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Abstract: We investigate from an algebraic and topological point of view the minimal prime spectrum
of a commutator lattice, considering the prime elements with respect to the commutator operation. We
obtain characterizations for minimal prime elements, then study the Stone and flat topologies on the
minimal prime spectra of commutator lattices. We thus obtain abstractions for our results from [1] on
congruence lattices and generalizations for results on frames and quantales, but also further cases in
which these results hold.
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1. Introduction

The prime spectrum of congruences of an algebra A, denoted Spec(A), consists of its prime
congruences w.r.t. the term condition commutator [-,-]4. If [,-]4 is commutative and distributive
w.r.t. arbitrary joins, in particular if A belongs to a congruence-modular variety, then Spec(A) can be
endowed with the Stone or spectral topology, by generalizing the construction of the Zarisky topology
from rings [2,3].

Using the Stone topology on the prime spectrum of congruences of a universal algebra, we have
generalized properties of ring extensions in [4,5] and constructed the reticulation of a universal algebra
in [6]. In [1] we have investigated the topology induced on the antichain Min(A) of the minimal
prime congruences of an algebra A, called the minimal prime spectrum of A, by the Stone topology
of Spec(A), along with the flat or inverse topology on Min(A), and used these topologies to study
extensions of universal algebras that generalize certain types of ring extensions, investigated in [7-9].

In [10], we have investigated certain algebraic properties of commutator lattices; these are abstrac-
tions for congruence lattices, consisting of complete lattices endowed with binary operations called
commutators that satisfy commutativity and distributivity with respect to arbitrary joins. A more
general version of this notion is that of a multiplicative lattice [11,12].

Our results from [1,6], along with other properties from the papers cited above, can be obtained
in this abstract case of commutator lattices.

We begin this investigation in the current paper, with an algebraic and topological study of the
minimal prime spectrum of a commutator lattice, consisting of its prime elements with respect to
the commutator operation. We obtain characterizations for minimal prime elements, then study the
Stone and flat topologies on the minimal prime spectra of commutator lattices, using properties of
commutator lattices from [10] and proving in this abstract case results similar to the ones we have
obtained in [1,6]. This abstract approach proves fruitful, as it reveals further cases in which these
results hold.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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2. Preliminaries

We refer the reader to [13-16] for a further study of the following notions from universal algebra,
to [17-20] for the lattice—theoretical ones, to [13,16,21,22] for the results on commutators and to [5,13,23-26]
for the Stone topologies. See also [27,28].

We denote by N the set of the natural numbers and by N* = N\ {0}. Let M, N be setsand S C M.
Then we denote by P (M) the set of the subsets of M, by A= {(x,x) | x € M} and V= M? the
smallest and the largest equivalence on M, respectively.

For any poset P, Max(P) and Min(P) will denote the set of the maximal elements and that of the
minimal elements of P, respectively. The order on congruences of an algebra or ideals or filters of a
lattice will always be the set inclusion.

Let L be an arbitrary lattice. We denote by Cp(L), Mi(L) and Smi(L) the sets of the compact, the
meet-irreducible and the strictly meet—irreducible elements of L, respectively. Recall that L is said to
be compact if and only if Cp(L) = L and L is said to be algebraic if and only if each of its elements is a
join of compact elements. Note that, if L is compact, then the join of any nonempty U C L equals the
join of a finite subset of U, and that, if L has finite length, then L is compact, thus L is algebraic. If L
has a1, then1 ¢ Smi(L), because1 = A\ @ = A{x € L|1 < x}.

If L has a 1, then we denote by Max; = Max(L \ {1}, <), by Spec, the set of the (meet-)prime
elements of L:

Spec; = {pe L\{1} |(Va,beL)(aAb<p = (a<porb<p))}
and by Min; = Min(Spec;, <).

Notice that Max, is the set of the coatoms of L and, if L is distributive and has a 1, then Spec; =
Mi(L) \ {1} D Smi(L) D Max;.

Id(L) will be the bounded lattice of the ideals of L and PId(L) will be the bounded sublattice
of Id(L) of the principal ideals of L. We denote by Spec;4(L) the set of the prime ideals of L and by
Mingg (L) the set of the minimal prime ideals of L, called the prime spectrum of ideals of L and the minimal
prime spectrum of ideals of L, respectively. Recall that Specj4(L) = Spec;y(; ) and Minyg(L) = Minggy).

Let U C Land a,b € L, arbitrary. We denote by (U] and [U); the ideal and the filter of L
generated by U, respectively, and by (a];, = ({a}]. and [a), = [{a})L.

If L has a 0, then Annj (a) and Anny (U) will be the annihilator of a and U in L, respectively:
Anng(a) ={x € L|xAa=0}and Ann;(U) = () Anng(u).

uel
The subscript L will be eliminated from the notations above when the lattice L is clear from the

context.

If L is a bounded lattice, then we denote by B(L) the set of the complemented elements of L,
regardless of whether L is distributive.

Remember that L is called a frame if and only if L is complete and the meet in L is completely
distributive with respect to the join. Note that, if L has a 0 and it is distributive, then all annihilators in
L are ideals of L; if L is a frame, then all annihilators in L are principal ideals of L.

3. Commutator Lattices, the Stone Topology on Their Prime Spectra and Their
Residuated Structure

Definition 1. [10,23,29,30] Let (L, A, V, 0,1) be a bounded lattice and [-, -] be a binary operation on L.
The algebra (L, V, A, [-,-],0,1) (which we also denote, simply, by (L, [+, -])) is called a commutator lattice
and the operation [+, -] is called commutator if and only if L is a complete lattice and, for all x,y € L and
any family (y;)ie; C L

e [xy] = [y x] <xAy([,-]is commutative and smaller than its arguments);
o [x, Vil = VIl ([, ] is completely distributive with respect to the join).
icl icl

Clearly, if (L, [-,-]) is a commutator lattice, then the commutator [, -] is distributive with respect
to the join in each argument, thus [-, -] is order—preserving in each argument. For any complete lattice
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L, we have the equivalence: (L, A) is a commutator lattice (with the commutator equalling the meet) if
and only if L is a frame.

Now let (L, [-, -]) be an arbitrary commutator lattice. We denote by Spec(; |.  the set of the prime
elements of (L, [, -]), that is the prime elements of L with respect to the commutator:

Spec(yp.,) ={p € L\{1} [ (Va,b e L) ([a,b] <p = (a <porb <p))},
and by Min(; .}y = Min(Spec(L,[,/‘]) ): the set of the minimal prime elements of (L, [, -] )

For any x € L, we denote by V(x) = [x), NSpecy 1 5, by p(x) = AV(x) = A{p €
Specy ..y | ¥ < p}and by R(L,[-,-]) = {p(x) [ x € L}. We call p(x) the radical ofx and the
elements of R(L, [, ]) radical elements of L. Clearly, Spec(; 1. ;) € R(L, [-,-]) = {x € L [ p(x) = x}.

If the commutator |-, -] coincides to the meet in L, case in which, of course, the prime elements of
the commutator lattice (L, A) are exactly the meet—prime elements of L: Spec (L) = Spec;, then we
denote by R(L) the set of the radical elements of this commutator lattice: R(L) := R(L, A).

Recall that all elements of an algebraic lattice are meets of strictly meet-irreducible elements, thus,
if L is algebraic and [-,-] = A, then R(L, [-,-]) = R(L) = L.

Foranya € Landany U C L, Ann( L[] (@) and Ann(; | ) (U) will be the annihilator of aand U

in (L, [, -]), respectively: Ann(; (. jy(a) = {x € L| [x,a] = 0} and Ann; [ ;) (U =N Anngg 1) (u).
uel

Note that all annihilators in (L, [+, -]) are principal ideals of L, since \/ Ann; | )(U) € Ann( ;. ;) (U)

forany U C L.

Since the commutator lattice which the notations V (-) and p(+) refer to will always be clear from
the context, we have decided not to overload these notations with the symbol [, -]. The same goes
for the radical equivalence = below and the notation D(-) for the opens of the Stone topology that
we will refer to later. Same for the commutator operation and the notations for the Stone and the flat
topologies.

We consider the following equivalence on the set L: = = {(a,b) | a,b € L,p(a) = p(b)}, which
we call the radical equivalence of (L, [-,-]). By [10] [Proposition 5.9.(i)]:

= € Con(L, [-,-]), i.e. =1is a lattice congruence of L that preserves the commutator operation;
e = preserves arbitrary joins and satisfies [a,b] = aAbforalla,b € L;
e R(L[,])={max(x/=) |x €L} ={x € L|x=max(x/=)};
e 0/==(p(0)]rand, forallx € L, p(x) = max(x/ =) = max(p(x)/ =) = min([x). " R(L, [-,-])).
By the first two statements above, the quotient commutator lattice of (L, [+, -]) through = is the
frame (L/ =, N\), whose commutator operation equals the meet.
Also by the items above:
0 € R(L,[-,+]) if and only if p(0) = 0 if and only if 0/ = = {0}
if and only if, foralla,b € L, [a,b] = 0 is equivalent toa A b = 0
if and only if, foralla € L, Ann(; (. 1) (a) = Anng(a)
if and only if, for all U C L, Ann g | ) (U) = Ann, (U).
Also, = NR(L,[,,"])? = ARy, thus: R(L,[-,-]) = L if and only if = = A;. See [10] [Re-
marks 5.10 & 5.11, Proposition 5.15.(i), Lemma 5.18].
By [10] [Lemma 5.7],if 1 € Cp(L) and [1,1] =1, then 1/ = = {1}.
By [10] [Proposition 5.15.(ii),(iii)], if R(L, [-,]) = L, then [, -] = A, and, if L is algebraic, then the
converse holds, as well.

