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Abstract: We investigate from an algebraic and topological point of view the minimal prime spectrum
of a commutator lattice, considering the prime elements with respect to the commutator operation. We
obtain characterizations for minimal prime elements, then study the Stone and flat topologies on the
minimal prime spectra of commutator lattices. We thus obtain abstractions for our results from [1] on
congruence lattices and generalizations for results on frames and quantales, but also further cases in
which these results hold.
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1. Introduction
The prime spectrum of congruences of an algebra A, denoted Spec(A), consists of its prime

congruences w.r.t. the term condition commutator [·, ·]A. If [·, ·]A is commutative and distributive
w.r.t. arbitrary joins, in particular if A belongs to a congruence–modular variety, then Spec(A) can be
endowed with the Stone or spectral topology, by generalizing the construction of the Zarisky topology
from rings [2,3].

Using the Stone topology on the prime spectrum of congruences of a universal algebra, we have
generalized properties of ring extensions in [4,5] and constructed the reticulation of a universal algebra
in [6]. In [1] we have investigated the topology induced on the antichain Min(A) of the minimal
prime congruences of an algebra A, called the minimal prime spectrum of A, by the Stone topology
of Spec(A), along with the flat or inverse topology on Min(A), and used these topologies to study
extensions of universal algebras that generalize certain types of ring extensions, investigated in [7–9].

In [10], we have investigated certain algebraic properties of commutator lattices; these are abstrac-
tions for congruence lattices, consisting of complete lattices endowed with binary operations called
commutators that satisfy commutativity and distributivity with respect to arbitrary joins. A more
general version of this notion is that of a multiplicative lattice [11,12].

Our results from [1,6], along with other properties from the papers cited above, can be obtained
in this abstract case of commutator lattices.

We begin this investigation in the current paper, with an algebraic and topological study of the
minimal prime spectrum of a commutator lattice, consisting of its prime elements with respect to
the commutator operation. We obtain characterizations for minimal prime elements, then study the
Stone and flat topologies on the minimal prime spectra of commutator lattices, using properties of
commutator lattices from [10] and proving in this abstract case results similar to the ones we have
obtained in [1,6]. This abstract approach proves fruitful, as it reveals further cases in which these
results hold.
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2. Preliminaries
We refer the reader to [13–16] for a further study of the following notions from universal algebra,

to [17–20] for the lattice–theoretical ones, to [13,16,21,22] for the results on commutators and to [5,13,23–26]
for the Stone topologies. See also [27,28].

We denote by N the set of the natural numbers and by N∗ = N \ {0}. Let M, N be sets and S ⊆ M.
Then we denote by P(M) the set of the subsets of M, by ∆M= {(x, x) | x ∈ M} and ∇M= M2 the
smallest and the largest equivalence on M, respectively.

For any poset P, Max(P) and Min(P) will denote the set of the maximal elements and that of the
minimal elements of P, respectively. The order on congruences of an algebra or ideals or filters of a
lattice will always be the set inclusion.

Let L be an arbitrary lattice. We denote by Cp(L), Mi(L) and Smi(L) the sets of the compact, the
meet–irreducible and the strictly meet–irreducible elements of L, respectively. Recall that L is said to
be compact if and only if Cp(L) = L and L is said to be algebraic if and only if each of its elements is a
join of compact elements. Note that, if L is compact, then the join of any nonempty U ⊆ L equals the
join of a finite subset of U, and that, if L has finite length, then L is compact, thus L is algebraic. If L
has a 1, then 1 /∈ Smi(L), because 1 =

∧
∅ =

∧
{x ∈ L | 1 < x}.

If L has a 1, then we denote by MaxL = Max(L \ {1},≤), by SpecL the set of the (meet–)prime
elements of L:

SpecL = {p ∈ L \ {1} | (∀ a, b ∈ L) (a ∧ b ≤ p ⇒ (a ≤ p or b ≤ p))}
and by MinL = Min(SpecL,≤).

Notice that MaxL is the set of the coatoms of L and, if L is distributive and has a 1, then SpecL =

Mi(L) \ {1} ⊇ Smi(L) ⊇ MaxL.
Id(L) will be the bounded lattice of the ideals of L and PId(L) will be the bounded sublattice

of Id(L) of the principal ideals of L. We denote by SpecId(L) the set of the prime ideals of L and by
MinId(L) the set of the minimal prime ideals of L, called the prime spectrum of ideals of L and the minimal
prime spectrum of ideals of L, respectively. Recall that SpecId(L) = SpecId(L) and MinId(L) = MinId(L).

Let U ⊆ L and a, b ∈ L, arbitrary. We denote by (U]L and [U)L the ideal and the filter of L
generated by U, respectively, and by (a]L = ({a}]L and [a)L = [{a})L.

If L has a 0, then AnnL(a) and AnnL(U) will be the annihilator of a and U in L, respectively:
AnnL(a) = {x ∈ L | x ∧ a = 0} and AnnL(U) =

⋂
u∈U

AnnL(u).

The subscript L will be eliminated from the notations above when the lattice L is clear from the
context.

If L is a bounded lattice, then we denote by B(L) the set of the complemented elements of L,
regardless of whether L is distributive.

Remember that L is called a frame if and only if L is complete and the meet in L is completely
distributive with respect to the join. Note that, if L has a 0 and it is distributive, then all annihilators in
L are ideals of L; if L is a frame, then all annihilators in L are principal ideals of L.

3. Commutator Lattices, the Stone Topology on Their Prime Spectra and Their
Residuated Structure
Definition 1. [10,23,29,30] Let (L,∧,∨, 0, 1) be a bounded lattice and [·, ·] be a binary operation on L.
The algebra (L,∨,∧, [·, ·], 0, 1) (which we also denote, simply, by (L, [·, ·])) is called a commutator lattice
and the operation [·, ·] is called commutator if and only if L is a complete lattice and, for all x, y ∈ L and
any family (yi)i∈I ⊆ L:

• [x, y] = [y, x] ≤ x ∧ y ([·, ·] is commutative and smaller than its arguments);
• [x,

∨
i∈I

yi] =
∨
i∈I

[x, yi] ([·, ·] is completely distributive with respect to the join).

Clearly, if (L, [·, ·]) is a commutator lattice, then the commutator [·, ·] is distributive with respect
to the join in each argument, thus [·, ·] is order–preserving in each argument. For any complete lattice
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L, we have the equivalence: (L,∧) is a commutator lattice (with the commutator equalling the meet) if
and only if L is a frame.

Now let (L, [·, ·]) be an arbitrary commutator lattice. We denote by Spec(L,[·,·]) the set of the prime
elements of (L, [·, ·]), that is the prime elements of L with respect to the commutator:

Spec(L,[·,·]) = {p ∈ L \ {1} | (∀ a, b ∈ L) ([a, b] ≤ p ⇒ (a ≤ p or b ≤ p))},
and by Min(L,[·,·]) = Min(Spec(L,[·,·])): the set of the minimal prime elements of (L, [·, ·]).

For any x ∈ L, we denote by V(x) = [x)L ∩ Spec(L,[·,·]), by ρ(x) =
∧

V(x) =
∧{p ∈

Spec(L,[·,·]) | x ≤ p} and by R(L, [·, ·]) = {ρ(x) | x ∈ L}. We call ρ(x) the radical of x, and the
elements of R(L, [·, ·]) radical elements of L. Clearly, Spec(L,[·,·]) ⊆ R(L, [·, ·]) = {x ∈ L | ρ(x) = x}.

If the commutator [·, ·] coincides to the meet in L, case in which, of course, the prime elements of
the commutator lattice (L,∧) are exactly the meet–prime elements of L: Spec(L,∧) = SpecL, then we
denote by R(L) the set of the radical elements of this commutator lattice: R(L) := R(L,∧).

Recall that all elements of an algebraic lattice are meets of strictly meet–irreducible elements, thus,
if L is algebraic and [·, ·] = ∧, then R(L, [·, ·]) = R(L) = L.

For any a ∈ L and any U ⊆ L, Ann(L,[·,·])(a) and Ann(L,[·,·])(U) will be the annihilator of a and U
in (L, [·, ·]), respectively: Ann(L,[·,·])(a) = {x ∈ L | [x, a] = 0} and Ann(L,[·,·])(U) =

⋂
u∈U

Ann(L,[·,·])(u).

Note that all annihilators in (L, [·, ·]) are principal ideals of L, since
∨

Ann(L,[·,·])(U) ∈ Ann(L,[·,·])(U)

for any U ⊆ L.
Since the commutator lattice which the notations V(·) and ρ(·) refer to will always be clear from

the context, we have decided not to overload these notations with the symbol [·, ·]. The same goes
for the radical equivalence ≡ below and the notation D(·) for the opens of the Stone topology that
we will refer to later. Same for the commutator operation and the notations for the Stone and the flat
topologies.

We consider the following equivalence on the set L: ≡ = {(a, b) | a, b ∈ L, ρ(a) = ρ(b)}, which
we call the radical equivalence of (L, [·, ·]). By [10] [Proposition 5.9.(i)]:

• ≡ ∈ Con(L, [·, ·]), i.e. ≡ is a lattice congruence of L that preserves the commutator operation;
• ≡ preserves arbitrary joins and satisfies [a, b] ≡ a ∧ b for all a, b ∈ L;
• R(L, [·, ·]) = {max(x/≡) | x ∈ L} = {x ∈ L | x = max(x/≡)};
• 0/≡ = (ρ(0)]L and, for all x ∈ L, ρ(x) = max(x/≡) = max(ρ(x)/≡) = min([x)L ∩ R(L, [·, ·])).

By the first two statements above, the quotient commutator lattice of (L, [·, ·]) through ≡ is the
frame (L/≡,∧), whose commutator operation equals the meet.

Also by the items above:
0 ∈ R(L, [·, ·]) if and only if ρ(0) = 0 if and only if 0/≡ = {0}
if and only if, for all a, b ∈ L, [a, b] = 0 is equivalent to a ∧ b = 0
if and only if, for all a ∈ L, Ann(L,[·,·])(a) = AnnL(a)
if and only if, for all U ⊆ L, Ann(L,[·,·])(U) = AnnL(U).

Also, ≡ ∩R(L, [·, ·])2 = ∆R(L,[·,·]), thus: R(L, [·, ·]) = L if and only if ≡ = ∆L. See [10] [Re-
marks 5.10 & 5.11, Proposition 5.15.(i), Lemma 5.18].

By [10] [Lemma 5.7], if 1 ∈ Cp(L) and [1, 1] = 1, then 1/≡ = {1}.
By [10] [Proposition 5.15.(ii),(iii)], if R(L, [·, ·]) = L, then [·, ·] = ∧, and, if L is algebraic, then the

converse holds, as well.

Lemma 1. Let x ∈ L \ {1}. If L is algebraic, then: x ∈ Spec(L,[·,·]) if and only if, for any a, b ∈ Cp(L), if
[a, b] ≤ x, then a ≤ x or b ≤ x.

Proof. The left–to–right implication is clear. For the converse, assume that all a, b ∈ Cp(L) such
that [a, b] ≤ x satisfy a ≤ x or b ≤ x and assume by absurdum that x is not prime, so that there
exist u, v ∈ L with [u, v] ≤ x, but u ≰ x and v ≰ x. Since L is algebraic, u =

∨
((u]L ∩ Cp(L)) and

v =
∨
((v]L ∩ Cp(L)). Then there exist c, d ∈ Cp(L) such that c ≰ x and d ≰ x, but c ≤ u and d ≤ v, so

that [c, d] ≤ [u, v] ≤ x, which contradicts the hypothesis of this implication.
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Let A be an arbitrary member of a variety V and [·, ·]A be its term condition commuta-
tor [31]. Recall from [1,6,10] that, if the commutator [·, ·]A of A is commutative and distributive
with respect to arbitrary joins, in particular if V is congruence–modular, then its congruence lattice
(Con(A),∩,∧, [·, ·]A, ∆A,∇A) is an algebraic commutator lattice. Furthermore, if V is semi–degenerate,
then:

• the one–class congruence of A is compact, that is finitely generated: ∇A ∈ Cp(Con(A)); we
denote by K(A) := Cp(Con(A));

• if V is also congruence–modular, then, for all θ ∈ Con(A), [θ,∇A]A = θ.

