = Pimy e V.

Therefore, taking simultaneously the maximum (N, N;,), we will have that p (n} € Vaand p (n} € V.
This contradicts the definition of a Hausdorff space, where there is no point py, in the intersection
Va N V.

Hausdorff spaces are a fundamental pillar in the definition of manifolds [3,4,8,9]; therefore, in
this work, we develop the elementary mathematical tools for defining Hausdorff spaces under the
analysis of Bermejo Algebras. This is the first step in generating treonic manifolds.

3.3. Definition of Treonic Quotient Topology

Let (X, T) be our treonic topological space, and let ~ be an arbitrary equivalence relation on X;
let [p]~ be an equivalence class for p; € X under the relation ~, and let X/ ~ be the quotient set. We
define the mapping (surjective) canonical projection on the set of treons X as:

g: X=X/ ~,

p— [pl~

We define a preimage of the mapping g, which we denote Preim; C X.

Let an arbitrary Preim,(U) C X, such that Preim,(U) € T, the canonical projection mapping g
implies, by definition, the obligatory existence of an open set U C X/ ~, such that U € T, where T is
a new topology defined on X/ ~, which is simply a quotient topology [10]for the case of treons. We
call the pair (X/ ~, T) the treons quotient space.

3.4. Analysis of the Real Component of p ® p((*’?f))

In algebra B, we define (p?) = p © p((*frf) ), where © is the product of algebra B, and (; ;) is the
double complex conjugation of a treon, i.e., a conjugation in i and a conjugation in j [1,2]. According to
this, (p?) = ([|pll> 2p1p2 + p2ps, 2p1p3 + pap2), where:

IplI*> = pt + P35 + p3.

The operation (p?) = p ® p'(*i))) we name it "double conjugated square". Bermejo called ||p||? the
"norm squared", but it should not be interpreted as the norm squared per se of p, since only the real
part of (p?) € X is being considered. Note that this "norm squared" is the real part of the double
conjugated square of a treon, i.e.,

Ipl1? = Re((p?)).
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We define the subset N C X, such that:

N={peX:p=(p"},

and the mapping (-):

(B): X > NCX,

p— (p?).

|p|> = Re({p?)) implies that the real part of a treon (p?) € N is a place where Euclidean norms
of three components of a real vector j = pii + pa] + pak arise, whose components coincide with the
components of the treon p = p1 + pai + p3j, an element of the domain of (-2). We understand that the
norm of a real vector arises in the real component of a treon when performing the double conjugated
square.

Note that ||p||> = 0 = p = 0 A (p?) = 0. Therefore, within the set where norms are defined (the
set N), any treon (p?) with a zero real part will be a zero treon, and its preimage under (-2) will be the
zero treon in X. Therefore, in N, any pure imaginary treon pi + p3j is zero and derives from a zero
treon; this means that there are no pure imaginary treons in N. This does not occur in X \ N, where a
pure imaginary treon produces an element (p?) = (p3 + p3, p2ps, psp2) € N.

Theorem: In N, the norm of a treon is zero if and only if the treon is zero:

Vpe NC X:Re(p) =0« p=0+0i+0j.

Proof =
We have that (p*) = ([[p[|% 2p1p2 + p2ps, 2p1ps + p3p2), such that [|p[|* = p} + p5 + p3. If [[p|* =
0 p1=0Apy=0Ap3=0,thenp = p; + pai + p3j = 0+ 0i 4 0j.
Proof «:
If p = 0+ 0i + 0j, then p; = 0. Therefore, Re(p) = 0.
O
Taking into account the product © of algebra B [1], defined as:

Pa© P = (Pa1PB1 — PA2PB2 — PA3PB3, PA1PB2 + PA2PB1 + PA3PB2, PA1PB3 + PA3PB1 + PA3PB2),

we have:

pa® Pé(*i'j)) = (pA1PB1 + PA2PB2 + PA3PB3, —PA1PB2 + PA2PB1 — PA3PB2, —PA1PB3 + PA3PB1 — PA3PB2),

where we will define Re(pa © pé(*i’f ))) =Re((pa,PB)) = pa<pp € R, which, while it has the structure
of an inner product, we do not define it as such. The diamond operation ¢ naturally arises from the
definition of the product of algebra B. Therefore, we have:

(pa,pB) = (PA© PB, PA2PB1 — PA1PB2 — PA3PB2, PA3PB1 — PA1PB3 — PA3PB2)-

Then, with this, we have an operation involving the product of a treon with another doubly
conjugated treon, resulting in treons with a real component exhibiting the structure of an "inner
product"”. We refer to the operation (p4, pp) as the Bermejian inner product. In this context, the case
of the doubly conjugated square is considered a particular instance of the Bermejian inner product,
specifically for the product of identical treons.

On the other hand, ||p||2 = 0 = § = 0. Therefore, within N, any zero treon maps to the zero
vector 7 = 0 in R® through a mapping

h:N— R
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(r?) = P
Taking the set of all treons p € X that have an image in N C X under (-2), Preim >y, we can
define a composition mapping H = h o (-2), such that:

H: Preim<_2> — ]RB,

p P
This mapping ensures that all elements have a defined norm, such that the only possibility for an
element to have a zero norm is for the element to be zero (0,0, 0).

Note that the components of 7 in the canonical basis, as defined, can be made to coincide with the
components of a treon p € Preim, 2 in its corresponding base {id, 7, j}. In this way:

V§ € R® Vp € Preim ), J||p|l € R: |7 = /Re((p?)).

The vectors § € R3 that are a representation of the treons p € Preim >y under the composition
mapping H, we denote as p.

3.5. S2-Spheres and Treonic Equivalence Classes

We define an S2-sphere as the set of vectors p, such that Re((p?);) = r*> € R:
;= {0 € R%: \/Re({p?);) =1 A1; >0},

where S? are the different spheres of radius r; greater than zero. This notation, in the traditional sense,
refers to 2-spheres of radius r. For the purposes of our algebra, we have renamed this as S? r-spheres.

With this, we construct an equivalence relation for the elements p € Preim . Let the following
equivalence relation ~:

Vpi, pj € Preim<,z> C X,Vpl',p]‘ eR3: pi ~ Pj < pi = pj v Pi = —pPj,

where Y denotes the binary logical operator "exclusive or", which excludes the truth value "True" when
both propositions are True.

Proof that p; ~ p; is an equivalence relation:

1. Reflexivity: We have p; ~ p; & p; = p; ¥ p; = —p;. Clearly, this proposition is true because
p; = 0 imply null norms and, therefore, null vectors and treons that do not conform to the sphere by
definition.

2. Symmetry: p; ~ p; = p; ~ p;. Clearly, this holds since p; = p; is the same as p; = p;, and since
pi = —pj is the same as p; = —p;.

3. Transitivity: For p; ~ py and py ~ p; we have:

pi ~ Pk & i = px Ypi = —Pk

Pk~ Pj & 0k =0 ¥ Pk = —0j,
As p; = px = pj, and as p; = —px = —(—p;) = pj, we have that the proposition p; ~ p; is true as it
verifies the unique possibility of transitivity that p; = p;. Thus, transitivity verifies p; ~ p; < p; = p;
only, being false p; = —p;.
O
We extended the definition of S2-spheres to the treonic set X. We define:

A = {p € Preim 2y C X :(/Re((p?);) = ri A1i > 0}.
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This is simply a change in the way of representing: p is a vector on the canonical base while p is a treon
on the treonic base {id, 7, j}.

We call the set A the "r-treosphere,” again, a change in the way of thinking about the spaces where
they are defined. For r = 1 we have a 1-treosphere such that there is an equivalence class [p]~ (r=1)7 for
r=2wehave [p]._,, and forany r = ro € R, we have [p].,. The set [p]., for any o € R allows
grouping the treons according to these equivalence classes.

We define A/ ~ as the set of all [p], in X. And we construct the treons quotient space (A/ ~,T).
Note that [p]~, involves all the points in the volume of a sphere.

We denoted the topology T of (X, T) that is in A as Ty, and the corresponding topological
subspace as (A, Ty ). Thus, (A, Ty) is a topological subspace of (X, T).