Lemma 1. Let x € L\ {1}. If L is algebraic, then: x € Specy . if and only if, for any a,b € Cp(L), if
[a,b] < x,thena <xorb < x.

Proof. The left-to-right implication is clear. For the converse, assume that all 2,b € Cp(L) such
that [a,b] < x satisfy a < x or b < x and assume by absurdum that x is not prime, so that there
exist u,v € L with [u,0] < x,butu £ x and v £ x. Since L is algebraic, u = \/((u]. N Cp(L)) and
v =\/((v]L NCp(L)). Then there exist ¢,d € Cp(L) such thatc « xand d £ x,butc < uandd < v, so
that [c,d] < [u,v] < x, which contradicts the hypothesis of this implication. [J
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Let A be an arbitrary member of a variety V and [,-]4 be its term condition commuta-
tor [31]. Recall from [1,6,10] that, if the commutator [,-]4 of A is commutative and distributive
with respect to arbitrary joins, in particular if V is congruence-modular, then its congruence lattice
(Con(A),N, A, [,-]a,Ba, V4) is an algebraic commutator lattice. Furthermore, if V is semi—degenerate,
then:

e the one—class congruence of A is compact, that is finitely generated: V4 € Cp(Con(A)); we
denote by C(A) := Cp(Con(A));
e if Visalso congruence-modular, then, for all § € Con(A), [0,V a]a = 0.
Recall also that, if V is congruence-distributive, then the commutator of A equals the intersection,
so the second property above holds in this case, as well.
See in [1] the results from this paper in the particular case of commutator lattices of congruences.
We call an r € L a semiprime element of (L, [-,-]) if and only if, foralla € L, if [a,a] <7, thena <.

Lemma 2. (i) If[1,1) = 1, then Max;, C SPeC(L,[.,})-
(ii) An element of L is radical if and only if it is semiprime.

(iii) Spec(y (.. = (Mi(L) N R(L, [-,-])) \ {1}.

Proof. (i) This is [10, Lemma 5.2.(iii)].

(ii) This is [11] [Lemma 4.7].

(iii) By (ii) and [10] [Lemma 5.2.(ii)], according to which the prime elements of (L, [, -]) are exactly the
semiprime members of Mi(L) \ {1}. O

Recall, also, from [10, Lemma 5.2.(iv)] that, if 1 € Cp(L), then, for any x € L\ {1}, there exists an
m € Maxy such that x < m.

Recall that, forallx € L, V(x) = Spec(y..) N X)L ={pe Spec(r,.,)) | x < p}. Let us denote, for
allx € L, by D(x) := Spec(; 1. 1y \ V(x) = Spec . )\ [x)L = {p € Spec wp ) | £ph

We denote by Sspec,r. = {D( ) | x € L}. As shown by the next proposmon Sspec,L is a topology
on Spec; 1. 1). We call Sspec,1. the Stone topology or the spectral topology on Specy . ).

Proposition 1. Sspec, is @ topology on Spec; 1. ), which satisfies, for all a,b € L and any family (ai)ie; € L:

(i) D(a) € D(b) if and only if V(a) 2 V(b) if and only if p(a) < p(b); D(a) = D(b) if and only if
V(a) = V(b) ifand only if p(a) = p(b);

(ii) a < b implies p(a) < p(b); a < p(a); p(a) = 0 impliesa = 0; D(1) = Spec(y .. = V(0) and
D(0) =@ =V(1);

(iii) if0 € R(L,[,"]), then: D(a) = @ if and only if V(a) = Specy 1. if and only if p(a) = 0 if and
onlyifa = 0;

(iv) if1/ = = {1}, in particular if 1 € Cp(L) and [1,1] = 1, then: D(a) = Spec; | ) if and only if
V(a) = @ifand only if p(a) = 1ifand only ifa = 1;

@ p(la,b]) =plarnb) = p(a) Ap(b);
D([a,b]) = D(aAb) = D(a) N D(b) and D(aV b) = D(a) U D(b); moreover, D(\/ a;) =

i€l

U D(a);

iel

V([a,b]) = V(aAb) = V(a)UV(b) and V(aVb) = V(x) N V(b); moreover, V(\/ a;) =
iel

(V(ai)

i€l

(vi) if the lattice L is algebraic, then V (a) = (1 V(x)and D(a) = U  Dl(x), therefore the

xe(a)NCp(L) xe(a)NCp(L)
Stone topology Sspec,1 has {D(x) | x € Cp(L)} as a basis.

Proof. (i),(ii) Clear.
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(iii) Assume that 0 € R(L, [+, -]), so that 0/ = = {0} and p(0) = 0, thus, by (i),(ii): D(a) = @ = D(0)
if and only if V(a) = Spec(p (.. = V(0) if and only if p(a) = p(0) if and only if p(a) = 0; also,
p(a) = p(0) if and only if a = 0 if and only if 2 € 0/ = if and only if a € {0} if and only if 2 = 0.
(iv) Assume that 1/ = = {1}, which holds if 1 € Cp(L) and [1,1] = 1. Then, by (i),(ii): D(a) =
Specr 1.,y = D(1) if and only if V(a) = @ = V(1) if and only if p(a) = p(1) if and only if p(a) = 1;
also, p(a) = p(1) ifand only ifa = 1 ifand only if s € 1/ =if and only if 2 € {1} if and only if 2 = 1.
(v) We have [a,b] = a A b, which means that p([a,b]) = p(a A D), thus V([a,b]) = V(a Ab) and
D([a,b]) = D(a Ab) by (i). For any p € Spec(; . ), we have, since [2,b] < aAb: p € V([a,b]) if
and only if [4,b] < pifand onlyifa < porb < pifand only if p € V(a) or p € V(b) if and only
ifp € V( )UV(b). Hence V([a,b]) = V(a) UV (b), thus D([a,b]) = Spec(; 1. 5\ (V(a) UV(b)) =
(Specis ) \ V(@) N (Specis ) \ V(b)) = D(a) N D(b).

For any p € Spec(y [..)), we have: p € V(\/ a;) if and only if \/ a; < pifand only if, for all i € I,

icl icl
a; < pif and only if, foralli € I, p € V(a;) if and only if p € () V(a;). Hence V( \/ = V(a;),
16[ IEI iel
thus D(\/ a;) = Spec(r[..) \V(\a)= Specy .. \ (Vi) = I Spec(y (.. = (J D(a;).
iel iel iel i€l iel
(vi) As shown by (ii) and (v), Sspec,. = {D(x) \ x € L} is a topology on Spec(L,[,,_D.
Now assume that L is algebraic. Then a = \/((a], NCp(L)) = \V4 x, hence, by (v),
x€(a].NCp(L)
V(a) = (1 V(x)and D(a) = U  D(x). Again by (v), for any x,y € Cp(L), we have
xe(a)NCp(L) xe(a)NCp(L)
D(x) N D(y) = D(x Vy) and x Vy € Cp(L). Hence the topology Sspec,r has {D(x) | x € Cp(L)} asa

basis. O

Remark 1. The Stone topology Sspec,. on Spec(y, .y induces the topology Smint, = {D(x)N
Ming . ) | x € L} on Min( | ), having {V(x) "Min(; . }) | x € L} as the family of closed sets
and, if L is algebraic, the set {D(x) N Min g |. | x € Cp(L)} as a basis. We call Syip 1 the Stone or
spectral topology on Min(g . .

If Max; C Spec( L) in particular if [1,1] = 1 (see Lemma 2.(i)), then the Stone topology Sspec L
on Spec(; 1. j) induces the Stone or spectral topology on Maxy.: Syax,. = {D(x) N"Maxy, | x € L}, which
has {D(x) "Maxp, | x € Cp(L)} as a basis if L is algebraic.

Until mentioned otherwise, let a,b, ¢ € L, arbitrary. Note that: p([a, b]) = p(a Ab) = p(a) A p(D).

If p(0) = 0, thatis 0 € R(L, [, -]), then, by Proposition 1.(iii), for any x € L p( ) = 0if and only if
x = 0, hence, by the above: [2,b] = 0if and only ifa Ab =0, so Annp(a) = (@)
any S C L, Ann.(S) = Ann(y [. 3)(S).

We denoteby b — ¢ = \/{x € L | [x,b] < c}and b =b = 0 = V Ann(g (. 1)(b). We call the
operations — and -1 the implication and polar in (L, [-,-]), respectively.

and thus, for

Recall that the commutator is order-preserving and distributive with respect to arbitrary joins.
Since [0,b] = 0 < ¢ and, for any non—-empty family (a;);c; C L, [a;,b] < c for all i € I implies
[\/ i, b] = \/[a;,b] < ¢, it follows that:

iel iel
b—c=max{x € L|[xb] <c},
in particular b* = max{x € L | [x,b] = 0} = max Ann (. 1) (D)
and thus Anng (. 1y(b) = (b*]1; also, [b,b — ¢] = [b — ¢,b] < ¢, in particular [b,b*] = 0.

Remark 2. Moreover, since b — ¢ = max{x € L | [x,b] < c}, we have, forall x € L:

(i) [x,b] <cifand onlyifx < b —¢;
(ii) in particular: [x,b] = 0 if and only if x < b*.


https://doi.org/10.20944/preprints202505.0145.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 5 May 2025

Therefore, in the particular case when the commutator [-,-] is associative, (L, A,V, [, ],
—,0,1) is a (bounded commutative integral) residuated lattice, in which 1L is the negation.

Lemma 3. If p(0) = 0, then x* € R(L,[-,"]) for any x € L.

Proof. Leta,b € L such that [a,a] < b*. Then, by the above and the fact that p(0) = 0, [[a,4],b] =0,
which is equivalent to p([[a,4],b]) = 0, that is p(a A b) = 0, that is p([a,b]) = 0, which means that
[a,b] = 0, which in turn is equivalent to a < bl. Hence bt isa semiprime and thus a radical element
of L by Lemma 2.(ii). O

Lemma 4. Foranya,b,c € L:

(1) b<a—b
(ii) (ave)— (bVe)=a— (bVeo).

