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Abstract

Addressing the potential conflicts between momentum conservation laws and retardation requires a
comprehensive understanding of both principles within the context of specific physical systems and
theoretical frameworks. Indeed it was claimed that a retarded engine is impossible due to the lack of
linear momentum conservation. The purpose of this work is to settle this issue by demonstrating that
linear momentum is indeed conserved for a charged retarded field engine. Earlier research has already
introduced the concept of a charged retarded engine. The system gains mechanical momentum and
energy when it is subjected to a total force for a certain amount of time. If retardation is taken into
account a total force is present even if no external force affects the system, thus momentum seems to
appear from nowhere violating the law of momentum conservation. However, momentum is indeed
conserved as the present work demonstrates. We present a mathematical proof that the momentum is
conserved in a time dependent electromagnetic retarded motor. The expression of field momentum
comes out to be equal and opposite to the mechanical momentum gained by the material system as
obtained in [1]. This calculation of charged retarded engine is an extension work of papers published
earlier [2,3] which explored a non-charged retarded engine. We prove that the total momentum in a
retarded motor including both material and electromagnetic linear momentum is indeed conserved
as dictated by Noether’s theorem. This is a consequence of the non linearity of the electromagnetic
linear momentum which is proportional to the integral of the vector multiplication of the electric and
magnetic fields. The problem solved is relevant because it demonstrates that the charged retarded
field engine does not violate any known physical laws and thus can serve for (space) transportation.
The scientific novelty of the solution obtained is in demonstrating that a charged retarded field engine
conserves linear momentum. Thus the momentum obtained by the field is equal and opposite to the
linear mechanical momentum obtained by the engine.

Keywords: Newton’s third law; electromagnetism; retardation; nonlinearity of the electromagnetic
linear momentum; conservation of momentum

1. Introduction

The foundation of modern science was established by Newton’s laws of motion [4,5]. These
rules explain how motion reacts to acting forces and how those forces relate to one another [4,5]. In
his 1687 publication Philosophiae Naturalis Principia Mathematica, Isaac Newton formulated three
fundamental rules [4-6]. Here we deal with the third law only which state: When a body applies force
to another, the second body reciprocally applies a force of equal magnitude but opposite direction
onto the first body. As per Newton'’s third law, in a system unaffected by external forces, the total force
sum is zero [4]. This principle has undergone numerous experimental validations and stands as a
fundamental pillar of physics [5,6]. However, due to the finite speed of signal propagation, it is evident
from the theory of relativity (but also prior to that from Maxwell’s equations of the fields) that an
action and its reaction cannot be formed simultaneously [7]. In accordance with the theory of relativity,

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://orcid.org/0000-0003-4116-0468
https://orcid.org/0000-0001-6679-3320
https://doi.org/10.20944/preprints202410.2252.v2
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 8 August 2025 d0i:10.20944/preprints202410.2252.v2

20f15

it is postulated that no object, message, signal (regardless of its nature, even if non-electromagnetic), or
field can exceed the speed of light in a vacuum [8,9]. As a result, the forces cannot add up to zero [8].
However, as Griffiths & Heald [10] pointed out, retardation can be disregarded in the quasi-static
approximation.

The majority of contemporary engines operate on the principle that two material components
acquire momentum, one of which is equal to and opposite from the momentum acquired by the
other (for example a rocket that propels itself by ejecting matter) [5]. Nevertheless, retardation effects
indicate a novel motor design where the system doesn’t consist of two material bodies, but rather
a material body in conjunction with a field [1]. In [1] we thoroughly elucidated the concept of a
retarded engine, delving into its significance for space exploration [11,12]. A retarded engine is a
type of propulsion system where the motion of the center of mass is achieved through the interaction
between its internal components, which may either move relative to one another or remain fixed
within a rigid structure [1]. The focus is primarily on the movement of the center of mass, which can
occur in all directions, including vertical motion [1]. Unlike traditional engines, a retarded engine
doesn’t have moving mechanical parts or rely on conventional fuel, thereby eliminating the need for
fuel combustion and reducing carbon emissions [1]. It operates by harnessing electromagnetic energy,
such as from solar panels, making it especially advantageous for space travel, where large amounts
of fuel storage are typically required [1]. This approach offers a cleaner, more efficient way to power
spacecraft [12].