The Treons Quotient Space is a Hausdorff Space

Let two treons p; and p; € A, such that p; # p; A p; # —pj, then [p;]~ # [pj]~. Two treons p;
and p; are equal if their corresponding components are equal; therefore, if p; # p; and p; # —pj, then
pi # pj- On the other hand, the canonical projection mapping g o i o () : A — A/ ~ is surjective, not
injective, and we can have two treons p; and p; mapped to an equivalence class [p]., i.e., we can have
two treons p; and p; such that p; = p; ¥ p; = —p;. This implies that the construction of a neighborhood
in A/ ~ implies the definition of two neighborhoods in S? and, by extension, in A.

We define the following treons:

Pero) = {pg € Az pg = (/Re((p2)) =70 > 0},

p(igrro) = {p(fg) S A . p(ig) = —pg}l

where p; ) and p(_; ) are the two elements of an equivalence class [p;]~ (r=r) € A/ ~.
Thus, we have:
H:A — R?

P(gr0) = P(gr)

P(~gr0) 77 P(~Lro)-

Let the topological space (A, Ty ), we can take a p(; ) € V(¢ ) such that Vg, ) € Ty; therefore,
V(¢ ry) is an open neighborhood in (A, Ty ). This can be done for any r and for any pair pz, p_¢) € A.
By definition of topology, V(; ;) UV(_¢ ) € Ta.

Additionally, let the topological spaces (A, Tx) and (A/ ~,Tp), aset V C A/ ~ is said to be
open in Ty if and only if Preim,;(V) € T, which is precisely the definition of continuity between
topological spaces. Therefore, Preim;(V;) = V() U V(_;,) implies that the canonical projection g is
continuous, i.e., it implies the existence of an open V; € Tx. T, is the quotient topology of the quotient
space (A/ ~,Ty).

We can choose neighborhoods Viure) € TarVicurg) € Tar Vi) € Tas and Vi) € Tasas small
as we want; therefore, we can assume the following intersections:

Viuro) VW) =9,
Viepr) VW) = 2
Viepr) VWigr) =&
Vi) VW) =9,
Vi) W) = 2
Vicure) M Vipr) = ©-
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Using Preimg (V) = V7 ,) UV(_¢ ), we have:
Preimg (V) = Viy,r) U V(o).

Preimq(Vy) = V(;M,O) U V(*H,T‘O)’

such that Preim,(V;) € Ty, Preimy (V) € Ta, Vy € Ty, and V;, € Ty.
Evaluating Preim,(V;, N'V},), we have:
Preim,(V; N'V,) = Preim,(V},) N Preim,(V},)
= Vo) Y Vo) N Vo) Y Vimm))
(Vo) Y Vi=nro) Vi) O (Vo) U Viere)) N Vi-pure)
= Vo) M Vo)) Y Viero) 0 Vo)) Y Vi) D Vi) U (Vieyro) O Vicum))
Q.

Therefore, Preim,(V, NV,,) = @.

Since the mapping g is surjective, each element of the codomain has at least one preimage in
the domain. If we start from the premise Preim,(V;, N'V,,) = @, this implies that there is no element
in A such that g(p € A) € V,; NV, ie, there is no element in the domain of g that is mapped
to the intersection V,, N V). Consequently, due to surjectivity, for there to be no p € A such that
q(p € A) € V; NV}, itis necessary that there be no element in the intersection itself. If there were any
element [p]. € V;, NV, surjectivity guarantees that there necessarily exists some p € A. Therefore:

VPreimy(V, NV,) =@ =V, NV, = Q.
Let the topological space (A/ ~, Ty):
Y pul~r [y~ € A~ [pul~ # [Pyl VW €TA A Vy € TA: VNV, = Q.

Therefore, the treon quotient topology A/ ~ is a Hausdorff space.

All this analysis allows us to well-define the treon quotient topology A/ ~ as a Hausdorff space,
without the need to equip the vector space with norms or inner products. The definition of the product
in Bermejo Algebras is sufficient to work with these concepts implicitly.