Proof. (i) [b,a] <bAa <D, thusb <a — bby Remark 2.(i).

(ii) We will apply Remark 2.(i). For all x € L, we have, since [x,c] <c <bVc:x < (aVc) — (bVe)
if and only if [x,a V¢c|] < bV cif and only if [x,a] V [x,c] < bV ¢ if and only if [x,a] < bV cif and
onlyifx <a — (bVc). By taking x = (aVc¢) — (bVc)and then x = a — (b V ¢) in the previous
equivalences, we get: (aVc) — (bVe)=a— (bVec). O

Let a € L, arbitrary, and let us denote, for all x,y € [a)r, by [x,y]s := [x,y] Va. Then ([a)L, [, -]a)
is a commutator lattice.

Note that, if A is an algebra and # € Con(A) is such that the commutator [, -] 4 /¢ of the quotient
algebra A /0 satisfies:

[(aVv)/0,(BVEO)/0lae = (la,BlaV6)/0foralla, p € Con(A) or, equivalently:

[«/6,8/6]as0 = ([2,B]aV 6)/0 foralla, f & [0)con(a),
then the lattice isomorphism a + «/6 between the lattice reducts of the commutator lattices
([0)con(a)- [+ -]e) and (Con(A/0), [-, | /) also preserves the commutators.

In particular, if A is a member of a congruence-modular variety, then any congruence 6 of A is
such that the commutator of the quotient algebra A /6 is defined as above and hence the commutator
lattices (Con(A/0),[-,-]a/6) and ([0)con(a). [, ]6) are isomorphic.

This is why, for any a € L, the commutator lattice ([a)r, [, -]) is called the quotient of the
commutator lattice (L, [+, -]) through a.

Let us denote the implication and polar in this commutator lattice by —, and -4, respectively:
forall x,y € [a)L,

x—=gy=max{u € a)|[uxls <y}=max{u € la)|[ux]Va<y}=max{u € [a)|[ux] <
y} and

xt = x —,a =max{u € [a)r | [u,x], < a} = max{u € [a); | [u,x], = a} = max{u €
[@)p | [u,x]Va=a}=max{u € [a) | [u,x] <a}.

Remark 3. Foranya € Land any x,y € [a)r:
* x —,y=x—y: theimplicationin ([a), |-, -|a) coincides to thatin (L, [-, -]) and hence:
e xM=x—,a=x—a

Indeed, by Lemma 4.(i),a <y <x -y =max{u € L | [u,x] <y}, somax{u € L | [u,x] <y} €
[a)r, thus:
x—y=max{ue€L|[ux]<yt=max{uecLl|[ux]<y}eca)=x—4y.
Remark 4. Foranya,x,y € L:
e (xVa)—=4(yVa)=(xVa)— (yVa)=x— (yVa);
e (xVa) " =x—a
Indeed, by Remark 3 and the fact that [u,a] <a <y Vaforall u € L, we have:
(xVa) =4 (yva) = (xVa) - (yvVa) =max{u € L | [u,xVa| <yVa} =max{u € L| [u,x]V
[w,al <yVva} =max{u e L|[ux]<yVa}=x— (yVa).
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By Remark 3, it follows that (x Va)*% = (xVa) = a = x — a.

For any a € L and any x € [a), let us denote by p,(x) the radical of x in the commutator lattice
([a)L, [, -]a) and let =, be the radical equivalence in ([a)r, [+, ]a):

Pa( x) := N([x)L NSpecpy), 1..1,)) and

=a:= {(w,0) [ w0 € [a)r,0a(u) = pa(0)}.

Remark 5. Foranya € L:

* SPe(yl) = () mSI"E‘C( LE)
e foranyx € [a)r, pa(x) = p(x);
e R ) 0 0RO )
e ==)Nn=
Indeed, it can be easily verified, with the definition, that an element of [a); is prime with respect
to [+, -], if and only if it is prime with respect to [, ].
Hence the radical in ([a), [, -]a) coincides to the radical in (L, |-, -]), since, for any x € [a):
pa(x) = N([x)L N [a)L NSpecy 1. 3)) = N([x)L NSpec(y 1. 3)) = p(x).
Thus R([a)L, [, ]) = {pa(x) [ x € [a)L} = {p(x) | x € [a)1} = {x € [a) | p(x) = x} = {x €
[a)r | x € R(L, [,-])} = [a)L N R(L, [-,])-
Hence == {(1,0) | 1,0 € [)1, pa(u) = pa(0)} = {(1,0) | 1,0 € [a)1, p() = p(0)} = {(1,0) €
@7 | (w,0) e =} =[a)in =

Remark 6. Foranya € L:
Cp(L) N [a), € {xVaae Cp(L)} € Cp(la)y)-
Indeed, any ¢ € Cp(L) N [a),, satisfiesc =cVa, thusc € {xVa|x e Cp(L)}.
Now let b € Cp(L) and let us prove that b Va € Cp([a)L).
Let (x;)ic; be a nonempty family of elements of [a);, such thatbVa < \/ x;.
icl

n
Then b < \/ x; and thus, since b € Cp(L), there existn € N*and iy, ...,i, € I suchthatb < \/ X,
i€l j=1
7 n
Buta < Xi; foreachj € 1,n, hencebVva < \/ Xi;. Therefore b \ a is compact in the sublattice [a)],
=1
of L.

Lemma 5. Leta,b € L. Then:

(i) 0t =1land, if [x,1] = x forall x € L, then 1+ = 0;

(ii) a < b implies bt < at,and: bt < at if and only ifz/zlL <btl in particular at =pt if and only
ifaLL — bLL;

(iii) a<attanda =al;

(iv) (aVvb)t =atAbt = (at Abt)LE

(v) ifp(0) =0, then [a,b]* = (a Ab)*" and (a Ab)LE = att AbHE;

(vi) ifp(0) = 0, then: a*+ < bt ifand only if [a,b]+ = b*;

(vii)  ifp(0) =0, then: a < a* ifand only ifa = 0.

111

Proof. (i) 0+ = max{x € L | [x,0] = 0} = max(L) = 1.
If [x,1] = x forall x € L, then 1+ = max{x € L | [x,1] = 0} = max{x € L | x = 0} = max{0} =

0.
(ii),(iii) If a < b, then {x € L | [a,x] = 0} 2 {x € L | [b,x] = 0}, hence b* < a', which thus, in turn,
implies att < pti

Since [a,a"] = 0, we have a < a', which implies a-11 < a' by the above, but also a*+ < at++

L_ gl
—plll < glil — gt

by replacing a with a*. Therefore a

Ll < pll

Hence a implies b
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(iv) For any x € L, we have: [x,a] = [x,b] = 0if and only if [x,a V b] = 0, hence: x < a* A bt if and
only if x < (aV b)*. By taking x := a* A b+ and then x := (a V b)" in this equivalence, we obtain
at Abt = (aVb)*. By (iii), it follows that (a V b)* = (a vV b)*++ = (at AbL) 1L
(v) If p(0) = 0, then, for any x,y € L, we have: x < y* if and only if [x,y] = 0 if and only if x Ay = 0.
Hence, for x € L: x < [a,b]* if and only if [x, [a,b]] = 0 if and only if x A a A b = 0 if and only if
[x,a Ab] = 0if and only if x < (a Ab)*. Taking x := [a,b]* and then x := (a A b)" in the previous
equivalences, we obtain [a,b]" = (a A b)*.
If we denote by ¢ := a*+ Abt+ and d := (a Ab)* = [a,b]*, then:
c<attandc < bt thus [c,at] = [c,bt] =0;
[d,anb]=0,sodNaNb=0,thus [aAd,b] =0, henceand < bt
therefore [c,a Ad] =0,socNaAd=0,thus [cAd,a] =0,s0cNd < at;
hence [c,c Ad] = 0,s0cAd = cAcAd =0, thus [c,d] = 0, hence at+ Abtt = ¢ < dt =
[a,b]*t = (a Ab)*+ by the above. But (a Ab)*+ < att AbtL by (ii). Therefore (a Ab)*t+ =
gL AplL
(vi) If p(0) = 0, then, by (v), [a,b]*+ = (a Ab)*t = att AbtL, thus, according to (ii) and (iii):
at < btifand only if b+ < allifand only if atLt Abptt = ptLifand only if [a, b]LL = IBLL if and
only if [a, b]L =ptl.
(vii) If p(0) = 0, then: a < a' if and only if [2,4] = O if and only if a Aa = O if and only ifa = 0. [

By [10] [Proposition 6.11.(ii)], if 1 € Cp(L) and [x,1] = x for all x € B(L), then B(L) C Cp(L).

4. The Minimal Prime Spectrum

Throughout this section, (L, [+, -]) will be an arbitrary commutator lattice.

Let (pi)ier € Spec(y [, ) be a nonempty totally ordered family of prime elements of (L, [-,-]) and
p:=/\pi.-Thenp #1and p € R(L,[-,]).

i€l

Leta,b € Lsuchthatp =aAb,thusp <a,p < band, foreachj€ I, p; > Npi=p=anb>

i€l

[a,b], hence a < p; or b < p; since p; is prime.

Ifa <p;foralli € I, thena < p, hence p = a.

If there exists j € I such thata £ pj, thenletS:={i € I| p; < pj} and G := {i € I | pj < p;},
sothat SNG = {j} and /\ p; = p;. Since (p;)ic; is totally ordered, we have I = SU G, hence

ieG
p=NAprin A\ pi=/\pinpj= )\ pi. Wehavea £ p; foralli € S, therefore b < p; foralli € S, thus
ies  ieG ics ies
b < /\pi = p,hence p = 0.

i€S

Therefore p € Mi(L), hence p € Spec(y .,y by Lemma 2.(iii).