Yet some scholars claim that such device cannot exist as it does not respect conservation of linear
momentum, it is especially those scholars for which the current paper is written [1]. In a nutshell,
linear momentum is conserved in such a device if one takes both mechanical linear momentum and
electromagnetic linear momentum into account [1].

Griffiths and Heald [13] noted that the laws of Coulomb and Biot-Savart govern the configurations
of electric and magnetic fields exclusively for stationary sources. Time-dependent extensions of these
laws, as outlined by [14], were employed to explore the validity of Coulomb and Biot-Savart formulas
beyond static conditions.

In an earlier work, the author addressed the force between two current-carrying coils [2] using
Jefimenko’s [7,14] equation. Later on, this was extended to encompass the relationship between
a permanent magnet and a current-carrying loop [15]. The earlier calculations have showed the
expressions for mechanical momentum and field momentum when dealing with macroscopically
neutral bodies and verified the conservation of momentum [3]. However, in the case of charged
retarded engine, momentum conservation was still a question [3]. Energy conservation in an uncharged
retarded motor was also discussed [16].

The case of a charged retarded motor was discussed in [1] but without discussing in detail the
problem of momentum conservation.

In the present work, we have calculated the field’s momentum when electromagnetic fields are
time dependent and compared with the mechanical momentum of the same system which comprises
of two arbitrary charged bodies [1]. The main result of this work is that the field momentum for a
two charged body system is equal and opposite to the mechanical momentum gained by the material
components [1]. This result is not new, as it was already pointed out by a few authors [17-21].
In particular Feynman [9] describes two orthogonally moving charges, apparently contradicting
Newton’s third law, as the forces that the charges induce do not cancel (last part of 26-2); this is
resolved in 27-6 in which it is noticed that the momentum gained by the two-charge system is lost to
the field. However, here we derive a general expression for field momentum that is applicable to any
charge density and current density and not just point particles and prove mathematically that the total
linear momentum of matter and field is indeed conserved, we underline that previous papers on the
subject do not cover our results [1]. This is a consequence of the non linearity of the electromagnetic
linear momentum which is proportional to the integral of the vector multiplication of the electric and
magnetic fields [7]. This result can be applied also to quantum systems [22].
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The scientific novelty of the solution obtained is in demonstrating that a charged retarded field
engine conserves linear momentum. Thus the momentum obtained by the field is equal and opposite
to the linear mechanical momentum obtained by the engine. Showing this is the purpose of our
scientific research. Detailed structure of the article including the presentation of solved problems in
the following sections are as follows: First we define the general formalism of electromagnetism in
four dimensional notation, then we partition space and time and obtain the momentum conservation
equation in standard notation. Then we partition the system to two subsystem and calculate the relation
between the mechanical momentum and the field momentum which result from the interaction of
the two subsystems. In the next section we show by explicit calculation up to the relevant order that
the interaction field momentum is indeed equal in magnitude and opposite in sign to the mechanical
momentum thus the sum of the two is always null. This is followed by a concluding section.