Recall also that, if V is congruence–distributive, then the commutator of A equals the intersection,
so the second property above holds in this case, as well.

See in [1] the results from this paper in the particular case of commutator lattices of congruences.
We call an r ∈ L a semiprime element of (L, [·, ·]) if and only if, for all a ∈ L, if [a, a] ≤ r, then a ≤ r.

Lemma 2. (i) If [1, 1] = 1, then MaxL ⊆ Spec(L,[·,·]).

(ii) An element of L is radical if and only if it is semiprime.
(iii) Spec(L,[·,·]) = (Mi(L) ∩ R(L, [·, ·])) \ {1}.

Proof. (i) This is [10, Lemma 5.2.(iii)].
(ii) This is [11] [Lemma 4.7].
(iii) By (ii) and [10] [Lemma 5.2.(ii)], according to which the prime elements of (L, [·, ·]) are exactly the
semiprime members of Mi(L) \ {1}.

Recall, also, from [10, Lemma 5.2.(iv)] that, if 1 ∈ Cp(L), then, for any x ∈ L \ {1}, there exists an
m ∈ MaxL such that x ≤ m.

Recall that, for all x ∈ L, V(x) = Spec(L,[·,·]) ∩ [x)L = {p ∈ Spec(L,[·,·]) | x ≤ p}. Let us denote, for
all x ∈ L, by D(x) := Spec(L,[·,·]) \ V(x) = Spec(L,[·,·]) \ [x)L = {p ∈ Spec(L,[·,·]) | x ≰ p}.

We denote by SSpec,L = {D(x) | x ∈ L}. As shown by the next proposition, SSpec,L is a topology
on Spec(L,[·,·]). We call SSpec,L the Stone topology or the spectral topology on Spec(L,[·,·]).

Proposition 1. SSpec,L is a topology on Spec(L,[·,·]), which satisfies, for all a, b ∈ L and any family (ai)i∈I ⊆ L:

(i) D(a) ⊆ D(b) if and only if V(a) ⊇ V(b) if and only if ρ(a) ≤ ρ(b); D(a) = D(b) if and only if
V(a) = V(b) if and only if ρ(a) = ρ(b);

(ii) a ≤ b implies ρ(a) ≤ ρ(b); a ≤ ρ(a); ρ(a) = 0 implies a = 0; D(1) = Spec(L,[·,·]) = V(0) and
D(0) = ∅ = V(1);

(iii) if 0 ∈ R(L, [·, ·]), then: D(a) = ∅ if and only if V(a) = Spec(L,[·,·]) if and only if ρ(a) = 0 if and
only if a = 0;

(iv) if 1/ ≡ = {1}, in particular if 1 ∈ Cp(L) and [1, 1] = 1, then: D(a) = Spec(L,[·,·]) if and only if
V(a) = ∅ if and only if ρ(a) = 1 if and only if a = 1;

(v) ρ([a, b]) = ρ(a ∧ b) = ρ(a) ∧ ρ(b);
D([a, b]) = D(a ∧ b) = D(a) ∩ D(b) and D(a ∨ b) = D(a) ∪ D(b); moreover, D(

∨
i∈I

ai) =⋃
i∈I

D(ai);

V([a, b]) = V(a ∧ b) = V(a) ∪ V(b) and V(a ∨ b) = V(α) ∩ V(b); moreover, V(
∨
i∈I

ai) =⋂
i∈I

V(ai);

(vi) if the lattice L is algebraic, then V(a) =
⋂

x∈(a]∩Cp(L)

V(x) and D(a) =
⋃

x∈(a]∩Cp(L)

D(x), therefore the

Stone topology SSpec,L has {D(x) | x ∈ Cp(L)} as a basis.

Proof. (i),(ii) Clear.

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 5 May 2025 doi:10.20944/preprints202505.0145.v1

https://doi.org/10.20944/preprints202505.0145.v1


5 of 21

(iii) Assume that 0 ∈ R(L, [·, ·]), so that 0/≡ = {0} and ρ(0) = 0, thus, by (i),(ii): D(a) = ∅ = D(0)
if and only if V(a) = Spec(L,[·,·]) = V(0) if and only if ρ(a) = ρ(0) if and only if ρ(a) = 0; also,
ρ(a) = ρ(0) if and only if a ≡ 0 if and only if a ∈ 0/≡ if and only if a ∈ {0} if and only if a = 0.
(iv) Assume that 1/ ≡ = {1}, which holds if 1 ∈ Cp(L) and [1, 1] = 1. Then, by (i),(ii): D(a) =

Spec(L,[·,·]) = D(1) if and only if V(a) = ∅ = V(1) if and only if ρ(a) = ρ(1) if and only if ρ(a) = 1;
also, ρ(a) = ρ(1) if and only if a ≡ 1 if and only if a ∈ 1/≡ if and only if a ∈ {1} if and only if a = 1.
(v) We have [a, b] ≡ a ∧ b, which means that ρ([a, b]) = ρ(a ∧ b), thus V([a, b]) = V(a ∧ b) and
D([a, b]) = D(a ∧ b) by (i). For any p ∈ Spec(L,[·,·]), we have, since [a, b] ≤ a ∧ b: p ∈ V([a, b]) if
and only if [a, b] ≤ p if and only if a ≤ p or b ≤ p if and only if p ∈ V(a) or p ∈ V(b) if and only
if p ∈ V(a) ∪ V(b). Hence V([a, b]) = V(a) ∪ V(b), thus D([a, b]) = Spec(L,[·,·]) \ (V(a) ∪ V(b)) =

(Spec(L,[·,·]) \ V(a)) ∩ (Spec(L,[·,·]) \ V(b)) = D(a) ∩ D(b).

For any p ∈ Spec(L,[·,·]), we have: p ∈ V(
∨
i∈I

ai) if and only if
∨
i∈I

ai ≤ p if and only if, for all i ∈ I,

ai ≤ p if and only if, for all i ∈ I, p ∈ V(ai) if and only if p ∈
⋂
i∈I

V(ai). Hence V(
∨
i∈I

ai) =
⋂
i∈I

V(ai),

thus D(
∨
i∈I

ai) = Spec(L,[·,·]) \ V(
∨
i∈I

ai) = Spec(L,[·,·]) \ (
⋂
i∈I

V(ai)) =
⋃
i∈I

(Spec(L,[·,·]) \ V(ai)) =
⋃
i∈I

D(ai).

(vi) As shown by (ii) and (v), SSpec,L = {D(x) | x ∈ L} is a topology on Spec(L,[·,·]).

Now assume that L is algebraic. Then a =
∨
((a]L ∩ Cp(L)) =

∨
x∈(a]L∩Cp(L)

x, hence, by (v),

V(a) =
⋂

x∈(a]∩Cp(L)

V(x) and D(a) =
⋃

x∈(a]∩Cp(L)

D(x). Again by (v), for any x, y ∈ Cp(L), we have

D(x) ∩ D(y) = D(x ∨ y) and x ∨ y ∈ Cp(L). Hence the topology SSpec,L has {D(x) | x ∈ Cp(L)} as a
basis.

Remark 1. The Stone topology SSpec,L on Spec(L,[·,·]) induces the topology SMin,L = {D(x) ∩
Min(L,[·,·]) | x ∈ L} on Min(L,[·,·]), having {V(x) ∩ Min(L,[·,·]) | x ∈ L} as the family of closed sets
and, if L is algebraic, the set {D(x) ∩ Min(L,[·,·]) | x ∈ Cp(L)} as a basis. We call SMin,L the Stone or
spectral topology on Min(L,[·,·]).

If MaxL ⊆ Spec(L,[·,·]), in particular if [1, 1] = 1 (see Lemma 2.(i)), then the Stone topology SSpec,L

on Spec(L,[·,·]) induces the Stone or spectral topology on MaxL: SMax,L = {D(x) ∩ MaxL | x ∈ L}, which
has {D(x) ∩ MaxL | x ∈ Cp(L)} as a basis if L is algebraic.

Until mentioned otherwise, let a, b, c ∈ L, arbitrary. Note that: ρ([a, b]) = ρ(a ∧ b) = ρ(a) ∧ ρ(b).
If ρ(0) = 0, that is 0 ∈ R(L, [·, ·]), then, by Proposition 1.(iii), for any x ∈ L, ρ(x) = 0 if and only if

x = 0, hence, by the above: [a, b] = 0 if and only if a ∧ b = 0, so AnnL(a) = Ann(L,[·,·])(a) and thus, for
any S ⊆ L, AnnL(S) = Ann(L,[·,·])(S).

We denote by b → c =
∨{x ∈ L | [x, b] ≤ c} and b⊥ = b → 0 =

∨
Ann(L,[·,·])(b). We call the

operations → and ·⊥ the implication and polar in (L, [·, ·]), respectively.
Recall that the commutator is order–preserving and distributive with respect to arbitrary joins.

Since [0, b] = 0 ≤ c and, for any non–empty family (ai)i∈I ⊆ L, [ai, b] ≤ c for all i ∈ I implies
[
∨
i∈I

ai, b] =
∨
i∈I

[ai, b] ≤ c, it follows that:

b → c = max{x ∈ L | [x, b] ≤ c},

in particular b⊥ = max{x ∈ L | [x, b] = 0} = max Ann(L,[·,·])(b)

and thus Ann(L,[·,·])(b) = (b⊥]L; also, [b, b → c] = [b → c, b] ≤ c, in particular [b, b⊥] = 0.

Remark 2. Moreover, since b → c = max{x ∈ L | [x, b] ≤ c}, we have, for all x ∈ L:

(i) [x, b] ≤ c if and only if x ≤ b → c;
(ii) in particular: [x, b] = 0 if and only if x ≤ b⊥.
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Therefore, in the particular case when the commutator [·, ·] is associative, (L,∧,∨, [·, ·],
→, 0, 1) is a (bounded commutative integral) residuated lattice, in which ·⊥ is the negation.

Lemma 3. If ρ(0) = 0, then x⊥ ∈ R(L, [·, ·]) for any x ∈ L.

Proof. Let a, b ∈ L such that [a, a] ≤ b⊥. Then, by the above and the fact that ρ(0) = 0, [[a, a], b] = 0,
which is equivalent to ρ([[a, a], b]) = 0, that is ρ(a ∧ b) = 0, that is ρ([a, b]) = 0, which means that
[a, b] = 0, which in turn is equivalent to a ≤ b⊥. Hence b⊥ is a semiprime and thus a radical element
of L by Lemma 2.(ii).

Lemma 4. For any a, b, c ∈ L:

(i) b ≤ a → b;
(ii) (a ∨ c) → (b ∨ c) = a → (b ∨ c).

Proof. (i) [b, a] ≤ b ∧ a ≤ b, thus b ≤ a → b by Remark 2.(i).
(ii) We will apply Remark 2.(i). For all x ∈ L, we have, since [x, c] ≤ c ≤ b ∨ c: x ≤ (a ∨ c) → (b ∨ c)
if and only if [x, a ∨ c] ≤ b ∨ c if and only if [x, a] ∨ [x, c] ≤ b ∨ c if and only if [x, a] ≤ b ∨ c if and
only if x ≤ a → (b ∨ c). By taking x = (a ∨ c) → (b ∨ c) and then x = a → (b ∨ c) in the previous
equivalences, we get: (a ∨ c) → (b ∨ c) = a → (b ∨ c).

Let a ∈ L, arbitrary, and let us denote, for all x, y ∈ [a)L, by [x, y]a := [x, y] ∨ a. Then ([a)L, [·, ·]a)
is a commutator lattice.

Note that, if A is an algebra and θ ∈ Con(A) is such that the commutator [·, ·]A/θ of the quotient
algebra A/θ satisfies:

[(α ∨ θ)/θ, (β ∨ θ)/θ]A/θ = ([α, β]A ∨ θ)/θ for all α, β ∈ Con(A) or, equivalently:
[α/θ, β/θ]A/θ = ([α, β]A ∨ θ)/θ for all α, β ∈ [θ)Con(A),

then the lattice isomorphism α 7→ α/θ between the lattice reducts of the commutator lattices
([θ)Con(A), [·, ·]θ) and (Con(A/θ), [·, ·]A/θ) also preserves the commutators.