Thus Spec; . ) is inductively ordered and clearly the same holds for V(x) = [x), N Spec(, . )
for any x € L, therefore, by Zorn’s Lemma:

e forany p € Spec(, ), there exists an m € Min( | ) such that m < p, hence p(0) =
nSpecq,f..p) = Niw L

*  moreover, forany x € Landany p € V(x) = [x). N Specy ... there exists an m € Min(V(x)) =
Min([x), NSpecy 1. 1)) such that m < p, hence:

Remark 7. For any x € L, we have:

* p(x) =NMin(V(x)) = N Min([x)L N Speci [ ));

* D(x)NMing ) = @ if and only if V(x) " Min(, .y = Ming . ) if and only if [x). N
Min 1) = Min( [}y if and only if Min(; () [ )L if and only if x < Min( [ ) if and
only if x < p(0) if and only if p(x) = p(0);

e D(x)NMing [ ) = Min( [ if and only if V(x) "Min( . ) = @; V(x) = @ if and only if
p(x) = 1, which holds if x = 1; recall that, if 1 € Cp(L) and [1,1] = 1, then 1/ = = {1}, so:
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p(x) = 1if and only if x = 1; clearly, V(x) = @ implies V(x) N Min . ) = @; the converse

implication holds if and only if Minj |. ) = Spec(; 1. ) if and only if Spec(; ;.  is an antichain.

Indeed, Spec(L’[.m is an antichain if and only if Min(L,[_f]) = SpeC(L,[~,-])' case in which V(x) =
V(X) N Min(L,[,,,]).

Now, if V(x) "1Min(; . ) = © implies V(x) = O, then let us assume by absurdum that
Ming . ) # Spec(y [.,.), that is Spec(; . | ;( Min(g [..)), so that there exists a p € Spec(L,M)\
Min; | .))- But then V(p) "\ Min( . j) = @ wh11e V(p ) # @ since p € V(p); a contradiction.

A subset S of Cp(L) is called an m—system in (L, [-, -]) if and only if, for any a,b € S, there exists a
¢ € S such that ¢ < [a,b]. For instance, if 0 € S C Cp(L), then S is an m-system; also, if 1 € Cp(L) and
[1,1] = 1, then {1} is an m—-system in (L, [+, -]).

Lemma 6. [11] [Lemma 4.2] If L is algebraic and p € L\ {1}, then: p € Spec . ) if and only if
Cp(L) \ (p]L is an m-system in (L, [-,-]).

Lemma 7. Let S be a nonempty m-system in (L, [-,-]) and let a € L such that SN (a|; = @.

(i) If L is algebraic, then Max{x € L |a < x,SN (x]p =@} C Spec(L,[,,_]), in particular, for the case
a=0 Max{xeL|SN(x]p =0} C Specr 1.,y

(ii) If1 € Cp(L), then the set Max{x € L | a < x,SN (x]p = @} is nonempty, in particular the set
Max{x € L| SN (x|, = @} is nonempty.

Proof. (i) This is [11] [Proposition 4.8].
(ii) Let (x;);c; be a nonempty chain in [a);, such that SN (x;], = @ for every i € I. Then \/ x; € [a),
iel
and SN (\/ x;], = @. Indeed, assuming by absurdum that there exists some ¢ € SN (\/ x;]1, it follows
icl icl
n
thatc € S C Cp(L) and ¢ < \/ x;, hence there exist n € N* and i1, ...,i,;, € I such thatc < \/ Xi; = X
iel j=1
forsome k € 1,n. Thusc € SN (xi]L = @, a contradiction.
Hence the subset {x € L | a < x,5N (x|, = @} of L is inductively ordered, thus it has maximal

elements by Zorn’s lemma. [

Proposition 2. If L is algebraic and 1 € Cp(L), then, for any a € L and any p € V(a), the following are
equivalent:

(i) pe Min(V(a));

(ii) Cp(L) \ (p]L is a maximal element of the set of m—systems of (L, [+, -]) which are disjoint from (a]L.

Proof. Since 1 € Cp(L) and p € V(a), thatis p € Spec(r,[.jyand a < p, wehavel € Cp(L) \ (p]L <
Cp(L) \ (a]r, so (Cp(L) \ (p]r) N (a]L = @, and, by Lemma 6, Cp(L) \ (p]L is an m-system.

Note that, since any m-system S is included in Cp(L), S is disjoint from (4] if and only if
5 C Cp(L)\ (a1
(i)=>(ii): By an application of Zorn’s Lemma, it follows that there exists a maximal element M of the set
of m-systems of (L, [, -]) which include Cp(L) \ (p]. and are disjoint from (a], so Cp(L) \ (p]L € M
and, furthermore, M is a maximal element of the set of m—systems of (L, [-, -]) which are disjoint from
(LZ]L.

By Lemma 7.(i)&(ii), there is g € Max{x € L|a < x,MN (x], = @} C Spec(, . ), so that
g€ V(a)and MN (q]L =9, thus Cp(L)\ (ple € M S Cp(L) \ (4], hence Cp(L) \ (Cp(L) N (p]L) =
Cp(L)\ (pl € Cp(L) \ (gl = Cp(L) \ (Cp(L) N (q]1 ) therefore Cp(L) N (4], € Cp(L) N (p]r, thus,
since L is algebraic, g = \/(Cp(L) N (q]1) < \/(Cp(L) N (p]r) = p, hence p = 4, so (p]L = (], thus

Eo DN (e Ol (o, emsore o) (1t = o) (e CotEr (s 8 i
element of the set of m-systems of (L, [, -]) which are disjoint from (a];.

(i))=(i): Letr € Min(V(a)) withr < p.
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By Lemma 6, Cp(L) \ (r]p is an m-system, disjoint from (a]; since (Cp(L) \ (r]p) N (a]p C
(Cp(L)\ (r]) N (r]L = @, and Cp(L) \ (p]r € Cp(L) \ (r]L. By the hypothesis of this implication, it
follows that Cp(L) \ (pl1. = Cp(L) \ (rle, that is Cp(L) \ (Cp(L) 1 (pl1) = Cp(L)\ (Cp(L) N (7)1,
therefore Cp(L) N (p]r = Cp(L) N (r]r, thus, since L is algebraic, p = \/(Cp(L) N (p]r) =

\(Cp(L)N(r]r) =r € Min(V(a)). O

Corollary 1. If L is algebraic and 1 € Cp(L), then, for any p € Spec(y 1. 1), the following are equivalent:

—

b pE Mil’l(L,[A,,]),‘
e Cp(L)\ (plL is a maximal element of the set of m—systems of (L, [, -]) which do not contain 0.

Proof. By Proposition 2 fora =0. O

Lemma 8. [32] If D is a bounded distributive lattice and P € Specyy(D), then the following are equivalent:

e P& Ming(D);
e foranyx € P, Annp(x) € P.

Recall from Lemma 2.(iii) that Spec; . ) = (Mi(L) " R(L,[-,-])) \ {1} and that all annihilators in
(L, [-,-]) are principal lattice ideals of L.

Remember that, since L/ = is a frame, thus distributive, and its commutator operation equals the
meet, its prime elements with respect to the commutator are exactly its meet-prime elements, which
coincide to its meet—irreducible elements, and its annihilators with respect to the commutator are
exactly its annihilators with respect to the meet.

Lemma 9. If p(0) = 0, then:

(i) forany U C L, Annp = (U/ =) = Anny 1y (U)/ =;

(ii) Spec, ,_ ={p/=|p€ SPEC(L,[.,‘])},'

(iii))  forallr € R(L,[,-]), /= NR(L,[-,:]) = {r} and r = max(r/ =);

(iv) p — p/ = is an order isomorphism from Spec y 1. |y to Spec; ,_;

(v) R(L/=)={r/= |r € R(L,[,,])}; moreover, for any r € L, we have: r € R(L, [-,-]) if and only if
r/= € R(L/=); thus r — r/ = is an order isomorphism from R(L, [-,-]) to R(L/ =).

Proof. (i) By [10] [Lemma 4.2].

(ii) By [10] [Proposition 6.2].

(iii) By [10] [Remark 5.11].

(iv) By (ii),(iii) and the fact that Spec(; | 1) € R(L, [-,-]) and Spec; ,_ € R(L/=).

(v) The equality follows from (ii) and the definition of radical elements; by (iii), we also obtain the
equivalence and the order isomorphism. []

Remark 8. Forany a,b € L, wehavea/ = < b/ =if and only if p(a) < p(b). Indeed, a/ = < b/ = if
andonlyifa/=Ab/==a/=ifandonlyif (1 Ab)/==a/=ifand only if p(a A b) = p(a) if and
only if p(a) A p(b) = p(a) if and only if p(a) < p(b).
Remark 9. Letr € R(L, [+, -]). Then, for any a € L, we have a/ = < r/=if and only if a < r. Hence
(r/=|p /== (r]lL/ =

Indeed, leta € L. Then a < r obviously impliesa/ = < r/ =. By Remark 8,if a/ = < r/ =, then
a<p(a)<p(r)=rsoa<r.

Let us consider the following conditions on (L, [, -]) as an arbitrary commutator lattice:
Condition 1. L is algebraic, Cp(L) is closed with respect to the commutator, 1 € Cp(L) and 1/ = = {1}.

If L is compact and 1/ = = {1}, then (L, [-, -]) clearly satisfies Condition 1.

As mentioned in Section 3, by [10] [Lemma 5.7], if L is algebraic, Cp(L) is closed with respect to
the commutator, 1 € Cp(L) and [1,1] = 1, then L satisfies Condition 1.