2. Electromagnetic Field Momentum

The field equations of electromagnetism can be written in a four dimensional form (CGS units) [7]:

4
g = oy 1)

where Greek letters take the values: 0,1,2,3, F/ga is the field tensor and J, is the four current. The
Einstein summation convention is implied and so is the standard notation of lowering and raising
indices. The above equation can be derived from a four dimensional action principle:

1

1
o 4 _ xp = o
Af/ﬁxﬁ L= —q—FuyF _Jo A", ()

in the above A* is the four potential. The field tensor and four potential are related according to:
Fup = duAg — dpAq ()

The above action is symmetric with respect to the Poincaré group and in particular symmetric
to coordinate translation which leads to conserved currents given in terms of the symmetric energy
momentum tensor:

1 1
0 = ype (ijpw + 48aﬁPmF”A>, (4)

in which ¢*F is the Lorentz metric. Taking only the spatial Noether current we obtain the field linear
momentum:

Priejai = / % d’x, ®)

Latin indices take the values: 1,2, 3. If the matter action is also considered one must add to ﬁfieldi
the matter Noether current P,,..;,; which corresponds to the matter linear momentum. In what follows
we discuss the conservation of linear momentum which corresponds to the equation (MKS units) in
terms of the standard formalism for which space and time are separated:

APyechi N APricai
dt .

§ Tynjda ©)

In the above, ﬁmechi represents the i-th component of the mechanical momentum within the
system, while ﬁfieldi denotes the i-th component of the field momentum. Tj; stands for the Maxwell
stress tensor. S denotes a closed surface that encloses the volume where the system is situated, with 7
representing a unit vector perpendicular to the surface. Additionally, the notation assumes Einstein’s
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summation convention. T;

ii» Maxwell stress tensor can be calculated from the electromagnetic fields as

follows:

1/ -
T;; = € {EiEj +c?B;Bj — 5 (E2 - CZBZ>(5Z']} : @)
Here, €p = 8.85 x 10712 Fm ! is the vacuum permittivity, c is the velocity of light in vacuum and
b;j is Kronecker’s delta.
The field linear momentum is defined to be:

ﬁfield = €0/E X §d3x. (8)

3. System Partition

Suppose we have a given distribution of charge and current densities denoted by p and J respec-
tively, those are known function of space and time. It is well known that in such a case we will have by
virtue of Maxwell equations the following expressions for the electric and magnetic field evaluated at
the location ¥ at time t [7,14]:

E(%,t) :k/d3x’ﬁ l(p(x S tret) + (Ij)atp(f’, tret))R—F (f)zatf(i'tret) ,
R=x-%, R=|R|, ﬁ:ﬁ, tretzt—g. 9)
And:
B(%t) = ITOT / d%’[(ﬂ;?/, bret) + (f)aj («, tret)> X zi] (10)

Here k = ;1 ~9 x 10° Nm?/C?, yg = 47t x 10~7 (H/m) (or Newtons per ampere squared) is

4mey —
the vacuum magnetic permeability (we use MKS units), charge and current densities are evaluated at
b1

X
Let us partition the above system arbitrarily into two subsystems such that:

p=p1+p02 (11)

T=Th+h (12)

Here again the charge densities p; and p, are assumed to be given functions of space and time,
the same holds for J; and J,. From the linearity of Equation (9) and Equation (10) it follows that:

=

E:E1+E2, §231+§2 (13)

Such that:

. 1/ - R . o (R\23J1(x, t
El(x/t) :k/d3 /ﬁ (Pl(x//tret)+ (C)atpl(x//tret)>R+ (C) M ’ (14)

. 1/ - R . . (R\23J5(x, t
EZ(x/t) :k/d3 Iﬁ <P2(x//tret)+ (C)atPZ(x//tret)>R+ <C> w ’ (15)

and:

N

B . R\. - - R
B ) = 12 [ | (Rt + (5 )R b)) 7. 6
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- - R\. - — R
B ) = B2 [ | (Bt + (5 )OBi, b)) g | 7)

It is obvious that the electric field E; and magnetic field B; solve Maxwell equations for the charge
density p; and current density J; and hence all theorems related to solutions of those equations hold.
In particular Equation (6) holds, taking the form:

. dP
de‘;h i fzeld 1i f T, ijnida. (18)