In particular, if A is a member of a congruence–modular variety, then any congruence θ of A is
such that the commutator of the quotient algebra A/θ is defined as above and hence the commutator
lattices (Con(A/θ), [·, ·]A/θ) and ([θ)Con(A), [·, ·]θ) are isomorphic.

This is why, for any a ∈ L, the commutator lattice ([a)L, [·, ·]a) is called the quotient of the
commutator lattice (L, [·, ·]) through a.

Let us denote the implication and polar in this commutator lattice by →a and ·⊥a, respectively:
for all x, y ∈ [a)L,

x →a y = max{u ∈ [a)L | [u, x]a ≤ y} = max{u ∈ [a)L | [u, x]∨ a ≤ y} = max{u ∈ [a)L | [u, x] ≤
y} and

x⊥a = x →a a = max{u ∈ [a)L | [u, x]a ≤ a} = max{u ∈ [a)L | [u, x]a = a} = max{u ∈
[a)L | [u, x] ∨ a = a} = max{u ∈ [a)L | [u, x] ≤ a}.

Remark 3. For any a ∈ L and any x, y ∈ [a)L:

• x →a y = x → y: the implication in ([a)L, [·, ·]a) coincides to that in (L, [·, ·]) and hence:
• x⊥a = x →a a = x → a.

Indeed, by Lemma 4.(i), a ≤ y ≤ x → y = max{u ∈ L | [u, x] ≤ y}, so max{u ∈ L | [u, x] ≤ y} ∈
[a)L, thus:
x → y = max{u ∈ L | [u, x] ≤ y} = max{u ∈ L | [u, x] ≤ y} ∈ [a)L = x →a y.

Remark 4. For any a, x, y ∈ L:

• (x ∨ a) →a (y ∨ a) = (x ∨ a) → (y ∨ a) = x → (y ∨ a);
• (x ∨ a)⊥a = x → a.

Indeed, by Remark 3 and the fact that [u, a] ≤ a ≤ y ∨ a for all u ∈ L, we have:
(x ∨ a) →a (y ∨ a) = (x ∨ a) → (y ∨ a) = max{u ∈ L | [u, x ∨ a] ≤ y ∨ a} = max{u ∈ L | [u, x] ∨
[u, a] ≤ y ∨ a} = max{u ∈ L | [u, x] ≤ y ∨ a} = x → (y ∨ a).
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By Remark 3, it follows that (x ∨ a)⊥a = (x ∨ a) → a = x → a.

For any a ∈ L and any x ∈ [a)L, let us denote by ρa(x) the radical of x in the commutator lattice
([a)L, [·, ·]a) and let ≡a be the radical equivalence in ([a)L, [·, ·]a):

ρa(x) :=
⋂
([x)L ∩ Spec([a)L ,[·,·]a)) and

≡a:= {(u, v) | u, v ∈ [a)L, ρa(u) = ρa(v)}.

Remark 5. For any a ∈ L:

• Spec([a)L ,[·,·]a) = [a)L ∩ Spec(L,[·,·]),

• for any x ∈ [a)L, ρa(x) = ρ(x);
• R([a)L, [·, ·]a) = [a)L ∩ R(L, [·, ·]);
• ≡a= [a)2

L∩ ≡.

Indeed, it can be easily verified, with the definition, that an element of [a)L is prime with respect
to [·, ·]a if and only if it is prime with respect to [·, ·].

Hence the radical in ([a)L, [·, ·]a) coincides to the radical in (L, [·, ·]), since, for any x ∈ [a)L:
ρa(x) =

⋂
([x)L ∩ [a)L ∩ Spec(L,[·,·])) =

⋂
([x)L ∩ Spec(L,[·,·])) = ρ(x).

Thus R([a)L, [·, ·]) = {ρa(x) | x ∈ [a)L} = {ρ(x) | x ∈ [a)L} = {x ∈ [a)L | ρ(x) = x} = {x ∈
[a)L | x ∈ R(L, [·, ·])} = [a)L ∩ R(L, [·, ·]).

Hence ≡a= {(u, v) | u, v ∈ [a)L, ρa(u) = ρa(v)} = {(u, v) | u, v ∈ [a)L, ρ(u) = ρ(v)} = {(u, v) ∈
[a)2

L | (u, v) ∈ ≡} = [a)2
L∩ ≡.

Remark 6. For any a ∈ L:
Cp(L) ∩ [a)L ⊆ {x ∨ a | a ∈ Cp(L)} ⊆ Cp([a)L).
Indeed, any c ∈ Cp(L) ∩ [a)L satisfies c = c ∨ a, thus c ∈ {x ∨ a | x ∈ Cp(L)}.
Now let b ∈ Cp(L) and let us prove that b ∨ a ∈ Cp([a)L).
Let (xi)i∈I be a nonempty family of elements of [a)L such that b ∨ a ≤

∨
i∈I

xi.

Then b ≤
∨
i∈I

xi and thus, since b ∈ Cp(L), there exist n ∈ N∗ and i1, . . . , in ∈ I such that b ≤
n∨

j=1

xij .

But a ≤ xij for each j ∈ 1, n, hence b ∨ a ≤
n∨

j=1

xij . Therefore b ∨ a is compact in the sublattice [a)L

of L.

Lemma 5. Let a, b ∈ L. Then:

(i) 0⊥ = 1 and, if [x, 1] = x for all x ∈ L, then 1⊥ = 0;
(ii) a ≤ b implies b⊥ ≤ a⊥, and: b⊥ ≤ a⊥ if and only if a⊥⊥ ≤ b⊥⊥, in particular a⊥ = b⊥ if and only

if a⊥⊥ = b⊥⊥;
(iii) a ≤ a⊥⊥ and a⊥⊥⊥ = a⊥;
(iv) (a ∨ b)⊥ = a⊥ ∧ b⊥ = (a⊥ ∧ b⊥)⊥⊥;
(v) if ρ(0) = 0, then [a, b]⊥ = (a ∧ b)⊥ and (a ∧ b)⊥⊥ = a⊥⊥ ∧ b⊥⊥;
(vi) if ρ(0) = 0, then: a⊥ ≤ b⊥ if and only if [a, b]⊥ = b⊥;
(vii) if ρ(0) = 0, then: a ≤ a⊥ if and only if a = 0.

Proof. (i) 0⊥ = max{x ∈ L | [x, 0] = 0} = max(L) = 1.
If [x, 1] = x for all x ∈ L, then 1⊥ = max{x ∈ L | [x, 1] = 0} = max{x ∈ L | x = 0} = max{0} =

0.
(ii),(iii) If a ≤ b, then {x ∈ L | [a, x] = 0} ⊇ {x ∈ L | [b, x] = 0}, hence b⊥ ≤ a⊥, which thus, in turn,
implies a⊥⊥ ≤ b⊥⊥.

Since [a, a⊥] = 0, we have a ≤ a⊥⊥, which implies a⊥⊥⊥ ≤ a⊥ by the above, but also a⊥ ≤ a⊥⊥⊥

by replacing a with a⊥. Therefore a⊥ = a⊥⊥⊥.
Hence a⊥⊥ ≤ b⊥⊥ implies b⊥ = b⊥⊥⊥ ≤ a⊥⊥⊥ = a⊥.

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 5 May 2025 doi:10.20944/preprints202505.0145.v1

https://doi.org/10.20944/preprints202505.0145.v1


8 of 21

(iv) For any x ∈ L, we have: [x, a] = [x, b] = 0 if and only if [x, a ∨ b] = 0, hence: x ≤ a⊥ ∧ b⊥ if and
only if x ≤ (a ∨ b)⊥. By taking x := a⊥ ∧ b⊥ and then x := (a ∨ b)⊥ in this equivalence, we obtain
a⊥ ∧ b⊥ = (a ∨ b)⊥. By (iii), it follows that (a ∨ b)⊥ = (a ∨ b)⊥⊥⊥ = (a⊥ ∧ b⊥)⊥⊥.
(v) If ρ(0) = 0, then, for any x, y ∈ L, we have: x ≤ y⊥ if and only if [x, y] = 0 if and only if x ∧ y = 0.

Hence, for x ∈ L: x ≤ [a, b]⊥ if and only if [x, [a, b]] = 0 if and only if x ∧ a ∧ b = 0 if and only if
[x, a ∧ b] = 0 if and only if x ≤ (a ∧ b)⊥. Taking x := [a, b]⊥ and then x := (a ∧ b)⊥ in the previous
equivalences, we obtain [a, b]⊥ = (a ∧ b)⊥.

If we denote by c := a⊥⊥ ∧ b⊥⊥ and d := (a ∧ b)⊥ = [a, b]⊥, then:
c ≤ a⊥⊥ and c ≤ b⊥⊥, thus [c, a⊥] = [c, b⊥] = 0;
[d, a ∧ b] = 0, so d ∧ a ∧ b = 0, thus [a ∧ d, b] = 0, hence a ∧ d ≤ b⊥;
therefore [c, a ∧ d] = 0, so c ∧ a ∧ d = 0, thus [c ∧ d, a] = 0, so c ∧ d ≤ a⊥;

hence [c, c ∧ d] = 0, so c ∧ d = c ∧ c ∧ d = 0, thus [c, d] = 0, hence a⊥⊥ ∧ b⊥⊥ = c ≤ d⊥ =

[a, b]⊥⊥ = (a ∧ b)⊥⊥ by the above. But (a ∧ b)⊥⊥ ≤ a⊥⊥ ∧ b⊥⊥ by (ii). Therefore (a ∧ b)⊥⊥ =

a⊥⊥ ∧ b⊥⊥.
(vi) If ρ(0) = 0, then, by (v), [a, b]⊥⊥ = (a ∧ b)⊥⊥ = a⊥⊥ ∧ b⊥⊥, thus, according to (ii) and (iii):
a⊥ ≤ b⊥ if and only if b⊥⊥ ≤ a⊥⊥ if and only if a⊥⊥ ∧ b⊥⊥ = b⊥⊥ if and only if [a, b]⊥⊥ = β⊥⊥ if and
only if [a, b]⊥ = b⊥.
(vii) If ρ(0) = 0, then: a ≤ a⊥ if and only if [a, a] = 0 if and only if a ∧ a = 0 if and only if a = 0.

By [10] [Proposition 6.11.(ii)], if 1 ∈ Cp(L) and [x, 1] = x for all x ∈ B(L), then B(L) ⊆ Cp(L).

4. The Minimal Prime Spectrum
Throughout this section, (L, [·, ·]) will be an arbitrary commutator lattice.
Let (pi)i∈I ⊆ Spec(L,[·,·]) be a nonempty totally ordered family of prime elements of (L, [·, ·]) and

p :=
∧
i∈I

pi. Then p ̸= 1 and p ∈ R(L, [·, ·]).

Let a, b ∈ L such that p = a ∧ b, thus p ≤ a, p ≤ b and, for each j ∈ I, pj ≥
∧
i∈I

pi = p = a ∧ b ≥

[a, b], hence a ≤ pj or b ≤ pj since pj is prime.
If a ≤ pi for all i ∈ I, then a ≤ p, hence p = a.
If there exists j ∈ I such that a ≰ pj, then let S := {i ∈ I | pi ≤ pj} and G := {i ∈ I | pj ≤ pi},

so that S ∩ G = {j} and
∧
i∈G

pi = pj. Since (pi)i∈I is totally ordered, we have I = S ∪ G, hence

p =
∧
i∈S

pi ∩
∧
i∈G

pi =
∧
i∈S

pi ∩ pj =
∧
i∈S

pi. We have a ≰ pi for all i ∈ S, therefore b ≤ pi for all i ∈ S, thus

b ≤
∧
i∈S

pi = p, hence p = b.