Thus if L is compact and [1,1] = 1, then (L, [+, -]) satisfies Condition 1.
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Condition 2. All principal ideals of L/ = generated by minimal prime elements are minimal prime
ideals, that is: for any p € Min; ,—, we have (p]. /= € Ming(L/ =).

As we’ve mentioned in [1], since an element of a lattice is prime if and only if the principal ideal
it generates is prime, we have that, whenever a principal ideal of a lattice is a minimal prime ideal, it
follows that its generator is a minimal prime element of that lattice. Hence Condition 2 is equivalent to:
e forany p € L/ =, p € Miny /= if and only if (p];,= € Miny(L/=).

Note that (L, [+, -]) satisfies Condition 2 if all prime ideals of L/ = are principal, in particular if
all ideals of L/ = are principal, that is if L/ = is compact, which means that L/ = = Cp(L/ =), in
particular if L/ = = Cp(L)/ =, in particular if L = Cp(L), that is if L is compact.

Thus (L, [+, ]) satisfies Conditions 1 and 2 if L is compact and 1/ = = {1}, in particular if L is
compactand [1,1] = 1.

We will now follow the reasoning from [6].

Since [a,b] = a Aband thus [a,b]/ ==a/= Ab/=foralla,b € L, it follows that, for any subset
S of L which is closed with respect to the join and the commutator operation, S/ = is a sublattice of
L/ = and thus S/ = is a distributive lattice.

Hence, if Cp(L) is closed with respect to the commutator operation, then Cp(L)/ = is a sublattice
of L/ = and thus a distributive lattice with 0, since 0 € Cp(L). So, if 1 € Cp(L) and Cp(L) is closed
with respect to the commutator operation, then Cp(L)/ = is a bounded sublattice of L/ = and thus a
bounded distributive lattice.

Let us consider the maps:

e F:L—P(Cp(L)/=) forallueL,u*:=(C ( YN (u]L)/ =;
e . :P(Cp(L)/=)— L forallS CCp(L)/=,S.:=V{aeCp(L)|a/= €S}

Remark 10. The maps -* and -, are order—preserving, since, forall u,v € Land all X,Y € P(Cp(L)/ =

):

u < vimplies (u]p C (v]r, thus Cp(L) N (u]p € Cp(L) N (v]r, so u* C v*;

X C Y implies that {a € Cp(L) |a/ =€ X} C {b € Cp(L) | b/ = € Y}, thus X, = V{a €
Cp(L)|a/=eX}<\V{beCp(L)|b/=€Y}=Y.

If Cp(L) is closed with respect to the commutator, then the restriction -« [1q(cp(r)/=): [d(Cp(L)/ =
) — L will be denoted by -, as well. Note that, in this case, for every I € Id(Cp(L)/ =),0 € {a €
Cp(L) |a/= € I}.

Remark 11. Let u € L. Then (u]./ = C (u/ =], /= since, foranya € L,a < u impliesa/ = < u/=.
Thus u* = (Cp(L) N (u])/==Cp(L)/=N(u]./=CCp(L)/=N(u/ =] /=

Lemma 10. If Cp(L) is closed with respect to the commutator, then:
e foranyu € L, u* € Id(Cp(L)/=);
e foranyc e Cp(L), c* =Cp(L)/=N(c/=]r/= = (¢/ =]cp(r),= € PIA(Cp(L)/ =).

Proof. Since 0 € Cp(L) N (u]r, we have 0/ = € u*, so u* is nonempty.

Let x,y € u*, sothatx = a/ =and y = b/ = for some a,b € Cp(L) N (u];. ThenaVb €
Cp(L)N(u]p, thusxVy = (aVb)/=€cu"

Now lety € u* and x € Cp(L)/ = such that x < y. Then x = a/ = and y = b/ = for some
a € Cp(L)and b € Cp(L) N (u]p. Hence x = x Ay =a/ = Nb/ = = (aNb)/ = = [a,b]/ = €
(Cp(L)N (u]r)/ = = u* since [a,b] € Cp(L) and [a,b] < b < u,so [a,b] € (u]L.

Therefore u* € Id(Cp(L)/ =).

By Remark 11, ¢* C Cp(L)/ = N(c/ =] = = (¢/ =]cp(r)/= since ¢/ = € Cp(L)/ =, which is a

sublattice of L/ =.
Now let x € (¢/ ]Cp (L)/=- S0 thatx = a/ = for some a € Cp(L) such thata/ = < ¢/ =. Then
x=xAc/==a/=Nc/==(aNc)/==a,c]/=€ (Cp(L)N(c]L)/ = = c¢* since [a,c] € Cp(L)

and [a,c] < ¢, s0 [a,c] € (c]r. Thus (¢/ =|cp(r)/)= S ¢ O
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If Cp(L) is closed with respect to the commutator, then the corestriction -* : L — Id(Cp(L)/ =)
will be denoted by -*, as well.

Lemma 11. Let ¢ € Cp(L) and S C Cp(L)/ =.

e Ifc/=€S,thenc <8S..

e If S is nonempty and closed with respect to the join and to lower bounds, then c/ = € S if and only if
c<8S,.
In particular, if Cp(L) is closed with respect to the commutator and I € 1d(Cp(L)/ =), thenc¢/ = € I if
and only if ¢ < I,.

Proof. If c/=€ S,thenc € {a € Cp(L) |a/=€ S}, thusc < \V{a € Cp(L) |a/= € S} = S,.

Now assume that S is nonempty and closed with respect to the join and to lower bounds and
thatc < S, = \/{a € Cp(L) | a/ = € S}. Since ¢ € Cp(L), it follows that there exist n € N* and
ai,...,ay € Cp(L)suchthatay/=,...,a,/=€ Sandc <a;V...Va,. Thenc/=<(a1V...Va,)/=
=a1/=V...Va,/=€ S, hencec/=€8S. O

Lemma 12. (i) If L is algebraic, then: forallu € L, u < (u*)y and, forallr € R(L, [-,-]), r = (+*)+.
(ii) IfS C Cp(L)/ = is nonempty and closed with respect to the join and to lower bounds, then S = (S)*.
In particular, if Cp(L) is closed with respect to the commutator and 1 € 1d(Cp(L)/ =), then

= (L)

Proof. (i) Letu € Landr € R(L, [-,]).

Forany a € Cp(L) N (u], a/ = € u*, thusa < (u*), by Lemma 11. Since L is algebraic, it follows
thatu = \/(Cp(L) N (u]p) < (u*)s.

Since r € R(L,[-,+]), we have (r]./ = = (r/ =] )=, thus r* = (Cp(L) N (r])/ = = Cp(L)/
N(rlr/==Cp(L)/=nN(r/=]. )=, hence (+*), = \V{a € Cp(L) |a/=€r*} =\{a e Cp(L) |a/
€ Cp(L)/ = N(r/ =)=} = Via € Cp(L) [a/ = € (r/ =)/} = Vi{a € Cp(L) |a € (1.}
V(Cp(L) N (r]L) = r since L is algebraic.
(ii) By Lemma 11, for any x € Cp(L)/ =, we have: x € (5,)* = Cp(L)/ = N(S4]|r/ = if and only if
x € (Si]p/ =if and only if x = ¢/ = for some ¢ € Cp(L) N (S«]y if and only if x = ¢/ = for some
c € Cp(L) with ¢ < S, if and only if x = ¢/ = for some ¢ € Cp(L) withc/= € Sifand only if x € S.
Therefore (S)* =S. O

Proposition 3. If Cp(L) is closed with respect to the commutator, then:
(i) the map - : 1d(Cp(L)/ =) — L is injective;
(ii) the map -* : L — 1d(Cp(L)/ =) is surjective.

Proof. Assume that Cp(L) is closed with respect to the commutator.

(i) Let I, ] € Id(Cp(L)/ =) such that I, = J.. By Lemma 12.(ii), it follows that I = (L.)* = (J,)* = ].
(ii) Let I € Id(Cp(L)/ =) and denote u := I, € L. Again by Lemma 12.(ii), it follows that u* = (L,)* =
I. O

Recall that, if 1 € Cp(L) and [1,1] =1, then 1/ = = {1}.

Remark 12. If 1/ = = {1}, then, clearly:
e foranyu € L\ {1}, wehavel/= ¢ u*;
e 1/=e€1*ifandonlyif1 € Cp(L).

Now assume that Cp(L) is closed with respect to the commutator and 1 € Cp(L). If 1/ = = {1},
in particular if [1,1] = 1, then, for any I € Id(Cp(L)/ =), we have: I is a proper ideal of Cp(L)/ = if
and only if I, # 1.

Indeed, by Lemma 11: I = Cp(L)/ =if and only if 1/ = € I if and only if 1 < I, if and only if
I* = 1.
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Lemma 13. Assume that L is algebraic, Cp(L) is closed with respect to the commutator and 1/ = = {1}.
Then:

(i) forany p € Spec(; 1. 1), we have p* € Spec;4(Cp(L)/ =);
(ii) if 1 € Cp(L), that is if L satisfies Condition 1, then, for any P € Spec;4(Cp(L)/ =), we have
P* S SpeC(L,[.,_]).

Proof. (i) Let p € Spec(; . )y € L \ {1}, so that p* is a proper ideal of Cp(L)/ = by Lemma 11 and
Remark 12.

Now letx,y € Cp(L)/ =suchthatx Ay € p*. Thenx =a/=andy = b/ =forsomea,b € Cp(L),
so that [a,b] € Cp(L) by the assumption in the enunciation, and [2,b]/ = = (aAb)/==a/= Nb/ =
=x Ay € p*, thus [a,b] < (p*)« = p by Lemma 11 and Lemma 12.(i). Since p is a prime element of
(L,[-,-]), it follows thata < p = (p*)«orb < p = (p*)+, thusx =a/= € p* ory = b/ = € p*, again
by Lemma 11 and Lemma 12.(i).