Similarly it is obvious that the electric field E; and magnetic field B, solve Maxwell equations
for the charge density p, and current density J> and hence all theorems related to solutions of those
equations hold. In particular Equation (6) holds, taking the form:

dP dP
ml;‘;h 21 fleld 21 f T2 Z] ]da (19)

We will assume that the mechanical momentum of each subsystem is insignificant.
As both Equation (8) governing field momenta and Equation (7) describing the Maxwell stress
tensor are quadratic in the fields, the following outcome is attained:

ﬁfield = € / E x Bd’x = ﬁfield 1+ ﬁfield 2+ ﬁfield 12t ﬁfield 21
ﬁfieldl = GO/El X §1d3x
I_jfield 2 = € / Ez X §2d3x
ﬁfield 1 = 60/E1 x Byd®x
Prila1 = € / Ey x B1dx (20)
] 1. )
Tij = € El‘E]‘ + CZBZ‘B]‘ — E(EZ + CZBz)éi]‘]
= Tij+Tij+2Tnj
5 1. )
T1 ij = €y E1 iEl j + C2B1 iBlj — E(E% + CZB%)él]:l
: 1y o
Trij = €o|EziE2j+ByiByj— E(E% + C2B%)5i]}
- 1. o
Tinij = €o|E1iErj+*ByiByj— E(El +Ey+*By - 32)51‘1] (21)

Subtracting the expressions given in Equation (18) and Equation (19) from Equation (6):

d(Pmech i Pmech 1i— Pmech 2 i) d(Pfifld i~ Pfidd 1i— Pfidd 2 i)
dt + dt

j{S(sz — Ty ij— Ty ij)n;da, (22)
now with the help of Equation (20) and Equation (21) we obtain:

d(Pmech i = Prech1i = Pech 2 z) (Pfi(?ld 12i+ Pfif?ld 21 i)
dt dt

= 2%5 le ij?l]‘dﬂ (23)
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Next, we use the assumption that the mechanical momentum produced within each subsystem is
insignificant compared to the mechanical momentum generated in one subsystem as a result of the
fields produced in the other subsystem, and vice versa. Consequently, the self-generated mechanical
momenta are negligible, yielding:

Poech i d(Prietd 12 i + Prieta 21 i
dt dt

) =~ 2}{ le ijnjda (24)
S

It is well known that analytic expressions for both the electric and magnetic fields [7,14] (see also
Equation (9) and Equation (10) above) contain terms which reduce as % and terms which reduce as

%, the later are proportion to at least % (and higher powers ofl% ). Now the surface area grows as R?,
ﬁ =
For mixed terms of the % and % type it will converge at large distances to R>-5; = L — 0. Thus at

R® — R
infinity we will be left with a multiplication of % terms which must be proportion to C% and thus will

thus the surface integral will converge at large distances to R? % — 0 for any square of % terms.

be neglected in the current approximation. Therefore:

d(Pyech + Pieta 12 + Pietd 21)
dt

~0 (25)
Hence provided that there is no field or mechanical momenta at ¢t = 0 we arrive at the result:
Puech ~ —Pfioa 12 — Piela 21- (26)

4. Retarded Field Momentum of Two Subsystems

Consider two bodies having volume elements d®x1, d°x; located at ¥, ¥,, having charge densities
p1, 02 and current densities 3, J, respectively. Now, We will calculate the integral:

I_jfieldlZ = €p / El X §2d3x. (27)

We prove the following theorem:

Theorem
In a retarded field engine the interaction electromagnetic linear momentum is equal in size and
1

opposite in direction to the mechanical linear momentum to the lowest order in ;.