Therefore p ∈ Mi(L), hence p ∈ Spec(L,[·,·]) by Lemma 2.(iii).
Thus Spec(L,[·,·]) is inductively ordered and clearly the same holds for V(x) = [x)L ∩ Spec(L,[·,·])

for any x ∈ L, therefore, by Zorn’s Lemma:

• for any p ∈ Spec(L,[·,·]), there exists an m ∈ Min(L,[·,·]) such that m ≤ p, hence ρ(0) =⋂
Spec(L,[·,·]) =

⋂
(L,[·,·]);

• moreover, for any x ∈ L and any p ∈ V(x) = [x)L ∩ Spec(L,[·,·]), there exists an m ∈ Min(V(x)) =
Min([x)L ∩ Spec(L,[·,·])) such that m ≤ p, hence:

Remark 7. For any x ∈ L, we have:

• ρ(x) =
⋂

Min(V(x)) =
⋂

Min([x)L ∩ Spec(L,[·,·]));

• D(x) ∩ Min(L,[·,·]) = ∅ if and only if V(x) ∩ Min(L,[·,·]) = Min(L,[·,·]) if and only if [x)L ∩
Min(L,[·,·]) = Min(L,[·,·]) if and only if Min(L,[·,·]) ⊆ [x)L if and only if x ≤ ⋂

Min(L,[·,·]) if and
only if x ≤ ρ(0) if and only if ρ(x) = ρ(0);

• D(x) ∩ Min(L,[·,·]) = Min(L,[·,·]) if and only if V(x) ∩ Min(L,[·,·]) = ∅; V(x) = ∅ if and only if
ρ(x) = 1, which holds if x = 1; recall that, if 1 ∈ Cp(L) and [1, 1] = 1, then 1/ ≡ = {1}, so:
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ρ(x) = 1 if and only if x = 1; clearly, V(x) = ∅ implies V(x) ∩ Min(L,[·,·]) = ∅; the converse
implication holds if and only if Min(L,[·,·]) = Spec(L,[·,·]) if and only if Spec(L,[·,·]) is an antichain.

Indeed, Spec(L,[·,·]) is an antichain if and only if Min(L,[·,·]) = Spec(L,[·,·]), case in which V(x) =
V(x) ∩ Min(L,[·,·]).

Now, if V(x) ∩ Min(L,[·,·]) = ∅ implies V(x) = ∅, then let us assume by absurdum that
Min(L,[·,·]) ̸= Spec(L,[·,·]), that is Spec(L,[·,·]) ⊈ Min(L,[·,·]), so that there exists a p ∈ Spec(L,[·,·]) \
Min(L,[·,·]). But then V(p) ∩ Min(L,[·,·]) = ∅, while V(p) ̸= ∅ since p ∈ V(p); a contradiction.

A subset S of Cp(L) is called an m–system in (L, [·, ·]) if and only if, for any a, b ∈ S, there exists a
c ∈ S such that c ≤ [a, b]. For instance, if 0 ∈ S ⊆ Cp(L), then S is an m–system; also, if 1 ∈ Cp(L) and
[1, 1] = 1, then {1} is an m–system in (L, [·, ·]).

Lemma 6. [11] [Lemma 4.2] If L is algebraic and p ∈ L \ {1}, then: p ∈ Spec(L,[·,·]) if and only if
Cp(L) \ (p]L is an m–system in (L, [·, ·]).

Lemma 7. Let S be a nonempty m–system in (L, [·, ·]) and let a ∈ L such that S ∩ (a]L = ∅.

(i) If L is algebraic, then Max{x ∈ L | a ≤ x, S ∩ (x]L = ∅} ⊆ Spec(L,[·,·]), in particular, for the case
a = 0, Max{x ∈ L | S ∩ (x]L = ∅} ⊆ Spec(L,[·,·]).

(ii) If 1 ∈ Cp(L), then the set Max{x ∈ L | a ≤ x, S ∩ (x]L = ∅} is nonempty, in particular the set
Max{x ∈ L | S ∩ (x]L = ∅} is nonempty.

Proof. (i) This is [11] [Proposition 4.8].
(ii) Let (xi)i∈I be a nonempty chain in [a)L such that S ∩ (xi]L = ∅ for every i ∈ I. Then

∨
i∈I

xi ∈ [a)L

and S ∩ (
∨
i∈I

xi]L = ∅. Indeed, assuming by absurdum that there exists some c ∈ S ∩ (
∨
i∈I

xi]L, it follows

that c ∈ S ⊆ Cp(L) and c ≤
∨
i∈I

xi, hence there exist n ∈ N∗ and i1, . . . , in ∈ I such that c ≤
n∨

j=1

xij = xik

for some k ∈ 1, n. Thus c ∈ S ∩ (xik ]L = ∅, a contradiction.
Hence the subset {x ∈ L | a ≤ x, S ∩ (x]L = ∅} of L is inductively ordered, thus it has maximal

elements by Zorn’s lemma.

Proposition 2. If L is algebraic and 1 ∈ Cp(L), then, for any a ∈ L and any p ∈ V(a), the following are
equivalent:

(i) p ∈ Min(V(a));
(ii) Cp(L) \ (p]L is a maximal element of the set of m–systems of (L, [·, ·]) which are disjoint from (a]L.

Proof. Since 1 ∈ Cp(L) and p ∈ V(a), that is p ∈ Spec(L,[·,·]) and a ≤ p, we have 1 ∈ Cp(L) \ (p]L ⊆
Cp(L) \ (a]L, so (Cp(L) \ (p]L) ∩ (a]L = ∅, and, by Lemma 6, Cp(L) \ (p]L is an m–system.

Note that, since any m–system S is included in Cp(L), S is disjoint from (a]L if and only if
S ⊆ Cp(L) \ (a]L.
(i)⇒(ii): By an application of Zorn’s Lemma, it follows that there exists a maximal element M of the set
of m–systems of (L, [·, ·]) which include Cp(L) \ (p]L and are disjoint from (a]L, so Cp(L) \ (p]L ⊆ M
and, furthermore, M is a maximal element of the set of m–systems of (L, [·, ·]) which are disjoint from
(a]L.

By Lemma 7.(i)&(ii), there is q ∈ Max{x ∈ L | a ≤ x, M ∩ (x]L = ∅} ⊆ Spec(L,[·,·]), so that
q ∈ V(a) and M ∩ (q]L = ∅, thus Cp(L) \ (p]L ⊆ M ⊆ Cp(L) \ (q]L, hence Cp(L) \ (Cp(L) ∩ (p]L) =
Cp(L) \ (p]L ⊆ Cp(L) \ (q]L = Cp(L) \ (Cp(L) ∩ (q]L), therefore Cp(L) ∩ (q]L ⊆ Cp(L) ∩ (p]L, thus,
since L is algebraic, q =

∨
(Cp(L) ∩ (q]L) ≤

∨
(Cp(L) ∩ (p]L) = p, hence p = q, so (p]L = (q]L, thus

Cp(L) \ (p]L = Cp(L) \ (q]L, therefore Cp(L) \ (p]L = M = Cp(L) \ (q]L, so Cp(L) \ (p]L is a maximal
element of the set of m–systems of (L, [·, ·]) which are disjoint from (a]L.
(ii)⇒(i): Let r ∈ Min(V(a)) with r ≤ p.
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By Lemma 6, Cp(L) \ (r]L is an m–system, disjoint from (a]L since (Cp(L) \ (r]L) ∩ (a]L ⊆
(Cp(L) \ (r]L) ∩ (r]L = ∅, and Cp(L) \ (p]L ⊆ Cp(L) \ (r]L. By the hypothesis of this implication, it
follows that Cp(L) \ (p]L = Cp(L) \ (r]L, that is Cp(L) \ (Cp(L) ∩ (p]L) = Cp(L) \ (Cp(L) ∩ (r]L),
therefore Cp(L) ∩ (p]L = Cp(L) ∩ (r]L, thus, since L is algebraic, p =

∨
(Cp(L) ∩ (p]L) =∨

(Cp(L) ∩ (r]L) = r ∈ Min(V(a)).

Corollary 1. If L is algebraic and 1 ∈ Cp(L), then, for any p ∈ Spec(L,[·,·]), the following are equivalent:

• p ∈ Min(L,[·,·]);
• Cp(L) \ (p]L is a maximal element of the set of m–systems of (L, [·, ·]) which do not contain 0.

Proof. By Proposition 2 for a = 0.

Lemma 8. [32] If D is a bounded distributive lattice and P ∈ SpecId(D), then the following are equivalent:

• P ∈ MinId(D);
• for any x ∈ P, AnnD(x) ⊈ P.

Recall from Lemma 2.(iii) that Spec(L,[·,·]) = (Mi(L) ∩ R(L, [·, ·])) \ {1} and that all annihilators in
(L, [·, ·]) are principal lattice ideals of L.

Remember that, since L/≡ is a frame, thus distributive, and its commutator operation equals the
meet, its prime elements with respect to the commutator are exactly its meet–prime elements, which
coincide to its meet–irreducible elements, and its annihilators with respect to the commutator are
exactly its annihilators with respect to the meet.

Lemma 9. If ρ(0) = 0, then:

(i) for any U ⊆ L, AnnL/≡(U/≡) = Ann(L,[·,·])(U)/≡;
(ii) SpecL/≡ = {p/≡ | p ∈ Spec(L,[·,·])};

(iii) for all r ∈ R(L, [·, ·]), r/≡ ∩R(L, [·, ·]) = {r} and r = max(r/≡);
(iv) p 7→ p/≡ is an order isomorphism from Spec(L,[·,·]) to SpecL/≡;

(v) R(L/≡) = {r/≡ | r ∈ R(L, [·, ·])}; moreover, for any r ∈ L, we have: r ∈ R(L, [·, ·]) if and only if
r/≡ ∈ R(L/≡); thus r 7→ r/≡ is an order isomorphism from R(L, [·, ·]) to R(L/≡).

Proof. (i) By [10] [Lemma 4.2].
(ii) By [10] [Proposition 6.2].
(iii) By [10] [Remark 5.11].
(iv) By (ii),(iii) and the fact that Spec(L,[·,·]) ⊆ R(L, [·, ·]) and SpecL/≡ ⊆ R(L/≡).
(v) The equality follows from (ii) and the definition of radical elements; by (iii), we also obtain the
equivalence and the order isomorphism.

Remark 8. For any a, b ∈ L, we have a/≡ ≤ b/≡ if and only if ρ(a) ≤ ρ(b). Indeed, a/≡ ≤ b/≡ if
and only if a/≡ ∧ b/≡ = a/≡ if and only if (a ∧ b)/≡ = a/≡ if and only if ρ(a ∧ b) = ρ(a) if and
only if ρ(a) ∧ ρ(b) = ρ(a) if and only if ρ(a) ≤ ρ(b).

Remark 9. Let r ∈ R(L, [·, ·]). Then, for any a ∈ L, we have a/≡ ≤ r/≡ if and only if a ≤ r. Hence
(r/≡]L/≡ = (r]L/≡.

Indeed, let a ∈ L. Then a ≤ r obviously implies a/≡ ≤ r/≡. By Remark 8, if a/≡ ≤ r/≡, then
a ≤ ρ(a) ≤ ρ(r) = r, so a ≤ r.

Let us consider the following conditions on (L, [·, ·]) as an arbitrary commutator lattice:

Condition 1. L is algebraic, Cp(L) is closed with respect to the commutator, 1 ∈ Cp(L) and 1/≡ = {1}.

If L is compact and 1/≡ = {1}, then (L, [·, ·]) clearly satisfies Condition 1.
As mentioned in Section 3, by [10] [Lemma 5.7], if L is algebraic, Cp(L) is closed with respect to

the commutator, 1 ∈ Cp(L) and [1, 1] = 1, then L satisfies Condition 1.
Thus if L is compact and [1, 1] = 1, then (L, [·, ·]) satisfies Condition 1.
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Condition 2. All principal ideals of L/≡ generated by minimal prime elements are minimal prime
ideals, that is: for any p ∈ MinL/≡, we have (p]L/≡ ∈ MinId(L/≡).

As we’ve mentioned in [1], since an element of a lattice is prime if and only if the principal ideal
it generates is prime, we have that, whenever a principal ideal of a lattice is a minimal prime ideal, it
follows that its generator is a minimal prime element of that lattice. Hence Condition 2 is equivalent to:
• for any p ∈ L/≡, p ∈ MinL/≡ if and only if (p]L/≡ ∈ MinId(L/≡).