We must consider that we can also define a canonical projection mapping m : A — A/ ~ thatis
not given by the composition g o H, and therefore does not depend on conventional vectors pj; however,
this excludes from our analysis the equivalence classes of opposite vectors in the S? r-spheres and
returns surface areas of radius r;. Let us consider the mapping m:

m:A— A/~

p = [ple

where:

Vpi,pj € A pi~ pj == /Re((p})) = /Re((p})).

Note that now the equivalence classes are not two points represented by position vectors on S?
but are each of the surfaces S2.

Similarly, we can now define other equivalence classes in their corresponding A/ ~, for example,
taking the diamond ¢ operation:

Vi, P PP € N i (pipj) ~ (Prop1) == piop; = propr-
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Our work thus opens new possibilities in the development and topological analysis of Bermejo
Algebras.

4. Conclusions

We conducted a topological analysis of the Bermejo Algebras, demonstrating their ability to create
Hausdorff spaces without the need for traditional norms, inner products, or metrics. We achieved
this distinctive feature through the creation of equivalence classes and a specific quotient topology.
This contribution is particularly relevant for the study of complex functions and complex analysis in a
non-associative algebraic framework.

We defined a Bermejian inner product derived from the product of the Bermejo Algebras; this
product is distinguished by not depending on conventional definitions w here v ector s paces are
equipped with metric, inner product, and norm operations. This Bermejian inner product naturally
arose from the product of the Bermejo Algebras, allowing us to work with metric and norm properties
without explicitly introducing these structures.

Our work established an important precedent for the exploration of new algebraic structures,
topological structures, and differential manifolds. By constructing treonic spheres and treonic
equiva-lence classes, we provided a new way to group and analyze treons. Demonstrating that the
treonic quotient space is a Hausdorff space ensured the uniqueness of the limits of point sequences
in these spaces, which is fundamental for the definition and study of differential manifolds.

This work set an important precedent for the exploration of new algebraic and topological
structures, opening a field of research for mathematicians and physicists.

References

1. Bermejo Valdes, A.J. First Exploration of a Novel Generalization of Lie and Malcev Algebras Leading to the
Emergence of Complex Structures 2024. Available at: https://doi.org/10.20944 /preprints202406.1110.v1.

2. Bermejo Valdes, A.J. Analysis of Complex Entities in Algebra B 2024. Available at: https://doi.org/10.209
44 /preprints202406.1385.v1.

3. Varol, B.P,; Aygun, H. On soft Hausdorff spaces. Annals of Fuzzy Mathematics and Informatics 2013, 5, 15-24.

4. Fell, ] M. A Hausdorff topology for the closed subsets of a locally compact non-Hausdorff space. Proceedings
of the American Mathematical Society 1962, 13, 472-476.

5. Bermejo Valdes, A.J. Cauchy-Riemann Equations for Treons 2024. Available at: https:/ /doi.org/10.20944

/preprints202407.0103.v1.

Kelley, J.L. General topology; Courier Dover Publications, 2017.

Kuratowski, K. Topology: Volume I; Vol. 1, Elsevier, 2014.

Munkres, J.R. Analysis on manifolds; CRC Press, 2018.

Lang, S. Differential manifolds; Vol. 2, Springer, 1972.

10.  Lépez, R. Quotient Topology. In Point-Set Topology: A Working Textbook; Springer, 2024; pp. 319-363.

o *® N

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those
of the individual author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s)
disclaim responsibility for any injury to people or property resulting from any ideas, methods, instructions or
products referred to in the content.


https://doi.org/10.20944/preprints202406.1110.v1
https://doi.org/10.20944/preprints202406.1385.v1
https://doi.org/10.20944/preprints202406.1385.v1
https://doi.org/10.20944/preprints202407.0103.v1
https://doi.org/10.20944/preprints202407.0103.v1
https://doi.org/10.20944/preprints202407.0940.v1

	Introduction
	Bermejo Algebras
	Construction of a Topology on Treons
	Definitions for Treonic Topology
	Convergence of Treons and Definition of Hausdorff Space
	Definition of Treonic Quotient Topology
	Analysis of the Real Component of p p((*i,j))
	S2r-Spheres and Treonic Equivalence Classes

	Conclusions
	References