Proof

The expressions for electric field and magnetic field in the case of charged retarded motor is given

by [7,14]:
. s 1 } Ry } .
Ei(%,t) :k/d 2 01(X1, trer1) + ~ 0101 (X1, trer1) | Ry
1
R\ 201 (5, ¢ R
+<Cl) f]l(lzll 7€t1)‘|r tret] = t_ T (28)
And

—

. S R I R R
By(X,t) = K By | ( (% tre) + | =2 )0tJ2(Fo, trera) | X =5 |, brepy = £ — —=. (29)
47 c R2 c

2
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Here R; = ¥ — ¥; and R; = ¥ — X,. So, substituting Equation (28) and Equation (29) in Equation
(27), we obtain:

~ 1 . R . "
Pfiera12 = —%/ [(/‘ﬁlez ((pl(xlltretl) + <C1>atpl(x1rtret1)>R1

1

Rl 2at71(flrtret1)
(g
X ( / d%ﬁg x (E(fz, trei) + (Iiz)atfz(fz, tret2)>>1d3x- (30)

Neglecting all terms proportional to ¢~ ! and consequently approximating any retarded quantity
X such that X(X, tyet) ~ X(%,t) we obtain:

~ R -
Pfielana = 157(2 /l//de’xlde’xz (Pl <R§ X ]2))]!1396, (31)
2

Using the vector identity:
Ax (BxC)=B(A-C)—(A-B)C, (32)

we may write:

- R R, -
Pfierg1z =~ —&/l//dgxldgx (Pl : ']2) RFZ);QZ (Ry - Rz)h} dx. (33)

Thus we may write the / component of the electromagnetic momentum in the Einstein summation
convention in the form:

R,/ R
~ 3, 13 3. Ko Ry
Pfielg1a1 =~ 16”2 //d x1d° X201 l(/d X—5 RZ R )]21(
Ry -RE>
- dx 2 11. (34)
(/ RZR2

Now using the identities:

Ry, =/1 R, - 1
— = — — =—-Vz | = 35
R} V(Rl), R? Vxl<R1> )
R, =/1 R, - 1
—= = — |, — =—-Vg | = 36
R3 V(Rz) R3 vx2<R2> 36
We may write:
Ry R 1 1
320k 3, + o 1
Ikl /d R2 R2 = 821(/11 szale) (37)
In which we use the shortened notation:
a = a = a =
h=5—=Vy O = =Vz,. 0= =Vz, (38)
axk axl k axz k

Next we introduce the identity (the derivation is not given here but can be found in [3])

1
/R1 Bx = —27R, (39)
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in which: .
. -+ R
R=Rp=%—-%, R=|R|, R= R (40)
Interchanging the labels 1 and 2 and using index notation we obtain
/ By ak — 2Ry 41)
Rq

Inserting Equation (41) into Equation (37) we may write Ij; as an explicit expression rather than
an integral:
Iy = =279, Ry (42)

By explicit substitution we show below that Ij; is symmetric with respect to the interchange of k
and [:

R Sk | 3 1 o 5 ( R SRR
aZIRk—aZI<Rk>—_lg(‘FRkaZl(R)——£(+Rk<_1{£>—_lg{_];zl/ (43)

in the above Jy; is Kronecker’s delta. Thus:
Iy = *27‘[82 lﬁk = 727‘[82 kﬁl- (44)

We now turn our attention to the second integral of the type [ d®x appearing in Equation (34):

_ (R R 37/ ol ol\p

11_/<R% R%>d = [ (Vg Vg )d (45)
Using the identity

-1 =1 _» 11 1 =1
BN v LS v I (N v I D v Sl 4
le sz \Y% (R1VR2> Rlv Ry’ (46)

and taking into account that [7]
V2L = _4ns(Ry), (47)
Ry

in which §(R}) is a three dimensional delta function. We obtain:

1 21 - (1a1
le-sz_v-(RlvR) Rlé( 2) (48)

The first term on the right is a divergence. Thus, using Gauss theorem its volume integral will
become a surface integral, the second term contains a delta function. This means that there is no
contribution to the volume integral from the delta term unless ¥ = x3. It follow that Equation (45)

becomes:
II_/(RZ R2>d /ds <R1VR2) TR (49)