Note that (L, [·, ·]) satisfies Condition 2 if all prime ideals of L/≡ are principal, in particular if
all ideals of L/ ≡ are principal, that is if L/ ≡ is compact, which means that L/ ≡ = Cp(L/ ≡), in
particular if L/≡ = Cp(L)/≡, in particular if L = Cp(L), that is if L is compact.

Thus (L, [·, ·]) satisfies Conditions 1 and 2 if L is compact and 1/ ≡ = {1}, in particular if L is
compact and [1, 1] = 1.

We will now follow the reasoning from [6].
Since [a, b] ≡ a ∧ b and thus [a, b]/≡= a/≡ ∧b/≡ for all a, b ∈ L, it follows that, for any subset

S of L which is closed with respect to the join and the commutator operation, S/≡ is a sublattice of
L/≡ and thus S/≡ is a distributive lattice.

Hence, if Cp(L) is closed with respect to the commutator operation, then Cp(L)/≡ is a sublattice
of L/≡ and thus a distributive lattice with 0, since 0 ∈ Cp(L). So, if 1 ∈ Cp(L) and Cp(L) is closed
with respect to the commutator operation, then Cp(L)/≡ is a bounded sublattice of L/≡ and thus a
bounded distributive lattice.

Let us consider the maps:

• ·∗ : L → P(Cp(L)/≡), for all u ∈ L, u∗ := (Cp(L) ∩ (u]L)/≡;
• ·∗ : P(Cp(L)/≡) → L, for all S ⊆ Cp(L)/≡, S∗ :=

∨{a ∈ Cp(L) | a/≡ ∈ S}.

Remark 10. The maps ·∗ and ·∗ are order–preserving, since, for all u, v ∈ L and all X, Y ∈ P(Cp(L)/≡
):

u ≤ v implies (u]L ⊆ (v]L, thus Cp(L) ∩ (u]L ⊆ Cp(L) ∩ (v]L, so u∗ ⊆ v∗;
X ⊆ Y implies that {a ∈ Cp(L) | a/ ≡ ∈ X} ⊆ {b ∈ Cp(L) | b/ ≡ ∈ Y}, thus X∗ =

∨{a ∈
Cp(L) | a/≡ ∈ X} ≤ ∨{b ∈ Cp(L) | b/≡ ∈ Y} = Y∗.

If Cp(L) is closed with respect to the commutator, then the restriction ·∗ |Id(Cp(L)/≡): Id(Cp(L)/≡
) → L will be denoted by ·∗, as well. Note that, in this case, for every I ∈ Id(Cp(L)/ ≡), 0 ∈ {a ∈
Cp(L) | a/≡ ∈ I}.

Remark 11. Let u ∈ L. Then (u]L/≡ ⊆ (u/≡]L/≡ since, for any a ∈ L, a ≤ u implies a/≡ ≤ u/≡.
Thus u∗ = (Cp(L) ∩ (u]L)/≡ = Cp(L)/≡ ∩(u]L/≡ ⊆ Cp(L)/≡ ∩(u/≡]L/≡.

Lemma 10. If Cp(L) is closed with respect to the commutator, then:

• for any u ∈ L, u∗ ∈ Id(Cp(L)/≡);
• for any c ∈ Cp(L), c∗ = Cp(L)/≡ ∩(c/≡]L/≡ = (c/≡]Cp(L)/≡ ∈ PId(Cp(L)/≡).

Proof. Since 0 ∈ Cp(L) ∩ (u]L, we have 0/≡ ∈ u∗, so u∗ is nonempty.
Let x, y ∈ u∗, so that x = a/ ≡ and y = b/ ≡ for some a, b ∈ Cp(L) ∩ (u]L. Then a ∨ b ∈

Cp(L) ∩ (u]L, thus x ∨ y = (a ∨ b)/≡ ∈ u∗.
Now let y ∈ u∗ and x ∈ Cp(L)/ ≡ such that x ≤ y. Then x = a/ ≡ and y = b/ ≡ for some

a ∈ Cp(L) and b ∈ Cp(L) ∩ (u]L. Hence x = x ∧ y = a/ ≡ ∧b/ ≡ = (a ∧ b)/ ≡ = [a, b]/ ≡ ∈
(Cp(L) ∩ (u]L)/≡ = u∗ since [a, b] ∈ Cp(L) and [a, b] ≤ b ≤ u, so [a, b] ∈ (u]L.

Therefore u∗ ∈ Id(Cp(L)/≡).
By Remark 11, c∗ ⊆ Cp(L)/≡ ∩(c/≡]L/≡ = (c/≡]Cp(L)/≡ since c/≡ ∈ Cp(L)/≡, which is a

sublattice of L/≡.
Now let x ∈ (c/≡]Cp(L)/≡, so that x = a/≡ for some a ∈ Cp(L) such that a/≡ ≤ c/≡. Then

x = x ∧ c/≡ = a/≡ ∧c/≡ = (a ∧ c)/≡ = [a, c]/≡ ∈ (Cp(L) ∩ (c]L)/≡ = c∗ since [a, c] ∈ Cp(L)
and [a, c] ≤ c, so [a, c] ∈ (c]L. Thus (c/≡]Cp(L)/≡ ⊆ c∗.
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If Cp(L) is closed with respect to the commutator, then the corestriction ·∗ : L → Id(Cp(L)/≡)

will be denoted by ·∗, as well.

Lemma 11. Let c ∈ Cp(L) and S ⊆ Cp(L)/≡.

• If c/≡ ∈ S, then c ≤ S∗.
• If S is nonempty and closed with respect to the join and to lower bounds, then c/ ≡ ∈ S if and only if

c ≤ S∗.
In particular, if Cp(L) is closed with respect to the commutator and I ∈ Id(Cp(L)/≡), then c/≡ ∈ I if
and only if c ≤ I∗.

Proof. If c/≡ ∈ S, then c ∈ {a ∈ Cp(L) | a/≡ ∈ S}, thus c ≤ ∨{a ∈ Cp(L) | a/≡ ∈ S} = S∗.
Now assume that S is nonempty and closed with respect to the join and to lower bounds and

that c ≤ S∗ =
∨{a ∈ Cp(L) | a/ ≡ ∈ S}. Since c ∈ Cp(L), it follows that there exist n ∈ N∗ and

a1, . . . , an ∈ Cp(L) such that a1/≡, . . . , an/≡ ∈ S and c ≤ a1 ∨ . . .∨ an. Then c/≡ ≤ (a1 ∨ . . .∨ an)/≡
= a1/≡ ∨ . . . ∨ an/≡ ∈ S, hence c/≡ ∈ S.

Lemma 12. (i) If L is algebraic, then: for all u ∈ L, u ≤ (u∗)∗ and, for all r ∈ R(L, [·, ·]), r = (r∗)∗.
(ii) If S ⊆ Cp(L)/≡ is nonempty and closed with respect to the join and to lower bounds, then S = (S∗)∗.

In particular, if Cp(L) is closed with respect to the commutator and I ∈ Id(Cp(L)/ ≡), then
I = (I∗)∗.

Proof. (i) Let u ∈ L and r ∈ R(L, [·, ·]).
For any a ∈ Cp(L) ∩ (u]L, a/≡ ∈ u∗, thus a ≤ (u∗)∗ by Lemma 11. Since L is algebraic, it follows

that u =
∨
(Cp(L) ∩ (u]L) ≤ (u∗)∗.

Since r ∈ R(L, [·, ·]), we have (r]L/ ≡ = (r/ ≡]L/≡, thus r∗ = (Cp(L) ∩ (r]L)/ ≡ = Cp(L)/ ≡
∩(r]L/≡ = Cp(L)/≡ ∩(r/≡]L/≡, hence (r∗)∗ =

∨{a ∈ Cp(L) | a/≡ ∈ r∗} =
∨{a ∈ Cp(L) | a/≡

∈ Cp(L)/ ≡ ∩(r/ ≡]L/≡} =
∨{a ∈ Cp(L) | a/ ≡ ∈ (r/ ≡]L/≡} =

∨{a ∈ Cp(L) | a ∈ (r]L} =∨
(Cp(L) ∩ (r]L) = r since L is algebraic.

(ii) By Lemma 11, for any x ∈ Cp(L)/≡, we have: x ∈ (S∗)∗ = Cp(L)/≡ ∩(S∗]L/≡ if and only if
x ∈ (S∗]L/ ≡ if and only if x = c/ ≡ for some c ∈ Cp(L) ∩ (S∗]L if and only if x = c/ ≡ for some
c ∈ Cp(L) with c ≤ S∗ if and only if x = c/≡ for some c ∈ Cp(L) with c/≡ ∈ S if and only if x ∈ S.
Therefore (S∗)∗ = S.

Proposition 3. If Cp(L) is closed with respect to the commutator, then:

(i) the map ·∗ : Id(Cp(L)/≡) → L is injective;
(ii) the map ·∗ : L → Id(Cp(L)/≡) is surjective.

Proof. Assume that Cp(L) is closed with respect to the commutator.
(i) Let I, J ∈ Id(Cp(L)/≡) such that I∗ = J∗. By Lemma 12.(ii), it follows that I = (I∗)∗ = (J∗)∗ = J.
(ii) Let I ∈ Id(Cp(L)/≡) and denote u := I∗ ∈ L. Again by Lemma 12.(ii), it follows that u∗ = (I∗)∗ =
I.

Recall that, if 1 ∈ Cp(L) and [1, 1] = 1, then 1/≡ = {1}.

Remark 12. If 1/≡ = {1}, then, clearly:

• for any u ∈ L \ {1}, we have 1/≡ /∈ u∗;
• 1/≡ ∈ 1∗ if and only if 1 ∈ Cp(L).

Now assume that Cp(L) is closed with respect to the commutator and 1 ∈ Cp(L). If 1/≡ = {1},
in particular if [1, 1] = 1, then, for any I ∈ Id(Cp(L)/≡), we have: I is a proper ideal of Cp(L)/≡ if
and only if I∗ ̸= 1.

Indeed, by Lemma 11: I = Cp(L)/≡ if and only if 1/≡ ∈ I if and only if 1 ≤ I∗ if and only if
I∗ = 1.
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Lemma 13. Assume that L is algebraic, Cp(L) is closed with respect to the commutator and 1/ ≡ = {1}.
Then:

(i) for any p ∈ Spec(L,[·,·]), we have p∗ ∈ SpecId(Cp(L)/≡);

(ii) if 1 ∈ Cp(L), that is if L satisfies Condition 1, then, for any P ∈ SpecId(Cp(L)/ ≡), we have
P∗ ∈ Spec(L,[·,·]).

Proof. (i) Let p ∈ Spec(L,[·,·]) ⊆ L \ {1}, so that p∗ is a proper ideal of Cp(L)/ ≡ by Lemma 11 and
Remark 12.

Now let x, y ∈ Cp(L)/≡ such that x∧ y ∈ p∗. Then x = a/≡ and y = b/≡ for some a, b ∈ Cp(L),
so that [a, b] ∈ Cp(L) by the assumption in the enunciation, and [a, b]/≡ = (a ∧ b)/≡ = a/≡ ∧b/≡
= x ∧ y ∈ p∗, thus [a, b] ≤ (p∗)∗ = p by Lemma 11 and Lemma 12.(i). Since p is a prime element of
(L, [·, ·]), it follows that a ≤ p = (p∗)∗ or b ≤ p = (p∗)∗, thus x = a/≡ ∈ p∗ or y = b/≡ ∈ p∗, again
by Lemma 11 and Lemma 12.(i).

Hence p∗ is a prime ideal of Cp(L)/≡.
(ii) Assume that 1 ∈ Cp(L) and let P ∈ SpecId(Cp(L)/≡), so that P is a proper ideal of Cp(L)/≡ and
thus P∗ ̸= 1 by Remark 12.