Hence p* is a prime ideal of Cp(L)/ =.

(ii) Assume that 1 € Cp(L) and let P € Spec;4(Cp(L)/ =), so that P is a proper ideal of Cp(L)/ = and
thus P, # 1 by Remark 12.

Leta,b € Cp(L) such that [a,b] < P,, so that [4,b] € Cp(L) and, by Lemma 11 and Lemma 12.(ii),
a/=Nb/== (aNb)/==[ab]/= € (Ps)* = P. Since P is a prime ideal of the lattice Cp(L)/ =, it
follows thata/= € Porb/= € P,hencea < P, or b < P, by Lemma 11.

By Lemma 1, it follows that P, is a prime element of the commutator lattice (L, [-,-]). O

Proposition 4. If L satisfies Condition 1, then the restrictions -* : Spec(y 1. ;)= Specyy(Cp(L)/ =) and
+ : Specyy(Cp(L)/ =) — Spec(, 1. ) are mutually inverse order isomorphisms.

Proof. By Lemma 13, these maps are well defined.

By (i) and (ii) from Lemma 12, we have (p*). = p for any p € Spec(; . ;) and (P:)" = P for any
P € Specy4(Cp(L)/ =), respectively. Hence these maps are mutually inverse bijections and thus order
isomorphisms by Remark 10. [

Lemma 14. Assume that Cp(L) is closed with respect to the commutator and let a € Land S C Cp(L)/ =.
(i) IfAnnCp(L)/E(a*) C S, thenat < S,.
(ii) Ifp(0) =0,a € Cp(L) and S € Id(Cp(L)/ =), then: AnnCp(L)/E(a*) C Sifand only ifa’ < S,.

Proof. Recall that, for any u,v € L, u/ = Av/ = = (uAv)/ = = [u,v]/ = and, if p(0) = 0, then
0/=={0},sou Av = 0if and only if [, v] = 0. Thus:

at =max Ann 1.3y (a) = V(Cp(L) N Ann(. (. 3y (a)) = V{b € Cp(L) | [a,b] = 0}, so, if p(0) = 0,
thenat = \/{b € Cp(L) |anb =0};

Ay =(¢) = Aty (G 1Al =) = 1 = |1 € Cot) (ve € Co(0)n
(alL) (b/=Nc/==0/=)} ={b/= |beCp(L),(Vc € Cp(L)N(a])([b,c]/ ==0/=)},so,if
p(0) =0, then Anncppy/=(a*) = {b/= [b € Cp(L),(Vc € Cp(L)N(a]L) ([b,c] =0)} ={b/= |be
Cp(L) NAnny, (. 1)(Cp(L) N (a]r)}-
(i) Assume that Annc,1)/=(a*) C S, thatis b/ = € S for any b € Cp(L) which satisfies [b, c]/
0/=forallc € Cp(L) N (a].

Now let b € Cp(L) such that [a,b] = 0. Then, forall c € Cp(L) N (a]., [b,c] =0, thus [b,c]/ ==
0/=.Henceb/= € Sand thus b < S, by Lemma 11.

Therefore a+ < S,.
(ii) Assume that p(0) = 0,2 € Cp(L) and S € Id(Cp(L)/ =). By (i), we only have to prove the converse
implication, so assume that a* < S.. Then a' /= € S by Lemma 11, so Anng [ y(a)/ == (at]L/ =
cS.

Since a € Cp(L), a* = (a/ =|cp(1)/= according to Lemma 10, thus Anncyr),=( =
Anncypy/=((a/ =lcpry=) = Anngyry=(a/ =) = {b/ = |b € Cp(L),a/ = Nb/ = =
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Remark 13. For any a € L and any p € Spec(y . ), if at & p,thena < p.

Indeed, since [a,a] = 0 < p and p is a prime element of (L, [-,-]), we have a < p or a® < p,

hence the implication above.

Proposition 5. Assume that p(0) = 0 and let p € Spec(y 1. .))- Let us consider the following statements:

(i) pE Mil’l(L,[,,,]),'
(ii) forany a € Cp(L), a < p implies a* % p;
(iii)  foranya € Cp(L), a < pifand only ifa* £ p;
(iv) foranya € L, a < p implies a* £ p;
(v) foranya € L, a < pifand only ifa* £ p.
If L is algebraic, Cp(L) is closed with respect to the commutator, 1 € Cp(L) and 1/ = = {1}, then
statements (i), (ii) and (iii) are equivalent.
If L satisfies Condition 2, then statements (i), (iv) and (v) are equivalent.
Thus, if L satisfies Conditions 1 and 2, in particular if L is compact and 1/ = = {1}, then statements (i),
(ii), (iii), (iv) and (v) are equivalent.

Proof. By Remark 13, (ii) is equivalent to (iii), while (iv) is equivalent to (v).
Case 1: Assume that L satisfies Condition 1. We have to prove that (i) is equivalent to (ii).

The mutually inverse order isomorphisms between Spec; . 1) and Spec;4(Cp(L)/ =) from Propo-
sition 4 restrict to mutually inverse order isomorphisms between Min g |. 1) and Ming (Cp(L)/ =).
Hence: p € Min(; . ) if and only if p* € Miny4(Cp(L)/ =).

By Lemmas 8 and 10 and Lemma 14.(ii), the latter is equivalent to the fact that:
forany x € p* = (Cp(L) N (p]1)/ =, Anncp(ry/=(x) € p*,
that is, for any a € Cp(L) N (p]L, Anngpr),=(a/ =) € p*,
which means that, for any a € Cp(L) N (p]r, Anngy ), =((a/ =lcpry/=) € 5
that is, for any a € Cp(L) N (p]r, Anngpry/=(a*) € p*,
which is equivalent to the fact that, for any a € Cp(L) N (p]r, a* % (p*)« = p,
that is, forany a € Cp(L), if a < p, then at ﬁ p.

Case 2: Now assume that L satisfies Condition 2. We have to prove that (i) and (iv) are equivalent.

By Lemma 9.(iv):

p € Spec(y |, ) if and only if p/ = € Spec; ,_ if and only if (p/=|L/= € Specyy(L/ =);
p € Min( | if and only if p/ = € Miny /-, which is equivalent to (p/ =|;/,= € Miny(L/=) by
Condition 2.

According to Lemma 8, Remark 9, Lemma 9.(i) and Lemma 3, the latter is equivalent to the fact
that:
forany x € (p/=]1/=, Annp/=(x) £ (p/ =]1/=,
thatis, foranya € L,ifa/ =< p/=,then Ann;,_(a/ =) € (p/ =|L/=,
which means that, forany a € L, ifa < p, then Ann(; [. 1)(a)/ = Z (p/ =)=
thatis, forany a € L,ifa < p, then (a*]./= < (p/ =]1/=,
which means that, forany a € L,ifa < p, then (at]./= ¢ (p/ =]1/=,
thatis, forany a € L,ifa < p, then (a*]./= < (p/ =]1/=,
thatis, forany a € L, ifa < p, then (a+/=];,= € (p/ =]1/=,
which means that, forany a € L, if a < p, then at/= f p/=,
which is equivalent to the fact that, forany a € L,ifa < p, thenat £ p. O

Recall from [1] [Example 1] that the equivalence between (i), (iv) and (v) in Proposition 5 does not
hold for any commutator lattice that satisfies Condition 1 and p(0) = 0.

Remark14. ®  SPeC(ip(o))y, [l = SPEC(L . )) hence Min(o(o)), [ ],0)) = MR-
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* Foranyp € Spec( jyandanya € L, a— p(0) £ pimplies a < p.
e Ifp€Specy. jand S C [p(0)), is such that:
foranya € S,a < pimpliesa — p(0) £ p,

then: for any a € L such thata V p(0) € S, a < p implies a — p(0) £ p.

Indeed, since p(0) = (Spec ), we have Spec; ) C [p(0))L and thus
Spec| ()LL) = Spec(y ..}y by Remark 5. Hence the equality of the minimal prime spectra.

Now let p € Spec; . 1) and a € L, so that a V p(0) € [p(0))r and p(0) = NSpecip, ) < p €
Spec([p(o))b[_,.]p(o)). By Remark 4,

a = p(0) =a— (0Vp(0)) = (aVp(0)) = (0Vp(0)) = (aVp(0)) = p(0) = (aVp(0))"#.

Hence
[aV p(0),a = p(0)]o0) = [aV p(0), (aVp(0) V], = p(0) < p € SPEC(0(0)) 1L p(0))”

thus, ifa — p(0) £ p, thena Vv p(0) < p,soa < p.

Now let S Q [0(0))r such that any a € S satisfies the implication: 2 < p implies a — p(0) £ p.
Leta € Lsuch thataV p(0) € Sanda < p.

Since p(0) < p, it follows that a V p(0) < p and hence (a vV p( )) = p(0) £ p by the assumption
on S. By the above, a — p(0) = (aV p(0)) — p(0), hence a — p(0) £ p.

[0(0)) satisfies Condition 1 if and only if [0(0)) is algebraic, Cp([p(0))r) is closed with respect
to [+, -],0),and 1/ == {1}.

Note that:
if L is algebraic, then [p(0)) is algebraic;
if1 € Cp(L), then1 € Cp([p(0))r).

Thus, if L satisfies Condition 1, then [p(0)) satisfies Condition 1.