Let us look at the surface integral and assume that the system is contained inside an infinite
sphere, that is such that the surface integral is taken over a spherical surface of radius r = |¥| — oco:

im (45 2L — tim (45 2 Ry

r—00 Ry Ry r—00 Rl RZ . (50)

in this case dS = r2dQ) #, in which Q is the solid angle. Also both Ry — r — o0, Ry = r — o0 and
Ry, — 7. It follows that:

lim [d§- =¥ = lim [2d0L = 1im [d0l =0 (51)

r—oo 1 Ry r—e 3 5 r
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(see also Appendix A.1.2. of [16] for complete explanation of Equation (50)). We conclude that simply:

i

11
R

(52)

Inserting I from Equation (44) and I! from Equation (52) into Equation (34) and using again vector
notation we obtain:

Pfielna1 =~ —% / / P x1dxo01 {—Zﬂfz ViR — 4%]2 l]
= B //d3x1d3xzpl {Tz VR + 21 l} : (53)
81 2 R
Now we may write:
Jo- Vi ki = Vi, - (BR) = RiVs, - o = Vi, - (BR) + Ridipa, (54)
in which we take into account the charge continuity equation:
o +¥ =0, ap="2P, (55)
Taking the volume integral of Equation (54) and using again Gauss theorem it follows that:
/d3x2 (Tz : 6;?2121) = /d§2 : (Tsz) + /d3xzﬁzatpz, (56)

taking the integration over the entire space volume, and assuming null current density at infinity it
follows that the surface integral vanishes and thus:

/d3X2 (Tz . 69_521?1) = /d3XQR18tp7_. (57)

Inserting Equation (57) into Equation (53) and using vector notation we obtain the simplified
expression:

- 25
Pfielg1a = g%or / / dx1d%xo01 [atPZR + R]z]
1 A .
_ 51% / / By dx, {zplatsz n %1 ]2] . (58)
From the above expressions it is easy to calculate ﬁfield21 by exchanging the indices 1 and 2:
- 1 N -
Pfieran1 =~ g//dg'xld‘q’xz [—szatle-F I;zh} (59)
Please note that:

Ry =% % =-Rp=-R= Ry = |Ry| =|Rpp| =Rp =R (60)

Combining Equation (58) and Equation (59) and taking the Equation (60) into account, it follows
that the total interaction field momentum is:

ﬁfield = ﬁfield12+ﬁfield21

1 ) = = _
= —Z—g//d3x1d3x2 [Z(Pzatpl —p19t02)R — (Plfz +P2]1>R 1] (61)
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Which is exactly equal and opposite to the mechanical momentum calculated in [1] in the case of
charged retarded motor, given by:

- 1 . . .
Precrh = 170 //d3x1d3x2 [Z(Pzatpl —019102)R — (Pl]z + ch)R_l] (62)

s

Thus, the total interaction momentum of the system remains null:
Pr = Pfield + Piecn =0 (63)

as it was in time t = 0, the total momentum is a conserved quantity as expected from Noether’s
theorem. On the other hand neither the mechanical momentum nor the electromagnetic momentum
are constant in time, but still: B, = —ﬁfield for any future time t.

We shall conclude with a numerical example. Suppose we have a uniform electric field of 3 MV/m
(the dielectric strength of air) and a uniform magnetic field of 1 Tesla orthogonal to the electric field,
in a box of volume V, we assume for simplicity that the fields vanish outside the given box. Such a
system will have a an electromagnetic field momentum in a direction perpendicular to both the electric
and magnetic fields. Now if the capacitor generating the electric field is charged from a zero voltage
difference to its maximum value than the retarded engine effect will cause the device to move with
a linear momentum opposite in direction and equal in strength to the linear momentum of the field.
Suppose that the said box has a dimension of 1 km for each side, and the mass of the device is 1 tonne.
It then follows that the velocity acquired by the device is v = 26.5m/s = 95.5 km/h.