Let a, b ∈ Cp(L) such that [a, b] ≤ P∗, so that [a, b] ∈ Cp(L) and, by Lemma 11 and Lemma 12.(ii),
a/≡ ∧b/≡ = (a ∧ b)/≡ = [a, b]/≡ ∈ (P∗)∗ = P. Since P is a prime ideal of the lattice Cp(L)/≡, it
follows that a/≡ ∈ P or b/≡ ∈ P, hence a ≤ P∗ or b ≤ P∗ by Lemma 11.

By Lemma 1, it follows that P∗ is a prime element of the commutator lattice (L, [·, ·]).

Proposition 4. If L satisfies Condition 1, then the restrictions ·∗ : Spec(L,[·,·])→ SpecId(Cp(L)/ ≡) and
·∗ : SpecId(Cp(L)/≡) → Spec(L,[·,·]) are mutually inverse order isomorphisms.

Proof. By Lemma 13, these maps are well defined.
By (i) and (ii) from Lemma 12, we have (p∗)∗ = p for any p ∈ Spec(L,[·,·]) and (P∗)∗ = P for any

P ∈ SpecId(Cp(L)/≡), respectively. Hence these maps are mutually inverse bijections and thus order
isomorphisms by Remark 10.

Lemma 14. Assume that Cp(L) is closed with respect to the commutator and let a ∈ L and S ⊆ Cp(L)/≡.

(i) If AnnCp(L)/≡(a∗) ⊆ S, then a⊥ ≤ S∗.
(ii) If ρ(0) = 0, a ∈ Cp(L) and S ∈ Id(Cp(L)/≡), then: AnnCp(L)/≡(a∗) ⊆ S if and only if a⊥ ≤ S∗.

Proof. Recall that, for any u, v ∈ L, u/ ≡ ∧v/ ≡ = (u ∧ v)/ ≡ = [u, v]/ ≡ and, if ρ(0) = 0, then
0/≡ = {0}, so u ∧ v = 0 if and only if [u, v] = 0. Thus:

a⊥ = max Ann(L,[·,·])(a) =
∨
(Cp(L) ∩ Ann(L,[·,·])(a)) =

∨{b ∈ Cp(L) | [a, b] = 0}, so, if ρ(0) = 0,
then a⊥ =

∨{b ∈ Cp(L) | a ∧ b = 0};
AnnCp(L)/≡(a∗) = AnnCp(L)/≡((Cp(L) ∩ (a]L)/ ≡) = {b/ ≡ | b ∈ Cp(L), (∀ c ∈ Cp(L) ∩

(a]L) (b/ ≡ ∧c/ ≡ = 0/ ≡)} = {b/ ≡ | b ∈ Cp(L), (∀ c ∈ Cp(L) ∩ (a]L) ([b, c]/ ≡ = 0/ ≡)}, so, if
ρ(0) = 0, then AnnCp(L)/≡(a∗) = {b/≡ | b ∈ Cp(L), (∀ c ∈ Cp(L) ∩ (a]L) ([b, c] = 0)} = {b/≡ | b ∈
Cp(L) ∩ Ann(L,[·,·])(Cp(L) ∩ (a]L)}.
(i) Assume that AnnCp(L)/≡(a∗) ⊆ S, that is b/≡ ∈ S for any b ∈ Cp(L) which satisfies [b, c]/≡ =

0/≡ for all c ∈ Cp(L) ∩ (a]L.
Now let b ∈ Cp(L) such that [a, b] = 0. Then, for all c ∈ Cp(L) ∩ (a]L, [b, c] = 0, thus [b, c]/≡ =

0/≡. Hence b/≡ ∈ S and thus b ≤ S∗ by Lemma 11.
Therefore a⊥ ≤ S∗.

(ii) Assume that ρ(0) = 0, a ∈ Cp(L) and S ∈ Id(Cp(L)/≡). By (i), we only have to prove the converse
implication, so assume that a⊥ ≤ S∗. Then a⊥/≡ ∈ S by Lemma 11, so Ann(L,[·,·])(a)/≡ = (a⊥]L/≡
⊆ S.

Since a ∈ Cp(L), a∗ = (a/ ≡]Cp(L)/≡ according to Lemma 10, thus AnnCp(L)/≡(a∗) =

AnnCp(L)/≡((a/ ≡]Cp(L)/≡) = AnnCp(L)/≡(a/ ≡) = {b/ ≡ | b ∈ Cp(L), a/ ≡ ∧b/ ≡ =
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0/ ≡} = {b/ ≡ | b ∈ Cp(L), [a, b]/ ≡ = 0/ ≡} = {b/ ≡ | b ∈ Cp(L), [a, b] = 0} =

(Cp(L) ∩ Ann(L,[·,·])(a))/≡⊆ (a⊥]L/≡ ⊆ S.

Remark 13. For any a ∈ L and any p ∈ Spec(L,[·,·]), if a⊥ ≰ p, then a ≤ p.
Indeed, since [a, a⊥] = 0 ≤ p and p is a prime element of (L, [·, ·]), we have a ≤ p or a⊥ ≤ p,

hence the implication above.

Proposition 5. Assume that ρ(0) = 0 and let p ∈ Spec(L,[·,·]). Let us consider the following statements:

(i) p ∈ Min(L,[·,·]);
(ii) for any a ∈ Cp(L), a ≤ p implies a⊥ ≰ p;
(iii) for any a ∈ Cp(L), a ≤ p if and only if a⊥ ≰ p;
(iv) for any a ∈ L, a ≤ p implies a⊥ ≰ p;
(v) for any a ∈ L, a ≤ p if and only if a⊥ ≰ p.

If L is algebraic, Cp(L) is closed with respect to the commutator, 1 ∈ Cp(L) and 1/ ≡ = {1}, then
statements (i), (ii) and (iii) are equivalent.

If L satisfies Condition 2, then statements (i), (iv) and (v) are equivalent.
Thus, if L satisfies Conditions 1 and 2, in particular if L is compact and 1/≡ = {1}, then statements (i),

(ii), (iii), (iv) and (v) are equivalent.

Proof. By Remark 13, (ii) is equivalent to (iii), while (iv) is equivalent to (v).
Case 1: Assume that L satisfies Condition 1. We have to prove that (i) is equivalent to (ii).

The mutually inverse order isomorphisms between Spec(L,[·,·]) and SpecId(Cp(L)/≡) from Propo-
sition 4 restrict to mutually inverse order isomorphisms between Min(L,[·,·]) and MinId(Cp(L)/ ≡).
Hence: p ∈ Min(L,[·,·]) if and only if p∗ ∈ MinId(Cp(L)/≡).

By Lemmas 8 and 10 and Lemma 14.(ii), the latter is equivalent to the fact that:
for any x ∈ p∗ = (Cp(L) ∩ (p]L)/≡, AnnCp(L)/≡(x) ⊈ p∗,
that is, for any a ∈ Cp(L) ∩ (p]L, AnnCp(L)/≡(a/≡) ⊈ p∗,
which means that, for any a ∈ Cp(L) ∩ (p]L, AnnCp(L)/≡((a/≡]Cp(L)/≡) ⊈ p∗,
that is, for any a ∈ Cp(L) ∩ (p]L, AnnCp(L)/≡(a∗) ⊈ p∗,
which is equivalent to the fact that, for any a ∈ Cp(L) ∩ (p]L, a⊥ ≰ (p∗)∗ = p,
that is, for any a ∈ Cp(L), if a ≤ p, then a⊥ ≰ p.
Case 2: Now assume that L satisfies Condition 2. We have to prove that (i) and (iv) are equivalent.

By Lemma 9.(iv):
p ∈ Spec(L,[·,·]) if and only if p/≡ ∈ SpecL/≡ if and only if (p/≡]L/≡ ∈ SpecId(L/≡);
p ∈ Min(L,[·,·]) if and only if p/ ≡ ∈ MinL/≡, which is equivalent to (p/ ≡]L/≡ ∈ MinId(L/≡) by
Condition 2.

According to Lemma 8, Remark 9, Lemma 9.(i) and Lemma 3, the latter is equivalent to the fact
that:
for any x ∈ (p/≡]L/≡, AnnL/≡(x) ⊈ (p/≡]L/≡,
that is, for any a ∈ L, if a/≡≤ p/≡, then AnnL/≡(a/≡) ⊈ (p/≡]L/≡,
which means that, for any a ∈ L, if a ≤ p, then Ann(L,[·,·])(a)/≡ ⊈ (p/≡]L/≡,
that is, for any a ∈ L, if a ≤ p, then (a⊥]L/≡ ⊈ (p/≡]L/≡,
which means that, for any a ∈ L, if a ≤ p, then (a⊥]L/≡ ⊈ (p/≡]L/≡,
that is, for any a ∈ L, if a ≤ p, then (a⊥]L/≡ ⊈ (p/≡]L/≡,
that is, for any a ∈ L, if a ≤ p, then (a⊥/≡]L/≡ ⊈ (p/≡]L/≡,
which means that, for any a ∈ L, if a ≤ p, then a⊥/≡ ≰ p/≡,
which is equivalent to the fact that, for any a ∈ L, if a ≤ p, then a⊥ ≰ p.

Recall from [1] [Example 1] that the equivalence between (i), (iv) and (v) in Proposition 5 does not
hold for any commutator lattice that satisfies Condition 1 and ρ(0) = 0.

Remark 14. • Spec([ρ(0))L ,[·,·]ρ(0)) = Spec(L,[·,·]), hence Min([ρ(0))L ,[·,·]ρ(0)) = Min(L,[·,·]).

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 5 May 2025 doi:10.20944/preprints202505.0145.v1

https://doi.org/10.20944/preprints202505.0145.v1


15 of 21

• For any p ∈ Spec(L,[·,·]) and any a ∈ L, a → ρ(0) ≰ p implies a ≤ p.

• If p ∈ Spec(L,[·,·]) and S ⊆ [ρ(0))L is such that:
for any a ∈ S, a ≤ p implies a → ρ(0) ≰ p,

then: for any a ∈ L such that a ∨ ρ(0) ∈ S, a ≤ p implies a → ρ(0) ≰ p.
Indeed, since ρ(0) =

⋂
Spec(L,[·,·]), we have Spec(L,[·,·]) ⊂ [ρ(0))L and thus

Spec([ρ(0))L ,[·,·]ρ(0)) = Spec(L,[·,·]) by Remark 5. Hence the equality of the minimal prime spectra.

Now let p ∈ Spec(L,[·,·]) and a ∈ L, so that a ∨ ρ(0) ∈ [ρ(0))L and ρ(0) =
⋂

Spec(L,[·,·]) ≤ p ∈
Spec([ρ(0))L ,[·,·]ρ(0)). By Remark 4,

a → ρ(0) = a → (0 ∨ ρ(0)) = (a ∨ ρ(0)) → (0 ∨ ρ(0)) = (a ∨ ρ(0)) → ρ(0) = (a ∨ ρ(0))⊥ρ(0).

Hence

[a ∨ ρ(0), a → ρ(0)]ρ(0) = [a ∨ ρ(0), (a ∨ ρ(0))⊥ρ(0)]ρ(0) = ρ(0) ≤ p ∈ Spec([ρ(0))L ,[·,·]ρ(0)),

thus, if a → ρ(0) ≰ p, then a ∨ ρ(0) ≤ p, so a ≤ p.
Now let S ⊆ [ρ(0))L such that any a ∈ S satisfies the implication: a ≤ p implies a → ρ(0) ≰ p.

Let a ∈ L such that a ∨ ρ(0) ∈ S and a ≤ p.
Since ρ(0) ≤ p, it follows that a ∨ ρ(0) ≤ p and hence (a ∨ ρ(0)) → ρ(0) ≰ p by the assumption

on S. By the above, a → ρ(0) = (a ∨ ρ(0)) → ρ(0), hence a → ρ(0) ≰ p.

[ρ(0))L satisfies Condition 1 if and only if [ρ(0))L is algebraic, Cp([ρ(0))L) is closed with respect
to [·, ·]ρ(0), and 1/≡ = {1}.

Note that:
if L is algebraic, then [ρ(0))L is algebraic;
if 1 ∈ Cp(L), then 1 ∈ Cp([ρ(0))L).

Thus, if L satisfies Condition 1, then [ρ(0))L satisfies Condition 1.