Corollary 2. Let p € Spec( (. ), S € L\ [p(0))r, and let us consider the following statements:

(i) pE Min(L,[,, ])
(ii) forany a € Cp([p(0))L), a < p implies a — p(0) £ p,
(iii)  foranya € Cp([p(0))r), a < pifand onlyifa — p(0) £ p;
(iv)  foranya € Cp(L)UCp([p(0))L), a < p impliesa — p(0) £ p;
(v) forany a € Cp(L) UCp([p(0))r), a<p1fandonlyzfa—>p ) £ p;
(i) foranya € [p(0))L, a < pimpliesa — p(0) £ p;
(vii)  foranya € [p(0))r, a < pzfandonlytfa—)p ) £ p;
(viii)  foranya € L, a < p impliesa — p(0) £ p;
(ix) foranya c L, a<pzfandonlyzfa—>p ) £ p.
If [0(0)) satisfies Condition 1, in particular if L satisfies Condition 1, then statements (i), (ii), (iii), (iv)
and (v) are equivalent.
If [p(0)), satisfies Condition 2, then statements (i), (vi), (vii), (viii) and (ix) are equivalent.
Thus, if [0(0))y, satisfies Conditions 1 and 2, in particular if [p(0)) is compact and 1/ = = {1}, in
particular if L is compact and 1/ = = {1}, then all nine statements above are equivalent.

Proof. By Remark 14, p € Spec([p(o))b[,,,]p(o)) and we have the equivalence: p € Min(y | j if and only
if p € Minpp(0)),,[.,],0)-
Recall that, for any a € [0(0)), a — p(0) = a#©).

By Remark 5, 0,(0)(9(0)) = p(p(0)) = p(0) and 1/ =, = 1
By Remark 6, every a € Cp(L) satisfies a \V p(0) € Cp([p(0)

properties (ii), (iii), (iv) and (v) are equivalent.

/ =.
)L), hence, according to Remark 14,

Again by Remark 14, conditions (vi), (vii), (viii) and (ix) are equivalent.


https://doi.org/10.20944/preprints202505.0145.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 5 May 2025

16 of 21

From Proposition 5 applied to the quotient commutator lattice ([0(0))r, [, -],(0)) we get the rest
of the equivalences in the enunciation. O

Note that, in [1], we have not actually proven that Corollary 2 holds in that form, excluding the
compact elements of [p4(A4)) from the statements and the assumptions, so that result should be
restated as the particular case of Corollary 2 above for the commutator lattice (Con(A), [, -] 4)-

5. Two Topologies on the Minimal Prime Spectrum

Throughout this section, (L, [-, -]) will be an arbitrary commutator lattice that satisfies p(0) = 0.
We have on Min( L)) the Stone topology Swin, 1, described in Remark 1.

Lemma 15. x* = (\(V(x*) N Min . ;) for every x € L.

Proof. Let x € L. Clearly, x* < ﬂ(V(x )N Ming (. 1))

Let us denote by a = N(V(x+) N Min |, jy)- Assume by absurdum that a £ x*, so that [a, x] #
0 = p(0) = NMin .} since A is semiprime. Therefore [a,x] & p for some p € Min( . }), which
implies that x £ pand a £ p, hence p ¢ V(x1), thatis x* £ p. Sox £ p and x= £ p, while
[x,x}] = 0 < p, which contradicts the fact that p € Min, [}y € Spec(y . })- Therefore N(V(xH)N
Min () =a < xt, hence the equality. [

Remark 15. By Lemma 15, for any x,y € L, we have: x* = y* if and only if V(x+) N Min . ) =
V(y*) NMin; 1.5 if and only if D(x*) N1 Min(; 1. ) = D(y*) N1 Min( 1. ).

Proposition 6. For any x,y,z € L, we consider the following statements:

(i) V(x) N Ming ) = V(x*+) N Ming 1)) = D(x*) N Min, () and
D(x) N Mil’l(L,[A,,]) = D(XLL) ﬂMil‘l(L,[,,,]) = V(xl) N Min(L/[.,i]);

(ii) xt Ayt =zt ifand only if V(x) NV (y) N Min ..y = V(z) "\Min( . )/

(iii) xtt =yt ifand only if x+ =yt if and only if V(x) "Min |, ]) = V(yh) NMing (. if
and only if V(x) "Min [y = D(y) "Min |. .y if and only if D(x Hn Min( () = D(y) N
Min . )

If L satisfies Condition 1, then the statements above hold for all x,y,z € Cp(L).
If L satisfies Condition 2, then the statements above hold for all x,y,z € L.

Proof. Let p € Min( [ ).

Case 1: Assume that L satisfies Condition 1, and let x,y,z € Cp(L).

(i) By Proposition 5, p € V(x) if and only if p € D(x"), hence also p ¢ V(x) if and only if p & D(x"),

that is p € D(x) if and only if p € V(x!). Therefore V(x) N Min () = D(x Hn Min; () and

D(X) n Min(L,[,,,]) = V(XL) n Min(L,[,,_}), hence also V(.’Xll) N Min(L []) = ( Lll) N Min(L,[_,,]) =

D(XL) N Min(L,[,,,]) and D(Xll) ﬂMin(L,[,,_]) = V(XLLL) ﬂMil’l(L’[_,_]) =V(x ) lil’l( L[) by Lemma

5.(iii).

(ii) By (i), along with Lemma 5.(iv), and Remark 15, x* A y+ = z* if and only if (x Vy)* = z* if

and only if V((xV y) n Mln( L) = V(z ) N Mll’l(L ) if and only if (D(x)N Mil‘l(L,[,,,])) U (D(y) N

Mil‘l(L,[,,,])) = (D(x)U D(y)) Mm( L) = D(xV y) N Mll‘l( L) = D(z)N Mil‘l(L/[,,i]) if and only if

Min; .3y \ ((D(x) "Min 1. 1)) U (D(y) "1 Min,1.1))) = Ming ) \ (D(z) "\Min(g . 3)) if and only

if V(x)N V(y) ﬁMll’l(L[ D (V(Z) N Mll’l (L], ])) (V(y) ﬂMin(L[ ])) V(z)Nn Mil’l(L,[A,,]).

(iii) By (i) and Remark 15, x*+ = y if and only if V(x++) N Min (. ) = V(yt)n Min( (.. if and

only if V(x) " Min, .y = V(y-) NMin, [ ) if and only if V(x) "\ Min(; [, ) = D(y) N Min( [, ) if

and only if D(x1) N Min ..y = D(y) N Min 1, ]) if and only if Min(; 1. 1) \ (D(x*) NMin( 1. 3)) =

Min ..y \ (D(y) " Ming (. ) if and only if V(x Hn Min () = V(y) N Min( (. j) if and only if
Loytd

Case 2: The proof goes similarly in the case when L satisfies Condition 2, but for all x,y,z € L. O
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Let us denote by Fyn. the topology on Min( |, generated by {V(x) N Ming . ) |
x € Cp(L)}. We call Fyin,.. the flat topology or the inverse topology on Min g . |y. Also, we denote by
Miny . .)), respectively Min (le[. 1 the minimal prime spectrum of (L, [, -]) endowed with the Stone,

respectively the flat topology: Min(L,[,,‘]) = (Min( L, ]),SMmL) and Min D= (Mm( L, ]),}"Min/L).

@
Remark 16. Fygin . has {V(x) " Min(; . 1) | x € Cp(L)} as a basis, since V(0
and, for any x,y € Cp(L), xVy € Cp(L) and V(x) N Min( .1y NV (y)
Mingr.).

L[,
)lin L[ ]) = Min(L,[.,.])
ﬂMlIl(L[ N = V(x\/y)ﬁ

Recall that, for any x € L, x generates the annihilator of x (with respect to the commutator, but
also the meet, since p(0) = 0) as a principal ideal.
Note that, in [1] [Proposition 7.(i)], Condition 1.(iv) had to be enforced on the algebra A.

Proposition 7. (i) If L satisfies Condition 1 or Condition 2, then the flat topology on Miny |. 1) is coarser
than the Stone topology: Fyin, . € SMin,L-

(ii) If L satisfies one of the Conditions 1 and 2 and x* € Cp(L) for any x € Cp(L), in particular if L is
compact, then the two topologies coincide: Fyiin 1 = Swin,L, that is Min( L) = Mi”(_Ll,[.,‘})'

Proof. (i) By Proposition 6.(i), V(x) N Min g |. | D(x+)N Ming (..) € Smin,L, for any x € Cp(L).
(il) Again by Proposmon 6.(1), for any x € Cp(L), D(x) N"Min( [y = V(xt)n Min; (. 1), which
belongs to Fyin 1 if x~ € Cp(L). O

Let us denote, for any bounded distributive lattice M, by Sgpeclld (M) the Stone topology on the
prime spectrum of ideals of M, by Syin 14(M) the Stone topology on its minimal prime spectrum of
ideals and by Fyjin14(M) the flat topology on its minimal prime spectrum of ideals: with the notations
from [1,6], Sspec1d (M) = {Da,m(I) | I € Id(M)}, where, for each I € 1d(M), Digm(I) = Specyy(M) \
[1a(m) and the corresponding closed set is Vigm(I) = Specyy(M) N [I)igm)- SO Smiin1d(M) =
{Diam(I) N Ming (M) | I € Id(M)} and Fygin1a(M) is the topology on Mingg (M) generated by
{Viam(I) N Mingg(M) | I € PId(M)}.

We use the following notations for these topological spaces: Specyg(M) := (Specyy(M),
Sspecid(M)), Ming(M) = (Ming(M), Syiinta(M)) and Ming(M)™! = (Ming(M),
Ftin1d (M))-

Lemma 16. If L satisfies Condition 1, then the maps -* : Spec( [ 1) — Specyy(Cp(L)/ =) and - :
Specyy(Cp(L)/ =) — Spec(y [.,.)) are homeomorphisms with respect to the Stone topologies, thus Spec(y[. )
and Specy(Cp(L)/ =) are homeomorphic.