5. The Momentum of a Relativistic Engine Lacking Currents Is the Engine Frame

Suppose we have two static charge distributions consisting of a retarded field engine, and suppose
one induces a time dependent change in one of the charge distributions generating momentum
according to Equation (62) after which the charge distribution becomes static again as in Figure 1.

o

1.5
1.0

0.5

S S S S B
15 20 25

Figure 1. A change is introduced momentarily to p after which it becomes static.

Notice, that at this point we have two static charge distributions in the engine’s frame but not in
the laboratory frame. In the laboratory frame the two subsystems connected with the engine are now
moving with velocity 7:

S)m

ech
, 64
M (64)

Ts

here M is the mass of the relativistic engine. Let ¥ be the location vector of a point in the laboratory
(inertial) frame, and let X, () be the location of the engine in that frame as in Figure 2.
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Retarded Field Engine

Figure 2. The Retarded field engine comprised of charged subsystems 1 and 2, the engine is located at X, (¢) with
respect to the inertial system.

It follows that the location of the same point with respect to the engine is:

¥ =X-X(t),=x=¥+X(t) (65)
And also that: 4.1
S axc(t

T = —— (66)

The charge density can be expressed in either the laboratory (inertial) frame or in the engine
frame. In the first case it is designated by p and in the second by p;, those two functions are related as
follows:

p(Et) = pm(¥', 1) = pm(¥ = Xc(t), 1). (67)
In the case that the charge distribution is "static" in the engine frame this reduces to:
p(X, 1) = pm (¥ — Xe(t)). (68)
Similarly the partial temporal derivative can be calculated as follows:
Ap(Z, 1)z = dypm (¥ — Xe(t), 1)z = —Ts - Vo + 01om|z- (69)
And for the case the charge density is "static" in the engine frame this reduces to:
(% 1))z = —Ts - Vom = —V - (p5). (70)

Taking into account the continuity Equation (55) we notice that although no current densities
were initially assumed in the system, it now follows that from the laboratory point of view the engine
now carries current density of the form:

J = 0t (71)

We are now at a position to calculate the mechanical momentum given in Equation (62) of such a
system (this is equal in size and opposite in direction to the electromagnetic linear momentum):

1 o) 7 7 —
Precn1 = %//d?’ﬁdaxz [Z(PzatplplatPZ)Rl (P1]21+P2]1 I)R 1}

v A 2
= ZLTOT / / Px1dx, {;k(maz k02 — 0201 kP1)R; — RP1020s 1]- (72)
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Now using Equation (43) it follows that:
s Ok ReR s O ReR
dr Ry = R R d1kR; = R TR (73)

Hence:
/d3x282 k2R = /d3x2 (02 k(02R;) — 292 kR)] = ]{dsz ko2R; — /d3x2p282 KRy
S RiR
3 Ik KR
/d X202 <R + R ) (74)

In the above we have used Gauss theorem and assumed as usual that there are no charge density
on an infinite far encapsulating surface. Similarly:

/d3x181 Ko1R = /d3x1 [01 k(01R;) — p191 kR)] = ]{dsl ko1R; — /d3x1p181 KR
1) R.R
= —/d3x1p1< L 7’;{ l) (75)

Plugging Equation (74) and Equation (75) into Equation (72) will result in:

v R R
Puecn1 = L%OT //daxldaxz{%k [%(&k + ReR;) + %(Jlk + Rle)}
2
- EPIPZUS l}
= %or //d3x1d3xz [Us kplf (61 + ReRy) — *Plpzvs l}
= Z% / / d3x1d3x2% [?JS kRle — Uy 1] . (76)

This can be written in vector notation in the form:

. k _ L AA
B = =25 | [ a2 (5, (@ BR). (77)
in which we used the identity {2 = ?2' The momentum is dependent on the perpendicular velocity:
Us | =0s — (Ts - R)R = mech //d3x Px; P1P2 —TUs 1. (78)

Obviously this cannot be solved in conjunction with Equation (64) for a general charge distribution
unless for specific circumstances, such that:

Ma:—g//fmf 825, . (79)

Let us assume a system consisting of two point charges such that (see Figure 3):

p1=q0(¥1 —X1(t)),  p2=q20(¥2 — X2(t)), (80)

in which J is a three dimensional Dirac delta function.
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R

Figure 3. Two point charges. The difference between there displacement vector is perpendicular the velocity of
the system.