Corollary 2. Let p ∈ Spec(L,[·,·]), S ⊆ L \ [ρ(0))L, and let us consider the following statements:

(i) p ∈ Min(L,[·,·]);
(ii) for any a ∈ Cp([ρ(0))L), a ≤ p implies a → ρ(0) ≰ p;
(iii) for any a ∈ Cp([ρ(0))L), a ≤ p if and only if a → ρ(0) ≰ p;
(iv) for any a ∈ Cp(L) ∪ Cp([ρ(0))L), a ≤ p implies a → ρ(0) ≰ p;
(v) for any a ∈ Cp(L) ∪ Cp([ρ(0))L), a ≤ p if and only if a → ρ(0) ≰ p;
(vi) for any a ∈ [ρ(0))L, a ≤ p implies a → ρ(0) ≰ p;
(vii) for any a ∈ [ρ(0))L, a ≤ p if and only if a → ρ(0) ≰ p;
(viii) for any a ∈ L, a ≤ p implies a → ρ(0) ≰ p;
(ix) for any a ∈ L, a ≤ p if and only if a → ρ(0) ≰ p.

If [ρ(0))L satisfies Condition 1, in particular if L satisfies Condition 1, then statements (i), (ii), (iii), (iv)
and (v) are equivalent.

If [ρ(0))L satisfies Condition 2, then statements (i), (vi), (vii), (viii) and (ix) are equivalent.
Thus, if [ρ(0))L satisfies Conditions 1 and 2, in particular if [ρ(0))L is compact and 1/ ≡ = {1}, in

particular if L is compact and 1/≡ = {1}, then all nine statements above are equivalent.

Proof. By Remark 14, p ∈ Spec([ρ(0))L ,[·,·]ρ(0)) and we have the equivalence: p ∈ Min(L,[·,·]) if and only
if p ∈ Min([ρ(0))L ,[·,·]ρ(0)).

Recall that, for any a ∈ [ρ(0))L, a → ρ(0) = a⊥ρ(0).
By Remark 5, ρρ(0)(ρ(0)) = ρ(ρ(0)) = ρ(0) and 1/ ≡ρ(0)= 1/ ≡.
By Remark 6, every a ∈ Cp(L) satisfies a ∨ ρ(0) ∈ Cp([ρ(0))L), hence, according to Remark 14,

properties (ii), (iii), (iv) and (v) are equivalent.
Again by Remark 14, conditions (vi), (vii), (viii) and (ix) are equivalent.
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From Proposition 5 applied to the quotient commutator lattice ([ρ(0))L, [·, ·]ρ(0)) we get the rest
of the equivalences in the enunciation.

Note that, in [1], we have not actually proven that Corollary 2 holds in that form, excluding the
compact elements of [ρA(∆A)) from the statements and the assumptions, so that result should be
restated as the particular case of Corollary 2 above for the commutator lattice (Con(A), [·, ·]A).

5. Two Topologies on the Minimal Prime Spectrum
Throughout this section, (L, [·, ·]) will be an arbitrary commutator lattice that satisfies ρ(0) = 0.
We have on Min(L,[·,·]) the Stone topology SMin,L, described in Remark 1.

Lemma 15. x⊥ =
⋂
(V(x⊥) ∩ Min(L,[·,·])) for every x ∈ L.

Proof. Let x ∈ L. Clearly, x⊥ ≤ ⋂
(V(x⊥) ∩ Min(L,[·,·])).

Let us denote by a =
⋂
(V(x⊥) ∩ Min(L,[·,·])). Assume by absurdum that a ≰ x⊥, so that [a, x] ̸=

0 = ρ(0) =
⋂

Min(L,[·,·]) since A is semiprime. Therefore [a, x] ≰ p for some p ∈ Min(L,[·,·]), which
implies that x ≰ p and a ≰ p, hence p /∈ V(x⊥), that is x⊥ ≰ p. So x ≰ p and x⊥ ≰ p, while
[x, x⊥] = 0 ≤ p, which contradicts the fact that p ∈ Min(L,[·,·]) ⊆ Spec(L,[·,·]). Therefore

⋂
(V(x⊥) ∩

Min(L,[·,·])) = a ≤ x⊥, hence the equality.

Remark 15. By Lemma 15, for any x, y ∈ L, we have: x⊥ = y⊥ if and only if V(x⊥) ∩ Min(L,[·,·]) =

V(y⊥) ∩ Min(L,[·,·]) if and only if D(x⊥) ∩ Min(L,[·,·]) = D(y⊥) ∩ Min(L,[·,·]).

Proposition 6. For any x, y, z ∈ L, we consider the following statements:

(i) V(x) ∩ Min(L,[·,·]) = V(x⊥⊥) ∩ Min(L,[·,·]) = D(x⊥) ∩ Min(L,[·,·]) and
D(x) ∩ Min(L,[·,·]) = D(x⊥⊥) ∩ Min(L,[·,·]) = V(x⊥) ∩ Min(L,[·,·]);

(ii) x⊥ ∧ y⊥ = z⊥ if and only if V(x) ∩ V(y) ∩ Min(L,[·,·]) = V(z) ∩ Min(L,[·,·]);
(iii) x⊥⊥ = y⊥ if and only if x⊥ = y⊥⊥ if and only if V(x) ∩ Min(L,[·,·]) = V(y⊥) ∩ Min(L,[·,·]) if

and only if V(x) ∩ Min(L,[·,·]) = D(y) ∩ Min(L,[·,·]) if and only if D(x⊥) ∩ Min(L,[·,·]) = D(y) ∩
Min(L,[·,·]).

If L satisfies Condition 1, then the statements above hold for all x, y, z ∈ Cp(L).
If L satisfies Condition 2, then the statements above hold for all x, y, z ∈ L.

Proof. Let p ∈ Min(L,[·,·]).
Case 1: Assume that L satisfies Condition 1, and let x, y, z ∈ Cp(L).
(i) By Proposition 5, p ∈ V(x) if and only if p ∈ D(x⊥), hence also p /∈ V(x) if and only if p /∈ D(x⊥),
that is p ∈ D(x) if and only if p ∈ V(x⊥). Therefore V(x) ∩ Min(L,[·,·]) = D(x⊥) ∩ Min(L,[·,·]) and
D(x) ∩ Min(L,[·,·]) = V(x⊥) ∩ Min(L,[·,·]), hence also V(x⊥⊥) ∩ Min(L,[·,·]) = D(x⊥⊥⊥) ∩ Min(L,[·,·]) =

D(x⊥)∩Min(L,[·,·]) and D(x⊥⊥)∩Min(L,[·,·]) = V(x⊥⊥⊥)∩Min(L,[·,·]) = V(x⊥)∩Min(L,[·,·]) by Lemma
5.(iii).
(ii) By (i), along with Lemma 5.(iv), and Remark 15, x⊥ ∧ y⊥ = z⊥ if and only if (x ∨ y)⊥ = z⊥ if
and only if V((x ∨ y)⊥)∩ Min(L,[·,·]) = V(z⊥)∩ Min(L,[·,·]) if and only if (D(x)∩ Min(L,[·,·]))∪ (D(y)∩
Min(L,[·,·])) = (D(x) ∪ D(y)) ∩ Min(L,[·,·]) = D(x ∨ y) ∩ Min(L,[·,·]) = D(z) ∩ Min(L,[·,·]) if and only if
Min(L,[·,·]) \ ((D(x) ∩ Min(L,[·,·])) ∪ (D(y) ∩ Min(L,[·,·]))) = Min(L,[·,·]) \ (D(z) ∩ Min(L,[·,·])) if and only
if V(x) ∩ V(y) ∩ Min(L,[·,·]) = (V(z) ∩ Min(L,[·,·])) ∩ (V(y) ∩ Min(L,[·,·])) = V(z) ∩ Min(L,[·,·]).
(iii) By (i) and Remark 15, x⊥⊥ = y⊥ if and only if V(x⊥⊥) ∩ Min(L,[·,·]) = V(y⊥) ∩ Min(L,[·,·]) if and
only if V(x) ∩ Min(L,[·,·]) = V(y⊥) ∩ Min(L,[·,·]) if and only if V(x) ∩ Min(L,[·,·]) = D(y) ∩ Min(L,[·,·]) if
and only if D(x⊥) ∩ Min(L,[·,·]) = D(y) ∩ Min(L,[·,·]) if and only if Min(L,[·,·]) \ (D(x⊥) ∩ Min(L,[·,·])) =

Min(L,[·,·]) \ (D(y) ∩ Min(L,[·,·])) if and only if V(x⊥) ∩ Min(L,[·,·]) = V(y) ∩ Min(L,[·,·]) if and only if
x⊥ = y⊥⊥.
Case 2: The proof goes similarly in the case when L satisfies Condition 2, but for all x, y, z ∈ L.
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Let us denote by FMin,L the topology on Min(L,[·,·]) generated by {V(x) ∩ Min(L,[·,·]) |
x ∈ Cp(L)}. We call FMin,L the flat topology or the inverse topology on Min(L,[·,·]). Also, we denote by
Min(L,[·,·]), respectively Min−1

(L,[·,·]) the minimal prime spectrum of (L, [·, ·]) endowed with the Stone,

respectively the flat topology: Min(L,[·,·]) = (Min(L,[·,·]),SMin,L) and Min−1
(L,[·,·]) = (Min(L,[·,·]),FMin,L).

Remark 16. FMin,L has {V(x)∩Min(L,[·,·]) | x ∈ Cp(L)} as a basis, since V(0)∩Min(L,[·,·]) = Min(L,[·,·])
and, for any x, y ∈ Cp(L), x ∨ y ∈ Cp(L) and V(x) ∩ Min(L,[·,·]) ∩ V(y) ∩ Min(L,[·,·]) = V(x ∨ y) ∩
Min(L,[·,·]).

Recall that, for any x ∈ L, x⊥ generates the annihilator of x (with respect to the commutator, but
also the meet, since ρ(0) = 0) as a principal ideal.

Note that, in [1] [Proposition 7.(i)], Condition 1.(iv) had to be enforced on the algebra A.

Proposition 7. (i) If L satisfies Condition 1 or Condition 2, then the flat topology on Min(L,[·,·]) is coarser
than the Stone topology: FMin,L ⊆ SMin,L.

(ii) If L satisfies one of the Conditions 1 and 2 and x⊥ ∈ Cp(L) for any x ∈ Cp(L), in particular if L is
compact, then the two topologies coincide: FMin,L = SMin,L, that is Min(L,[·,·]) = Min−1

(L,[·,·]).

Proof. (i) By Proposition 6.(i), V(x) ∩ Min(L,[·,·]) = D(x⊥) ∩ Min(L,[·,·]) ∈ SMin,L, for any x ∈ Cp(L).
(ii) Again by Proposition 6.(i), for any x ∈ Cp(L), D(x) ∩ Min(L,[·,·]) = V(x⊥) ∩ Min(L,[·,·]), which
belongs to FMin,L if x⊥ ∈ Cp(L).

Let us denote, for any bounded distributive lattice M, by SSpec,Id(M) the Stone topology on the
prime spectrum of ideals of M, by SMin,Id(M) the Stone topology on its minimal prime spectrum of
ideals and by FMin,Id(M) the flat topology on its minimal prime spectrum of ideals: with the notations
from [1,6], SSpec,Id(M) = {DId,M(I) | I ∈ Id(M)}, where, for each I ∈ Id(M), DId,M(I) = SpecId(M) \
[I)Id(M) and the corresponding closed set is VId,M(I) = SpecId(M) ∩ [I)Id(M). So SMin,Id(M) =

{DId,M(I) ∩ MinId(M) | I ∈ Id(M)} and FMin,Id(M) is the topology on MinId(M) generated by
{VId,M(I) ∩ MinId(M) | I ∈ PId(M)}.

We use the following notations for these topological spaces: S pecId(M) := (SpecId(M),
SSpec,Id(M)), MinId(M) := (MinId(M),SMin,Id(M)) and MinId(M)−1 := (MinId(M),
FMin,Id(M)).