Proof. Assume that L satisfies Condition 1. Then, by Proposition 4, these maps are mutually inverse
order isomorphisms. Since Cp(L) is closed with respect to the commutator and 1 € Cp(L), Cp(L)/ =
is a bounded sublattice of L/ = and thus a bounded distributive lattice. Since Cp(L) is closed with
respect to the commutator, we have the map -* : L — Id(Cp(L)/ =), which is surjective by Proposition
3.(i).

Recall that the set of closed sets of the Stone topology on Spec(; . 1 is {V(x) | x € L} and that
of those of the Stone topology on Spec;4(Cp(L)/ =) is {Viq,cp(r)/=(1 ) | I € Id(L)}, which equals
{Via,cp(r)/=(x*) | x € L} by the surjectivity of -* : L — Id(Cp(L)/ =).

Letx € Land p € V(x), thatis p € Spec(; . j) with x < p. Then p* € Specyy(Cp(L)/=) and, since
the map -* : L — Id(Cp(L)/ =) is order-preserving, x* C p*. Hence p* € Vi cp(r)/=(x") and thus
the image of V(x) through this map: V(x)* C Vigq cpr)/=(x")-

Now let P € Vigcpr)/=(I) = Vig,cp(r)/=(x"), thatis P € Specy(Cp(L)/ =) and x* C P. Then
P, € Spec(y 1. 1 and, by Lemma 12.(i), x < (x*)x < Py, thus P, € V(x),s0 P = (Py)* € V(x)*.

Therefore V(x)* = Vi cp(r)/=(x"), so the direct image of -* preserves closed sets and thus also
open sets, hence the bijection -* is a homeomorphism with respect to the Stone topologies.

Thus so is its inverse -,: if I € Id(Cp(L)/ =), so that I = x* for some x € L, then, again by the
above, along with Proposition 4, Vig cpr)/= (1)« = Vigcpr)/=(x")« = (V(x)*)« = V(x). O
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Lemma 17. If L satisfies Condition 1, then:
(i) ./\/lin(L [.,]) i homeomorphic to Minq(Cp(L)/ =);
(ii) Mm(L () homeomorphic to Minyg(Cp(L)/ =)

Proof. (i) By Lemma 16, -* and - restrict to homeomorphisms between Min ; |, 1) and Mingg(Cp(L)/ =).
(ii) Since Fminr has {V(x) "Min ) | x € Cp(L)} as a basis, while Fyin14(Cp(L)/ =) has
Viacpry=((a/ Zlepry=) N Mlnld(Cp( )/ =) | a € Cp(L)} as a basis, we have, by Lemma 10
and the proof of Lemma 16, foralla € Cp(L): V(a)* = Vigcp(r)/=(a") = Vigcpr)/=((a/ =lcpr) /=)
and Vig cp(1)/=((a/ =lcp(r)/=)+ = Via,cp(r)/=(a")« = V(a), hence -* and -, are open and thus, by (i),
mutually inverse homeomorphlsms between Min ! (L ]) and Ming(Cp(L)/=)"1. O

Proposition 8. If L satisfies Condition 1, then Min(_Ll[‘ 1 is a compact Tq topological space.

Proof. Since Cp(L) is closed with respect to the commutator and 1 € Cp(L), Cp(L)/ = is a bounded
sublattice of L/ = and thus a bounded distributive lattice. Therefore, by Hochster’s theorem [26]
[Proposition 3.13], there exists a commutative unitary ring R such that the reticulation £(R) of R is
lattice isomorphic to Cp(L)/ =.

Recall that the commutator lattice of the ideals of R endowed with the multiplication of ideals
as commutator operation is isomorphic to the commutator lattice of its congruences, (Con(R), [, -]r)-
Hence the minimal prime spectrum of R endowed with the flat topology, Min(R) !, is homeomorphic
to Ming(£L(R)) ! and thus to Ming(Cp(L)/ =), which in turn is homeomorphic to Mzn( Li P
Lemma 17.(ii).

By [33] [Theorem 3.1], Min(R)~! is compact and T;. Therefore Min(L,[-, ) tis compact and
T,. O

Theorem 1. If L satisfies Condition 1, then the following are equivalent:

(i) Min(L/[.,.]) = Min(le,[.,.]);
(ii) Miny 1. 1y is compact;

(iii)  foranya € Cp(L), there exists b € Cp(L) such that b < a* and (a Vv b)* =

Proof. Since Cp(L) is closed with respect to the commutator and 1 € Cp(L), Cp(L)/ = is a bounded
distributive lattice and thus a distributive lattice with zero, hence, according to [34] [Proposition 5.1],
the following are equivalent:
(a) Ming(Cp(L)/ =) = Ming(Cp(L)/ =)}
(b) Min(Cp(L)/ =) is compact;
(c) forany x € Cp(L)/ =, there exists y € Cp(L)/ = such that x A\y = 0/ = and Anncy,(1),=(x Vy) =
{0/=}.

By Lemma 17, (i) is equivalent to (a). By Lemma 17.(i), (ii) is equivalent to (b).

To prove that (iii) is equivalent to (c), let a,b € Cp(L), arbitrary, so that a/ = and b/ = are
arbitrary elements of Cp(L)/ =.

We will use the properties of the radical equivalence = recalled in Section 3.

We have p(0) = 0, which is equivalent to 0/ = = {0}, hence, for any u € L, u = 0 if and only if
uec0/=ifandonlyifu/==0/=.

Recall that b < a* is equivalent to [a,b] = 0 and thus to [a,b]/ = = 0/ = by the above, that is
a/ = Ab/ = = 0/ =, which means that (a A b)/ = = 0/ =, which is equivalent to a A b = 0 by the
above.

(aVb)+ = 0 means that Ann (. y(aVb) = {0}, thatis Anng(a V b) = {0}, which is equivalent
to Ann;/—(a/ = Vb/=) = {0/ =}, which in turn is equivalent to Annc,(1),=(a/ = Vb/ =) = {0/ =},
because, if we denote by u =a Vb, sothatu € Cp(L) and u/==a/= \/b/ € Cp(L)/ =, we have:

since Cp(L)/ = is a bounded sublattice of L/ =, Ann;,—(u/ =) = {0/ =} implies
Anncpp)/=(u/=)=Ann,—(u/=)NCp(L)/ == {0/=};
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for the converse, recall that:
max Anny (1) = max Ann; (. (1) = \/{c € Cp(L) | [u,c] = 0} =
\V{ceCp(L) | [ucl/==0/=} =\/{ceCp(L) | u/= nc/==0/=},
thus, since u € Cp(L) and thus u/ =€ Cp(L)/ =,
max Anny (u) = \/{c € Cp(L) | ¢/ =€ Anncy(p)/=(1/=)};
hence, if Anncy(p)/= (/=) = {0/ =}, then
max Anny () = \/{c € Cp(L) | ¢/ =€ {0/=}} = \/{c € Cp(L) | ¢/==0/=} =
\/{c e Cp(L) |c =0} =0,
thus Ann (1) = {0}, which is equivalent to Ann; - (0/=) = {0/=}. O

Proposition 9. If1 € Cp(L) and Spec(y 1. ) is unordered, then Min y . 1 is compact.

Proof. Assume that1 € Cp(L) and SPeC(L,[-,~]) is unordered, that is SPEC(L,[_,.]) = Min(L,[A,,]), and let
Min (.} = UJ(D(a;) NMin( (. 1)) for some nonempty family {a; | i € I} C L. Then Min; . }) =

i€l
(U D(a;)) N Min(L,[_,.]) = D(\/ a;) N Min(L’[,,,]), thus V(V;cra;) N Min(L,[‘,,]) = @. By Remark 7, this
i€l i€l
implies that \/ a; =1 ¢ Cp(L), so that1 = \/ a; for some finite subset F of I, hence Min(p | j) =
i€l ieF
D(\/ ;) N Min, = (UD(a)) nMin( .y = [J(D(a;) "\ Min( . 1)), therefore Min [, ) is
ieF ieF ieF

compact. []

Recall from [1] that the converse of the implication in Proposition 9 does not hold.

Theorem 2. If L satisfies one of the Conditions 1 and 2 and x* € Cp(L) for all x € Cp(L), in particular if
L is compact, then Miny . 1) is a Hausdorff topological space consisting solely of clopen sets, thus the Stone
topology Smiin, L. is a complete Boolean sublattice of P(Min(y . 1). If, moreover, Spec(y (. .)) is unordered, then
Miny, ., is also compact.

Proof. By Proposition 6.(i), the Stone topology Syiin 1 on Min g [. |) consists entirely of clopen sets.

For any x € L, D(x) N Ming, . ) N D(x*+) N Min () = D(x) N D(xt) N Ming ) =
D([x,x*]) N\ Min(, . ;) = D(0) N Min(; (. ) = @NMin( [, ) = @.

Let m, p be distinct minimal prime elements of (L, [, -]). Since m # p, we have m £ p.

If L satisfies Condition 1, so that L is algebraic, then m = \/{a € Cp(L) |a < m} and p =
V{a € Cp(L) | a < p}, Hence there exists an a € Cp(L) such that a < m, buta £ p, so that
at & m by Proposition 5, so m € D(at) N Min( () and p € D(a) NMin( [. }). By the above,
D(a)N Ming .y N D(at) N Ming () =@

Since m ﬁ p, we have p € D(m) N Min( L) If L satisfies Condition 2, then, since m < m, by
Proposition 5 it follows that m* £ m, thus m € D(m*) N\ Min; [ ;). By the above, D (m) N Min 1..j) N
D( l) ﬂMin(L[ ]) =Q.

Therefore the topological space (Min g |..j), {D(x) NMin( | ) | x € L}) is Hausdorff.

By Proposition 9, if Spec(; |. ) is an antlcham then Mzn( ,[,,,]) is also compact. [
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