Thus Equation (77) takes the form:

Pk = — 5 BB (@~ (@ ROIRW),
R() = m()-n, RO=IR0, R@H)= <) 1)

Now, if the velocity is set during the system charging to be perpendicular to the vector R(t) we

obtain simply:
5 k 9192 -
Prech = 2 R(t) Us. (82)
Or according to Equation (79) we obtain, regardless of the velocity 7s the equation:
__kap
M= 2R(t) (83)

This can only be satisfied if the displacement between the charges is fixed: R(t) = R, and the
charges are of opposite signs, which is the case for charges in a capacitor. In this case:

M:C%Mlg‘m' (84)
If the charges are equal in magnitude by opposite in sign: g = |g1| = |92| we obtain the condition:
M = kT (85)

R

that is the rest mass energy of the device must be equal to its electrostatic energy. This is a very
stringent condition and thus a more easy implementation will involve currents in the engine’s frame
(and not just with respect to the laboratory), those may be either charge currents of magnetic currents.
Indeed in [1] we describe a relativistic engine based on a capacitor/electret and coil carrying current.
In [23] we describe a relativistic engine based on two wires carrying periodic currents, while in [24] we
describe a relativistic engine composed of a permanent magnet (carrying a magnetic current) and a
capacitor.

6. Conclusions

In conclusion, we investigate the legitimacy of momentum conservation concerning a charged
retarded engine in this paper. We take into account the non linearity of the electromagnetic linear
momentum which is proportional to the integral of the vector multiplication of the electric and
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magnetic fields. Although Maxwell’s electromagnetism is linear in charge and current densities the
unique characteristics of linear momentum of electromagnetic fields makes this specific quantity
somewhat reminiscent of the convective part of the material derivative of fluid dynamics which is
quadratic in the velocity field and thus has profound nonlinear consequences, see for example [25,26].

We make use of Jefimenko’s field expression for the electric and magnetic fields in which the
field sources are time dependent. This is of course a common situation in nature and it entails taking
into account retardation phenomena. With these formulae, we determine the momentum acquired by
the electromagnetic fields. When accounting for both the momentum of the field and the mechanical
momentum of the device’s material component, conservation of momentum is upheld. Therefore, the
charged retarded motor is capable of generating forward momentum independently of any external
forces, solely through interaction with its own electromagnetic field. Thus, this paper has explored the
principles of linear momentum conservation in charged retarded systems. This system offers a ground
breaking method for space propulsion, aiming to address the major drawbacks of conventional rocket
fuel. By harnessing the power of electromagnetic fields, spacecraft fitted with these engines could
achieve greater speeds and distances while using significantly less fuel, thereby making interplanetary
and interstellar travel more achievable.

The main scientific result of this paper is the demonstration that a relativistic engine does not
violate the laws of conservation of linear momentum in fact the total linear momentum remains
null. This is so because the total momentum is the sum of the linear mechanical momentum and the
electromagnetic linear momentum which are always equal in size and opposite in direction to each
other in a relativistic engine.

Suggestion for practical implementation as well as recommendations for designers and engineers
using the principles of linear momentum conservation in charged lagging systems are given in a
few published papers. In [1] we describe a relativistic engine based on a capacitor/electret and coil.
In [23] we describe a relativistic engine based on two wires carrying periodic currents, while in [24]
we describe a relativistic engine composed of a permanent magnet and a capacitor. Suggestions for
implementations involving material design are given in [11,12].
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