Lemma 16. If L satisfies Condition 1, then the maps ·∗ : Spec(L,[·,·]) → SpecId(Cp(L)/ ≡) and ·∗ :
SpecId(Cp(L)/≡) → Spec(L,[·,·]) are homeomorphisms with respect to the Stone topologies, thus S pec(L,[·,·])
and S pecId(Cp(L)/≡) are homeomorphic.

Proof. Assume that L satisfies Condition 1. Then, by Proposition 4, these maps are mutually inverse
order isomorphisms. Since Cp(L) is closed with respect to the commutator and 1 ∈ Cp(L), Cp(L)/≡
is a bounded sublattice of L/≡ and thus a bounded distributive lattice. Since Cp(L) is closed with
respect to the commutator, we have the map ·∗ : L → Id(Cp(L)/≡), which is surjective by Proposition
3.(ii).

Recall that the set of closed sets of the Stone topology on Spec(L,[·,·]) is {V(x) | x ∈ L} and that
of those of the Stone topology on SpecId(Cp(L)/ ≡) is {VId,Cp(L)/≡(I) | I ∈ Id(L)}, which equals
{VId,Cp(L)/≡(x∗) | x ∈ L} by the surjectivity of ·∗ : L → Id(Cp(L)/≡).

Let x ∈ L and p ∈ V(x), that is p ∈ Spec(L,[·,·]) with x ≤ p. Then p∗∈SpecId(Cp(L)/≡) and, since
the map ·∗ : L → Id(Cp(L)/≡) is order–preserving, x∗ ⊆ p∗. Hence p∗ ∈ VId,Cp(L)/≡(x∗) and thus
the image of V(x) through this map: V(x)∗ ⊆ VId,Cp(L)/≡(x∗).

Now let P ∈ VId,Cp(L)/≡(I) = VId,Cp(L)/≡(x∗), that is P ∈ SpecId(Cp(L)/ ≡) and x∗ ⊆ P. Then
P∗ ∈ Spec(L,[·,·]) and, by Lemma 12.(i), x ≤ (x∗)∗ ≤ P∗, thus P∗ ∈ V(x), so P = (P∗)∗ ∈ V(x)∗.

Therefore V(x)∗ = VId,Cp(L)/≡(x∗), so the direct image of ·∗ preserves closed sets and thus also
open sets, hence the bijection ·∗ is a homeomorphism with respect to the Stone topologies.

Thus so is its inverse ·∗: if I ∈ Id(Cp(L)/≡), so that I = x∗ for some x ∈ L, then, again by the
above, along with Proposition 4, VId,Cp(L)/≡(I)∗ = VId,Cp(L)/≡(x∗)∗ = (V(x)∗)∗ = V(x).
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Lemma 17. If L satisfies Condition 1, then:

(i) Min(L,[·,·]) is homeomorphic to MinId(Cp(L)/≡);
(ii) Min−1

(L,[·,·]) is homeomorphic to MinId(Cp(L)/≡)−1.

Proof. (i) By Lemma 16, ·∗ and ·∗ restrict to homeomorphisms betweenMin(L,[·,·]) andMinId(Cp(L)/≡).
(ii) Since FMin,L has {V(x) ∩ Min(L,[·,·]) | x ∈ Cp(L)} as a basis, while FMin,Id(Cp(L)/ ≡) has
{VId,Cp(L)/≡((a/ ≡]Cp(L)/≡) ∩ MinId(Cp(L)/ ≡) | a ∈ Cp(L)} as a basis, we have, by Lemma 10
and the proof of Lemma 16, for all a ∈ Cp(L): V(a)∗ = VId,Cp(L)/≡(a∗) = VId,Cp(L)/≡((a/≡]Cp(L)/≡)

and VId,Cp(L)/≡((a/≡]Cp(L)/≡)∗ = VId,Cp(L)/≡(a∗)∗ = V(a), hence ·∗ and ·∗ are open and thus, by (i),
mutually inverse homeomorphisms between Min−1

(L,[·,·]) and MinId(Cp(L)/≡)−1.

Proposition 8. If L satisfies Condition 1, then Min−1
(L,[·,·]) is a compact T1 topological space.

Proof. Since Cp(L) is closed with respect to the commutator and 1 ∈ Cp(L), Cp(L)/≡ is a bounded
sublattice of L/ ≡ and thus a bounded distributive lattice. Therefore, by Hochster’s theorem [26]
[Proposition 3.13], there exists a commutative unitary ring R such that the reticulation L(R) of R is
lattice isomorphic to Cp(L)/≡.

Recall that the commutator lattice of the ideals of R endowed with the multiplication of ideals
as commutator operation is isomorphic to the commutator lattice of its congruences, (Con(R), [·, ·]R).
Hence the minimal prime spectrum of R endowed with the flat topology, Min(R)−1, is homeomorphic
to MinId(L(R))−1 and thus to MinId(Cp(L)/≡)−1, which in turn is homeomorphic to Min−1

(L,[·,·]) by
Lemma 17.(ii).

By [33] [Theorem 3.1], Min(R)−1 is compact and T1. Therefore Min(L, [·, ·])−1 is compact and
T1.

Theorem 1. If L satisfies Condition 1, then the following are equivalent:

(i) Min(L,[·,·]) = Min−1
(L,[·,·]);

(ii) Min(L,[·,·]) is compact;
(iii) for any a ∈ Cp(L), there exists b ∈ Cp(L) such that b ≤ a⊥ and (a ∨ b)⊥ = 0.

Proof. Since Cp(L) is closed with respect to the commutator and 1 ∈ Cp(L), Cp(L)/≡ is a bounded
distributive lattice and thus a distributive lattice with zero, hence, according to [34] [Proposition 5.1],
the following are equivalent:
(a) MinId(Cp(L)/≡) = MinId(Cp(L)/≡)−1;
(b) MinId(Cp(L)/≡) is compact;
(c) for any x ∈ Cp(L)/≡, there exists y ∈ Cp(L)/≡ such that x ∧ y = 0/≡ and AnnCp(L)/≡(x ∨ y) =
{0/≡}.

By Lemma 17, (i) is equivalent to (a). By Lemma 17.(i), (ii) is equivalent to (b).
To prove that (iii) is equivalent to (c), let a, b ∈ Cp(L), arbitrary, so that a/ ≡ and b/ ≡ are

arbitrary elements of Cp(L)/≡.
We will use the properties of the radical equivalence ≡ recalled in Section 3.
We have ρ(0) = 0, which is equivalent to 0/≡ = {0}, hence, for any u ∈ L, u = 0 if and only if

u ∈ 0/≡ if and only if u/≡ = 0/≡.
Recall that b ≤ a⊥ is equivalent to [a, b] = 0 and thus to [a, b]/ ≡ = 0/ ≡ by the above, that is

a/ ≡ ∧b/ ≡ = 0/ ≡, which means that (a ∧ b)/ ≡ = 0/ ≡, which is equivalent to a ∧ b = 0 by the
above.

(a ∨ b)⊥ = 0 means that Ann(L,[·,·])(a ∨ b) = {0}, that is AnnL(a ∨ b) = {0}, which is equivalent
to AnnL/≡(a/≡ ∨b/≡) = {0/≡}, which in turn is equivalent to AnnCp(L)/≡(a/≡ ∨b/≡) = {0/≡},
because, if we denote by u = a ∨ b, so that u ∈ Cp(L) and u/≡ = a/≡ ∨b/≡∈ Cp(L)/≡, we have:

since Cp(L)/ ≡ is a bounded sublattice of L/ ≡, AnnL/≡(u/ ≡) = {0/ ≡} implies
AnnCp(L)/≡(u/≡) = AnnL/≡(u/≡) ∩ Cp(L)/≡ = {0/≡};
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for the converse, recall that:

max AnnL(u) = max Ann(L,[·,·])(u) =
∨
{c ∈ Cp(L) | [u, c] = 0} =

∨
{c ∈ Cp(L) | [u, c]/≡ = 0/≡} =

∨
{c ∈ Cp(L) | u/≡ ∧c/≡ = 0/≡},

thus, since u ∈ Cp(L) and thus u/≡∈ Cp(L)/≡,

max AnnL(u) =
∨
{c ∈ Cp(L) | c/≡∈ AnnCp(L)/≡(u/≡)};

hence, if AnnCp(L)/≡(u/≡) = {0/≡}, then

max AnnL(u) =
∨
{c ∈ Cp(L) | c/≡∈ {0/≡}} =

∨
{c ∈ Cp(L) | c/≡ = 0/≡} =

∨
{c ∈ Cp(L) | c = 0} = 0,

thus AnnL(u) = {0}, which is equivalent to AnnL/≡(0/≡) = {0/≡}.

Proposition 9. If 1 ∈ Cp(L) and Spec(L,[·,·]) is unordered, then Min(L,[·,·]) is compact.

Proof. Assume that 1 ∈ Cp(L) and Spec(L,[·,·]) is unordered, that is Spec(L,[·,·]) = Min(L,[·,·]), and let

Min(L,[·,·]) =
⋃
i∈I

(D(ai) ∩ Min(L,[·,·])) for some nonempty family {ai | i ∈ I} ⊆ L. Then Min(L,[·,·]) =

(
⋃
i∈I

D(ai)) ∩ Min(L,[·,·]) = D(
∨
i∈I

ai) ∩ Min(L,[·,·]), thus V(
∨

i∈I ai) ∩ Min(L,[·,·]) = ∅. By Remark 7, this

implies that
∨
i∈I

ai = 1 ∈ Cp(L), so that 1 =
∨
i∈F

ai for some finite subset F of I, hence Min(L,[·,·]) =

D(
∨
i∈F

ai) ∩ Min(L,[·,·]) = (
⋃
i∈F

D(ai)) ∩ Min(L,[·,·]) =
⋃
i∈F

(D(ai) ∩ Min(L,[·,·])), therefore Min(L,[·,·]) is

compact.

Recall from [1] that the converse of the implication in Proposition 9 does not hold.

Theorem 2. If L satisfies one of the Conditions 1 and 2 and x⊥ ∈ Cp(L) for all x ∈ Cp(L), in particular if
L is compact, then Min(L,[·,·]) is a Hausdorff topological space consisting solely of clopen sets, thus the Stone
topology SMin,L is a complete Boolean sublattice of P(Min(L,[·,·])). If, moreover, Spec(L,[·,·]) is unordered, then
Min(L,[·,·]) is also compact.

Proof. By Proposition 6.(i), the Stone topology SMin,L on Min(L,[·,·]) consists entirely of clopen sets.
For any x ∈ L, D(x) ∩ Min(L,[·,·]) ∩ D(x⊥) ∩ Min(L,[·,·]) = D(x) ∩ D(x⊥) ∩ Min(L,[·,·]) =

D([x, x⊥]) ∩ Min(L,[·,·]) = D(0) ∩ Min(L,[·,·]) = ∅ ∩ Min(L,[·,·]) = ∅.
Let m, p be distinct minimal prime elements of (L, [·, ·]). Since m ̸= p, we have m ≰ p.
If L satisfies Condition 1, so that L is algebraic, then m =

∨{a ∈ Cp(L) | a ≤ m} and p =∨{a ∈ Cp(L) | a ≤ p}, Hence there exists an a ∈ Cp(L) such that a ≤ m, but a ≰ p, so that
a⊥ ≰ m by Proposition 5, so m ∈ D(a⊥) ∩ Min(L,[·,·]) and p ∈ D(a) ∩ Min(L,[·,·]). By the above,
D(a) ∩ Min(L,[·,·]) ∩ D(a⊥) ∩ Min(L,[·,·]) = ∅.

Since m ≰ p, we have p ∈ D(m) ∩ Min(L,[·,·]). If L satisfies Condition 2, then, since m ≤ m, by
Proposition 5 it follows that m⊥ ≰ m, thus m ∈ D(m⊥)∩Min(L,[·,·]). By the above, D(m)∩Min(L,[·,·]) ∩
D(m⊥) ∩ Min(L,[·,·]) = ∅.

Therefore the topological space (Min(L,[·,·]), {D(x) ∩ Min(L,[·,·]) | x ∈ L}) is Hausdorff.
By Proposition 9, if Spec(L,[·,·]) is an antichain, then Min(L,[·,·]) is also compact.
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